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Abstract

It is a very well-known result that in terms of evolutionary stability the long-run
outcome of a Cournot oligopoly market with finitely many firms approaches the perfectly
competitive Walrasian market outcome (Vega-Redondo, 1997). However, in this paper
we show that an asymmetric structure in the cost functions of firms may change the
long-run outcome. Contrary to Tanaka (1999) we show that the evolutionarily stable
price in an asymmetric Cournot oligopoly needs not equal the marginal cost, it may
rather equal a weighted average of (different) marginal cost. We apply a symmetrization
technique in order to transform the game with asymmetric firms into a symmetric
oligopoly game and then extend Schaffer’s definition (1988) of a finite population ESS
(FPESS) to this setup. Moreover, we show that the FPESS in this game represents a
stochastically stable state of an evolutionary process of imitation with experimentation.
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1. Introduction

In a 1999 paper (Economic Theory, 14, 705-715), Tanaka considers an evolutionary game
theoretic model for an asymmetric oligopolistic industry composed of two groups of firms, in
which the output choices of low cost firms and high cost firms jointly determine market price of a
homogeneous good. His main result shows that the finite population evolutionarily stable
strategies (FPESS) of low cost and high cost firms are equal to the respective competitive
(Walrasian) outputs in the two groups. Moreover, this static outcome is also the long-run
equilibrium of a dynamic evolutionary model based on imitation and stochastic mutation.
Tanaka's result is read as a generalization of a celebrated result of Vega-Redondo (1997), namely
that FPESS in a symmetric oligopoly of identical firms selects the Walrasian outcome (and not
the Cournot-Nash equilibrium), to asymmetric oligopoly.

The purpose of the present paper is to reexamine this issue and give a critical account of Tanaka's
unintuitive result. More precisely, we will argue that Tanaka applies the finite population
evolutionary argument in a particular parameterized way, which amounts to an evolutionary
analysis of the two groups in separation. Otherwise it would not be possible to apply a symmetric
solution concept like (FP)ESS to the (full) asymmetric model. A standard procedure of
evolutionary game theory (originating with Selten (1980)) when applying ESS to a multi-
population model is to symmetrize the given asymmetric game and then apply the evolutionary
solution concept to the symmetrized game. We will show that if one follows this prescription in a
simple alternative model, then the marginal cost pricing result will not be confirmed.

The paper is organized as follows: in the next section we present Tanaka's model as well as our
approach to evolutionary stability in asymmetric finite populations. Section 3 contains the
analysis following from our approach. Section 4 considers dynamics explicitly and derives
evolutionary equilibrium in the long run. Section 5 concludes.

2. Evolutionary stability in asymmetric oligopoly

In our model we employ an alternative conceptualization of evolutionarily stable strategies to
asymmetric oligopoly markets. Recall that Tanaka applies the concept of a finite population
evolutionarily stable strategy (FPESS) by Schaffer (1988), in which agents in economic and
social environment adhere to relative payoff maximizing rather than absolute payoff maximizing
behavior. Tanaka (1999) does so in the following way: each group of either low cost firms or
high cost firms performs its relative payoff maximization under the assumption that the other
group’s behavior is given. The parametric treatment of the, respectively, other group’s behavior
allows for the symmetric treatment of firms in each single group; a prerequisite for the use of
symmetric solution concept ESS. However, this parameterization also means that a mutation of
firm strategies in the evolutionary process cannot occur in both groups simultaneously; in fact,
the evolution of behavior in one group is not influenced by the evolution of behavior in the other
group as the two evolutionary processes are studied in isolation of each other. And it is this fact
that leads to the conclusion that the equilibrium price resulting from FPESS of the good must
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equal the marginal costs of low cost firms as well as high cost firms; accordingly, high cost firms
supply a lower amount of the good than low cost firms in order to equalize marginal cost.

In contrast, we use Selten’s (1980) approach to construct a symmetric monomorphic population
game out of an asymmetric multi-population game. It is assumed that firms have one of the
following two roles: either they become a member of the low cost group or they become a
member of the high cost group. Accordingly, a strategy for a firm assigns behavior to its potential
role as a high cost firm as well as the potential role of a low cost firm. Nature assigns these roles
to each of the N = n;+n, firms with a probability function proportioned to the number of firms
in each group. Then Schaffer’s (1988) definition of finite population ESS is applied onto these
extended strategies in the now symmetric game. Note that this - in contrast to Tanaka (1999) -
also amounts to a kind of “production uncertainty” as a firm's cost function might be high or low
in any new play of the game.

Since a mutant strategy now may contain different behavior for both roles our result will differ
from the one derived in Tanaka (1999). The analysis in Tanaka's paper does not allow for the
possibility of instantaneous strategy mutation for both types of firms while, with this approach,
mutation is allowed to take place simultaneously for both types.

The result by Vega-Redondo (1997) that in a symmetric quantity competition game with a
homogenous product imitation of successful strategies leads to the competitive equilibrium
outcome, has been challenged on several grounds. Al6s-Ferrer (2004, 2008) and Al6s-Ferrer and
Shi (2012) introduce memory capacity into the learning model and show that once firms
remember more than one period, all quantities between the Walrasian (perfectly competitive) and
the Cournot-Nash one become stochastically stable. Apesteguia et al. (2010) also show that
Vega-Redondo’s result is not robust to the slightest asymmetry in fixed costs in the theoretical
part of their paper; however they cannot find any significant difference in the experimental part
between symmetric and asymmetric treatments in terms of quantities.

3. The Model

Consider a game between N firms, which are divided into two groups, low cost firms and high
cost firms. All firms produce a homogeneous good. The number of firms in the low cost group
isny, and the number of firms in the high cost group is n, withn,;+n, = N. Low cost firm i
produces output level x; and high cost firm i produces output level y;. The price of the good is
denoted by p.

The inverse demand function is as follows

ng nz
P(X+Y) whereX = Z x; and Y = Vi
i=1 i=1

P(.) isdecreasing in itsargument X + Y.



The cost functions for the low cost firms and for the high cost firms are respectively given by:
C(x) = c(x;) and Cy(y) =y c(y;) wherey > 1.
c¢(.) represents an increasing, twice differentiable and convex function.

Consequently, payoff functions for low cost firms and high cost firms are as follows,

mh(x;, X +Y) = P(X + YV)x; — c(x;), i=12,..,1
mf(yi X +Y) = PX+V)y; — ye(), i=12,..,n
Where X_; = ¥, x; and Y_; = 72, ;.
Tanaka (1999) defines FPESS for low cost firms and high cost firms, respectively, as follows:
x*and y* are a FPESS if the following two conditions (1)and (2) hold
nf(x* ,xm,Xii_j + Y) > n}(xm ,Xi]- + Y),me # x" and all i # j where x; = X, ,
and x; = x" foralli # j (€8]

This requirement means that no mutant strategy of a low cost firm can yield higher profits than x*
given the total output of the high cost firms Y. Moreover,

nih(y* SV X + Y_*i_j) > njh(ym X+ Y_*]-),Vym #y"and all i # j where y; = y, ,
andy; =y* foralli #j 2

This requirement means that no mutant strategy for a high cost firm can yield higher profits than
y* given the total output of the low cost firms X.

Hence Tanaka's model set-up is not really playing the field among N firms; it is rather playing
the field among the low cost firms exclusively and the high cost firms exclusively and then
coupling both results in a consistent way.

FPESS is then derived in accordance with Schaffer (1988) as the solutions of the following two
problems independently,

x* = argmax¢' = n.'}( Xm, XZj+ Y)—nml(x* DX, X2+ Y) 3)
Xm

y* = argmax " = njh(ym X+ Y_*]-) — nlh(y* Y X + Y_*l-_j) (4)
Ym

Values of x*(Y) and y*(X) are obtained given the total output of high cost firms and total output
of low cost firms respectively. Hence a low cost firm only evaluates own payoff relative to the
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payoffs of other low cost firms; and a high cost firm only evaluates own payoff relative to
payoffs of other high cost firms. Effectively, this approach postulates two separate independent
mutation processes in the two groups. And this accounts for the marginal cost pricing result.

In our alternative set-up the N firms contemplate behavior before they know their assigned roles
of high or low cost firm, hence they condition their behavior on roles. Nature then assigns these
roles to each of the N = ny+n, firms, sofirmi € {1, ..., N} is chosen by nature with probability
L as a low cost firm and with probability - as a high cost firm. Firms then carry out their
strategies based on the assigned role. This assignment process of roles takes place before any
play of the game anew. From this ex-ante point of view the game played in role-contingent
strategies is symmetric (see Selten (1980) and for a generalization Balkenborg (1994)). Therefore
one can define the expected payoff function for each firm in this monomorphic population game
as

nq 1 n; h .
Em((x, ), [%y]-) = N [mf(x X+ ]+ m [7fCy X+ Y] vie{l,..,N} (5
Where [x' y]—i = [(X1 'yl)' [y (xi—l JYi—l)J (xi+1 'Yi+1)' [y (xN 'YN)]

Note that a strategy for a firm in this symmetric monomorphic population game is defined as a
tuple (x;,y,) giving a decision for the role as a high cost and the role of a low cost firm.

Consider now a finite population evolutionarily stable strategy of the game among these N firms.
A strategy is evolutionary stable, if no mutant firm which chooses a different strategy
than (x*, y™), say, can realize higher expected profits than the firms which employ the incumbent
strategy (x*,¥*). In other words, no mutant strategy (x,y) can invade a population of
(x*,y*) strategists successfully.

Formally Schaffer’s definition (1988) then reads
Definition 1. A strategy profile (x*, y*) is an evolutionarily stable strategy (ESS) if
E (G5, G v, (X597 12im) > E iy Gom ), [%%,771-), 6)

V(Xm,¥m) # (x*,y"),and all i # jwhere (x;,y;) = (Xm,¥m),and (x;,y;) = (x*,¥") foralli=j.

The novelty in this definition, compared to Tanaka (1999), is that it allows the mutation to occur
simultaneously for both types of firms. Hence evolution of behavior for one type depends on the
evolution of behavior for the other type and vice versa.

In line with Schaffer (1989), we can find a finite population evolutionarily stable strategy (ESS)
as the solution of following optimization problem

(x*,y*) = argmax g, @)

Xm ,Ym



where @ = E( (e, ¥, [¥5,¥*]-;) —E ((x*,y*), Em » Ym)s [X*»y*]—i—j)

The strategy that survives in economic natural selection under playing the field conditions is the
relative, not absolute, payoff maximizing strategy. A firm needs to beat the average of expected
payoffs over all firms rather than to maximize its absolute expected payoff to be evolutionarily
successful.

Hence we write expected payoff of the mutant and expected payoff of an incumbent as follows:
Em( (xm,¥,,), (2%, Y1)

= % [P(tm X2+ V") 2 — cx)] + % [P X"+ Y)Y — v.cOmm)] ®8)

E T; (( x*, y*)r (Xm 'ym)r [x*r y*]—i—j)

=T (b Koy + )" = ] [P o K2 ¥ = e +

%{ T POy xm X2+ Y)Y = v + 7;12__11 [P(y" ym X+ Y2 )y — y.c(y*)]} 9)

The first term of E m,,,( . ) indicates the potential role of the mutant as a member of low cost
group, and the second term refers to its potential role as a member of high cost group.
Accordingly, for incumbents E x;( . ) the calculation is slightly more complicated and consists
of four terms in order to account for the mutant’s role.

Note that we have the following equivalency
P(xtm X2+ Y") = P(x" xp X2y +Y7) = P(¥" % X2+ Y2) = P(xp + (g — D™ + 1297,
P(ym'X*+y*—])=P(x*'ym‘X +Y_/)—P(y ym'X +Y—L—]) P(ym+(n2_1)y +nx)

Consequently the finite population evolutionarily stable strategy (ESS) can be established as the
solution of following optimization problem

(x*,y*) = argmax ¢, (10)

XmYm

n n
where @ = ﬁl [P(xm X2+ Y*).xm - c(xm)] + —2 [P(ym X+ Y_”]—)ym - y.c(ym)]

_(711\]1711\]1 [P(x" 2, X2+ Y7)ox" — ()]
ny

1
_(7\/1 N ) [P(x™, ym X2y + Y2).x" — ()]
- (111\11 N-— ) [P(y" 2 X2j + Y2y = v.c(r7)]

n n
- <ﬁ2 1\?_ 1) P(y" ym X+ Y )y — v.cO)]

First order conditions with respect to x,, , y,,, respectively are as follows:



) n, , , n, ng—1 , . n, Ny , .
X' N[P(.)+P(-)xm— c(xm)]—<ﬁ- N_1>-P(-)x - (ﬁ- N—1)'P(')y =0

. -1
Y 22 [PC) + POy = 1€ Om)] - <% - 1) POy = (B 22) PO =0

P’(.) is the derivative of inverse demand function.

For the reason that the solution must be symmetric in roles and satisfies definition (1), we impose

*

Xm =x", and y,, = y*.

Then after rearranging, the following equations are obtained

P(nyx’ +1nyy") + P'(nyx” + *)[ Lom-1l L m *]_ ) 1
nx* +nyy mx* +ny") | x N1 X N-1 Yyl =c(x (11)
Plnyx® +1,y") + P'(nux” + *)[ o Ml *]_ ) 12

mx +nyy mX Y)Y T y_1* Ty Y |Trew (12)

Equations (11) and (12) can be rewritten as follows:

n
P(nyx* + nyy*) + P'(nyx* + nyy™) [N——Zl L(xt = y*)] =c'(x*) (13)
. . , . o[ o o
Pnyx’ +n;y") = P(mx’ + ) [7=5 -G =y = v ) (14
Two important conclusions are immediate now:

Firstly, subtracting (14) from (13) yields

N
CE = ) = P ) [ 7 = )

From this it is easily seen that x* > y*must hold: assume the opposite; i.e. that x* < y*. Then
the right-hand side of the above expression is positive as P'(.) < 0. But ¢(.) is convex and c'(.)
hence increasing, which yields a contradictionto y > 1.

So FPESS output of a low cost firm is larger than that of a high cost firm.

Secondly, after multiplying both sides of equation (13) by % and equation (14) by % and then
summing up both equations, the following expression for price is obtained

. P P L S
P(nyx +nzy)=ﬁ6(X)+ﬁyc () (15)

It means that the price of the good in evolutionary equilibrium is equal to a convex combination
of the marginal costs of low cost firms and high cost firms. The weights of marginal cost in this
combination are identical with the population share of each group of firms. Note that (15)
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reproduces the Walrasian result of Tanaka for either group, if n, = 0 resp. n, = 0.
Moreover, equation (15) means that the price of the good is not equal to the marginal cost for

either the low cost or the high cost firms. In fact, one type of firm, namely the high cost firm sells
at a price below its marginal cost. This is summarized in the following proposition.

Proposition 1 (Non-Walrasian Outcome). In the symmetrized game of the asymmetric oligopoly
market with two groups of low cost firms and high cost firms any FPESS output does not conform
to Walrasian behavior; neither for the low cost firms nor the high cost firms. Rather the
equilibrium price equals a weighted average of marginal costs, where the weights are given by
the population shares of high and low cost firms. Low cost firms supply a higher amount of
output than high cost firms.

It is important to note that all firms — low cost firms and high cost firms - must make non-
negative profit in FPESS equilibrium; otherwise high cost and low cost firms could not coexist in
equilibrium. This requirement can indeed be met, if the cost function c(.) is sufficiently convex.

To see this in more detail, observe that the profit function of a high cost firm in FPESS
equilibrium can be written as
h _ * *) 2k *\ ny I (A% N, I (ay % * *
mit = Plnx” +ny)y" — ye(r) = [ " () + v’ O]y — ve ()
Let the cost function be of the following convex form:

c(g) =q* (16)

Proposition 2. Assume that (16) holds. Then p > y implies that a FPESS exists in which both
types of firms make positive profits.

Proof:
By assuming (16), we obtain profit function of high cost firm as follow:

h_ (M wo-1, 2 P—1Y *\P
ﬂi—y(Np(x) +yYPO) ) 1480,
We can decompose the term y(y*)” as follows:
(M ep-1, 2 w1\, e (ML avp-1, 2 -1
ﬂi—[y(Np(x) +y7PON )] [y(NV(y) +y 70D )]>0
Since we have x* > y*, the condition p = y > 1 implies that ! > 0.
Note that p = y is a sufficient condition for existence of a FPESS, but not a necessary one.
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We now study the relation between our results and the notion of Walrasian outcomes. To this end
we give formal definition of this notion in our model.

Definition 2. A Walrasian outcome for N firms is given by a quantity profile (x",y") and a
market price P" that satisfy the set of following conditions:

PV =c(xf") = (™) Vi=1,..,m 17)
P" =yc'(yW) = yc' ™) Vi=1,..,1ny (18)

Proposition 3. The following relationship between FPESS behavior (x*,y*) and Walrasian
behavior (x",y") of individual firms holds:

yW < y* <x <xW
Proof.

This relationship is equivalent with the following relationship x* < x" and y" < y’(since we
already know thaty* < x*). A proof by contradiction is employed. Let’s assume that these
inequalities do not hold. So we must have one the following three cases.

i) x <xWand y* <y”

i) x> xWand y' >y

iii) x> x"and y <y”

Next we derive a useful condition for x* and y*in our solution of (13) and (14), which we employ

in this proof.
So we have from earlier

n
P(nyx* + nyy*) + P'(nyx* + nyy™) [N——zl L(x* = y*)] =c'(x*) 13)
* * ’ * * ny * * I (a%
P(ux +myy) = P'(nyx” + may") [ (0 =y = ve' ) (14)

n
N-1"

Then, knowing that (x* —y*) > 0, equations (13) and (14) imply that

c'(x*) < P(nyx* + nyy*), P(nyx* +ny,y*) <yc'(y*)
By substituting equation (15)
CO) <L)+ 2y (6, ) + 2y ) <y ()
N N N N
And this implies that th'e values for x* and y* in our solution of (13) and (14) satisfies
c(x")

. < 19
00 Y 19
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If case i) were to apply, then we must have

c'(x*) < c’(xW)

') <yc'(Y")

PX*+Y*)>PXY+Y™) asc (.)isincreasing and P(.) is decreasing,
Furthermore, we have from equilibrium conditions

PXY +Y") =yc' (")
PX"+Y) <yc'(y")

As a consequence, P(X*+Y*) > P(X" +Y") leads to yc'(y*) > yc'(y") and this is a contradiction.
If case ii) were to apply, with the same reasoning, we obtain

c'(x*) > c’(xW)

ye' ) > ye' (W)

P(X* +Y*) <P(XY +YY)

But knowing that P(x¥ + Y") = ¢'(x") and P(X* + Y*) > ¢'(x*) the first implication cannot hold.

If case iii) were to apply, we obtain by convexity of the cost function, that

c'(x*) > c’(xW)
ye' ) <ye'(Y")

Moreover, by P(X¥ + YY) = c'(x") = yc'(y"), these two inequalities yield the following
inequality

yc'(y*) < c'(x*) which contradicts (19).m

Hence our average marginal cost pricing result moves firms™ outputs in evolutionarily stable
equilibrium closer to each other compared to the Walrasian result of Tanaka (1999). Total output
of high cost firms increases, while total output of low cost firms decreases. Due to the convexity
of the cost function total output over both groups is reduced and all firms make higher profits.

We illustrate this in a numerical example :

Let the number of firms in the low cost group and high cost group, respectively, be given by an
integer n € [1,10] and m € [1,10]. We use a linear demand function of the form p = 10000 —
Qe xi + X, y) = 10000 — (X + Y). We specify the cost function to c(q) = q2, i.e. p = 2.
Consequently, C;(x;) = c(x;) = x;> and Cn(y;) =v.y;> wherey € (1,2].

Then we obtain total output in equilibrium as follows:

FPESS equilibrium:

12



_ 10000 * n(m + n — 2y + 2my + 2ny)
T —2m +3m? 4+ 2n + 4mn + n? — 4y + 6my + 2ny + 2mny + 2n%y

*

B 10000 * (—2m + 3m? + 3mn)
T —2m +3m? + 2n + 4mn + n2 — 4y + 6my + 2ny + 2mny + 2n%y

*

10000 * (—2m + 3m? + 4mn + n? — 2ny + 2mny + 2n?y)

X +Y =
+ —2m + 3m? 4+ 2n + 4mn + n? — 4y + 6my + 2ny + 2mny + 2n?y

Walrasian equilibrium:

w _ 10000 * ny

_m+2y+ny
10000 * m

=m+2)/+ny
W4 yW = 10000 * (m + ny)
m+ 2y +ny

We can plot the above functions with n as the single variable for fixed values of m (and y). For
example, the following graphs illustrate the result where y = 2 and m = 5.t

Fig.1. Comparison between equilibrium outputs

! We obtain similar figures for other parameter choices as well.
13
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Fig.2. Comparison between equilibrium profits

Our main result states that evolutionary forces in an oligopoly market with two types of firms
determine the price in FPESS as equal to average marginal cost. It is not difficult to show that
this weighted average marginal cost pricing rule of FPESS generalizes to oligopolistic
competition between J groups of firms with different cost functions. However, it is then more
elaborate to show existence of FPESS as the positive profit conditions become more stringent.

Proposition 4. In the symmetrized game of the asymmetric oligopoly market with K groups of
firms that differ w.r.t. cost functions the FPESS price equals a weighted average of marginal
costs, where the weights are given by the population shares of the K types of firms.

K TNk K
P <Z 2. x&) = ) o 20)
k=1

k=1i=1
Proof.

Let’s define profit function as follow:

K K
”ik(xik ,(Z Xk)—(ik)) =P (ZZ’%) Xik — k(X i=12,..,m ,k=1.,K
k=1
K

k=1 i=1
where an =N
k=1
Moreover expected payoff of each firm in our symmetrized version of game is like:
E i (eig s s Xik) » [0, e, X)) = Xhmy 2 i (Xt s Szt Xi) -y vi=1,.,N

Then also it requires writing expected payoff of mutant and incumbent in the general case:

Em ( O, xR [*1, ...,x}}]_j) = Zfﬂ%[P(xﬁ , (2K X%) 7(}.}{)) X — (X ] +
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Em ((x;1 ’ ""x;K)' (x]"i ’ "'!x]r'?() ’ [le ’ '"!x;fl(]fifj) = Z£=1%(T;\;‘__11 [P (x?k' X;’Ilc' (Z£=1X;;) —(ik)—(jk)) x;k -
Ck(x;(k)] + Z{;k% [P (x?l' x;rllt' (Z£=1XI*<) —(il)—(jk)) x?l - Cl(x?l)])

Then similar to optimization problem in (7), we drive the first order conditions with respect to
Xl
jk

K
n, n
X B[P0+ PO~ iG] - (5 ) PO -2 Y e p O = 0
l#k
After imposing  x;* = x; we obtain:
nkP iX* Ny, KX* * k_l* : *_ k=1 K
e () (et een e
k=1 k=1 1#k
It can also be written as follow:
K K
Ny * Ny, ok _
Wp<kzlxk>+ﬁp <Z ) Z - — x| = ck(xk) vk=1,..,K

By summing over all equations, we obtain (by observing that YX_, ¥'X,, 2 L (xi — x;) = 0)

Ik No1
K Nk K
* N oo«
p szik =Zﬁck(xk)
k=1

k=1i=1

Finally, note that for the symmetric case in which all these marginal costs are equal, the well-
known marginal cost pricing result of Vega-Redondo (1997) results.

4. Stochastically stable states and long-run equilibrium

A stochastically stable state can be viewed as a refinement of the solution concept FPESS. One of
the limitations of the latter as a static notion of equilibrium is that it need not capture the notion
of long-run stability for an evolutionary process, if evolution is also exposed to stochastic
influences. An FPESS is also stochastically stable if under vanishing stochastic influence the
probability that the population is following it does not go to zero. We now show this property for
the unique FPESS in our model with respect to an evolutionary process, which has been studied
extensively in the literature.
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We follow Vega-Redondo (1997) and other contributions to evolutionary oligopoly theory (e.g.
Schenk-Hoppé (2000), Tanaka (2000)) who analyze a certain type of imitation dynamics between
firms subject to a stochastic influence, called experimentation: at each stage of the process there
is a positive probability for any firm to change its strategy and adopt (“imitate”) the most
successful strategy of the ones chosen at the stage before. l.e. if all firms had chosen the same
strategy in the previous stage, no adjustments would occur. Yet, there is also the stochastic
influence of “experimentation”: each firm will change its strategy to an arbitrary other one with
positive probability €. In a suitably defined dynamic model — usually with finitely many states —
such a process always converges to a stationary distribution of strategies. One is then interested
in the strategies that form the support of the limit of these stationary distributions if the noisy
experimentation probability & approaches zero; i.e. those states are then stable against
experimentation.

Like the above mentioned contributions to evolutionary oligopoly theory we can use a result by
Kandori and Rob (1995), which states that only monomorphic states; i.e. symmetric strategy
vectors, can occur in this limit, which, moreover, are characterized by a “best reachability
condition” and a “worst leaving condition”. The former means that the number of experiments,
i.e. stochastic shocks, needed for the process to reach them must be the minimal feasible one.
Those states intuitively have the best chances to occur again and again as they are reached most
easily. The latter means that the number of experiments needed for the process to leave them is
higher than in other states. Those states, which are most easily reached and most difficultly left,
are most frequently observed, which is the meaning of stochastic stability.

Obviously, the minimal number of experiments is one. However, this may not be the minimal
feasible one for reachability of a certain state given the process. To check, one can operationalize
the one-experiment requirement in the following way: suppose there is a strategy, which can
invade successfully any monomorphically adopted; i.e. symmetric other strategy vector (recall,
that there are only symmetric states in the limit). Then one experiment of one firm with this
strategy would suffice to move the process to this invading strategy and the minimality
requirement of “best reachability” would be met. Such a strategy is called a Globally Surviving
Strategy GSS (see Tanaka (2000)). Its relation to the notion of FPESS is the following:

While a FPESS, if adopted by all firms, cannot be invaded by any single invader different from it
(see (6)), a GSS is defined as a most effective (single) invader: it can successfully invade any
symmetrically adopted other strategy. This, in turn, is equivalent to the requirement that a GSS, if
adopted by all firms, cannot be invaded by (N-1) invaders with any commonly adopted other
strategy. Hence, while a FPESS is stable against any single invader strategy, a GSS is stable
against any (N-1) identical invader strategies that occur simultaneously. (One can refer to this
property as (N-1)-stability whereas FPESS demands 1-stability.) Consequently, if a GSS exists it
is the only candidate for FPESS, because any other strategy, if adopted by all firms, could be
invaded by it as a single invader. Hence any state different from a GSS can be left with a single
experiment of a single firm, which experiments with the GSS strategy. If, in contrast, the GSS
itself is also an ESS, then it is the only strategy that cannot be left through any single experiment.
Consequently, the “worst leaving” requirement is fulfilled as well.
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Hence, if one can show - as in the model of Tanaka (2000) - that a unique GSS, which also is the
unique FPESS exists, then this FPESS must be stochastically stable. (Leininger (2006) examines
global stability of an FPESS, which is an even stronger property as it demands m-stability for any
mwithl< m < n—1,notjustm = 1landm = n — 1 asis required here).

We now show that this stochastic stability argument goes through in our model; i.e. we show that
there is a unique GSS, which coincides with our FPESS.

If a single mutant firm j chooses (x*, y*)while the other firms choose(x, y), then the expected
profit of this firm is

n—1
E m; ((x*,y*). Ly y))
= % [P(x* + (ny — Dx +nyy).x* —c(x*)]

+ 2 IPux+ ¥+ (= DY)y = ye()] @1

And expected profits of the other firms i # j are

n n—1
Em( Oy, 6y, (0y)) = ol 5= [POT+ (1 = D+ mpy)ox —c()] +
S [P(ux + ¥+ (= Dy).x = ()]}
ny ny «
ty = PG+ (= Dx +may)y — ye(] +
n,—1 .
v oq Puxt y + - Dy).y—yeO} (22

The strategy (x*,y*) is a GSS, if it can invade any symmetric (x,y) state; i.e. if the following condition
holds

E T[]( (X*Jy*)' (x,y), ey (xry)) —E T[i( (X*,y*), (X,y), ey (XIY)) >0 Vi ;tj and V(XIY) * (X*,y*)
Define
Y =Em((, ), (xy), - 6y) = Em( (Y7, (6y), -, (6,3)) (23)

A necessary and sufficient condition for (x*,y*) to be a unique GSS is that it is a solution of the
following problem

(x*,y*) = argmaxyy
xy

Substitution of (21) and (22) into y and differentiating it with respect to x and y , we obtain the
following first order conditions
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FOC with respect to x:

+%{N [(ny — DyP' (] + [nlyP ¢ )]}
_Nl[(nl—l)xP(~)]—N[n1yP(.)]: 2

FOC with respect to y:

1
7\;{7\,1 7 [naxP' (Ol + Tz = 1)xP’( )]}
+711vz{1vn 7 [n2yP’ ()+P() ye' )] + [(nz_ DyP'() +P() —ye (y)]}
~ T x P O] = 22 [, = Dy P'()] = 0 25

Symmetry imposes x = x* and y = y* which simplifies equations (24) and (25) to

() + (3 71;1_) (ny — D* P()+(N )P O+ (B ) o = Dy PO
-1
——C'( )+—[(n1 - Dx*P'()]+ [nly P'()] (24)
1
22p()+ (G5 =) o P()+(N )y = DX PO + (T 1) v PO
ny Ny
(G 2 20) - 0y PO
= Tye' () + T ngx P ] + 22 [, = DY P')] (25"

Then by adding the two equations term by term and collecting terms we derive
o N1 ny .,
P(X*+Y)=Nlc(x*)+ﬁzyc(y)
This is the same condition as equation (15) in the previous section, which characterizes the
FPESS output. It means that the maximization problem of ¢ has the same solution as the
maximization problem of . Hence if an FPESS exists it must also be (N-1)-stable.

We record

Proposition 5. The unique FPESS of our symmetrized oligopoly game is also a GSS and hence
represents a stochastically stable state w.r.t. imitation dynamics with experimentation.

Our average marginal cost pricing result is thereby shown to apply in the long-run as well.
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5. Conclusion

In this study we reexamined the issue of evolutionary stability in asymmetric Cournot oligopoly
with a homogenous product. Tanaka (1999) has shown that a celebrated result by Vega-Redondo
(1997) for symmetric oligopoly, namely that the long-run evolutionary outcome of such a market
equals the competitive Walrasian outcome (and not the Cournot-Nash outcome), can be extended
to asymmetric oligopoly. We took issue with this extension and provided an alternative analysis
of an asymmetric oligopoly game, which does not lead to marginal cost pricing and the
competitive outcome in the long-run.

We symmetrized the asymmetric evolutionary game in a particular way and then applied
Schaffer’s (1988) definition of FPESS as a solution concept to the symmetrized game. As a first
result, marginal cost pricing becomes incompatible with FPESS, both for the low cost firms as
well as the high cost firms. Instead, a form of weighted average cost pricing results in
equilibrium, where the weights are given by “population shares” of the high and low cost firms.
One reason for diminished evolutionary pressure towards competitive pricing in our model is that
we allow for simultaneous mutations in the behavior of a low cost and a high cost firm, while the
analysis in Tanaka (1999) does not. Tanaka's evolutionary analysis treats the total number of
firms effectively as two separate populations, each composed of identical firms, which do not
interact with each other evolutionarily. This comes close to performing Vega-Redondo's
symmetric analysis “doubly” and makes survival of both types of firms less surprising.

In contrast, in our model firms with different costs do interact evolutionarily with each other and
— perhaps surprisingly - both types of firms can survive in the long run despite the persistent
differences in production cost over the population. This, however, is not compatible anymore
with marginal cost pricing.
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