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1 Introduction

In this paper we develop a general theoretical framework to analyze dynamic
games in which players employ ambiguity as strategy to influence the outcome of
a game'. We build on previous work by Riedel and Sass (2013) who study normal
form games with objective ambiguity. As the authors conceptualize it, each player
can create objective ambiguity by setting up an Ellsberg urn (i.e., an urn where the
exact composition of balls of different colors is not known) and conditioning her
strategy choice on a draw from this urn. In this paper, we extend this approach to
finite extensive games in which players are allowed to choose compact and convex
sets of mixed strategies. Such strategies are called Ellsberg strategies and games
where players employ such strategies are called Ellsberg games (hence, the title
of the paper). In our setting, players possess objective but imprecise information
which we model by using sets of probability distributions over possible outcomes of
a game. As shown by Gajdos et al. (2008), in such an environment each player’s
preferences can be represented by the minimal expected utility evaluated with
respect to all possible probability distributions over the outcomes of a game.
Our first contribution is a version of Kuhn’s Theorem for extensive—form
games.> More precisely, we show that for each Ellsberg strategy satisfying a
“rectangularity” condition there exists an outcome- and payoff-equivalent Ells-
berg behavioral strategy, and vice versa. The rectangularity condition that we
impose can be regarded as a generalization of the familiar condition used in the
standard analysis which establishes the relationship between behavioral and mixed

strategies. Specifically, with an Ellsberg strategy satisfying this condition, a player

'In his paper on peace negotiations between two countries seeking to end the continuing
military confrontation, Greenberg (2000) argues that the best strategy for the mediator is to
“remain silent” regarding its policy to impose sanctions in case the negotiations break down. More
recently, in his study of the Two China Problem D’Amato (2010) finds that the US deliberately
relied on strategic ambiguity to deter China from using force against Taiwan. In particular, by
signing the Taiwan Relations Act in 1979, which was neither a treaty nor a nontreaty, it actually
left the two sides guessing at its willingness to intervene in a conflict. In a similar vein, the
literature on communication provides numerous examples where agents pursuing conflicting goals
opt to be vague or imprecise in their statements. As Eisenberg (1984) puts it: “Many different
strategies are used to orient toward conflicting interactional goals; some examples include avoiding
interaction altogether, remaining silent, or changing the topic.”

?Kuhn’s Theorem states that mixed and behavioral strategies are equivalent (in the sense that
they induce the same probability distribution over outcomes of a game) if and only if the game
satisfies perfect recall.



evaluates her ex ante expected utility by minimizing separately the conditional ex-
pectations on each of her information sets and then minimizing the expectation
of these conditional expectations. Since, with an Ellsberg behavioral strategy,
she evaluates her expected utility in exactly the same way, both strategies yield
identical ex ante payoffs.

In contrast to Kuhn’s Theorem, our proof does not rely on the notion of
perfect recall. The reason is as follows. In Kuhn’s setting, this property ensures
that for every mixed strategy there exists a behavioral strategy which induces
identical probability distribution over terminal nodes. In our setting, it is the
rectangularity condition that plays a similar role. More precisely, if an Ellsberg
strategy is rectangular then it comprises only those mixed strategies that can be
replicated by behavioral strategies.

Our second main result is that dynamic consistency associated with the re-
quirement that all players respect their ex ante contingent choices with the evolu-
tion of play generally does not hold in Ellsberg games even if they satisfy perfect
recall. A similar point is made by Aryal and Stauber (2013) in their note on Kuhn’s
Theorem with ambiguity averse players. In particular, they provide an example of
a three-player extensive game in which it is impossible to achieve dynamic consis-
tency if one assumes consistency and independency of ambiguous beliefs /strategies
across the players. Although their example is instructive, it does not fully capture
the role of perfect recall in ensuring dynamic consistency. In this paper, we focus
on this issue and show by means of examples that dynamic consistency may be
violated even in (two-player) extensive games satisfying perfect recall.

Our third main result is that, in order to achieve dynamic consistency, the
extensive game must satisfy further restrictions beyond those implied by perfect
recall. One restriction implies that every time when a player is called upon to move
she needs to make a conjecture about the actions of only one of her opponents
who moved at the immediately preceding stage.? Another restriction implies that
in doing so she can disregard everything what happened before that stage. We
show that if the game satisfies those restrictions then dynamic consistency can be
restored by suitably choosing the profile of ambiguous strategies.

The paper is organized as follows. In the next section, we introduce notation

3Note that this condition is stronger than the one of perfect recall because it requires a player
to remember not only what she did but also what her opponents did before the previous period.



and definitions. In Section 3, we prove a version of Kuhn’s Theorem for extensive
form Ellsberg games. In Section 4, we give examples of Ellsberg games satisfying
perfect recall in which dynamic consistency cannot be achieved. We use these
examples to justify the restrictions that we impose on the ambiguous strategies
and the structure of a game in order to ensure dynamic consistency. In Section 5,

we offer concluding remarks.

2 Notation and Definitions

We find it convenient to employ the tree-based definition of extensive game which
was originally introduced by Kuhn (1953) and, recently, has been adopted in a
number of related studies.* Formally, an extensive game comprises the following

constituents.

e A finite rooted tree (7, —,to) which specifies the order of moves. Here, 7
denotes a finite collection of nodes, ty € 7 is the root, and for any t',t" € T,
the relation ¢ — ¢’ means that t' is immediate predecessor of t” or t” is
immediate successor of t'. A path from node t' to node t” is a sequence
(t1,...,tn) of nodes starting at t; = ¢ and ending at ¢, = t” such that ¢
is immediate successor of t5_q1 for all k = 2,...,n. We denote by < the
precedence relation on T with ¢ < ¢” if there is a path from ¢’ to t”. We call
then t' a predecessor of t”. As usual, t' 3 t” means t' = t” or ¢’ < t”. Recall
that the precedence relation is a well-ordered partial order; each node t € T
(except tp) has exactly one immediate predecessor and the set of predecessors
is linearly ordered. The nodes that are not predecessors of any other nodes
are called terminal nodes, and the set of these nodes is denoted by Z. Each
terminal node z induces a unique path z from the root to z; such paths are
called plays. We also denote by X = 7\ Z the set of decision nodes.

e A set of players N'={1,..., N} and a partition of X into subsets X, ..., Xn

where each &; denotes the set of player ¢’s decision nodes.

e An equivalence relation ~ defined on the product spaces X; x X; such that

for 2’ ~ 2” € X; then the number of immediate successors of z’ is equal

1See, for example, Brandenburger (2007) and Bonnano (2004).



to the number of immediate successors of z”. Thus, ' ~ 2z means that
player i does not have the information to distinguish between z’ and z”.
The equivalence relation allows us to further partition each X; into subsets
called information sets. We denote by H; the partition of X; and by H; € H;

a typical information set of player 1.

e A choice partition which partitions the branches out of nodes in a given
information set of a player into that player’s choices in that information
set. We write ' —,. 2" if ¢ is the action or choice that leads from z’ to
its immediate successor /. The choice partition satisfies the following two
conditions: (i) if ' —. ¢t and 2" —. t then 2/ = 2", and (ii) if 2/ —. ¢’ and
a” ~; o’ then there exists t” such that 2" —. t”. We denote by C(H;) the

set of choices available at the information set H;.

e A player i’s payoff associated with each terminal node which is represented

by a function u; : Z — R (where R is the set of real numbers).

As is common in the literature, we shall consider only those extensive games in
which every decision node has at least two outgoing branches, and in which no path
from the root to a terminal node crosses any information set more than once. In
the latter case, we require the game to satisfy the so called ‘no absentmindedness’

condition. Formally, it states:
(NAM) If 2/ ~ 2" and 2’ 3 2" then 2/ = 2" for all 2/, 2" € X.

Within the class of extensive games that we consider, it will prove useful to
distinguish the games which satisfy perfect recall. This property, which was first
introduced by Kuhn (1953), requires that no player ever forgets what she knew
and what she did in the past. Formally, the game is of perfect recall if

(PR) For every player k € N, for all nodes x1,2,z, € X and t; € T and for
every choice ¢, if 21 —. t1, t1 3 2} and 2} ~ 24 then there exists nodes

~

x9 € Xy, and to € T such that xy ~ 1, T2 — to and to 3 2.

We now turn to the definitions of strategies.



Definition 1 A pure strateqy of player i is a function s; that maps player i’s
information sets into choices available at those sets such that s;(H;) € C(H;) for
each H; € 'H;.

We write s;(H;) = c if s; specifies that player ¢ makes a choice ¢ at H;. The
set of pure strategies of player ¢ is given by S; = x g, e 1,C(H;).

Definition 2 A mized strategy of player i is a probability distribution o; on S; so

that oi(s;) is the probability of playing s; € S;.

Definition 3 A behavioral strategy of player i is a function (B, that assigns to

each H; € H; a probability distribution B, over the set of choices available at H;.

Let A(A) denote the set of all probability distributions on some set A. The
set of player i’s mixed strategies is then given by A(S;) while the set of player i’s
behavioral strategies is given by X g, e 1, A(C(H;)).

Denote by P,(0;,0_;) the probability of reaching a terminal node z € Z in-

duced by the strategy profile (o;,0_;).

Definition 4 The strategies o), and o/ are equivalent if P,(o},0_;) = P,(c),0_;)

forall z € Z and all 0_; € X £;A(S;).

The definition thus states that two (mixed) strategies of player i are equivalent
if they induce the same probability distribution over terminal nodes regardless of
how the opponents play.

Denote by Z the path from the root ¢y to a terminal node z € Z. Note that for
the class of games that we consider every strategy profile s = (s1...,Sn) € X;enSi

induces a unique Z. This allows us to state the following definitions.

Definition 5 Given a play Z, the strategy s; € S; is compatible with Z if there

exists s_; € S_; such that the profile (s;,s—;) induces Z.

Definition 6 Given information set H; € H;, the strateqy s; is compatible with
H; if there exists s_; € S_; such that the path induced by the profile (s;,s—;) passes
through node © € H;.

®We shall refer to all players other than player i as “player i’s opponents” and denote them
by 4‘_1‘77.



For each player ¢ denote by Sg, the set of pure strategies that are compatible
with H; and by Sy, (c) the set of pure strategies that are compatible with H; and
cc C(HZ), ie.,

S, = {s; € Si:s; is compatible with H;},

K3

Su,(¢c) = {si € Si:s € Spu, and s;(H;) = c}.

For given probability distribution o; € A(SS;), define the probability 7, which

is the restriction of o; on Sy, i.e.,

om =y, oilsi), (1)

Si ESHi

and the probability o, (c) which is the restriction of o; on Sy, (c), i.e.,

om(c)= Y oilsi). (2)

S; € SHi ()

Also, for o, > 0, define the probability 6x,(c) of making a choice ¢ € C(H;)
conditional on H; as
UHi(C) = eHz(C)EHL (3>

If o, = 0 then the information set H; is a “null event” in the sense that it
will never be reached regardless of the strategies chosen by player i’s opponents.
In this case, the conditional probability 6, (c) cannot be derived from the initial
probability distribution o;. Nevertheless, this feature does not affect our results
since what matters for the analysis is the strategies chosen by player i at the
information sets that can occur with strictly positive probabilities. We thus take
0, to be the uniform distribution over available choices in this case.

The following example illustrates these concepts.

Example 1. Consider the game-tree in Figure 1.° Suppose that, by the rules
of the game, player 1 is allowed to move at x1 and x3 while player 2 is allowed

to move at x3, r4 and z5. In which case, player 1’s information sets are given

SHereafter, each letter placed along the branch out of a node denotes the choice made at this
node. Note that the choices available at x4 and x5 are the same which reflects the fact that these
nodes are equivalent.



Figure 1: Game-tree in Example 1.

by Hi1 = {z1} and Hi2 = {x3} while player 2’s information sets are given by
Hsy = {x2} and Heo = {x4,x5}. This implies that S1 = {sag, sar, spE, Spr} and
So = {Saes Saf, Sbes Svf }-

Consider Hy;. Since every s; € 57 is compatible with Hy; then Sy, =S and,
therefore, op,, = 1. Next, the only strategies which are compatible with H;; and
c= A are sap and sar. Hence, S, (A) = {sag, sar}. Likewise, it can be shown
that Sm,,(B) = {sBg, spr}. Therefore,

oy, (¢) = 01(8cr) + 01(Ser) = 0, (¢) for each ¢ = {A, B}. (4)

Consider now His. Since this set can be reached only if player 1 chooses A
at Hii, then Sp,, = {sag,sar} implying that g, = 01(sag) + o1(sar). By
applying a similar reasoning as before, it can be shown that Sg,,(F) = {sag} and
St,,(F) = {sar}. As a result, we have op,,(c) = 01(s4.) and

01(84c) = 0wy, (c)(01(s4c) + 01(s4ac)) for each ¢ = {E, F'}. (5)



Let us now turn to player 2 and consider Hsy. As before, it can be shown that
SHo = 52, SHy, (a) = {Sae, Sar} and Sy, (b) = {spe, spr} which yields

Oy, (€) = 02(Sce) + 02(8cf) = O, (¢) for each ¢ = {a, b}. (6)

Finally, consider Hoo. In which case, every so € Ss is compatible with Hos. In-
deed, sy and spy are compatible with Has because the paths induced by (SAF, Sbe)
and (sar, spy) cross Hyp at x4. Similarly, s, and s,y are compatible with Hap
because the paths induced by (spr,sqe) and (spr,sqf) cross Hao at xs. Since

SHys(€) = {Sae, Sbe} and Sy, (f) = {saf, Spf}, we have
Oty (€) = 09(Sac) + 02(Sac) = O, (c) for each ¢ = {e, f}, (7)

which completes the discussion. H

Following the approach of Riedel and Sass (2013), we allow each player to
condition her strategy choice on the realization of an ambiguous randomization

device such as an Ellsberg urn. Formally, we state:”

Definition 7 An Ellsberg strategy of player i is a compact and convex set ¥; C
A(S;).

The definition thus implies that each element o; € ¥; is a mixed strategy of
player i. By analogy with the rectangularity condition imposed by Epstein and
Schneider (2003) on decision maker’s ambiguous beliefs, we impose a rectangular-
ity condition on the Ellsberg strategy ;. Specifically, we require that for every
0y, corresponding to some o} € ¥; and every 7, corresponding to some o7 € ¥,

"

the combination 9}11,6';11, corresponds to some o}’ € 3;, provided that g, > 0 for

"We will discuss the appropriateness of this definition in Footnote 10.



every o; € %;.8 More formally, define the following sets:

iHi = {EH,L- 1 0; € EZ‘},
Y, = {om, 0 €%},
6Hi = {QHl :UZ'EEZ'}.

Denoting by Jp, the collection of sets Sy, (c), i.e., Tu; = {Su,(c)}cec(m,), We

state:

Definition 8 An Ellsberg strateqy ¥, is {Jm, }-rectangular if for every H; € H;
Y, = {49].12.5]_12. :0H, € On,, oH, € iH,}

A rectangular set ¥; can be constructed by, first, specifying the set ©p, for
every H; € H; and, then, using recursively (1)-(3) to determine the relationship
between the corresponding probability measures so as to satisfy the rectangularity
condition.

An alternative way to define a rectangular Ellsberg strategy could rely on
the event-based approach proposed by Epstein and Schneider (2003) to modeling
ambiguous beliefs. Specifically, one could view an extensive game as an event-
tree in which each event is represented by a subset of the set of pure strategies
compatible with a choice at some information set. The interpretation is that a
player does not observe the strategy chosen as the realization of a draw from an
Ellsberg urn; what she observes is the choices made at the information sets which
allow her to refine the knowledge of the strategy actually played. In this setting,
the information structure would be represented by the filtration { 7y, } i, € 7, where
Ju; = {Su,(c)}cecc(n,) for each H; € H;, and a rectangular set ¥; could be
constructed by specifying the sets of one-step-ahead distributions for each H; € H;.
Although such a specification is equivalent to our specification of Op,’s and both
approaches yield identical rectangular sets ¥;’s (if player ¢ has perfect recall), we

do not pursue such a definition because it relies on the notion of “time line” along

*If 5%, = 0 for some o} € %, then 0%, can be specified arbitrarily. In particular, it can

be set equal to /O\Hi which corresponds to some o; € X; that induces gHi > 0. In this case, the

requirement that the combination 0%, %, corresponds to some o}’ € ¥; is equivalent to the

requirement that the combination 6,57, corresponds to some o’ € 5.

10



which the information sets can be ordered. While other approaches to define the
rectangularity condition for Ellsberg strategies are possible, we view our approach
as the most parsimonious departure from the standard analysis under expected
utility maximization, which relies on condition (3) to establish the relationship
between mixed and behavioral strategies.

In particular, by analogy with the standard analysis, we allow each player ¢
to employ stochastically independent Ellsberg urns governing her choices at each
of her information sets instead of employing a unique Ellsberg urn governing her
choice of a mixed strategy (associated with the strategic form of the extensive

game). Formally, we state:

Definition 9 An Ellsberg behavioral strategy of player i is a function that assigns
to each information set H; € H; a compact and convex set Br, C A(C(H;)).

The definition thus implies that player ¢’s Ellsberg behavioral strategy is the
collection of sets B = x g, e, Bg, with typical element 8; = (By,)H; e 1, where
By, € Bu,. The set of player i’s behavioral strategies is B; = x g, e 1, A(C(H;)).

As we explained in the Introduction, our modeling approach captures the idea
of introducing objective ambiguity in a setting of strategic interaction. Players’
preferences in such an environment have been characterized by Gajdos et al. (2008)
who show that in case of strict ambiguity aversion they can be represented by the
utility functionals in the spirit of Gilboa and Schmeidler (1989). In our game-
theoretical setting, this means that each player ¢ evaluates her expected utility not
only with respect to the worst probability distribution induced by her opponents’
ambiguous strategy profile ¥_; but also with respect to the worst probability
distribution induced by her own ambiguous strategy 3;, i.e., her expected utility
is given by”

Ui(%,X_;) = min E,, . [ui(2)],

o; €35
o_;E€EX_,

where E,,; ,_, is the expectation operator associated with the probability distrib-

utions o; and o_;.1°

9Throughout the paper, it will be assumed that each player i has complete knowledge of her
opponents’ strategies ¥ _;.

10The above condition, in particular, implies that defining Ellsberg strategies as compact and
convex sets of probability measures is without loss of generality. Indeed, if co(cl(X;)) denotes the

11



The following definition captures the notion of relative amounts of ambiguity

associated with playing the strategies ¥} and X

Definition 10 Given the strategy profile ¥_;, the strategy X is more ambiguous
than the strategy X if for any o € X! there exists o), € X} such that P,(o),0_;) =

P.(c,0_;) for all z € Z and all o_; € X_;.

Note that the above definition implies that if 3 is more ambiguous than X/
then it must be U;(Xf,¥_;) < U;(X7,¥_;). Finally, we state:

Definition 11 Given the strategy profile ¥_;, the strategies ¥} and X! are pay-
off equivalent if Uy(X),X_;) = U;(XY,X_;). The strategies X, and X are called
outcome equivalent if they are payoff equivalent for every specification of terminal

payoffs wu;.

Note that we do not have a natural notion of outcome distribution in our
Knightian setting; we thus define Ellsberg strategies to be outcome equivalent if

their minimal payoffs do not depend on the particular terminal payoffs.

3 Version of Kuhn’s Theorem

In his seminal paper, Kuhn (1953) establishes the relationship between mixed and
behavioral strategies for finite extensive games. More precisely, he proves the

following result.

Theorem (Kuhn, 1953). An extensive game satisfies (PR) if and only if, for
any mized strateqy o; of every player i € N there exists an outcome equivalent

behavioral strategy (;, and vice versa.

In this section, we generalize Kuhn’s Theorem to extensive form Ellsberg games

with ambiguity averse players. We proceed by stating two preliminary results.

convex hull of ¢/(¥;), then we must have (using that E,, »_,[u:(z)] is a linear function of o; and
o_3)

min Eai,ofi[ui(z)] = Eai,afi[ui(z)]a

min
o; €Ecl(Zy) o; € co(cl(X;))

for every o_; € ¥_;.

12



Theorem 1. Suppose that an extensive game satisfies (NAM) and the strategy
profile ¥_; is given. Then, for any behavioral Ellsberg strategy B; there exists a

more ambiguous rectangular Ellsberg strategy ;.

Proof. Given B; = X g, en,BH,, set Oy, = Bp, for every H; € H;. Define the
rectangular strategy >; such that

Y, = {BHZEHZ :Bu; € BH;, TH; € in}’

for every H; € 'H;.

Fix a path Z from the root to a terminal node z € Z. Suppose that Z crosses
the information sets Hju, ..., Hjk; that belong to player j where K; > 1 for j =1
and K; > 0 for j # i. Denote by c;;, the choice of player j at Hj; such that the
branch associated with c;;, is contained in Z.

Next, choose 8; € B; and o_; € ¥_;. For given [3; and o_;, define the probabil-
ity gij (¢jk) that playerj chooses c¢j;, at Hjp,. If j = i then Bij (cjk) = B, (cjk),
while if j # i then 8y, (cjx) is determined by o;. Since condition (NAM) implies
that no information set can appear more than once along any path from the root

to a terminal node, we have
_ K;
Pz(ﬁz’ao——i) = Pz(U—i) H ﬁHik(Cik)7
k=1

where

P.(o-)= 1 II Bu, (). (8)

j#ik=0
Consider now the mixed strategy o; which assigns to the pure strategy s; =

(cH,)H; e M, the probability

oi(si) = 11 ﬂHi(CHJ 9)

H,eH;

This strategy is well defined, since (using S; = X g, e %, C(H;))

> oilsi)= 11 Y. Bulem) | =1

s, €S; HieH; CH, EC(Hl)

13



Denote by S| 1, (cH,) the set of strategies that require player ¢ to choose cp, at
Hl', i.e.,ll
SHi(CHi) = {Si 18, € 5; and Si(HZ) = CHZ.}.

Using (9), we have

> oi(s) = Bulen) 11 > Bmlem) (10)

£ / NI
SiESHi(CH,L') H’LGH’L\H’L CHZf EC(H;)

= BHZ<CH1)

It can be verified that the set of player i’s pure strategies which are compatible
with Z is ﬂf;lg 1, (¢ir). Thus, by using (10) and applying a similar argument as

before, we have

P.(o;,0_;) = P.(o) Z 0i(8;)

K;
= P.(o-) ] > oilsi)
- 8; € §Hik(cik)
— K;
= Pz(ff—z‘)knlﬁmk(cik)

= PZ(Bzv U—i)'

It remains to show that o; is an element of the rectangular Ellsberg strategy

¥;. Note first that o;(s;) can be written as (again, using s; = (c¢q,)H, e ;)

oi(si) = Pulcn) 11 Bulem)

= Bulem) Y, I Bmlem)

CH; € C(Hl) H7, €H;

= Bulem) Y, oilsi)

CH; € C(Hl)

""'Note that, by construction, S, (c) C Su, (c) for each ¢ € C(H;).

14



Using the above condition, we have

om(c) = > oils)

5 € Sm,(c)
= > Bulo Y ails)
S; € SHi (C) CH; GC(H'L)

= Bu(0) Y, > oilsi)

CH; GC(HZ‘) S; € SHi (c)

= BHZ-<C)EHw

which implies that oy, can be represented as the product of 3y, and 7, . Since the
set Xp, comprises all the combinations 8. og, where S, € By, and o, € g,
on, must belong to ¥p,. This completes the proof. l

At this point, it is worth clarifying the role of the rectangularity condition
for the result obtained. Specifically, if the Ellsberg strategy ¥; induces the set of
probability measures By, at each H; € H; but it is not rectangular then there
exists §; € B; such that neither o; € ¥; induces the same probability of reaching

each terminal node z € Z as [3; does. The following example illustrates the point.

Example 1 (continued). As before, suppose that player 1 is allowed to move at
x1 and x3. Since there are only two choices available at 1 and x3, her Ellsberg be-
havioral strategy is given by By = [éA’BA] X [EF’BF] where [éA’BA] and [ﬁF,BF}
are the sets of probabilities which correspond to choosing A at Hyi; and F at Hio,
respectively. Define the rectangular Ellsberg strategy

Y1 = {(o1(sag),01(5aF),01(sBE),01(5BF)) : 01(sBE) + 01(sBF) = 1 — B4,

Ba(l = Bp), o1(sar) = BaBr, Ba € B, 64] and B € B, Bp]}-

o1(sAE)

It is straightforward to verify that for each 5; € Bj there exists o1 € ¥
which induces identical probabilities of reaching each z € Z. In Figure 2, the
projection of the set ¥; onto the (01(sag),o01(sar)) plane is illustrated by the
area QT KM, and the set By, is represented by the thick black line connecting
the points (1 — B, Br) and (1 — B Br)-

Consider now the set 31 represented by the shaded area QY KW in Figure 2.

This set is not rectangular: even though for any o1 € f)l there exists §; € Bj such

15



1 O 4

Figure 2: Projection of the set ¥; onto the (04, 04r) plane.
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that o1(sag) = Ba(1 = Br), 01(sar) = BaBr and o01(spr) + 01(spr) =1 — B4,
the converse is not true. For example, for 3; = (B4, ) there is no o1 € 31 which

induces the same probability distribution over the terminal nodes as 3; does. B
We now state our second preliminary result.

Theorem 2. Suppose that an extensive game satisfies (NAM) and the strategy
profile ¥_; is given. Then, for any rectangular Ellsberg strategy Y; there exists a

more ambiguous behavioral Ellsberg strategy B;.

Proof. Fix a path Z from the root to a terminal node z € Z. Suppose that Z
crosses the information sets Hji, ..., Hj, that belong to player j where K; > 1
for j = ¢ and K; > 0 for j # 4. Denote by c;;, the choice of player j at Hj; such
that the branch associated with c;i is contained in Z.

Choose o; € ¥; and o_; € ¥_;. For given o; and o_;, define the probability
Eij (¢jk) that player j chooses cjj, at Hji,. Note that, since the Ellsberg strategy %;
is rectangular, then there exist 0y, € Oy, and oy, € X, such that oy, = 0g,0H,
for every H; € H;. Thus, if j = ¢ then Bij(cjk) = 0u,,(cj), while if j # i then
B, (cjk) is determined by o;. Condition (NAM) implies that no information set
can appear more than once along any path from the root to a terminal node.

Thus, the probability of reaching any terminal node z € Z is equal to

K;
PZ(Ji>U—i) = PZ(U—i) H eHik(cik)7
k=1

where P,(0_;) is given by (8).
Define the strategy B; = X, ¢ 1, Bn, such that By, = Oy, for every H; € H;.

By applying a similar argument as before, it can be shown that

o K, K;
P,(B;,0-) = PZ(U_i)kljlﬂHik (cin) = Pz(U—i)kljleHik(Cik) = P.(0;,0_;),

for any 8, € B;, 0_; € ¥_; and all z € Z. This completes the proof. B

Once again, it is worth emphasizing the role of the rectangularity condition
since in case of expected utility maximization an analogous result is obtained
under the assumption of perfect recall. In particular, if an extensive game does

not satisfy perfect recall then there are mixed strategies that cannot be generated
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by either behavioral strategy, i.e., they cannot be represented as the product
of the marginal probability @ and the conditional probability 6. As Definition 8
implies, our rectangularity condition guarantees that such representation holds
always true. This is because it requires considering only those mixed strategies
which can be decomposed in terms of marginals and conditionals. Consequently,
the assumption of perfect recall becomes superfluous in this case. To see this more

clearly, consider the following example.

Example 1 (continued). Consider player 2 who is allowed to move at xa, x4
and x5 which implies that she does not have perfect recall. Since she has only
two choices available at Ho; = {22} and Hay = {z4, 5}, her Ellsberg behavioral
strategy is given by By = [@a,ﬁa} X [gf,Bf] where 3, € [ﬁa,Ba] and (3 € [gf,Bf}
are the probabilities that she chooses a at Ho1 and f at Hoo, respectively. Note
that (6) and (7) imply that o2(s.) = 05, (¢)05,,(¢) for c = a,b and ¢ = e, f. Set
Bp,;, = Op,, for every i = 1,2 and define the rectangular Ellsberg strategy

2o = {(02(5ae)7 U?(£af)702(8be)’ UQ(Sbf)) : 02(805) = BCBE forc=a,band c= e, f
By = 1=Ba Be=1—Bu Ba €[8,.B,] and By € 8,51}

Consider (02(5qe), 02(Saf), 02(5ve), 02(spf)) = (1/2,0,0,1/2). This mixed strat-
egy cannot be generated by either behavioral strategy. However, it cannot belong
to any rectangular set Yo either because it cannot be decomposed into marginal

and conditional probabilities. B
We now state the main result of this section.

Theorem 3. Suppose that an extensive game satisfies (NAM) and the strategy
profile ¥_; is given. Then, for any rectangular Ellsberg strateqy X; there exists an

outcome and payoff equivalent behavioral Ellsberg strategy B;, and vice versa.

Proof. Choose the rectangular Ellsberg strategy Y; and the behavioral Ells-
berg strategy B; such that By, = ©p, for every H; € 'H;. As shown in the
proof of Theorem 1, the strategy X; is then more ambiguous than the strategy
B; implying that U;(3;,%X_;) < U;(B;,X—;). Likewise, as shown in the proof of
Theorem 2, the strategy B; is then more ambiguous than the strategy X; im-
plying that U;(B;,X_;) < U;(3;,%_;). Taken together, the two conditions yield
Ui(Bi, X)) =U;(%;,2-;). 1
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Theorem 3 thus states that rectangular Ellsberg strategies and behavioral Ells-
berg strategies are payoff-equivalent. Note however that this result applies only
to the ex ante choice of these strategies and, therefore, it cannot guarantee that a
player will respect this choice during the course of play. We address this issue in

the following section.

4 Dynamic (in)consistency

It is well established in the literature that dynamic consistency may not hold in
settings where decision maker’s preferences conform to the multiple priors model.
One solution to this problem is proposed by Epstein and Schneider (2003) who
show that dynamic consistency can be restored if decision maker’s beliefs about the
overall uncertainty satisfy a certain rectangularity condition.'? Literally speaking,
this condition requires that the initial set of priors can be constructed by recur-
sively combining all conditional and marginal probabilities corresponding to the
information available at each point of time. The key difference of our setting from
the one developed by Epstein and Schneider is that each player’s beliefs are rep-
resented by the opponents’ ambiguous strategies which are assumed to be chosen
independently. Given such an assumption, we can ask whether it is possible to
construct the system of beliefs/strategies satisfying the rectangularity condition
identified by Epstein and Schneider in extensive games with perfect recall.

We begin with the example which demonstrates that this may not be possible
to do if one maintains the assumption that players choose their strategies in a

non-cooperative way.

Example 2. Consider the game in Figure 3 in which each player has perfect
recall. In this game, player 1 moves at the information sets Hi; and Hio while

players 2 and 3 move at the information set Hs; and Hsq, respectively. Suppose

12The consistency property in dynamic choice situations appears extensively in the literature.
For example, in a setting where a single decision maker faces multi-stage decision problems, Sarin
and Wakker (1998) illustrate how consistency can be preserved for a class of nonexpected utility
models. Using a somewhat similar approach but focusing on financial trading, Riedel (2004)
shows that consistency in risk assessment can be achieved if risk measures satisfy the axioms of
coherence and the axiom of dynamic consistency.

19



Figure 3: Extensive game in Example 2.

that the Ellsberg behavioral strategies of players 2 and 3 are given by

By = {(Ba,Bp):Bp=1—PB4and B, €(B,,64 C[0,1]}, (11)

By = {(Bg:Br):Bpr=1-PBpand fp € [QEHBE} c [0, 1]} (12)

Thus, if upon arriving at Hy; player 1 chooses b with probability one, the set
of the induced probabilities Aar, Aag and Ap corresponding to the events that
the play will continue along the paths AF, AE and B is given by

A = {(AE, Ar, AB) : Mg = BaBE, Aar =B4(1 - BE),
A = 1=P4, Bac[B,,Bal and Ap € [B,, Bgl}-

In Figure 4, this set is represented by the trapezium VQSU (for the case 5 <
BaBE)
To show that player 1 is not dynamically consistent (i.e., her ex ante choice at

Hj is different from the one that she actually makes upon arriving at this set),
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it suffices to establish that the set A is not rectangular relative to the information
filtration F = (Fi, F2) where Fy = {{AE, AF,B}} and Fy = {{AE},{AF,B}}.
Denote by A and A% the updated probabilities that she assigns to the events
that the play has evolved along the paths AF and B upon arriving at Hia. \4p
and A% are obtained by updating all probability measures in A according to the

Bayes’ rule which gives rise to the following set of updated priors
A" = {(Mip, AB) : Xdp = 1 — A and A € (A, Mg},

where . -3
1-— ~u -

fﬂf and A\ = ——4

1 —BaBE 1=8,8g

In Figure 4, the set A" is given by the thick black segment of the line having

[
AB —

slope —1. Next, as it has been noticed by Epstein and Schneider (2002), in order
to construct a rectangular set of priors that induces A%, the marginal probability
of reaching H1o can be specified in an arbitrary way. Since this probability is equal

to 1 — Aag, we can write the rectangular set of priors as

{AaE, Aar, AB) ¢ Aar = A4p(1 — Aag), Ap = Ag(1 — Aag),
Aap € (8,85 BaBp)and (\ip, \j) € A"}

In Figure 4, this set is represented by the trapezium PTY J which includes the
trapezium VQSU (i.e., the set A) and the four triangles VT'Q, QY S, SJU and
UPYV. The figure makes it clear that the rectangularity condition necessarily fails
in this example.

Remark: Our conclusion would continue to hold if instead of having two players
moving at Ho; and Hs3; we had a single player employing stochastically indepen-

dent ambiguous randomization devices at those information sets.

Example 2 shows that dynamic consistency implicit in Kuhn’s Theorem cannot
be achieved in every extensive game with imperfect information even if it satisfies

perfect recall.'® Given that each player’s information filtration is induced by the

'3 As Brandenburger (2007) shows (see, Example 3.4), if players are allowed to use only unam-
biguous strategies then dynamic consistency may be violated if the game does not satisfy perfect
recall. Allowing players to use ambiguous strategies in such games makes it even more difficult
to achieve dynamic consistency.
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Figure 4: Rectangular set of priors in Example 2.
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structure of the game, we can ask whether it is possible to derive restrictions on
the structure of the game so that dynamic consistency can be implemented by
suitably choosing the profile of ambiguous strategies.

As Example 2 suggests, this may be impossible to do in games in which the
information structure requires a player to form beliefs over the histories of play in
some information set by using the probability distributions over her opponents’
actions in more than one information set. To rule out such situations, we impose

the following condition (‘RI’ stands for ‘Relevant Information’):

(RI) For each player k # [, all nodes 2/, 2" € X), and = € A} and for every choice

c,if t —» 2’ and 2’ ~ 2" then there exists a choice ¢’ such that © — . 2”.

The above condition states that every node in player k’s information set is an
immediate successor of the same node in player I’s information set. By analogy
with the temporal precedence relation over nodes, we can say that this condition
induces a temporal precedence relation over information sets in the following sense:
set H; is an immediate predecessor of set Hy or set Hj is immediate successor of
set H; if there exists node x € H; which is an immediate predecessor of every node
in Hp.

Note also that recursively applying this condition to all information sets of each
player yields that any two paths ending at player k’s information set must pass
through the same sequence of nodes of that player and contain identical actions
at all such nodes. This in turn implies that player k¥ must have perfect recall. The

following lemma confirms this intuition.
Lemma 1. If an extensive game satisfies (RI) then it satisfies (PR).

Proof. Fix any x}, 2} € X}, such that ] ~ z5. If (PR) is not satisfied, then there
must exist z1,x2 € Xy, and t1,t2 € 7 such that x; —, t;, t; S @ for each i = 1,2
and ¢; # co. Since each node has exactly one immediate predecessor, then the
paths from z1 to 2} and from z3 to a5, must differ. As a result, there must exist
t1,t5 € T such that t; — . x; for each ¢ = 1,2 and ¢} # c,. This contradicts (RI).
[ |

Although condition (RI) guarantees that every time when a player is called

upon to move she needs to make a conjecture about her opponent’s moves in
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Figure 5: Extensive game in Example 3.

only one immediately preceding information set, still it might not suffice to ensure

dynamic consistency. The following example illustrates this point.

Example 3. The game in Figure 5 satisfies (RI). In this game, player 1 moves at
Hyy, Hi2 and Hq3 while player 2 moves at Hy;. A distinct feature of this game is
that player 1’s choice at Hy; influences her information filtration F. In particular,
F is given by (Fi,F2) where F; = {A,B,C} and F2» = {{A},{B,C}} if she
chooses a, and it is given by (F7, F4) where F| = Fy and Fy = {{A, B},{C}} if she
chooses b. The dynamic consistency fails in this example because the requirement
that player 2’s strategy Ba = Bp,, is rectangular with respect to the filtration
(F1, F2) is incompatible with the requirement that it is rectangular with respect
to the filtration (Fj, F3).

To show this, consider Figure 6 which gives a two-dimensional representation
of any probability measure in Bs. In the figure, the horizontal axis corresponds to
the probability of state C, denoted by 5., while the vertical axis corresponds to
the probability of state B, denoted by S5. By applying a similar argument as the
one in Example 2, it can be shown that typical sets which are rectangular relative
to the filtrations (F1, F2) and (Fj, F5) would be given by the trapezia QY JP and
VT SU, respectively. The figure makes it clear that the set By cannot satisfy both
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Bz

Figure 6: Rectangular sets of priors in Example 3.

rectangularity conditions. l
Guided by this example, we impose another condition which we call ‘Consis-

tency of Information Filtration’ (hereafter, ‘CIF’).

(CIF) For each player k # [, all nodes 1, x93, 71,72 € X and x,7 € X} and for
all choices ¢; and ¢, if © ~ T, &1 ~ T2, T —¢, T1, T —¢, T, T —¢, 1 and

T —ey Zo then Z1 ~ Zs.

Condition (CIF) states that if player k cannot distinguish between two choices
of player [ at one node of the immediately preceding information set then the same
must hold true for every other node in that information set. It thereby implies
that there is no reason for player k to base her conjecture, as to what player [ did
right before the time when she is called upon to move, on the history of play up
to that time (hence, the term ‘Consistency of Information Filtration’).

In what follows, we shall restrict attention to the class of extensive games that

satisfy conditions (RI) and (CIF). This class is sufficiently more restrictive than
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the class of extensive games with imperfect information but is sufficiently less
restrictive than the class of extensive games with perfect information.

As is explained above, condition (RI) implies that what matters for player
k upon arriving at the information set Hj is the knowledge of the probability
distribution over player I’s choices at the immediately preceding information set
H;. In turn, condition (CIF) implies that the partition of the event space which
comprises all the choices available at H; is invariable across the nodes in H;.

Denote by Hy(H;) the collection of Hy’s which are immediate successors of H;
and by Cr(H;) C C(H;) the set of choices in H; which lead to Hy, € Hy(H;), i.e.,

Cr(Hy) = {c:ce C(H)) and © —. ' for some z € H; and all 2’ € Hy}.

Also, denote by Co(H;) the set of choices in H; which lead to terminal nodes,
ie.,

Co(Hl) = C(Hl)\ i, e?L-ik.(Hl) Ck(Hl)

Thus, at any point of time before the game reaches any Hy € Hy(H;) the
information structure of player k (regarding continuation play starting at H;) can
be represented by the filtration Fp, = (Fp,, F;,) where

Fiy, = C(Hy) and Fy = {{Co(H1)},{Ck(H1)} 1, e 1,01 }-

For any probability measure 8y, € By, define a marginal, or one-step-ahead,
distribution ﬁ(};{ which is the restriction of S, to F Il_ll. Denote also by 6}% the
conditional distribution (i.e., the Bayesian update) given ‘7:1111' By applying the

standard decomposition in terms of marginals and conditionals, we have
Denote by B%T the set of one-step-ahead distributions and by BllLIz the set of

conditional distributions induced by all the probability measures in By,. Following

Epstein and Schneider (2003), we define a rectangular set of priors.
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Definition 12 The set By, is Fg,-rectangular if
Bp, = { / B dBY’ : B, € By, and B € ng}.
Using this, we define a rectangular Ellsberg behavioral strategy.

Definition 13 The Ellsberg behavioral strategy B; = X g, en, B, 1s rectangular
if By, 1s Fu,-rectangular for every H; € 'H;.

Definition 14 The profile of Elisberg behavioral strategies B = (B, ..., BN) is

rectangular if By is rectangular for every |l € N.

Since, by assumption, each player k is averse to uncertainty created by her
opponents playing the strategy profile B_j, her ex ante expected utility from
using strategy (5 € By is given by

Uk(ﬁka—k) = 3 Inel% Z Pz(ﬁk’ﬂfk)uk(z)a
—k *Lez

where P, (3}, 3_}) is the probability of reaching a terminal node z € Z induced
by the strategy profile (5, B_)-

Definition 15 Given the opponents’ strategy profile B_g, the strategy Bk 1S ex
ante optimal for player k if Uk(Bk,B_k) > Uk(By, B—x) for all B), € B.

Denote by By, , the continuation strategy induced by B3 at Hy and all the
information sets that follow Hy, by B_j g, + the components of B_j that corre-
spond to the information sets that follow Hy, and by Y, the set-valued beliefs
of player k over the histories in Hj. Given Yy, and B_j g, 4, define player k’s
expected utility from playing By, , at Hy as

Uk(ﬁHkJr, THk,B—k,Hk+|Hk) = min Z PZ(IBHk+7’ka)B—I{;,Hk+|Hk)uk(Z)u
Bk, o+ € Bk H+ Tz
'YHkETHk

where P.(8y, +,7VmH,, Bk m,+|Hr) is the probability of reaching a terminal node
z € Z conditional on Hy.
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Definition 16 Given the opponents’ strategy profile B_y, the strategy Bk s op-

timal at Hy, € My if Up(Brr, o Tt Bttor | He) > Un(Brry s Yt B it | Hi)
for all B, € B.

We now state the main result of this section.

Theorem 4. Suppose that (i) an extensive game satisfies (RI) and (CIF), and
(ii) the strategy profile B_y is rectangular. Then, Bk is ex ante optimal if it is
optimal at each Hy € Hy.

Proof. Suppose that Bk is optimal at each Hy € Hj but it is not ex ante opti-
mal. Then, there must exist 3 such that 3y | # B ,+ for some Hy € Hj and
Ur(By B-x) > Uk(By, B-).

Let 8= (B, B-k): B+ = B4+ B-p,m,+) and

Eslur(z)] = D PB)u(2),

z€Z

By, oy k@] = Y Py, Bay s Hi)u(2).
z€Z

Since the game satisfies (RI), there must exist information set H; € H; which
immediately precedes H;. Denote by Zp, the set of terminal nodes such that for
every z € Zpy, the path Z passes through H;.'* In which case, the expression for

Eglui(z)] can be written as

Eglur(z)] = D P(Bur(z)+ D P(B)ux(2). (14)

ZGZHZ ZEZ\ZHZ

Denote by z. € Zp, the terminal node that follows ¢ € Co(H;), by Pm,(8)
the probability of reaching H;,'°> and by P, (83 Hy+> B—k, m,+|c) the probability of
reaching z conditional on H; and ¢ € Cy(Hj).

Since the game satisfies (CIF), the partition of C(H;) relative to the information

sets that immediately follow H; is invariable across the nodes in H;. Hence, the

Note that for the class of games that we consider the path Z is unique for every z € Z and
it crosses any information set only once.

5We write P, (B) for notational simplicity, even though only those components of 8 that
correspond to the information sets which appear along the paths ending at H; will affect this
probability.
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first term in (14) can be written as

Y. PBur(z) = Pu,B)| Y. Bulculz) (15)

ZGZHI CGCO(H[)
+ D Y Br(© ) P(Bulour(2)
HkGHk(Hl)CGCk(HZ) ZGZHl

Using the fact that Sy, can be decomposed into marginals and conditionals,

according to (13), we have

Y P(Bu(z) = Pu,(B) | AE(0) D Biy()un(z) (16)

z € Zy, c€Co(Hy)

+ ) BYHY D B D PABuilous(z)

Hy, € Hy.(Hy) c€Cy(Hy) Z€ ZH,

The rectangularity condition also implies that Yy, = B}qk because each ele-

ment in B}{k corresponds to the Bayesian update of the histories in Hy. Hence,

EB]HkvﬁHk+[ )| Hi| = Z BH, Z P.(Bg, +|c)ur(2). (17)

Ceck(Hl) ZeZHl

By supposition, the Ellsberg behavioral strategy B_j is rectangular which
implies that the set By, is Fpy,-rectangular. Due to this rectangularity condition,
the problem of minimizing any function over the set By, can be decomposed into
two independent problems of minimizing this function over the sets B}ql and B?ﬁ-
Denoting by B_j\ g, the collection of the components of B_j except Bp,, the

expression for Uy (S, B—j) can then be written as

Ur(By, B-r) = leei%_k Eg, 5, [uk(2)] (18)

= min min E, .1 .0+ uy (2
B €B—i\n, Bl €BY, BBy Py ’ﬁ—k\Hz[ ()]
6O+EBO+
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where the minimand in the above expression is given by (using (14), (16) and (17))

By 5855 8, (14 (2)] (19)

= Py(B) | 8%7(0) > Bh(c)ur(z)

CECO(HZ)

+ D Bu (HOEgy g, [uk(z)|Hyl
Hy, € Hy(Hyp)

+ Z P, (B)uk(2).

ZEZ\ZHZ

As we explained above, Ty, = B}{k for every Hy, € Hy(H;). Using (18), (19)
and the expression for Uy(By, 1, YH,,, Bk, Hy+|Hi), we thus have!

Ur(By, B_x) = min min P, (B8) BO+(O) B3 (c)uk(zc)
B € By 5}1163}11 l Hl CGCZO%HL) "
Aifentt

+ > B (HOUK B, 1 Bl Bk, +| H)
Hy € Hy(H))

+ Z P, (B)uk(2).

ZEZ\ZHZ

From the above expression it follows that if 8y, . # BHk , for some Hj, €

Hy(H;) and BH,ﬁ maximizes Uy then it must be

Ur(B_p1, Bi, s B-k) < Up(Br, B-y),

where _p, stands for all components of 3, other than B, ;. This contradicts
the supposition that U (8, B_x) > Uk(gk,B_k). [ |

0We write B_i\m, € B-r\m, in the minimization problem for notational simplicity, even
though the components that correspond to the information sets that follow H; are reflected in
Uk(ﬁHk+7B}‘Ik7B*kak+|Hk) for every Hy € Hi(Hy).
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5 Concluding remarks

In this paper, we make three primary points. First, we prove that finite extensive
games with objective ambiguity can equivalently be analyzed using ambiguous
behavioral and ambiguous mixed strategies, as long as the latter strategies satisfy
the rectangularity condition. In contrast to the standard Kuhn’s Theorem, this
result does not rely on the assumption of perfect recall. However, it applies only
to the ex ante choice of ambiguous strategies and, as such, it cannot be relied
upon in ensuring dynamic consistency. Second, we show by means of examples
that even in games satisfying perfect recall it might be impossible to achieve
dynamic consistency if one maintains the assumptions that players choose their
(ambiguous) strategies in a non-cooperative way. Finally, we argue that, in order
to ensure dynamic consistency, one must impose restrictions not only on the ex
ante choice of ambiguous strategies but also on the structure of a game. Overall,
our results lay the foundation for studying equilibrium notions in games where

players are capable of creating ambiguity.
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