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Introduction

Continuum mechanics is nowadays widely used to describe the material behavior of sys-
tems, which occupies a specific area in space. In contrast to atomistic and molecular
models, which can be solved using molecular dynamics or Monte-Carlo simulations, we
consider the system to exist as a continuum. Due to their different material behavior we
distinguish between solid mechanics and fluid mechanics. The typical deformation of the
former one allows us to follow the movement of each particle in space, whereas we can not
do this for the latter one. This leads to different formulations, which will be presented
here.

Typically, we want to achieve a solution for the balance of linear momentum for the
continuum mechanical system. Additionally, we will derive a pure mass transport problem
to demonstrate the capabilities of the numerical framework we have developed to solve
these kind of problems. Once we have introduced the continuum mechanical framework, we
can extent this to include further physical effects. Moreover, we extent the solid mechanical
system to include thermal contributions and apply an additional pressure field to enforce
the incompressibility of the fluids in the case of low Mach numbers.

Within the continuous setting, we can define various interfaces. Internal interfaces can
be used to decompose bodies into different subsets, e.g. to define areas with different
physical properties or, on a more technical level, to enable parallelization on modern cluster
architectures. External interfaces on solids can be used to include contact between multiple
bodies. Additionally we could establish an interface at the external boundary to transfer
momentum between a solid and the surrounding fluid. To avoid technical problems in
the case of large deformations of solids, embedded within a fluid, we employ continuum
immersed strategies to include the effects of fluid-structure interaction. Finally, we want
to use phase field models for the simulation of phase separation and coarsening in solder
alloys. We obtain sharp interfaces between the phases using the well known Cahn-Hilliard
model to represent the free energy of the phases as well as of the interface. Similar to the
immersed strategies, we aim at the simulation of the whole domain, avoiding the explicit
representation of interfaces.

To solve the arising initial boundary value problem in space, we first apply the finite
element method for all problems at hand. In particular, we introduce Lagrangian as well
as NURBS based shape functions for the underlying approximation of the field equations,
written in weak form. Furthermore, we show how to incorporate discrete interface models
in an optimal sense with regard to the consistency error at the interface using the Mortar
method. The application of Mortar methods to NURBS will be shown as well. Due to the
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higher continuity requirement of the Cahn-Hilliard equation, the use of NURBS seems to
be natural for this kind of problems.

Since we deal with initial boundary value problems, suitable time integration schemes have
to be developed as well. In general, we use a common implicit integration scheme for all
problems at hand, such that we could use various fields simultaneously in a consistent
framework. If possible, we aim at the development of structure preserving integrators,
since they provide enhanced numerical stability for large time steps. For the explicit inter-
face representation we apply additional augmentation techniques to simplify the algebraic
constraints and verify the underlying conservation properties.

The outline of this work is as follows. The fundamental equations in strong and weak
form are outlined in Section 1. The spatial discretization based on finite elements will be
dealt with in Section 2. The discretization in time using implicit and structure preserving
schemes is presented in Section 3. Domain decomposition methods are addressed in Sec-
tion 4, whereas contact problems are addressed in Section 5. In Section 6 we introduce
immersed strategies for fluid-structure interaction problems and demonstrate the applica-
tion of NURBS to phase field problems in Section 7. We provide representative examples
at the end of Section 4, 5, 6 and 7. Eventually, conclusions are drawn in Section §&.
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1 Continuum mechanical considerations 1

1 Continuum mechanical considerations

In this section we provide an outline of the fundamental equations for the underlying
problems at hand. We start by considering solid mechanical problems in strong and weak
form (see Hesch & Betsch [33, 34, 39]), thermomechanical problems (see Hesch & Betsch
[35]), fluid problems (see Hesch et al. [38]) and in a last step unsteady transport problems
(see Anders et al. [2]).

1.1 Solid mechanics

First, we consider a general non-linear mechanical system, occupying the space By, C RY,
d € [2, 3], in the reference configuration. The deformation mapping ¢ (X, t) : By x [0,7] —
R?, where [0,T] denotes the time interval under consideration, characterizes the current
position of the material point X € By at time ¢. The linear momentum is given by @ = pyv,
where py denotes the density in the reference configuration and v : By x [0,T] — R
v = ¢ = Jp /0t the material velocity. The material surface 0B is partitioned into the
Dirichlet boundary 0B and the Neumann boundary 0B]. We require that the portions
0B} and 0B] satisty

OBy UIBS =0By and 9By NoBJ =1 (1.1)
Furthermore, we assume the existence of a strain energy function ¥(C) : By x [0,7] — R,
where C : By x [0,T] — R%¥? denotes the right Cauchy-Green deformation tensor, given

by C = F'F and F : By x [0,T] — R¥™? F = Vx ¢ denotes the deformation gradient.
The Lagrangian form of the balance of linear momentum is given by

. —1
=p, T
ron _ (1.2)
7 = Div(P)+ B
supplemented by the boundary conditions
=@ on OB} x1[0,T
p=¢ o % [0,7] (1.3)

PN =T on 0B x|[0,T]

where P = 2F'V VU (C) denotes the first Piola-Kirchhoff stress tensor, N the outward unit
normal vector in the reference configuration, B the applied body forces and T' the pre-
scribed tractions. To complete the set of equations for the initial-boundary value problem
we have to prescribe appropriate initial conditions

SO(" O) =X, 90(70) = Vo (14)
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for the position as well as for the velocity. Equation (1.2) along with (1.3) represents the
strong formulation of the problem, whereas the weak form will be derived next. To this
end we introduce the space of admissible test functions V¥ defined by

V¢ = {dp c H'(B) | 6p(X) =0V X € 0BY} (1.5)

along with the L,—inner product on By

/(o) - (0)dV =: (e, @), and /(o) (o) dA =: (e, @)55, (1.6)

Bo 0By

where the Sobolev functional space H! contains the set of square integrable functions with
square integrable gradient. Summarized, the weak form reads

<p0¢7 590>Bo + <P7 Vx (690»30 = <pOB’ 690>Bo + <T7 590>538 (17)
This equation has to hold for all e € V¥.

Conservation properties. Setting d¢ = ¢, where ¢ € R? is arbitrary and constant, it is
straightforward to show that (1.7) yields the balance law for linear momentum in integral
form

¢ 5L = (¢ Ty + (¢ B, (1.9

Here, the total linear momentum is given by L = fBo 7dV and the right-hand side of
(1.8) characterizes the resultant external force applied to the continuum body. Similarly,
substituting d = ¢ X ¢ into (1.7), the integral form of the balance law for angular
momentum is recovered

¢ 9T = (.o < Thoug + (¢ 0 % B, (19

In this connection, J = fBo @ x wdV is the total angular momentum of the continuum
body with respect to the origin of the inertial frame of reference. The right-hand side of
(1.9) equals the resultant external torque about the origin. We next consider the integral
form of the balance law for energy. Substituting ¢ = ¢ into (1.7) yields

d 1, 1 . o o
a<§cp,7r>go+<52,0)30 :S(P'T>agg -+ <(P, B>5g (1.10)
AT dt W pext

Here, T' denotes the total kinetic energy of the continuum body, W the net working and
P the power of external forces. Furthermore, the second Piola-Kirchhoff stress tensor
3 = F ' P has been introduced. For a purely mechanical system, the net working equals
the change in internal energy W = E and we obtain

d
E(T+E) = p (1.11)

which is the global form of the energy balance law.
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1.2 Thermomechanical systems

Next, we extent the previously developed formulation to include thermal contributions.
Details on the continuum description of thermoelastic solids can be found in textbooks
such as Holzapfel [40] and Gonzalez & Stuart [28].

The absolute temperature 6 is assumed to be a smooth function of (X, t) € Byx[0,T] — R.
We further assume that the material behavior is governed by the free energy function
U = ¥(C,0). Accordingly, the nominal (or first Piola-Kirchhoff) stress tensor P, and the
entropy 7 are defined by

P=2FV,¥(C,0
e ¥(C,0) (1.12)

Moreover, the nominal heat flux vector @ is defined by
Q = —K(C,0)Grad(6) (1.13)

Here, /IE(C' ,0) is a thermal conductivity tensor which must be positive semi-definite. Note
that the constitutive laws (1.12) and (1.13) are thermodynamically consistent in the sense
that they satisfy the restrictions imposed by the second law of thermodynamics (in the
form of the Clausius-Duhem inequality). The Lagrangian form of the local balance of
linear momentum and energy for a thermoelastic body can be written as

e=p, T
7 = Div(P) + B (1.14)
0y =—Div(Q) + R

where R(X,t) denotes the material descriptions of prescribed heat supply per unit vol-
ume. The above equations have to be satisfied for all X € By and ¢ > 0. To complete the
initial-boundary value problem for the thermoelastic body under consideration the equa-
tions in (1.14) have to be supplemented by appropriate initial and boundary conditions.
Accordingly, initial conditions in By and at time ¢ = 0 are specified by

QO(,O) = X, QO(,O) = Vo, 0(,0) = 00 in BQ (115)

where vy and 6 are prescribed fields. Moreover, boundary conditions on 0B, at times
t > 0 are given by

p=¢ onodby x[0,T], 0 =60 ondBYx[0,T]

_ _ Q (1.16)

PN =T onoBj x1[0,T], Q N =-0Q ondBy x|[0,T]
Analogues to the mechanical field, 9B and 88(? are subsets of 0By with the properties
OB U dBY = B, and 9B§ N QB(? = (). As before, N denotes the unit outward normal
field on 0By, and ¢, T', § and @ are prescribed fields.
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The weak form can be derived by pre-multiplication of (1.14)s using the previously intro-
duced test functions d¢. Subsequent integration yields

(6,75, = (6, Div(P) + B)pg, (1.17)
Similarly, (1.14)3 leads to
(06, 010) 5, = (60, R — Div(Q))z, (1.18)
where the space of admissible test functions V? of the temperature field is defined as
V= {60 c HY(B) | 00(X) =0V X € o8BI} (1.19)

Applying integration by parts along with the divergence theorem, (1.17) and (1.18) can be
recast as follows

<6(P7 7.r>l30 + <P7 vX (5(P>>Bo = <6(P7 T>Bg + <§SO7 B)Bo

‘ _ _ 1.20
(56, 0, — (@ T (50))s, = (56, D)y + (00, R, 20
These equations have to hold for all §¢ € V¥ and §0 € VY. While the balance of linear
momentum and the balance of energy are stated in weak form, we retain the kinematic
relationship (1.14); in local form.

Conservation properties. Next, we summarize the fundamental balance laws in global
form. The balance laws for linear and angular momentum can be derived analogues to the
purely mechanical case, setting d¢p = ¢ and dp = ¢ X ¢ respectively and we obtain once
again

¢ 5L = (¢ Tyows + (¢ B, (1.21)

and

¢ 8T = (€0 < Thowg + (¢ % B, (1.22)

Note, that we restrict for simplicity of exposition our attention on thermoelastic problems
with pure Neumann data, i.e. dBY = 0Bj = 0. Next, we consider the integral form of the
balance law for energy. Substituting d¢p = ¢ into (1.20); yields

d 1. 1 . - -
a<§90’77>30 + <§Ea C>Bo = <90 ’ T>3BS + <¢7B>Bo (1'23)

The relationship between the free energy ¥ and the specific internal energy e is given by
U =e—0n (1.24)
Differentiation with respect to time yields

U =¢é—0n—0n (1.25)
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On the other hand the constitutive equations (1.12) are based on the free energy function
U(C,0) and thus imply

. 9¥(C,0) ., 0V(C,0)
V=g O 0 (1.26)
—— ——
i -

Accordingly, taking into account (1.25) and (1.26), the stress power can be written as
1 .
52 C=¢é—0n (1.27)
Introducing the total internal energy of the continuum body E = |, B, € dV, the net working
can now be written in the form
W:E—/Qﬁdv (1.28)
Bo

Testing (1.20), on the constant and arbitrary 00 = ¢, ¢ € R, gives
(C.0mBy = (¢, Q- N) oo + (¢, R}, = (Q (1.29)

where @ is the total net heating of the continuum body. Substituting (1.29) into (1.28),
we recover the first law of thermodynamics in the form dE/dt = W + ). Moreover, in
view of (1.10), the global form of the energy balance law can be written as

d

pr [T+ E] = P™ +Q (1.30)
In the case of external forces associated with a potential energy V' i.e. P = —dV™*/dt
we obtain p

yr T+E+V™] =Q (1.31)

which is the global energy balance law for a thermomechanical system.

1.3 Fluid mechanics

To catch fluid mechanical properties, we write the fluid system in terms of an Eulerian
description using the inverse mapping X = ¢~ !(x(t),t). For the time differential of a
physical quantity f(x(t),t), it follows immediately that

of

f=Showy (1.32)

Without loss of generality we restrict ourselves to the incompressible case and obtain for
the conservation of mass equation

Ve -v=

<.
Il
o

(1.33)
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where J = det(F'). For a Newtonian viscous fluid the Cauchy stress tensor o : Bx [0, T —
R4 is defined by
o=-pl+ NV, -0)I+p(Vv+ Vv (1.34)

where p denotes the dynamic viscosity and A the second coefficient of viscosity. Here,
the pressure p : B x [0,7] — R is a sufficiently smooth function and can be regarded as
Lagrange multiplier introduced to enforce condition (1.33). Note that for the case of an
incompressible fluid the second term on the right hand side vanishes. The non-conservative
Eulerian form of the balance of linear momentum reads

pv =V, -0+ pg (1.35)

where p denotes the density and g a prescribed body force per unit of mass. Finally,
suitable boundary conditions need to be introduced as follows
v=wu, on 0OB"x|[0,T]

1.
oc-n=h, on 0B° x|[0,T] (1.36)

Here, (1.36); and (1.36)2 denote the Dirichlet and Neumann boundary conditions, respec-
tively, assuming 0B* U 0B = 9B, 0B* N 0B° = () and n the outward unit normal vector
on the actual configuration.

As before, we recast the above system of partial differential equations in its variational
counterpart, i.e. the weak form. Hence, suitable functional spaces of test functions V¥ and
VP for both, the velocity and pressure field, are defined by

VY =: {v € H'(B) | Sv(x) =0V x € OB"}
VP = (6p € Lo(B)} (137)

Finally, we recast the balance of linear momentum as follows
(p(v —g),0v)g + (0, V, (0v))g = (h, V) s~ (1.38)
supplemented by the kinematic constraint
(Ve -v,0p)s =0 (1.39)

Note that we perform the integration on the spatial configuration in (1.38) and (1.39).
Furthermore, both equations (1.38-1.39) have to hold for all Jv € V* and dp € VP for all
times ¢ € [0, 7.

1.4 Unsteady convective transport

To describe unsteady transport problems appropriately, we assume the existence of a suf-
ficiently smooth time dependent scalar valued concentration field ¢ : B x [0,7] — R. The
local, convective form of the unsteady transport problem is then given by

iz, t) = s(x, t) (1.40)
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supplemented by the boundary conditions

c=g on 0B x][0,T]

1.41
J-n=h on 0B"x|0,T] (141)

and the initial condition
c(x,0) = co(x) (1.42)

where s(x,t) denotes a source term and J = wc the flux of concentration. Furthermore,
0B U oB" = 0B, 0B N 0B" = () has to be valid at the boundary. Taking (1.32) into
account and assuming that the source term is zero, i.e. the flux is divergence free, we can
rewrite (1.40) in the so-called conservation law form (see Donea & Huerta [19])

Oc
i -V-J (1.43)

We further assume that the material behavior is governed by the free energy function
U(c,t): B x[0,7] — R and define the chemical potential as follows

_0V(c,t)
o= Oc

(1.44)

Note that the constitutive equation (1.44) is thermodynamical consistent. Next, we pos-
tulate that the flux of concentration is driven by the spatial gradient of the chemical po-
tential, weighted by the mobility M : B x [0, 7] — R%*¢, For thermodynamical reasoning
the mobility is chosen to be concentration dependent in form of
1

Mzac(l—c)D:M(c)D (1.45)
where D is the tensor valued tracer diffusivity of the composition and 6 is a temperature
dependent material specific parameter. For later use we derive next the Cahn-Hilliard
equation, which rests on a specific formulation of the free energy function. Therefore, we
split up this function into a configurational free energy W™ and an interfacial /surface
energy contribution U™ = £||V¢||?, which is related to the curvature of the phase islands.
Here, x denotes a material parameter, related to the surface energy density. Application
of the variational derivative for functionals involving spatial derivatives

d.(8) = 0. (o) — V- (Oyc(9)). (1.46)
yields the Cahn-Hilliard equation

dc

5 = V- (M()V(0.0°" (¢) — kA0)) (1.47)

provided that the additional boundary condition

Ve-n=0 on 0B x][0,7T] (1.48)
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is valid.

To recast the diffusion equation in weak form, we define the space of admissible test
functions V¢ according to

Ve ={6ce H*(B) | Sc =0V = € 0B} (1.49)

Subsequent integrations yields

Oc

<5C, a

)8 =(0¢,V - (MVp))s (1.50)

Applying integration by parts along with the divergence theorem, we obtain the weak form
as follows

<%, 6c)p = — (M (c) [02T*"|VeDT |, Véc)g — (kAc[0.M]VeDY,Véc)s (151)
— (M (¢) kAcD",V ® Véc)s
supplemented by the constraints
/Vc~n dA=0 (1.52)

oB

Note that we have made use of the boundary conditions (1.41), (1.41)s and (1.48), assum-
ing that the Neumann boundary condition at dB" x [0, T is set to zero, i.e. no material
flows into the domain.

Conservation properties. To verify the fundamental mass conservation property, we sub-
stitute the test functions dc = (, where ¢ € R is arbitrary and constant and obtain

Jc

—)g =10 1.53
(€50 (153
where we have made use of the property V( = 0. Thus, total mass is conserved for all

times.
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2 Spatial discretization

To achieve a numerical solution for the various problems at hand, we apply a finite ele-
ment framework to approximate the given fields. In particular, we consider Lagrange as
well as NURBS based discretization schemes. The former scheme is well understood (see
Belytschko et al. [5], Hughes [44] and Zienkiewicz et al. [86, 84, 85]), whereas the latter is
subject to current research projects (see Corttrell et al. [18]).

2.1 Lagrange based discretization

Solid mechanics. Concerning the discretization in space, we apply displacement-based
finite elements (cf. Hughes [44]). Accordingly, we introduce finite dimensional approxima-
tions of ¢ and d¢ such that

¢ =S N (X)g, and d¢" = 3 N4 (X)oq, (2.1)

Acw Bew

Here, N : Bt — R are polynomial global shape functions associated with nodes A € w =
{1, -+, Npode} corresponding to the isoparametric description of BY. Moreover, q,(t) =
@"(X 4,t) is the current position vector of the nodal point X 4 € BE. The configuration
of each semi-discrete flexible body is characterized by its configuration vector, which can
be composed consistently with its variations as follows

q; (1) oq,(t)
q(t) = : and dq(t) = :

: (2.2)
Drpoa (1) 0G0 (1)

Note that for simplicity of exposition we make use of the summation convention for re-
peated indices. The discrete counterpart of the first term in (1.7) can now be written
as

(00", po@") g = g4 - M Py (2.3)

where the coefficients of the consistent mass matrix

MAB = / poNANE dv (2.4)
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has been introduced. The kinetic energy assumes the form

L. .
T= 2da- M*Pqy (2.5)

where the system velocity vector ¢ = v follows from differentiating (2.2) with respect to
time.

The discretized versions of the deformation gradient and the deformation tensor are given

by

h D" A
and
C"=gq, qzVN*(X)® VNP (X) (2.7)

The discrete second term in (1.7) reads
(P Vx (5")) 5y = 9.4~ a5 (TN (X), EUNT (X))

—0q, - / SAP AV, (2.8)

h
BO

As previously stated, the second Piola-Kirchhoff stress tensor " = 20 /0C™ is associated
with the strain energy function

Ft(q) = / B(Ch) AV (2.9)

Bj

The right hand side of (1.7) can be written as

(0B 3¢y + (.00 gy =0, | [ WB v+ [ NAT a4

2.10
o i (2.10)
— 5qA . FA,ext
Summarized, we obtain for the balance of linear momentum
6q, - | M*Bog + / SAP AVqg| = dq, - [F) (2.11)

Bj



2 Spatial discretization 11

Thermomechanical systems. In a second step, we discretize the temperature field using
the same shape functions as before

=Y NAX)O4, and 60" =) N%(X)iOp (2.12)

Acw Bew

where ©4 € R denotes the temperature at node A. Consistent to (2.2) we introduce the
system vectors © = [0, ..., O, ] and the variation thereof as 6© = [004, ..., 00,,__,.].
Accordingly, we obtain for the first term in (1.20)y

(66", 0" ") sy = 004 / PNANBdVes dV

A (2.13)
= 50,1205,

where, in view of (1.12),, the discrete entropy reads n* = —V, U(C", 6"). Furthermore,
the discrete second term in (1.20) reads

(Q. Vx (60)) g = —604(VN* K (C",60")VN®)
— 00,4 / KAP dveg (2.14)

Bg
The terms on the right side of (1.20), can be written as
(00, Q) pgna + (00, R) gy = 00 4 / NAQ dA+ /NAR dv

oBLC
= §0.4Q™"

(2.15)

which completes the spatial discretization process. In summary, we receive the following
equations

0q 4 - MAB’iJB—l—/SAB dVggp| =dqy - [FA’eXt}
- (2.16)

00,4 |T4P05 — / K% dvep| = 60.,Q""

Note that the second Piola-Kirchhoff stress tensor depends here on strains and tempera-
ture.
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Fluid mechanics. Next, we discretize the fluid problem in space. Without prejudice to
the generality of the formulation, a Q2Q1 Lagrangian finite element discretization is chosen

as follows
ol = ZNA’UA; sol = ZNA&UA

A€w Acw

p" = MPpg; oph =) MPspp

Bew Bew

(2.17)

where N4(z) : B — R are quadratic shape functions associated with nodes A and M2 (x) :
B® — R are linear shape functions associated with nodes B. This element is known to
satisfy the LBB condition and provides optimal quadratic convergence of the velocity field
(see Donea & Huerta [19]). The semi-discrete balance of momentum reads

(0 (" — g, 50" g + (0 (01, p), Vi (50" s — (R, 50" g = 0 (2.18)
whereas we obtain for the incompressibility constraint
(Vy - o™ 0p™) g =0 (2.19)

If necessary (i.e. for low order elements in conjunction with high Reynolds numbers), a
stabilization technique for the underlying Galerkin approach can be applied (cf. Tezduyar
(69, 71]) using extended test function spaces, defined as

VO = {5@ S ]Hl(B) | 00 = 0v + Ysupg? - Vi (5’0) + Ypspa Vi ((Sp)}
(2.20)
VP = {0p € Ly(B) | 0p = dp + YLsic Vi - (0v)}

where vsupa, Ypspa and ~ypsic are precalculated stabilization parameters. The modified
semi-discrete balance of linear momentum reads

<pf(’vh - gh)’ 5vh>3h + <Uf(vh7ph)7 Vw (6’Uh)>3h - <h’h7 5’Uh>88h,o+
Z’YSUPG<RU, (V" -V )6v") g + ZVLSIC(Rpa YV, - 60M) g =0 (2.21)

and the kinematic constraint

(Vo - 0", 6p") s + > Ypspa(Ry, Vi 0p")pn = 0 (2.22)

Here, R, and R, denote the residuals of the original momentum and kinematic constraint
equations, respectively.

2.2 NURBS based discretization

Inspired by developments in the context of isogeometric analysis (see Cottrell et al. [1§]
and the references therein for a comprehensive survey of this topic) we apply NURBS based
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shape functions for the approximation of displacement based finite elements in space

@"=> R'q,, d¢"=) R%q, (2.23)
Acw Acw
where N My (1) L ()
A i, i, i,qg\11 ) Lt Wij ¢
R* = RS2, (€ O ’ (2.21)

S S S N(OM, () L, (O

Here, p, q,r denotes the order of the non-rational B-Spline shape functions N, M and L,
recursively defined as follows

=T N T g (2.25)
Sivp — & Sitpr1 — Sit1
beginning with
: 1 G <<
Nio(€) = { 0 otherwise (2.26)

The definition for M and L follows analogously. Furthermore, w;;, are NURBS weights,
for details see Piegl & Tiller [60]. The global index A for the shape functions is connected
to the indices i € [1,...,n],j € [1,...,m] and ¢ € [1,...,[] in the parameter space.
In particular, a connectivity array is used for implementation, similar to the location
matrix defined in Hughes [44], such that the shape functions R*(€) are associated with the

control points A € w® = {1,..., nyeae}, where, nffgde denotes the total number of control
points. Three so called knot vectors = = {&1, &, ..., &napr1ts H = {012, - s Mngpi1}
and Z = {(1,Ca, - - -, Carpt1) represent a set of coordinates in the parameter space, which

provide a definition for finite elements, such that a point A : i,j,€ — &,n,( in the
parameter space addresses a node in the physical space, i.e. a corner of an element.

Remark: Details on the characteristics of the isogeometric approach such as continuity,
explicit representation of specific shape functions and repeated knots, mesh generation
and refinement can be found in Cottrell et al. [18] and the references therein. We will
deal with this specific class of shape functions in a general way, such that the following
methods like the domain decomposition can be applied without restrictions to all possible
NURBS solids. Note that the control points g, can be dealt with analogues to the nodes
of Lagrange elements. We only have to take care about the fact that the control points
can be, but do not have to be part of the geometry, i.e. of the curve, surface or solid.

The finite dimensional approximations of v, dv and p, dp for the velocity and the pressure

field of the fluid reads
ot = ZRA'UA; sol = ZRA&UA

Acw A€w

p" =) RPps; op" =) RPépp

Bew Bew

(2.27)

Note that the structure of the constitutive and balance equations in Section 2.1 remains
unchanged, since we obtain e.g. for the deformation tensor

C"=gq, qzVR(X)® VRE(X) (2.28)
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where the derivative VR4 can be calculated in a straightforward manner

R0

A _ (-7 9ir
VRN = (I e T =

(2.29)

and OR4/0¢ follows directly from (2.24). The discretization of the velocity and pressure
field of fluids as the discretization of the concentration field follows analogously.

Unsteady convective transport. The phase boundaries in the Cahn-Hilliard model are
typically sharp layers which require a high spatial resolution. Taken into account, that the
system has to be valid for arbitrary test functions, the semi-discrete system reads

(", Ra)pn + (M O*T" V"D VR A) g+

2.30
k(A" O.M V"D VRA) g + k(M A"D",V @ VR A)gn = 0 (2.30)

VA € w. As mentioned before, we have to fulfill the boundary conditions (1.48) for all
times. This is effected through the introduction of Lagrange multipliers A\ associated with
the surface. Accordingly, we introduce a suitable Lagrange multiplier space

M=\ M e ¢%0B); N € HY(0B)}. (2.31)

As shown in Hesch & Betsch [3Y] it is not necessary to retain the continuity of the un-
derlying surface for the Lagrange multipliers. In particular, we apply standard Lagrange
linear elements A = > Aew A AN 4 to the Lagrange multiplier space, see Wohlmuth [76] for
a comprehensive convergence analysis. Integration of the constraints yields for each node
A on the surface

P4 = /NAVch-ndA (2.32)
oBh

By collecting all constraints in a vector ® and associated vector of Lagrange multipliers A
we end up with the saddle point problem

(", Rp)gn + (M O*T V" DT VR, gn+
k(A" O.M V"D VR gn + k(M Ac"D" V@ VRA)gn = AV, ® (2.33)
0=¢
For large scale systems we have to avoid high condition numbers of the iteration matrix.

Therefore, we can either apply an augmented Lagrange approach or we reduce the system
to a minimum set of equations using a suitable null-space method, see Appendix D.
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3 Temporal discretization

The previously introduced semi-discrete problem can now be discretized in time in order
to obtain a full discrete set of non-linear algebraic equations. In particular, we aim at
the development of structure preserving integrators for the solid and thermomechanical
system. Furthermore, implicit time integration schemes are adapted to the fluid and
transport systems, since they provide enhanced stability properties.

3.1 Solid mechanics

Consider a sequence of times t, ..., t,,t,11,... and assume that the state at ¢,,, denoted
by ¢, is known. Then the goal is to approximate the state @l | at t,,1, where the time-
step size At = t,,41 —t,, is prescribed. The full discrete approximation of (1.7) and (2.11),
respectively, reads

0q - MAB(’UB,nH —Vpn) + At/sf,fﬂ dqu,nJr% = Atog, - [F:f?} (3.1)

h
BO

The above equation is supplemented by the mid-point-type approximation to the kinematic
relationship (1.2); given by

Phr— ot = At (32)
together with
1
= povh., for a€{0, 3 1} (3.3)
In the above formulas, (e),, . 1= %((‘)nJrl + (®),,) denotes the standard mid-point approx-

imation. Moreover,

0q - /55‘,5“ dqu,nJr% =0q, - <VNA7 227n+1VNB>BSqB,n+% (3.4)
Bg

where 22’11 41 denotes a consistent algorithmic version of the discrete second Piola-Kirchhoff
stress tensor, defined by

v(ch

n+1

) —¥(C) - Ve xp(c};%) : AC"

AC™ 3.5
AC" : AC" (35)

Eg,nJrl = VC \I](C};Jr%) =+
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Conservation properties. As shown in Betsch & Steinmann [13], the integration scheme
is structure preserving, i.e. conserves algorithmically linear and angular momentum as well
as energy and is of second order accuracy. First we verify conservation of linear momentum.
Insertion of g” = ¢ into (3.1) and subsequent summation yields

¢ (L= L) = A0S | = [ S22, aVay o+ B (3.6)

Acw B(})‘

With regard to (2.8), (3.5) and (3.15), respectively, we can state

{ <V Z NA) ) 22,n+1VNB>ngB,n+% =0 (3.7)

A€w

and obtain for the discrete counterpart of (1.21)

Lo~ L,=At) FA ot (3.8)

A€w

Next, we substitute dg, = ¢ X g 4,41 into (3.1) and obtain

¢ (Jnp1 —Jn) = AIC- ZqA,m% X _/S;?n-i-l dVqp it FA " (3.9)

2
Acw B(})‘

Due to the skew-symmetry of g, , +1 X gp,y1 and the symmetry of SitB | we obtain the
discrete counterpart of (1.22)

Aext
= 1 1
y e A ND I T J (3.10)

A€w

Finally, we substitute g, = v,,, 41 in (3.1) and sum up the contributions of all nodes

A,ex
Tov1 =T+ ((Qans1 — Qan) 5;?,5“‘13,%%)83 = Ath,nJr% : Fn+%t (3.11)
Rewriting the last equation as follows
Toyn— T+ <22,n+17 (C?H*l - C}ﬁ»sg = AtPrkzlﬁ)j—tl (3.12)
and taking (3.5) into account we end up with
Tpir = T + Eniy — B, = AP, (3.13)

which proves algorithmic conservation of energy.
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3.2 Thermomechanical system

We next perform the discretization in time of the coupled thermoelastic problem under
consideration. The algorithmic approximation to the weak form (2.16) is defined by

0q 4 - MAB (’UB7n+1 — ’UBm) + At / Sﬁ,ﬁrl dqum-F% = Atdq, - [F:f)%(t}
By
T (3.14)
204 Fﬁ’gH@Bv’”% - At/KfﬁH dV@B,n-i—% = Até@AQ}ﬁifﬂ

By

Similar to (3.4), E?w 41 denotes a consistent algorithmic version of the discrete second
Piola-Kirchhoff stress tensor, defined by

el —eh— 92+%A77h — Ve \IJ(CL%, 92%) : AC"

h h h h
2n,nJrl = VC \II(CnJr%’ en—i—%) + ACh . ACh AC
(3.15)
where the inner energy in terms of the free Helmholtz energy reads
e = W(CY,00) — 0PN, U(CE, 0, ke {nn+1} (3.16)

Conservation properties. Next, we verify that the temporal discretization of the coupled
thermoelastic system inherits the fundamental conservation properties of the underlying
semi-discrete system. Verification of linear and angular momentum conservation follows
exactly the procedure outlined in Section 3.1 (see also Hesch & Betsch [35]). Hence, we
focus on the verification of the algorithmic conservation of energy. Replacing dq 4 in (3.14);
with v, ,,1 and subsequent summation over all nodes yields

A ex

Tor1 =T+ ((@ant1 — Gan) Séf+1qB,n+%>B}} = Ath,n—i—% : FnJr%t (3.17)

The last equation can be rewritten as follows
Tt = To 4 (30 i1, (Chyy = C)) iy = AP, (3.18)

Taking (3.15) into account, we obtain
hex
Tn+1 T, + / [ngrl - 62 o 92+%(n2+1 - 772)] dV = AtPn,n—i:El (319)
B3

In a second step we set 60,4 = ¢ and obtain from (3.14),

/ [eg+%(ng+l — ) — At (v > NA> KNCh 10, 1 )VNTO,,

Acw

dV = AtQEL,n—i—l

B}
(3.20)
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Thus, we arrive at

Tn+1 - Tn + En+1 E - At[Ph eth + Qn n—i—l] (3'21)

n,n+

which proves algorithmic energy consistency.

3.3 Fluid mechanics

To approximate the state (v, , pk, ) we consider a similar mid-point type evaluation of
the weak form in (2.18) and (2.19), and obtain

R . )
W T+( ni1s2 Ve JOnio = Gngijz | 5 00"t

h h h h h
(U(”n+1/zapn+1)a Ve (60")) g0 — <hn+1/27 V") opne =0
<V¢ . ’U}:H—l’ (Sph>Bh =0
Note that we evaluate the constraints at the end-point configuration and assume that the

corresponding Lagrange multipliers p? 41 are constant within each time step. If the system
requires the use of stabilization techniques, presented in (2.21) and (2.22), it yields

"72+1 — v, h h
(p T+( nt1/2 AL Vpiij2 = Gni1ya | » 00 ) gt

<a(v2+1/27p2+1) Vi (5vh)>8h - <hn+1/27§’vh>8l§h"’+
Z Ysupc(R n+1/27pn+1) (v Vpi1y2 Va )ov") g+

(3.22)

(3.23)
ZVLSIC(Rp(v}QLH), YV, - 6vM) g =0

(Ve 'vgﬂ/zaéph)zsh"‘
Z’YPSPG n+1/2apn+1) Ve 6ph>5h =0

This mid-point type rule (see Betsch & Steinmann [14]) is of second order accuracy and
robust for large time step sizes.

3.4 Unsteady convective transport

Adapting the previously introduced mid-point type rule to (2.33) yields

h
(o "R b (MR T oy DT VR )t
w([Ac" M V] W DY VRA)s + 5([M A, DT,V @ VRp) s = AV, @,

0= (I’n+1
(3.24)
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where we evaluate the mass diffusion equation at the mid-point configuration and the
constraints at the end point.

Conservation properties. Conservation of mass for the full discrete system can be shown
analogues to (1.53). As before, we replace the test functions dc = ¢ and obtain

/an dV = /cn dV (3.25)
Bh Bh

where we have again make use of the property V({ = 0.
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4 Domain decomposition

The goal of this section is to provide an adequate, Mortar based method for domain
decomposition problems. This type of variationally consistent mesh-tying method has
been developed by Bernadi et al. [9]. The extension of this method to linear elasticity
problems can be found in Krause & Wohlmuth [50]. For full non-linear elasticity problems
see Hesch & Betsch [34], whereas non-linear thermoelasticity is adressed in Hesch & Betsch
[35]. Application to NURBS can be found in Hesch & Betsch [39].

4.1 Domain decomposition and Solids

aBy

Figure 4.1: Decomposition of a body into two domains at the internal inter-

face OBy,

We consider a general non-linear mechanical system, artificially subdivided into several
sub-domains (), occupying the space 83’(” C R? in the reference configuration. The

material surfaces 0[5’8 ) are partitioned into the Dirichlet boundary 888 % the Neumann
boundary 388 17 and the internal interface 083 D 1etween the sub-domains. We require
that the three portions 888 ’(Z)’", 838’(2)’0 and 88(}]1 (04 satisfy

0By U aBy U aBy ! = aBy " (4.1)

and

aBS,(z‘),u A 083,(2‘),0 N aBéL(Z‘M —( (4.2)



22 4.1 Domain decomposition and Solids

on each sub-domain. The contribution of body (i) to the balance of linear momentum for
a large deformation contact problem can be expressed as follows

<pR¢h7 650h>3(})1’(i> + <Ph7 Vx (6<ph)>88’(i) =

—h , _h . , . (4.3)
<pRB ,5(,0 >Bg’(i)+<T ,5(,0 >888,(¢),a + <t ,(SQO >aB(})),(i),d
The discrete balance of linear momentum across the interface reads
<th7(1)’ (&Ph,(l) _ 5(ph,(2))>837(1)7d =0 (4.4)
using the discrete tractions
£ = 3 N (X<1>> Au (4.5)

Aco)

Here, N* : BY — R are linear shape functions associated with the nodes A € @), where
@M denotes the set of element nodes at the internal surface. Inserting (4.5) and (2.1) in
(4.4) yields

Aa - (nABéqg) — nAC(Sq(Cz)) =0 (4.6)
where n8 and n¢ are the Mortar integrals, given by

nAB = <NA,NB>B(})),(1),d

4.7
nAC' — <NA7NC>B(})1»(1)7¢1 ( )

Next a segmentation process for the numerical evaluation of the Mortar integrals in (4.7)
will be developed. Therefore, we have to split the internal surfaces into segments. Several
efficient and powerful segmentation routines have been developed in the past (see Puso [62],
Puso et al. [63] and Hesch & Betsch [34, 36]). To illustrate the procedure, we summarize
the 4-step method developed Hesch in & Betsch [36] (see also Section 5.2):

1. Project orthogonally the nodes on the Mortar side to the opposing surface.

2. Project orthogonally the nodes on the non-Mortar side to the opposing surface.

3. Search for intersections between the edges.

4. Apply a Delaunay triangularization to each element on the Mortar side.
For each segment we obtain local coordinates Egg o, K €[1, 2, 3] in the parameter space
for each surface 7, defining the vertices of the segment. Introducing linear, triangular shape
functions M ¥ a linear transformation

3
DM m) =" ME(m)el) (4.8)
K=1

can be applied to parametrize the interface. The Mortar integrals for each segment can now
be calculated by insertion of (4.8) in (4.7). Thus, we obtain for the segment contributions

W = (NSE (), NP (1)) g

4.9
€ = (N2 m)), N (€ () 0o 4
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To apply a Gauss integration, the Jacobian Jg, of each segment is required

Toew = | AL(EG," (1)) x As(€5y" ()| det(DE(n)) (4.10)

where A, (€) = NZ(€)gp denotes the tangential vectors in the reference configuration.
Eventually, we obtain

HB_/NH seg NB(Eseg ( ))Jsegdn

(4.11)
HC = /NH seg Nc(gseg ( ))Jseg d77
In a last step, we collect the segment contributions
K K 1 K 2
or . =n"qy) —n gl (4.12)
of each element e and assemble them into a global vector of constraints
k=1
(ﬁe ,seg
: 4.1
eEs(U&J H 4 ( 3)
& (I)e ,seg
h,(1),d

where ¢! denotes all elements on By’ For the implementation of the assembly, a
location array A = LM(k, €) is needed to connect the segment contributions to a specific
constraint, for details see Hesch & Betsch [33]. Note that the corresponding nodal force
vector F@%4 follows from

(qu) . f(i)7d7A — (qu) . VqA i’(q) : AA (414)

Remark: The physical position of the Gauss points on both surfaces do not necessarily
coincide with their orthogonal projections, although the corner nodes of the segments do.
An alternative solution relies on the evaluation of the orthogonally projected Gauss points
instead of the careful evaluation of the Mortar projections. More details on this discussion
can be found in Puso et al. [63]. Furthermore, as shown in Puso [62], warped meshes can
not be exactly integrated. Within our numerical tests, a 4 point Gauss integration has
shown to be sufficient.

Next, we propose a reformulation of the Mortar constraints following the development in
Hesch & Betsch [34] to retain conservation of both, linear and angular momentum. There-
fore, we decompose the Lagrange multipliers into normal and tangential components

A = A\ Vaeg + A seg (4.15)

where

Qaseg = Y Na(€l" (1) (4.16)

A
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and
al,seg X a'2,seg (417)

||a1,seg X a'2,seg||

Vgeg =

are evaluated at the mid-point 1 of each segment. We assume that the normal and the
tangential vectors remain constant throughout each segment, simplifying the evaluation of
the Mortar integrals. The reformulated segment contributions of the Mortar constraints
are given by

_ (I":seg _ ¢
K P K,re
(I)e,seg = (I’e seg Q2| — (I)e,seg (418)
e seg v
where & denotes the segment contributions of the Mortar constraints evaluated in the

e,seg
reference configuration, computed once at problem initialization. This ensures that the

constraints are fulfilled in the reference configuration. Note that if the mesh generation

and refinement does not produce any gaps between the sub-domains and the position of
K,ref

the Gauss points on both surfaces coincide in the physical space, then ®’ seg = 0.

Guided by the development in Hesch & Betsch [35] we introduce augmented coordinates d 4
which equal the normal vector evaluated at each corner node of the elements, analogues to
the Lagrange multipliers. To determine the value of the augmented coordinates, we apply

additional constraints
dy-ay
dte — d, - a- (4.19)
dy-dyg—1

and interpolate the augmented coordinates using the linear shape functions introduced for
the interpolation of the Lagrange multipliers

dug = > N ())da (4.20)

Aeo®)

The reformulated Mortar constraints can be recast by employing the augmented coordi-
nates to obtain

K
= K (ﬁeseg‘al = K,ref
_ K . R ’
(I)e,seg - (I’e seg as (I’e,seg (421)
e,seg dseg
where ®. . seg ' remains unchanged.

Frame-indifference. For the verification of frame-indifference, we consider rigid motions
of the form

¢y =c+Qay (4.22)

where ¢ € R? and Q € SO(3) is a rotation tensor. It is easy to show that one gets for the
convective base vectors

al, = QNiq, = Qa, (4.23)
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and Qa, x Q
b 251 as _
v Qar < Qay| Qu (4.24)

Thus, for the constraints (4.18) follows immediately

K T
-k i (I)Z,seg ’ QTQal _eref  =n
i)e,seg<q ) = i)e,seg ' Q TQG’2 - (I’e,seg = (I’e7seg(q> (425)
(ﬁgseg ’ Q QV

Z n"f — Z n" =0 (4.26)
B ¢

is valid (for a detailed discussion see Puso [62]). With regard to (4.19) and (4.21) it is
obvious that

provided that

P (g*, d) = P™¢(q, Q" d) (4.27)
and

5 K I K T

q)e,seg(qﬁ’ d) = (ﬁe,seg(q’ Q d) (428)
For later use we substitute g4 = g + ¢¢. Frame-indifference of the constraints, i.e.

@:’Seg(qe, d) = @:ﬁeg(q, d) implies translational invariance for arbitrary e. Consequently,

d
de

K

6;0¢’e,seg<q57 d) =0 (429)

for any ¢ € R3. Similarly, we substitute g = exp(e¢)gq”, where exp(¢) € SO(3) denotes
the exponential map of a skew-symmetric tensor ¢, such that (a = ¢ x a for arbitrary
a € R3? and receive

d ~ K ~ ~ K ~
E}ezo(@e,seg(exp(GC)qa d) - q)e,seg(qa exp(—eC)d) =0 (430)

where we have made use of the rotational properties in (4.28). Note that the properties
(4.29) and (4.30) hold for (4.19) as well.

Temporal discretization. Finally, we deal with the discretization in time of the finite-
dimensional mechanical system under consideration. To this end we cast the discrete
version of (4.3) into the form

Mg =-VE(q) — (D1 ®(q.d))" A
0 = (D, B(q,d))"A (4.31)
0=®(q,d)
Here the operators D and Dy denote the derivative of the vector of constraints ®(q, d) with

respect to the first and the second slot. Furthermore, g consists of the different sub-domain
contributions of (2.2); and M consists of the contributions M4Z® corresponding to 6qffl)
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and qg). Similar, ® and A are assembled from (4.19) and (4.21) in conjunction with (4.13).
Note that the reformulated constraints (4.18) can be easily implemented using approach
(4.31) by removing the augmented coordinates and replacing the constraints. Next, we
apply an energy-momentum scheme (see Hesch & Betsch [34]) as follows

Qni1 — qn =AU 12
M (v,1 —v,) =— AtV E(q,, d,.1)
— At(Dy "I’(qnﬂ/za dn+1/2)>T)\n,n+1 (4.32)
0= (D (I’(qn+1/27 dn+1/2))T>\n,n+1
0=®(q,,, dns1)

where the Lagrange multipliers A — A, ;41 remain constant within each time step.

Conservation properties. Assuming the absence of external forces we obtain for the
linear momentum map L within each time-step

C : (Ln—i-l - Ln) = - Atc ' Z [V‘]A E(qm qn+1)
Acw (433)

+qu (I)<qn+1/27 dn+1/2)An,n+1}

For the first term on the right hand side equals zero analogues to (3.7), whereas we obtain
for the second term

— At Vo, B(Gpiga Bns1j2)Anngs =0 (4.34)

A€w

where we have made use of property (4.29). For the angular momentum map J we can
state that

C : (JnJrl - Jn) = Atc ' Z qA,n+1/2 X [VIIA E<qn7 qn+1)
Acw (435)

+qu (ﬁ(qn+1/27 dn+1/2))‘n7n+1}
The first term vanishes due to the skew-symmetry of g 4,12 X gp ,11/2 and the symmetry
of E?Lm 41+ For the second term follows

¢ (Jns1—Jn) = —ALC - Z Gani12 X Va, ®(dpi1/2 Bnrry2) Anns

Acw

= At)\n,nJrl ' Z(VQA (I)<qn+1/27 dn+1/2>>TQA,n+1/2C

A€w

A S (Vi Bdryer ) Al (136
Acw®)

= Atc . Z &A7n+1/2VdA (I)(qn+1/27 dn+1/2)>\n7n+1
Acw®)
=0
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where we have taken (4.30) and (4.32)3 into account. Eventually, we verify algorithmic
conservation of energy. Scalar multiplication of (4.32) by v,41/2 yields

Un+1/2 M(vn—i-l - vn) = - (anrl - qn) : vEj(qna qn+1) (4 37)
+ (qn+1 - qn) ' (Dl q)(qn+1/2a dn+1/2))T)\n,n+1

where we have taken (4.32); into account. Due to the discrete gradient (3.5) we can recast
the last equation as follows

Toy1—Th =— (E(anrl) - E(q,))

(4.38)
+ An,n-i—l : Dl q)(qn+1/2a dn+1/2)(qn+1 - qn)
For the last term we state that
D, (I’(qn_u/za dn+1/2)(qn+1 - qn) + D (I)(qn+1/2a dn+1/2)(dn+1 - dn) (4 39)

= ¢)<qn+17 dn+1) - (I’(qrn dn) =0

is valid, since the constraints are at most quadratic in ¢ and d and we end up with

L1 =T+ Eppr — En = — Apqa - Do (I)(qn+1/2a dn+1/2)(dn+1 - dn)

0 (4.40)

Thus, total energy is algorithmically conserved.

4.2 Domain decomposition and thermomechanical
systems

Next, we to extend our previous developments to domain decomposition problems in ther-
moelasticity. The weak form of the coupling contributions reads

h,(1 5<Ph’(1) 5<Ph’(2) _ AB 5(1(1) AC 5(1(2)
& ()’qdehv(l) = | spn@ | e = Aa- | n 5@@}) - 5@%’ 4

where the Mortar integrals n? and n4¢ are given in (4.7). The nodal Lagrange multipliers
A4 € R* characterize the generalized forces of the Mortar mesh-tying constraint, given by

A AB q(l) AC q(2)
(I)mortar(qa @) =n 6?1) -n @%‘2) (442)
B C

To evaluate the Mortar integrals, we have to divide both sides of the discrete interface
once again into segments. The arising segment contributions to the Mortar mesh-tying
constraints are collected in the vector

D, ee(q,O) = : (4.43)
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where
- q(ﬁ) | a?
()] ,0)=n" —nf 4.44
e,seg(q ) @(1 @é) ( )

To perform the assembly of the contributions of all elements e € € on the non-Mortar
side, the connection between local and global node numbers is stored in the location array
LM, so that A = LM(x,e), for A € @V, k € {1,...,4} and e € €V. Accordingly, the
Mortar constraints follow from

(I’ﬁortar — i)ﬁortar + (I": (445)
Or equivalently
~ k=1
(I)e,seg(q? @)
q)mor ar\{q, = q)e se; : 44
tar(q, ©) 666(1) 865(1) U g = et U ) (4.46)
(I’e,seg(q7 @)

After adaptation of the previously introduce augmentation technique, we obtain the fol-
lowing modified constraint functions

P,

e seg(

q,0,d) =

@Ki

e,seg

@Ki

e,seg

@H

(q

,0) -

a'l,seg

a'2,seg

0

0

(4.47)

dy
eseg(q7 @) ) |: 0g:|

#a.0)- )]

Collecting the above segment contributions into a system vector yields

[ (I),aélu:gl (q7 d) i

(I’Zugnsurf <q7 d)
o7, (q,6 d)

mortar

®(q,0,d) = (4.48)

K 2o "S“f(q,@,co_

mortar

The Lagrange multipliers corresponding to the coordinate augmentation and the Mortar
constraints are collected in the system vector A. Overall we obtain seven constraints per
node on the Mortar side.

Temporal discretization. We refer to previous developments in Section 3.2 for details
on the thermoelastical system. As before, we evaluate the primary variables (position,
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temperature and augmented coordinates) using a mid-point type approximation, whereas
the Lagrange multipliers A — X, 11 remain constant within each time step.

0qa- | M P (vpn —vpn) + Al / Sns1 dVap, 1| =

By

AtéqA ’ |: :ext V A (I)<qn+1 ) 6n+1 ) d ) ’ An,nJrl}

B}
Atd@A {Qn n+1 VeA (I)<qn+1,@n+1,d ) . An,nqtl}

qu)(qn+%,@n+1,d )'An,nHIO

q)(qn—i-l’ ©t1, dn-l-l) =0
(4.49)
Since we do not change the energy-momentum consistent integrator used for the thermo-
elastic system, we will focus on the additional terms due to the constraints to verify the
conservation properties.

Conservation properties. Proceeding along the lines of Section 4.1 (see (4.33)) and as-
suming the absence of external forces, we obtain for the constraint contributions

¢ (Lo = L) = AC- Y (<Y @@ O, d) M) (4:50)
Acw

Frame-indifference of the vector of constraints ® has already been shown in detail in
Section 4.1 for the purely mechanical case. It can be easily verified that

®(q,, @n+ ,d, ) = <I>(qn+%, @n+ ,d, ) (4.51)
Here, g4 = qﬁ+% + e, VA € wand € € R is arbitrary. Equation (4.51) implies

d

= (¢.0,,.d, 1) = Z[Vqu)(qn+%,@n+1,d )] =0 (4.52)

e=0 Acw

Insertion in (4.50) yields
Lyt —L,=0 (4.53)

which confirms, that the constraints do not affect linear momentum conservation. Next
we investigate the angular momentum conservation and obtain

A€w

C ' (JnJrl Atc <Z da n+1 X [_VQA (I)(anr%’ 6n+1 ’ d ) ’ An,n+1]> (454)
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Based on the results in Section 4.1 we can postulate for the domain decomposition con-
straints

@(qe,@n+1,d ):(I)(qn+l’@n+1ad) (4.55)

where g/ = exp(eC) Iy VA € wand d! = exp(— eC) L VA e w®. Accordingly, we

can write in analogy to (4 52)

d
de

[‘I’(qe7@n+l7d ) (I)<qn+%7@n+17d )} 0
e=0
> [V @(0,02.0,01.d0sy)  (Cx ) (4.56)

A€w

Vir (0,101, d,0y) - (Cx )] =0

Due to (4.49)3 the last term in the square brackets of (4.56), vanishes. Inserting the last
equation into (4.54) yields
Jpi1—J,=0 (4.57)

which confirms, that the constraints do not affect angular momentum conservation as
well. Eventually, we verify algorithmic energy consistency and restrict ourselves to the
contributions of the constraints. In particular, we have to show that these contributions
are workless. For the mechanical part, conservation of energy can be proven following the
arguments in Section 4.1. Similar to result (3.21), in the present case we obtain

Tn+1 - Tn + En+1 E = At

hex
n nthl + Qg,nqtl - Z VQA (ﬁ(qn-k%a @n—i-l ) d ) : An,n-i—l

Acw
(4.58)
With regard to (4.42) we can rewrite the last term in the square brackets (4.58)
Z()‘i)n,nJrlnAB - Z()‘i)n,nﬂnAC =
Bew Cew
(4.59)

)t / NA(X<1>) dA — / NA(X<1>) dA| =0

8Bh’(1)ad th’(U’d

where we have made use of the property > NB (X (1)) = 1. Taking into account the last
B
result, (4.58) yields

Tn+1 - Tn + En+1 - En - At [P:Zi(:l + Qn n+1i| (460)

which confirm, that the constraints are workless.
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Remark: The last statement depends crucially on the accuracy of the numerical evaluation
of the Mortar integrals for each segment. Remarkably, the proof for linear momentum
conservation in Puso [62] leads to the same conclusion. Our numerical experiments have
shown, that a four point Gauss integration is sufficient.

4.3 Domain decomposition and isogeometric analysis

Next, we want to provide an adequate, Mortar based method for a nonconforming domain
decomposition of NURBS based solids following the outlines in Hesch & Betsch [39]. The
discrete balance of linear momentum across the interface reads

(M (50 — 5¢h,(2))>83’(1)’d =0 (4.61)

where we have to define t()* for NURBS based interfaces which are usually of higher order.
A brief discussion of higher order (in particular quadratic) interpolation in connection with
Mortar contact methods can be found in Puso et al. [63] and in Fischer & Wriggers [20],
a detailed analysis can be found in Hauret & Le Tallec [32]. In Hesch & Betsch [34, 35]
the shape functions of the underlying displacement approximation are used to interpolate
the Lagrange multipliers. Optimal convergence for higher order NURBS interpolation can
only be achieved by using higher order interpolation of the Lagrange multiplier field, i.e. a
quadratic interpolation of the Lagrange multipliers for cubic interpolation of the geometry.
Higher order NURBS interpolation of the Lagrange multiplier field may become difficult,
if the interface is not constructed by an open knot vector. In that case, the interpolation
of the interface depends on a large set of control points, resulting in a large number of
constraints which is inefficient and potentially overconstrained. A higher order Lagrangian
interpolation is possible if additional nodes are placed on the interface. Here, we restrict
ourself to linear shape functions due to the generality within the application, i.e. we can
apply it to arbitrary h-, p- and k-refined bodies.

Note that this approach is potentially underconstrained for extremely coarse meshes in
conjunction with higher order NURBS. In general, a one dimensional system has a knot
vector with n+p-+1 entries which correlates in our approach with the number of Lagrange
multipliers reduced by the overall number of multiplicities.

Four corner nodes of each surface element of the interface, independent of the order of the
underlying NURBS solid are given, such that we can always apply a linear interpolation
of the Lagrange multipliers
th = N NAxy (4.62)
Aew™
Here, N4 : B — R are lincar Lagrangian shape functions associated with the nodes

A € @M, where @V denotes the set of element nodes (not the control nodes) at the
physical surface. Inserting (4.62) and (2.23) in (4.61) yields

Aa - <nAB§qg) — nAcéqg)) =0 (4.63)
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A

where n48 and n4¢ are the Mortar integrals, given by

nAB = (NA, RB>Bh,(1),d
0 4.64
nAC = (NA, RC>Bh,(1),d ( )
0

The NURBS parametrization Y 5, R®qp and Y, REq of the respective interface surface
can be derived from the adjacent volume element, as shown in Temizer et al. [68].

Remark: The presented linear interpolation of the Lagrange multipliers can be used inde-
pendent of the order of the NURBS. As a result, the proposed method allows the combined
use of Lagrangian and NURBS based shape functions. As shown in Hesch & Betsch [39]
segmentation procedure for the evaluation of the Mortar integrals as well as the conserva-
tion properties of the resulting constraint formulation are identical to the results in Section
4.1.

4.4 Examples

p(t)[

hi1 = 3.6

p(t)

he = 1.2

T /:1.2
by = 2.4

1=

Figure 4.2: Initial mesh configuration of the L-shaped block.

t

Figure 4.3: Time history of the pressure load.

Flying L-shaped block The first example deals with a continuum body which assumes
the form of an L-shaped block in the stress-free initial configuration (see Figure 4.2). The
block is divided into two parts which are independently meshed. In particular, the larger
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Figure 4.4: Total linear, angular momentum and total energy.

part consists of 648 elements (18 x 6 x 6), while the smaller small part comprises 1000
elements (10 x 10 x 10). Consequently, the two meshes do not conform on the interface.
The model consists of 6786 degrees of freedom, the segmentation process generates 801
segments for 399 constraints. Therefore, 2403 additional constraints for the augmentation
are needed. Hyperelastic constitutive behavior is assumed to be governed by a compressible
Neo-Hooke material with associated stored energy function

W(C) = £ [1x(C) — 8] + 2(n(J))? — e In(J)

: : (4.65)

using J = y/det (C). First, a quasi-rigid material behavior is investigated. The corre-
sponding material constants are assumed to take the values A = 300000, u = 75000 and
p = 100, where A\ and p denote Lamé parameters and p is the density.

To initiate the motion, external pressure loads are acting on the block for 0 < ¢ < 0.5,
see Figure 4.2. Figure 4.3 indicates the sinusoidal pressure load. In the simulations doc-
umented below a constant time step size of At = 0.01 has been used. For t > 0.5
the present example can be classified as autonomous Hamiltonian system with symmetry.
Accordingly, the total energy, angular and linear momentum are conserved quantities for

Table 4.1: Material properties

Ogden model p1 = 6.30 - 10° a; =1.3
p2 = 0.012 - 10° as =5.0
ps = —0.10- 105 ag = —2.0

Heat capacity co = 1830

Density po = 950

Linear expansion coefficient
Bulk modulus
Empirical coefficients

Thermal conductivity
Softening parameter

ap =22.333-107°
k(©p) =2.0-108
8=9.0

~ =250

Ko(©9) =0.15
wi = 0.004
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Figure 4.5: Temperature distribution at different times.

t > 0.5. The present energy-momentum scheme does indeed conserve these quantities.
This can be observed from Figures 4.4.

Thermal domain decomposition problem This example utilizes the same geometry of
a three-dimensional L-shape as before. As before, two subdomains of the L-shaped block
have been meshed independently (see Figure 4.5). The larger subdomain consists of 840
elements, whereas the smaller subdomain consists of 675 elements. 1584 segments have to
be computed for the domain decomposition interface. Additional 77 normal vectors with
altogether 231 augmented coordinates as unknowns are used.

The data for the used Ogden model are similar to Holzapfel & Simo [41] and are sum-
marized in Table 4.1. Enhanced assumed strain elements (see Appendix A for details)
have been implemented as well. For all examples we define a stress free reference state
in thermal equilibrium based on a homogeneous temperature field ©g = 293.15.  Thus,

5724

L 57231

5722 . . . .
0 4.000 8.000 12.000 16.000 20.000
t

Figure 4.6: Energy over time).

the system consists of overall 9110 thermal, mechanical and augmented degrees of freedom
in conjunction with 539 constraints (231 constraints for the augmented coordinates and
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Figure 4.7: Entropy production over time.

308 for the mortar constraints). First we examine the influence of the mortar method
on the pure heat conduction problem, i.e. we exclude all mechanical equations from the
system and apply a linear distribution of temperature to the adiabatically isolated L-shape
(cf. Figure 4.5, left). Figure 4.5, central shows the temperature distribution after 9900,
whereas Figure 4.5, right shows the temperature distribution after 19800. At this time,
thermodynamic equilibrium has nearly been reached. Figure 4.6 shows the total energy of
the system over time.

As can be seen, energy is conserved, which reflects the first law of thermodynamics. The
second law states, that the entropy production remains equal or greater zero, which can
be observed in this particular example from Figure 4.7.

x10°

25

151

T — Total energy|

0.5F

Figure 4.8: Energy over time.

We next deal with the completely coupled, transient thermoelastic problem using the same
mechanical configuration as before. Again, after the load phase the adiabatically isolated
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Figure 4.9: Entropy production over time.

system moves freely in space and the time step size has been set to At = 0.02. The
proposed energy-momentum consistent scheme obeys the first law of thermodynamics, as
shown in Figure 4.8. For the problem at hand, the entropy production is displayed in
Figure 4.9.

v

&

-

%

K-

Figure 4.10: Decomposed and partially refined Cook’s membrane.

Cook’s membrane The last, static example deals with a decomposed and partially h-
refined membrane structure, known as Cook’s membrane. In particular we consider a 3d
version of Cook’s membrane with constant thickness h = 10. Fig. 4.10 shows the initial
decomposed and refined mesh. The left part consists of 2 x 4 x 4 and the right of 1 x 3 x 3
quadratic elements. The 4 x 6 x 6 and 3 x 5 x 5 control points of the sub-domains are
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equidistant distributed to simplify mesh generation. The knot vectors are

=M =10,0,0,1, 2, 3, 3]
HWD =10,0,0,1,2, 3,4, 4, 4] (4.66)
W =10,0,0,1,2,3, 4,4, 4]
and
=@ =10,1, 2,3, 3, 3]
HP =10,0,0,1, 2,3, 3, 3] (4.67)
7® =10,0,0,1, 2,3, 3, 3]
Here, the upper index refers to the left (1) and to the right (2) sub-domain. As before

Figure 4.11: Deformed configuration of the membrane.

a compressible Neo-Hooke material model is applied using p = 865.3846 and A = 1298.1.
A Dirichlet boundary condition has been applied to the left side, whereas a Neumann
boundary condition has been applied to the right side of the membrane. In particular, a
surface load acts with a constant load P = [0, —200, 500] on the specified surface. Fig.
4.11 displays the deformed configuration, whereas Fig. 4.12 shows the distribution of the
norm of the Cauchy stresses of the left sub-domain. For comparison we have modified the
KTS method (see Temizer et al. [68]*) using Lagrange multipliers instead of a penalty
method and applied it to the problem at hand. The stress distribution of the left sub-
domain is displayed in Fig. 4.13. Note that we have applied the Lagrange multipliers on
the interface of the right sub-domain, such that we used 3 x 16 multipliers for the KTS as
well as for the mortar method.

*The KTS method relies on an pointwise enforcement of the constraints.
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Figure 4.12: Deformed configuration and stress distribution of the left sub-
domain (mortar method).

Figure 4.13: Deformed configuration and stress distribution of the left sub-
domain (KTS method).
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5 Contact

The objective of this section is to develop time integration schemes for node-to-surface
(NTS) as well as Mortar based contact methods. The concept of the NTS approach,
originally introduced by Hallquist [30], has been subject of various papers published within
the last thirty years. A survey of previous developments can be found in the textbooks
written by Laursen [52] and Wriggers [77]. In contrast to that, the far more complex Mortar
constraints (cf. Puso et al. [63], Hiieber & Wohlmuth [43], Popp et al. [61], Gitterle et
al. [24], Tur et al. [72] and the references therein) are currently subject of intensive
research. Energy conserving time integration schemes for unilateral contact problems have
been developed previously within the framework of the NTS method (e.g. Laursen &
Chawla [53], Armero & Petocz [3], Laursen & Love [54] and Haikal & Hjelmstad [29]).
The extension of the notion of a discrete gradient to contact problems has been developed
by Hauret & Le Tallec [31] and Betsch & Hesch [11].

5.1 NTS method

For the large deformation problem under consideration we define the sets B® C R3, i €
{1, ..., k}, representing the reference configuration of the involved bodies. For convenience
we restrict ourselves to a two body contact problem ¢ € {1, 2} excluding self contact (see
Benson & Hallquist [7] and Yang & Laursen [80]) without prejudice to the generality of

the further development. The potential areas of contact are defined on the surfaces 08((]0,
which are subdivided into the Dirichlet boundary 88(()2)’" with prescribed displacements,

the Neumann boundary 8Béi)’o with prescribed tractions and 8B(gi)’c, the potential contact
area. It is required that the different boundaries satisfy

o8y U oBS L oBl = o8y (5.1)

and

OB N oBY T noB = (5.2)

The contribution of body (i) to the balance of linear momentum for a large deformation
contact problem can be expressed as follows

(PRs'bhﬁSOh)Bgm + (P", Vx (590h)>5(})"(“ =

_h —h (5.3)
<pRB s 6(Ph>B(};,(i)+<T s 6(ph>68(1;,(i),a + <th, 5¢h>883,(i),c
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Figure 5.1: Initial configuration of the representative NTS element: Closest
point projection of the node ¢ onto the surface OB™(?

Considering the balance of linear momentum across the current configuration of the contact
area, we obtain

(t", (6" — 50" )) ggnne = 0 (5.4)

In the case of frictionless contact only the normal component of t*() defined by t"®) .
vW=: \I is nonzero, where v!) denotes the outward unit normal vector on surface (1).
Accordingly, (5.4) yields

Aw (6" — 5@y e = 0 (5.5)

Next, we have to discretize the virtual work associated with the contact interface. First,
we introduce the NTS method. This method constrains the system in such a way that the
gap gy remains greater or equal zero. The gap rests on the closest point projection of a
node g%, which is part of the slave side oB™M< onto the opposing master side OB™(?)
and measures the distance between g and the projected point on 9B™M¢. Thus, a
typical constraint function depends on the set of relevant vectors

ns =1{a7} = {aV, ¢, ..., ¢} (5.6)

The closest point projection yields

4
h(2 (&,t) = Z C (5.7)
C=1

where the local convective coordinates &€ = (&, &) identify the projected point on 9B™(2)
(see Wriggers et al. [78], Simo & Laursen [5 ] and Konyukhov & Schweizerhof [47, 48]).
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Since we use isoparametric tri-linear solid elements, N¢ (&) are standard bi-linear local
shape functions.

The framework described in the following allows us to accomplish two major goals: The de-
termination of the configuration dependent convective coordinates is simplified as does the
construction of an energy-momentum scheme based on the notion of a discrete derivative
in the sense of Gonzalez [27].

A measurement of the aforementioned distance between both surfaces can be established
via the gap function g5 (X, ), given by

guv(X . t) = <q<”’5 —~ ZN%)qg’) V(€ (5.8)

C=1

Note, that the unit normal vector v (&) also depends on the convective coordinates. Now
the impenetrability condition can be stated as

©°(q7) = gN(X,1) <0 (5.9)
The corresponding nodal force vector fo4 = o4 4 p2eA can be written as
0q - £ =0g5 - \sVy, ®° (5.10)

where Ag denotes the Lagrange multiplier and Agv(€) the corresponding traction in normal
direction. Since we assume no adhesion, the tractions have to be positive, i.e. Ag > 0. In
combination with

As( X, t)ga(X,t) =0 (5.11)

we get the classical Kuhn-Tucker complementary conditions. These conditions separate
the set of potential contact nodes w into an active set A and an inactive set Z, such that
w=AUZ and ANZ = (). The discrete multiplier space can now be defined on the slave
side as

Ch = {\ e ¢ 1 oB" M) \g =0, Vg € T} (5.12)
with
A= "N Xg)Aa =044 = As (5.13)
A€

where 04 denotes the classical Kronecker delta and X (Sl) a material point on 083 ) which
coincides with the node S on OB™M. For our approach we extend the already adapted
coordinate augmentation technique. This technique leads to additional coordinates that
can be appended to the set ng of original coordinates

1§ =ns U{d”} U {f"} (5.14)

pertaining to the representative NTS element. In the present context the additional coor-
dinates d° € R? play the role of the unit normal vector v, whereas f° € R? stands for the
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convective coordinates . To link the new coordinates to the original ones the following
five additional constraint functions are introduced

PRSI (05 - 5 80) s o1

The modified NTS constraints can now be expressed exclusively in terms of the set 7g®
B 4
(I)S((Is,ds,fs) _ <q(1),s _ ZNC(fS)q(Cg)> .dS (5.16)
c=1

To simplify later developments, we collect the constraints (5.16) as well as the augmented
constraints (5.15) and arrange them in a vector of constraint functions

TS/~ 35 £S
g°(@°,d°, f%) = [Qigféésdésff)s)} (5.17)

Frame-indifference. As before, rigid motions of the form
q;* =c+Qqf (5.18)

are considered. It is easy to verify the following property

_ <q(1)’s _ 24: NoqCQ)) -QTdS -
C=1
a; fs) ’ QTdS
as(fs) - Q" ds
g°(@%,d% f%) = 3((Qds) - (Q7ds) — 1) (5.19)
(q<l> 3 NC(fS)q£2’> Q" Qau(f)
i
(q<l> 3 N0<f5>q53>) Q" Qas(f )

where the characteristics of the shape functions (- N4(X) = 1) have been used.
A
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To show translational invariance we substitute ¢ = ¢¢, ¢ € R3 and Q = I, where I denotes
the identity matrix. Equation (5.19) implies, that

9°(@ +e¢.d% f°) = g°(@°, d°, f) (5.20)
holds for arbitrary € € R. Consequently,

0= 2| %@ +e¢.d% 1) = > (939°) - € (5.21)

e=0 I

which proves translational invariance. Substituting ¢ = 0 and Q = exp(e&) into (5.19)
yields .
g°(exp(eQ)a®, d°, 1) — g°(a°, exp(—e)d®, f°) = (5.22)

Accordingly, we end up with

d
0=—

S 9% e(e)d® & 1) — ° (@ exp(—e)d, £F) = 0

e=0
> (0439%) - 8a5 + (9us9%) -Cd° =0 (5.03)
A

>~ (959°) - (¢ x @) + (9as9°) - (¢ x d¥) = 0

A

for any vector ¢ € R3.

Translational and rotational invariance properties have to be in agreement with Cauchy’s
representation theorem, i.e. it has to be possible to rewrite the system in terms of appro-
priate invariants. In particular, we define three sets of invariants as follows*

S(n2e) = {(a7 - qu>) (@5 —q?), 1<1<T<5}
S(ne) = {(q} —¢?)-d°, I=1,..., 5} (5.24)
S(ne) = {d* - d}

and establish a fourth set composed of the augmented coordinates f°

S(ee) = {fs, a=1,2} (5.25)

*The invariance property of the last two sets can only be established, if the augmented constraints (5.19)
are fulfilled.
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Next, we rewrite the modified NTS constraints in terms of the above given invariants as
follows

55(q°. ds, f5) = < ZNJ (£5)d +ZNJ (%)} )

A (5.26)
= (@ —q”) - d* = 3 N (f)(a) - a)7) - d*
J=2
Then we introduce a vector of invariants
m] [(@-a))-d]
| i
2 2 S
w(q®,d% %) = | *| = <q§>2) N qé)) d (5.27)
i (@ —aq;")-d
5 15
|7 s
and rewrite the modified NTS constraints (5.16) in the form
) 4
¥ (7(g®,d°, %)) =m — > _ Ny(ms,m)m (5.28)
1=2

Note that the augmented coordinates f and f3 play the role of linear invariants in (5.27).
They do not depend explicitly on the configuration and the constraints (5.15),5 used to
calculate them are invariant as shown in (5.19). Following the same ideas, the additional
constraints (5.15) can be written as

Z NI,wS(WEn 7T6)7T1

1=2
4

Z Nl,m; (7T5, 7T6)7T1

1=2

" (n (g, d°, f%)) = Lm —1) (5.29)

4
Z Ny s (75, T6) M6 — K1
=

Z N 76 (T5, T6) T 16 — Kz
L[=2

with

4

> Nimy (715, 16) Ny (5, 716) (@ — a1 - (@5 — q”)

2 J=2 (5.30)
Nl,w6(757WG)NJ(7T577TG><q§2) - q?’) ) (q(f) - q§2))

=2 J=2

=
I
E

I

~
~

Z
I
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This gives rise to the definition of the extended vector of invariants

L 7
™ ds . d°
o) (e o
o (5" —ar) (a5 —q)
o (@ —a”)- (@5 —a?”)
w(g% d% %) = |m| = (@@ - a) - (&5 — a{”) (5.31)
ma| (@ —a?) - (@ — ¢
3 (@) —a'?) - (@ — a1
2 2 2 2
| oo
S8 1 R O
- (@ —a") (a5 —a))
Finally, we can write
§°(w(q°.d° f°)) = g°(q°, d°, f°) (5.32)

Of course, the fundamental properties defined previously are retained by the reformulated
constraints. With regard to (5.21) we can state that

d

0= 3

(@ +eC.d, £5) = 0:5" - Y (457) - ¢ (5.33)
A

e=0

which is true a priori due to the construction of the vector of invariants. For the rotational
part in (5.23) follows with regard to property (5.19) and (4.28)

0= (85 (mlep(Q)a®, d. £) - 8 (n(a", exp(~ed)d®, 1) = 0
e=0

0xg” - [Z(aqf,ﬂ') @i+ (9psm) - Cd°| =0 (5.34)

A

04" - [Z(aqgﬂ') (¢ x@}) + Ogsm) - (( xd¥)| =0

A

which is also true a priori due to the construction of the vector of invariants.

Temporal discretization. Next, we want to perform an energy and momentum conserv-
ing time discretization of the semidiscrete system at hand. This approach is in contrast to
the established energy-momentum schemes developed for unilateral contact constraints. In
Laursen & Chawla [53] (and similarly in Armero & Petocz [3]) an algorithmic gap rate has
been defined in exchange of the original constraints. This ensures conservation of energy
as well as conservation of the momentum maps by sacrificing the exact fulfillment of the
constraints. In Laursen & Love [54] a velocity update procedure has been proposed to
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ensure the conservation properties. In contrast to the algorithmic gap rate approach as
well as the method proposed in this paper the velocity update algorithm can display only
first-order accuracy in time (see also Simo et al. [67]). Within our approach, the fully
discretized equations of motion are given by

qn+1 — qn :Atvn+l
M (v, —v,) =— AtvE(qm an)
= ALY (Dim(@S, 1 dS o f5)) TV 65 (s ) - As

Sew

Z S ™5 =S
0= D27T n+1’ n+2 -fnJr%)) Vi g (Wna Trn-i-l) " As (5 35)
Sew .

0= Z D3m(q n+1a n+ 7f5+%))Tv7r gs(ﬂ-mﬂ'n—i-l) - Asg
Sew

9521(77((}54-1’ di—i—la f5+1))
0= :

gS:nsurf (ﬂ-(qg-l—lv ds—i-la fg—i—l))

Here, we use the abbreviation Ag := Ag,,+1 to simplify the notation. Furthermore,
the discrete gradient of the internal energy (in absence of additional external energy)
VVig,,aq, 1) facilitates conservation of energy and both momentum maps by design. We
refer to Betsch & Steinmann [13] and the references therein for further details of energy-
momentum conserving schemes in the context of non-linear elastodynamics. Additionally,

ﬁr gS (70, Tne1) denotes a discrete gradient of the constraint functions, defined as (see
Gonzalez [26])

~S ~S ~S
= _ - g (7Tn+1) - g (Trn> -Vig (7Tn+l) Am
Vw gs(ﬂ-m 7Tn+1) = vﬂ' gs(ﬂ-nJr%) + HAW’P : Aﬂ- (536)

In this connection, the abbreviations Am = w4 — w,, ™, = w((lfm, d>, f2) and m,,, =
7(Q7 s dS.., f2.,) have been employed.

Conservation properties. We omit the verification of conservation of linear momentum
due to the translational invariance of the constraints and demonstrate exemplarily the
verification of conservation of angular momentum. Since the angular momentum map
J(q,v) is a quadratic function of (g, v) we can state that

Jn—i—l - Jn
= (Dl (qn+1a”n+§>> (@pi1 —qn) + <D2J (qn+la”n+§>> (Vi1 — vy) (5.37)
S it g —a) <5 W % ()

A,B
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Scalar multiplication of the last equation with an arbitrary vector ¢ and subsequently
substituting from (5.35); and (5.35)9 yields

C'(Jn-H_Jn) =

_AtC-ZqBH% X <Z(8q37r( n+1,ds 1 5+ ))Tﬁr gs(ﬂnvﬂnJFl)'}‘s) (5.38)

Sew

—AtZAS Z anﬂ-( n+17dS afn+ ))Tﬁgs(ﬂmﬂ'n-kl)'a&nqt%c

Sew

Again, we incorporate the relation (5.34)

Z(anﬂ'( n+1 ) ds n+ ))Tﬁr gs(ﬂ-m 7Tn+1> ' qA,n+%C+
A (5.39)

= _ S
0w A5y 5.V G (M ) 2 € =0

into the last equation

C' (']nJrl _']n) =
_S S s s =S ~5
= ALY Xs-Oysm(@l, 1 dy 1 £ ) Ve g () - d i€
5w _ (5.40)
- Atc ’ Z diJr% X adSW(qinJr ’dS ’ fn+2))Tv7T gs(ﬂm 7Tn+1) ) >‘S
Sew
=0

Eventually, we verify algorithmic conservation of energy. Two sources for the lack of
energy conservation have to be considered: a) The nonlinearity of the constraints and b)
the discretization error in time due to the active set strategy (cf. Hesch & Betsch [33]).
We will deal with the former first and then explain solution strategies for the latter at the
end of this section.

For the verification of algorithmic conservation of energy we have to show that the net
power input to the system within each time step is zero. Scalar multiplication of (5.35),
with v, +1 yields

’anr% -M (anrl - vn) = _vE(q’rw qn+l)(qn+1 - qn)

- (qn-i-l - qn) ' (Dlﬂ-( n+1ads afnJr ))Tﬁr gs(ﬂ-naﬂ-n-i-l) : )‘S
Se

(5.41)

€l

The last equation can be recast in the form

Ton1 = T = ~[E(@ye) — E(q,,)] B
+As- Z(Dlﬂ'( ds n+ NN G (7, mos1) - (@s — @) (5.42)

Sew
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where the directionality property of the discrete derivative (see Gonzalez [26]) has been
employed. To show that the last term in (5.42) equals zero, we have to consider the
consistency condition in the discrete setting, i.e. to prove that

(q§n+1_6§,n) (Dlﬂ-( n+17ds fn+ ))T+
(doyy —dy) - (Dom(@y 1 dyy s froi1))"+ (5.43)

(Fior = £5) - (Dsm(@, 4 dS, 0 5,07 ] - ¥ 85, mai) = 0

holds. Due to the specific structure of the invariants (cf. (5.31)), we can recast (5.43) as
follows

(Tng1 — T0) % g (T, Tpg1) = 0 (5-44)

In consequence of the discrete gradient (5.36) the last equation can be written as
G — 90 =0 (5.45)
Insertion into (5.42) yields
T — T, +E,—FE,=

=Y A (Dom(@S 1S,y £5, ) Ve G5 (s ) - (i — )+
Sew (5.46)

Dym(@S, o dS, . 5,0 Ve g men) - (Fiy — £3))
=0

where (5.35)3 and (5.35)4 have been taken into account. Accordingly, algorithmic conser-

vation of energy is facilitated if the discrete persistency condition Ag - (g 1 g>)=0is
fulfilled.

The active set strategy (see Hitber & Wohlmuth [42] and the references therein for details)
separates the set of constraints into the active and inactive set within each time step. A
constraint, moving from the inactive into the active set violates the constraint requirements
at time t,, in general. This also violates the consistency condition and (5.45), respectively.
Different possibilities are given to deal with the problem at hand (cf. Hesch & Betsch
[33]). First of all, energy-momentum schemes have been developed to overcome numerical
instabilities in nonlinear elastodynamics (see Simo & Tarnow [66]). This requirement is
fulfilled by the proposed approach independent of the violation of the consistency condition,
so there is no need to correct this kind of artificial energy. If necessary (e.g. for the
numerical verification of energy conservation), the consistency condition itself can be used
by replacing the original constraint function according to

gs—i-l — gs+1 - _(}5 (5.47)

so that condition (5.45) is always satisfied.
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Figure 5.2: Three dimensional segmentation problem.

5.2 Mortar method

In contrast to the NTS-method, we interpolate now the tractions using the shape functions
N4 of the underlying discrete surface on the non-Mortar side. Accordingly,

0= 3 N (X“)) ¢ (5.48)
A=)

If we substitute the shape functions of the underlying geometry and (5.48) into (5.4) we
obtain the discrete contact virtual work

G¢=n?. 5qg) —nY. (ng) (5.49)
where the abbreviations
n? = (t,N* NP o (5.50)
and
’I’LC = <tANA, NC>8Bh,(1),c (5.51)

have been used. The Cauchy tractions are decomposed into the normal and the tangential
part
ta=t) +th, with t) =\, tF'-v=0 (5.52)

Since we restrict ourselves for now to frictionless sliding, we assume ¢ = 0. The Mortar
constraints in normal directions can now be written as follows

ot =nAb. qg) —nAC. qg) (5.53)

where
n4P = (UNA NB) v e (5.54)
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Figure 5.3: Orthogonal projection of the vertices and edges.

and

n4% = (LN N g0 (5.55)

are referred to as Mortar integrals. The evaluation of the Mortar integrals (5.54) is based
on a segmentation process, as shown before in Section 4.1. We recast the necessary steps
in the following in detail, since we have to define appropriate augmented constraints to
rewrite the system in terms of invariants:

1. Loop over all nodes q(IQ) on the Mortar side.

We determine the convective coordinates é” corresponding to the vertices q(lg) by
solving the non-linear equations

S N (7)o (a7 = (&) o)
2 Ny (67) @ (0 - 3 v (67) )

with respect to the convective coordinates using a standard Newton method. Here,

N .-
J’£S{(>x

Ppg, 1 = 0 (5.56)

(Eﬁ”) denotes the derivative of the shape function with respect to é'(llzy

2. Loop over all nodes q(ll) on the non-Mortar side, see Figure 5.2.

. . . =(2 .
We determine convective coordinates gﬁ) corresponding to the relevant nodes on
the Mortar side. To deal with arbitrary curved surfaces, We project the nodes to

the projected surfaces defined by the nodes q I ZN ( ) q(L) instead of the

original surface defined by the nodes q?). Once again, we use a Newton method to



5 Contact 51

solve the non-linear equations

( )\ 5D )
Z J&ﬁ( )a, '<q1 B
@)\ _
Z e (€) <q<11> _

. . . =2
with respect to the convective coordinates §§ ),

3. Loop over all edges on the non-Mortar side.
To determine the projected intersections between the edges, we create a list of all
edges of all surface elements on the Mortar side and span on each edge, corresponding

to the nodes ' K , K € {1, 2}, a surface using a normal field', defined by dx at both

nodes q%). Then we create a second list of all edges of the projected mesh. A specific

line on the projected mesh can be determined using the projected nodes (_151) =

ZN ( )q(Ll), J € {1, 2}. Next, we search for the intersection between each

H
=
/N
!
&
N—
QI
e
N—

P Aug,, 1 =

1£~)1°0b‘|ected~ line and each possible surface. The corresponding convective coordinates
&1 and &9 (as well as &7 3 which is not needed in the sequel) follow from

2
g, = ZNJ (Er2) @ =Y N (&) (a +didés) =0 (558)

K=1

Note that in the above considerations the shape functions N (é I,i) ;i€ {1,2} on
the edges are one dimensional.

4. Delaunay triangularization of each element on the Mortar side.
Based on the results of the first three steps we apply a Delaunay triangularization.
Note that several constraints (i.e. specification of nodes, which must be connected)
have to be predetermined.

For later use and guided by previous developments in [37] we introduce a global vector
of coordinates f, collecting all convective coordinates, determined by (5.56), (5.57) and
(5.58).

After we have located all segments, we calculate the segment contributions to the Mor-

tar constraints (5.53). As shown in Section 4.1 we introduce for each segment a linear

(@)

transformation n — £Seg ia

g (m) =Y MN(mel (5.59)
K=1

where ng}g 5 denote the convective coordinates determined previously. For each segment we
specify the associated convective coordinates and collect them in the set eony = {foee} =

Different definitions of a normal vector on a discrete surface are possible, see e.g. Yang et al. [81]. We
use an averaged normal composed of the normals of the adjacent elements.
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{& SegK} i€ {1, 2}, K € {1, 2,3}. In accordance with the results of the segmentation
algorithm, linear triangular shape functions M¥ are used. The approximations of the
geometry and of the Cauchy tractions can now be recast in the form

t) = ZN“(seg )) t (5.60)
alt) = ZNﬁ(seg ) at’ (5.61)
ql2) = ZNC(seg )q” (5.62)

For the application of a numerical quadrature rule, the Jacobian

Jros = ||ax (E00(m)) x az (&3(m)) | det(DE () (5.63)

is required, where the tangential vectors a, are calculated via
Z Nn(l) <~seg ) q(l) (564)

Based on the tangential vectors, we specify a unit normal vector v

ar (&) x az (E05(m))

v= e (5.65)
|ar (&am) x aa (&) |
Then we cut the norm from both, the Jacobian and the normal vector and receive
= _ ~(1 <1
Jeog = det(DE(m)), & = a1 (EL)(m)) x a2 (Ey(m) (5.66)

To prevent expensive calculations we propose at this point a simplification and assume
that  remains constant in each segment, i.e. we evaluate the normal vector at a specific,
constant position within the segment*. Then we can rewrite the constraints on segment
level as follows

seg

P — . [nﬁﬁq( ) nHCq?)] (567)
using the Mortar integrals

T F ) = [ N () N (80 Tty

A

W) = [ N7 (82 N (EE20m)) o

A

(5.68)

Tt is important to note that the normal vector still depends on the current configuration of the surface,
only its relative position on the surface remains constant.
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which we evaluate using a standard Gauss quadrature (cf. Hesch & Betsch [34] and Puso

Once we have determined all segment contributions, we have to assemble the Mortar
constraints. Therefore, we arrange the constraint functions in a global vector of constraints
®(q) in correspondence to the Lagrange multipliers, which are related to the nodal points
on the non-Mortar side

S dMa, f) =X (g, f) (5.69)

Aew™

Since each constraint will be assembled out of a variable number of segments, where each
triangular segment relies on the four vertices of e; with local node number « € {1, ..., 4},
we need a connection between the local node numbers and the global location within
the vector of constraints ®(q). Analogues to the approach in Section 4.1 we introduce a
location array LM, so that A = LM(k, e;) and use this location array for the assembly of
the segment contributions

(bmortar(q7 ) A‘ i)61(q f)

6166( )
D s (Gucgs Focg) (5.70)
U €1,5eg qseg? seg) :

6166(1) erce®)

4
58 (I)gl,seg(qsega fseg)

where g, is defined by the set of relevant vectors neg = {Qgeq} = {qgl), qsz)}, VI, J e
1,...,4].

Regarding Cauchy’s representation theorem, we can rewrite the constraints in terms of
invariants. For the later application of the concept of a discrete gradient to conserve the
total energy, we have to reformulate the constraints in terms of invariants, which are at
most quadratic. Therefore, as outlined in Section 4.1, we replace the normal vector for
cach segment by augmented coordinates dge, in the Mortar constraints

(I):eg<qseg7 fseg7 dseg) = dseg ’ ﬁﬁﬁ(fseg)qg) - ﬁﬁc(fseg)qg?) (571)

Note that the additional constraints

dseg - ay
Promal — deeg - 2 (5.72)
dseg : dseg - ||(11 X (12”2

are necessary to determine the actual value of the augmented coordinates. Next, we rewrite
the Mortar constraints (5.71) in terms of invariants. Therefore, we introduce the following
sets

<q§”—q1 )-(q) —ai")ie {1, 2}, 1,7 €{1,2 3, 4}}
(

@ _ d c{1,2}. 7e{1,2 3,4
q[ ql ) seg s 7’ { } { }} (573)
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and define a vector of possible invariants

ﬁ-(Z) S(naug)
7 S(%ug)
T= s §( ) (5.74)
T € S(Naug)

Note that we have chosen qgl) such that all terms with [ = 1 in (5.73) vanish. Other
choices using a different number of invariants are possible. To rewrite (5.71) in terms of
the invariants (5.74) we rearrange the constraints as follows

(I):eg(qsega fseg7 dseg) _Hﬁ(fseg)dseg q(ﬁl) _Hc(fseg)dseg : qéz) (575)

As shown in Puso [62], linear momentum can not be exactly conserved due to the inexact
numerical evaluation of the Mortar integrals. This drawback can be removed by assuming

that
e =3 e =0 (5.76)
¢

holds exactly. Note that the evaluatlon of the Mortar integrals (5.68) by means of quadra-
ture rules violates condition (5.76) in general. Inserting (5.76) in (5.75) yields

OF s (Quegs Frcgs Bseg) = 172 (Fop) (@) — @1Y) - dieg — 0 (Frep) (@) — @) - dueg  (5.77)

Applying the sets of invariants (5.73) the Mortar constraints (5.71) can now be written as
follows 0 .
K —K, AN ~(1 — K AN ~(2

DL (m) =n 5(77)7?5 —n <(7r)7r< (5.78)

The additional constraints (5.72) used to determine the actual values of the augmented
coordinates dge; have also to be rewritten in terms of invariants

Z 1511)7‘-[

Bl () = () (5.79)
T—K
with
= | (Vg N mi2) (N Ny o) = (NN, gnfs) (5.80)
LM gLy 1M e g £ £<1> I.J .

Note that the constraints ® g, in (5.58) have to be modified as follows

I
ed 1 1
D, = (" — g3

o) - RN @) (@ aE)] | ey
PRAGEAE R ABICAR ]
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As will be shown in the following, the pre-multiplication of the original, nonlinear con-
: : - ™ (0 _ ) (1) Sy

straints using a local basis composed of d,’, (q;" — g5 ') and (q; " — g5 ') is necessary for

the conservation of angular momentum?®. Collecting all constraints in one global vector

yields

K
5
9
5
£
S
< <

®(w(q, f,d) = | Paug, (7

)
)
) (5.82)
)
)

Remark: The original constraint (5.67) can be rewritten in terms of invariants, which are
at most cubic
(a1 x a2) - (g —q1")
'frseg = ((1,1 X (1,2) : (q?) - qgl)) ) vﬁag € {L te 74} (583)
fseg

The segment contributions to the Mortar constraints based on (5.83) can now be written
as follows

v B raone (D) ke ey (2

or, (m) = a0 (7)) — () (5.84)

seg

After the assembly procedure (see (5.70)) we obtain the reformulated Mortar constraints
D orar (T(q, f,d)). Note, however, that cubic invariants prevent the application of the
concept of a discrete gradient in the sense of Gonzalez [27].

Frame-indifference. As before, we postulate the invariance of the strain energy function
V(q) (cf. Betsch & Steinmann [13]) and concentrate our investigations on the constraint
functions. To verify the frame-indifference, rigid body motions

qﬁl,seg =c+ qu,seg (585)

analogues to (5.18) are considered. Due to the definition of the sets in (5.73) and the
demonstrated reformulation of the segment contributions in terms of invariants (5.78) we
can state that

(I):eg<7r<c + Qq[,seg7 fseg7 dSEg)) - (I):eg<7r<qseg7 fseg7 QTdSGg)> = 0 (586)
Next, we substitute ¢ = e¢ and @ = I. Accordingly, we receive for the translational part

d| )
0=— (I)seg(w(ql,seg + EC) fsega dseg)) = Dq)seg(ﬂ-)) ’ Za‘II,schr(qsega fsega dseg) ' C =0
0 I

de
(5.87)

€=

§Other local bases are possible.
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For the rotational part, we substitute ¢ = 0 and Q = exp (e& ), and receive

d > N
0 :E (I):eg<7r<exp(€C)qI,segu fseg7 dgeg)) - (I)':eg(ﬂ'(qseg, fseg7 exp(—eC)dseg))
e=0
:D(I)‘:eg(ﬂ)) ) Z [a‘II,scgﬂ-(qsega fsega dseg) . (C X queg) (588)

1
+ adsegﬂ-(qsega fseg7 dseg) : (C X dseg)}

Since we rewrite the additional constraints (5.72), (5.56), (5.57) and (5.58) in terms of the
same invariants, analogues properties are also valid for them.

Temporal discretization. To solve the semidiscrete system at hand, we have to imple-
ment an appropriate time stepping scheme. Three approaches for the discretization in time
with different degrees of complexity are considered below.

1. The most complex approach rests on the configuration dependency of the Mortar
integrals. For a typical time step [t,, t,.1] of length At the equations of motion (5.3)
can be recast in the formY

4,14, :Atvm%
M(voi1 = v,) = — AIVE(q,, @py1)
— AHDi (@1, dy 1, Fi 1)) Vi (0 Togt) - Anni
(D27r(qn+%, dn+%v fn+§))T€r P (7, Tni1) - Anngt
(D37r(qn+%, dn+%a fn+%))T€r D (7, Tni1) - Anntt
®(7(qn11: dnt1s Frpa)

(5.89)

0
0
0

The equivariant discrete gradient of the constraints ﬁr ® (7, m,11) consists on the
one hand of the segment contributions

Ve Dl (T, 1) =V @y (7, 1)+
(I):eg(ﬁn-i-l) — P

seg

(7n) — Vcb:eg(wm%mu (5.90)
A T

where Am = m,,1 — m,. On the other hand, V, ® (7, m,1) consists of the contri-
butions of the reformulated constraints (4.48)s_5, using the same vector of invariants
and the same definition for the discrete gradient.

2. A tremendous decrease of the size and the complexity of the system can be achieved
by evaluating the convective coordinates f only at time ¢,,. The equations of motion

YHere, D;_3 denotes the derivative with respect to the 1 — 3 slot.
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can now be recast in the form
i1 — 4, :Atvwé
M (v, —v,) =— AtV E(q,, d,.1)
— AUD\ (i1 D1, F)) Ve (0, W) - Anss (5.91)
0 =(Dy(gns iy £,))" Ve BT Tun) - A
0 =®(7(q, 11, dnta, £))

Here, the constraints are assembled as follows

_ i)mOl”tal"(ﬂ-(qn—i-l7 dn+17 fn>)
q)(ﬁ(anrla dn-i—la fn)) - q)normal(ﬂ(qn_;,_l, dn—i—l, .fn)) (592)

Note that the segments have to be generated merely once for each time step and are
held constant until the next time step.

3. A further decrease of the size and the complexity of the system can be achieved by
eliminating the augmentation of the normal vector and sacrificing exact conservation
of energy. In particular, we retain the augmented coordinates f, and make use of
the cubic invariants 7 (see (5.83)) instead of the quadratic invarinats

4.1 — 4, :Atvwé
M (vns1 — v,) = — AtV E(q,,, Gpi1)
— AUD (g1, £ Ve B (o, i) - A
0 =@ ortar (7 (G i1, F)

(5.93)

Conservation properties. Again we focus on the constraint contributions and start with
the conservation properties of the momentum maps for the first approach

¢ (Lnt1—Ly)=¢- Z (PA,n+1 - pA,n)

Acw

= C ' Z(aQAﬂ-(qn-i—%a dn—i—%a fn-l—%))Tvﬂ q)(ﬂna 7Tn+1) ) An,n-i-l (594)
Acw

=0

and
C-(Jnp1—Jn)=¢- Z |:(qA,n+1 - qA,n) X Pantl + Aanii X (Pn+1 - Pn)]
Acw
= _Atc ’ Z |:qA,n+% X (aQAﬂ-(qn-i—%a dn-i—%a fn-l—%))Tvﬂ q)(ﬂna 7Tn+1) ’ An,n+1:|
Acw

prm— T A
= _At)‘n,n—i-l . (vﬂ‘ '1)(71'”, 7Tn+1)> . AE (anTr(qu-%a dn+%a fn-i—%)) ' qA,n—i—%C
Ew

(5.95)
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With regard to (5.88) we can state

2

— T
<v7r (I)(Trna Trn-l-l)) ’ [Z (anTr(qn_’_%, dn-i—%a .fn-l-%)) : QA,n—i-lC_

Acw
(5.96)
> (Oasm( @it dyis, £ri1)) - dp,aC| =0
BEwseg
and rewrite the last equation
¢ (Jns1—Jy)
— T
=AtAn pi1 - <V7r ‘I)(ﬂ'm"nﬂ)) : Z |:(adB7T(qn+%’dn+ afn+ 1)) Bn-i—lc
BEWscg
_ v
=At( - Z dB,n-l—% X (adBW(Qn+%a dn—i—%’ fn—l—%)) Vi (I)(ﬂ'na 7Tn+1) : )‘n,n—i-l
BEWscg
=0
(5.97)

Next, we verify algorithmic conservation of energy. Since the original system deals with
inequality constraints, an additional error in energy arises due to the application of the
active set strategy. As shown in Hesch & Betsch [37], this error is negligible and can be
treated as described in the afore mentioned paper. For the algorithmic conservation of
energy the net power input to the system within each time step has to be zero. After a
few calculations we receive

Tn—i—l - Tn + En+1 - En - )\n,n—i-l . Dlﬂ(anr%, dn+%a fn+%))Tv7r (I)(Trna 7Tn+1) : (an - qn)

Introducing the discrete consistency condition (5.98)

Dim (g doy ,fn+2>> "V @ 1) (G — €0)F

Dot (@i 1 diys Frry)) TN, @ (10, 1) (dr — dy)+
Dsm (G 1,1, Fuy 1) Ve @, Toi1) (Frgs — F0) = (5.99)

Vo ® (1, o) (ot — 70) =

®(7,41) — @(m,) =0
we can show that
Toy1 =T, +Eppn — B, =
— At - D27r(qn+%, dn+%7 fn+%))T€r By, 700 01)(dysr — o)+

(5.100)

Dym(Qys 3 iy 1o t)) Ve @0, ) (Fri — £
=0



5 Contact 59

is valid. Thus, total energy is conserved. Similarly, the second approach yields for the
momentum maps

¢ (Lnt1—Ly)=¢- Z (PA,n+1 - pA,n)

A€
=Y O,y dy s, F)) Ve B0, 1) - A (5:101)
Aew
=0
and
C : (JnJrl — ']n) = C : Z |:(qA,n+1 - qu) X pA,nJr% + qA,nJr% X (pn+1 - pn):|
A€w

= —At¢- Z [qA,n—i-% X (anW(qn+%a dn—i—%’ n))Tﬁr D (7, Ty1) - An,nH]

Acw
prm— T A
- _At)\n,n-i-l : (VW (ﬁ(ﬂ-na Trn—i-l)) : Z(anTr(qu-%a dn-i-%a fn)) ’ qu—l—%C
Acw
(5.102)
With regard to (5.88) we obtain immediately
— T R
(vw (I’(Trnu 7Tn+1)) : Z (8qA7T(qn+%7 dn+%7 fn)) ' qA,nJr%C_
Aew
(5.103)
Z (adBTr(qn—i-%’dn—k ’f )) Bn+2c =0
Bewscg
and rewrite equation (5.102) as follows
C ’ (Jn+1 - Jn)
— T A
:AtAn,nJrl : (Vw (I’(Trnaﬂ-nJrl)) : Z [(8d37r(qn+ 9 n+ 7f )) ' dB,nJr%C
BEwseg
=At¢ - Z dB7n+% X (adgﬂ(qn.q_ » Gyl T )) vﬂ’ (I>(7Tn,7'rn+1) : )‘n,n+1
BEwseg

=0

(5.104)

Again, both momentum maps are algorithmically conserved. For the total energy we get

TnJrl_Tn‘i‘EnnLl_En:)\n,nJrl'Dlﬂ'(anr » Qg d 7f ))Tﬁr (I’(TrTHﬂ-nJrl)'(qn—i-l_qn) (5'105)

The discrete consistency condition reads
Dlﬂ-(qn+%7 dn-i-%’ fn))TvW Q(TUH Trn-i-l)(anrl - qn)+
D27T(qn+%’ dn-i-%’ fn))TvW '1)(71’7“ Tr"+1)(dn+1 - dn) - (5106)

Vi @ (700, ) (g1 — T00) =
®(m,41) — P(m,) =0
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and insertion in (5.105) yields

Tn+1_Tn+En+1_En - _An,n—i-l' [D27T(qn+%a dn-i—%a fn))TﬁT @(Trm 7Tn+1)(dn+1 - dn)] =0
(5.107)
Thus, total energy is conserved. Furthermore, we can show for the third approach that

¢ (Lnt1—Ly)=¢- Z (PA,n+1 - PA,n)

A€
= C . Z(an’Tul'(anr%, fn))var i(ﬁ_m 7i-nJrl) ' An,nJrl (5108)
A€
=0
and
C : (']nJrl — ']n) = C : Z [(qA,n-i-l - qu) X pA,nJr% + qA,nJr% X (pn+1 - pn):|
A€w
= _Atc . Z [qAJH—% X (aQAfr(qn—i-%a fn))TVfr (i)(ﬁ-na 'frn-i-l) : )‘mn-i-l]
A€w (5109)
v N T N .
- _At)\n,n-i-l : <V7“r '1)(71'7“ Trn—i-l)) : Z(anﬂ-(qn-i-%a fn)) ’ qu—l—%C
A€w

=0

Accordingly, both momentum maps are algorithmically conserved. Since we can not apply
the concept of a discrete gradient, total energy is not conserved.

5.3 Frictional contact

Next, we focus on frictional contact problems (see Franke et al. [21]). As before, we
establish the definition of the closest point projection

le@ (X M) - (X (XD))[| - min (5.110)

where cp(Q)()_((Q)(X(l))) is the closest point to @ (X ™). The projection is characterized
by the convective coordinates

PP = @ (g), €=, €7 (5.111)
where £ are calculated from (5.110). We further introduce tangent vectors
6o = 92 (@) (5.112)

where (o) ,, denotes the derivative with respect to {*. Note that the vectors a,, are directed
tangentially along the coordinate curves £* at @, Associated dual vectors are defined
by

a® =m*ag (5.113)
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where m®? = (maﬂ)_1 is the inverse of the metric m,s = a, - ag. The definition of the gap
function as well as the corresponding Karush-Kuhn-Tucker conditions in normal direction
remains, such that we can decompose the contact traction in (5.4) into the normal and the
tangential part

t"=tyn+tr (5.114)

and require that t7-m =0 and ¢t = t1,a®. The corresponding frictional constitutive law
to define the tractions ¢, will be dealt with in the appendix.

Summarizing, the contact contribution to the virtual work can now be written in the
form

G(p,0p) = <[6g0(1) - 6g5(2)} Jtv 4 tr,a®]) gpna).c (5.115)

The last statement depends crucially on the variation of the convective coordinates & on
which we will focus next. In particular, we outline the most common approach, referred
to as the direct approach in the following (see [47]) and present subsequently a new aug-
mentation technique for the description of the frictional kinematics.

Direct approach The convective coordinates & = [E L 52] can be obtained from the solu-
tion of the minimum distance problem (5.110). Correspondingly, the orthogonality condi-
tion

(" — @) -a, =0, Vae{l,2} (5.116)
has to be valid. Computing the time derivative of the last equation yields
(6D — 5@ — asf?) - ag + (o — p?) - (aa + aaﬁéﬁ) =0 (5.117)

Using the unit length of the normal vector, i.e. n-n = 1 together with (o) — @) = gn,
we can rearrange the terms in (5.117) and obtain the rate of change of the convective
coordinates )

&F = AP [(Sb(l) _ ¢(2)) Qo Fgm- 9_0(2)] (5.118)
where A%® denotes the inverse of App = Mas — ghop and hap = aqp - 1 is the curvature
of the surface. Replacing the velocity by the variation yields

087 = AP [(5pM) —6¢@)) - an +gn - 6] (5.119)
Assuming that g = 0 is valid at the contact interface, the variation of £€* boils down to
56> = (5 = 5@) - a® (5.120)
Accordingly, the virtual work expression (5.115) can be recast in the form
G(p,0p) = / (tndg + tr,66%) dA (5.121)
oBh(1).c

The majority of previous works dealing with large deformation frictional contact problems
rely on (5.121) (see Wriggers [77]). Note that statement (5.121) holds true if (5.119) is used
instead of (5.120), since the additional terms to be considered only redefine the tractions
tr, in tangential direction.
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Coordinate augmentation technique Following the arguments in Hesch & Betsch [37]
we extend a specific coordinate augmentation technique to frictional contact problems.
This technique relies on the introduction of additional coordinates f = [f!, f?] € R? which
represent the convective coordinates [¢!, €2]. To link the new coordinates to the original
ones, we introduce two constraint functions

aug _ ((P(l) - (P(Q) (f)) ©ap (f)
D (o, ) = (0D — oO(§)) - ay(§) (5.122)

and require that ®*"¢ = 0. Similar to definition (5.112) for the tangent vectors, in (5.122),
a,(f) = cp,(i)(f) for @ = 1,2. Analogous to the definition of the gap function in the previous
Section we introduce

(e 9) = (e = () - a(f) (5.123)

The contact contribution to the virtual work can now be determined along the lines of the
direct approach. Accordingly, similar to (5.121), we obtain

Ge(.F, 660, 0F) — / (tn GG+ 2,6 f%)) dA (5.124)

r

where 0§ = (V) — 6@ (§)) - A(f). It is important to realize that the augmented co-
ordinates f are to be viewed as primary variables on an equal footing with the original
variables . Consequently, the newly proposed augmentation technique strongly affects
the discretization in space and time. Indeed, it will be shown in the sequel that the
newly proposed augmentation technique simplifies the implementation significantly when
compared to the direct approach.

Spatial discretization Analogous to the approximations of the solution and the test space
in 2.1 we define the following approximations at the contact boundaries

(@b - Zqugz‘)’ S = ZNJ 5qf,i) (5.125)

Iew Jew

where N; denote bilinear shape functions at the corresponding node I € w, representing
the set of all nodes on the contact interface. Using the direct approach, we have to compute
the convected coordinates &1, €2 internally within each NTS element A by solving

qgl) - qu) (élu 52) ’ a1(§17 52)

o | =0 (5.126)
1 2

¢ — (€. &) - ax(, &)
for the convective coordinates using a Newton-Raphson iteration. The discrete nodal gap
function g” reads

92 (aqs) = (@ — ¢P (€, &%) -n(E". &) (5.127)
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using the set of nodes ny7s :={g,} = {qs , Q4 ), qg ), qg , q4 } Employing the discrete

nodal gap function we can define the constraint function in normal direction

P"(q,) = / gl dA (5.128)

r
along with the Lagrange multipliers A which can be viewed as discrete counterpart of the
normal traction ¢ty. The corresponding tangential tractions are dealt with in Appendix C

for the case of Coulombs law. Similar to the kinematic relationship (5.119), the variation
of the convective coordinates in the discrete setting reads

0&0" = AP [(6) = 6¢?) - ap + g"n - dag] (5.129)
If we assume that the gap is zero, we obtain
06t = A7 (3 — 0q(”)) - ag (5.130)

and the corresponding discrete virtual contact work for a single NTS element reads

Gel = / (tngk + tr,060") dA (5.131)

r

Next, we rearrange the frictional contributions using a single vector dq- f™'°. Furthermore,
we collect all normal constraints in a single vector ®"(q) and assemble the associated
Lagrange multipliers in the vector A". Then, the semi-discrete equations of motion reads

0=DMg+V,V(q)+V, (@ (q) A") + £H(q)

0 - &(q) (5.132)

Coordinate augmentation technique Next we apply the coordinate augmentation tech-
nique described in Section 5.3 to the N'TS element. In contrast to the direct approach, we
calculate the convective coordinates on a global level, i.e. we do not solve the algebraic
system of equations in (5.126) internally, but enforce them as additional constraints

pe _ (@Y = a®(§4)) - as(fa)
D (g4, Fa) = (g — q(z)(fj)) -ag(fj) (5.133)

Here, we make use of a vector §, € R? for each NTS element, representing the convective
coordinates [£1, £€2]. The associated Lagrange multipliers are given by A", In addition to
that, the constraints in normal direction are given by

(g4, Fa) = (a1 — @ (F4)) - n(F) (5.134)

As before, we collect all data in global vectors, i.e. we collect all augmented coordinates in a
single vector § € R, where [ denotes the number of all convective coordinates. Furthermore,
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the augmented constraints (5.133) are arranged in a single vector ®*"¢(q, §) € R! and the
associated Lagrange multipliers in a single vector A**® € R'. The semi-discrete equations
of motion can now be written as follows

0=Mg+V,V(qg) +V, (®(g,f) N

0=V (®(q,7)- A+ f*(q,7) (5.135)
0= ®(q.f)
where ®(q,f) = [®*, ®"]T € R™ and A = [A**¢, A"]T € R™. Furthermore, f**¢(q,§) =
[tr,, ... tr,]T € R combines the frictional tractions in a single vector.

To implement the newly proposed method in an efficient way, we eliminate the additional
Lagrange multipliers A**® using the algebraic condition (5.135),. For a single NTS element,
this condition reads

Vi (@ XN 4 oA P =0 (5.136)

where J_”aug = [tz t1,]T € R? represents the tangential tractions of the corresponding NTS
element. The Lagrange multipliers can now be calculated analytically as follows

A= (W, M) (G, 00 ) (5.137)
Accordingly, on the level of each NTS element, the Lagrange multipliers associated with
the augmented coordinates can be expressed in terms of the extended set of coordinates
q,, ¥4 and the contact traction A" in normal direction. Using (5.137) for each NTS element
the vector A" of Lagrange multipliers can be eliminated from the semi-discrete equations
of motion (5.135). Accordingly, we arrive at

0= Mg+ Vg V(q)+ (BV; 2"(q.§) + Vg @"(q, 7)) - A" + Bf"(q, )

(5.138)
0=®(q,)
where the block diagonal matrix 8 = diag(B,, ..., B,,) consists of the local projection
matrix ~ )
P=-V, 2" (VG 2" (5.139)

for each NTS element. Note that V; @" = 0 is valid at the solution point and we obtain
the simplified system

0=DMqg+VyVig)+ Yy (®"(q.F) - A") + Bf*(q. )
0=%(q,f)
The last set of equations defines the residual [R,,, ®|T, which we have to solve with respect

toq € R", §f € R and A" € R™'. This first reduction step can be written in matrix
notation using the modified projection matrix

(5.140)

— Ian m Onxm

P =|gmxn gmxt pmxm| € RUTWXEHEm (5.141)
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where n denotes the number of degrees of freedom of the configuration g, m the num-
ber of constraints ® = [®@*"¢ ®"] and [ the number of augmented coordinates f. Pre-
multiplication of (5.135) by the projection matrix in (5.141) yields (5.140).

In a second step, we eliminate the augmented coordinates within the Newton-Raphson
iteration A
n q

Kqu Kqu Vg @ ] aj | = qu}

Vo' ® Vi@ 0 AN
used to solve (5.140). Here, K, and K, denotes the derivative of R, with respect to
g and f, respectively. Next, we extract the equations for the augmented constraints of a
single NTS element from (5.142)

(5.142)

Vo, T®"Aqy + VG, TR AT, = 2™ (5.143)

and solve this last equation with respect to Af,, such that we obtain

—augy—1 zau —augy —1 = au
AfA = (VfA Tq) g) @ : - (VfA Tq) g) VQA T¢ gAqA (5 144)
_ (va Ti)aug)fl (i’aug + q}TAqA
Insertion in (5.142) yields the reduced system
Ko+ KB v, @" | Ag ] IR, - Ky (G T(i)aug)il ™ (5.145)
v, Te" 0 AN" " ’
The last reduction step can also be written in matrix notation using
T In><n q3 Onx(m—l) n+m— n+m
P = |})(m—l)><n O(m—l)xl I(mfl)x(mfl) € R( tmhx{ntm) (5146)

It is important to remark, that the whole reduction procedure can be carried out on element
level for each single NTS-element, since P is block diagonal. The convective coordinates
can be recovered using (5.144). The consistent linearization can now be carried out in two
different ways:

1. As shown in (5.142) we have to linearize (5.140); with respect to the configuration q
and the augmented coordinates §. The involved constraints (5.133) and (5.134) are
at most quadratic in the configuration and in the augmented coordinates, thus the
only terms of higher order to be derived depend on the used constitutive law f*"®
(this derivative is always necessary) and the 2 x 2 inverse matrix (V}, T e,
we have to linearize ‘3. B

2. In (5.140) we have used the projection matrix P to obtain a new residual, which we
have to linearize to obtain the (n 4+ m) x (n + m) matrix in (5.142). Alternatively
we can pre-multiply the full linearized original system (5.135) by P and obtain

A R
Ko +PKS, Ko+ PKG V, ®+ PV 8] A‘}Z 5| R (5.147)
\/R A RK 0 AX &
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where terms labeled by the upper index (®)° represent the contributions arising from
(5.135); and (5.135)2. Next, we remove AA™® and the corresponding columns from
the system, since we solve directly for A*® using (5.137). The second reduction step
follows as before, now avoiding the linearization of 8. Note, that we take again
advantage of its blockdiagonal structure, such that all steps can be carried for each
contact element.

The linearization is extremely simplified, compared with traditional methods, where we
need to calculate the linearization of the variation of the convective coordinates (cf.
Laursen [52])

A JE> =A% [—ag ((5@ Acﬁg) + 54,57(3) AL = (ag - ays — gn - agys) 087 A +
g (66,45, A + A@ 4 68) m — (&pf? +ag, 557) Cay AE—
(A@f? +ag, A@) cas 08 + (5N — 5p?) (A@fﬁ’ +ag, Aé’*) +

(A — AG2) (3¢5 + ag, 08)]

(5.148)

where A¢ has the same structure as §¢, given in (5.119).

Conservation properties The conservation properties of the underlying mechanical sys-
tem are well known, so we concentrate on the contact contributions. Reconsider the virtual
work contributions of a single contact element

G°"(q,5q) = / tym - (g — 0q?)+
NS
tr, A% [(0g") — @)V - ag + ¢"n - dag] dA=0

(5.149)

where we make use of (5.131) along with (5.127) and (5.129). The conservation of linear
momentum may be verified by substituting dq; = ¢ into the global virtual work of the
constraint forces

G"(a.1¢)) = [tym- (¢ =)+
re (5.150)
tr, A [(¢=¢)-ag+g'n- > Ni¢| dA=0
I
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using the direct approach in (5.129). To verify conservation of angular momentum, we
substitute dg; = ¢ X q; and obtain

G (g, [¢ x a]) = —C - / tym x (¢ — )+
r
1,4 [ x (¢ — ) + g x ag] dA

=—(- /thxghn+

r

(5.151)

tr, AP [ghag xn+g¢'n x aﬁ} dA=0

Note that the simplified variation (5.130) conserves angular momentum only if the normal
gap is equal zero.

Finally, we verify the conservation properties of the augmented system in (5.135). The
corresponding contact virtual work reads

G"(g,0q,f) = 6q - Vy (2(q.) - N) (5.152)

where we have taken (5.135); into account. Insertion of dq; = ¢ into the augmented system
yields

GMg, [¢).F) =¢- > Vi (B(q,F) - A) (5.153)
I
whereas insertion of dq; = ¢ x q; yields

GMq,[¢xq/l,F) =C¢- ) a; x Vg (R(q, ) - A) (5.154)

Again, we assume that the constraints are frame indifferent with respect to rigid body
motions of the form

d =c+Qq; (5.155)
We can show that for each NTS element the relation
®(q",f) = ®(q,7) (5.156)

is valid. Substituting ¢ = €€, ¢ € R3, Q = I and subsequent derivation with respect to e
yields
d

0= —
de

®@ P =¢ ) Vo @4 ) (5.157)
e=0 I

Thus, (5.153) holds for arbitrary ¢ and linear momentum is conserved. Substituting ¢ = 0
and @ = exp(eC), we end up with

0=3 @ P=¢Y axV 8@ (5.158)
I

" de

e=0

Thus, (5.154) holds for arbitrary ¢ and angular momentum is conserved for the semi-
discrete system. The same statements are true for the reduced system, since the algebraic
reformulation does not change the general characteristics of the system.
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Temporal discretization Now, for a typical time step ¢, — ¢,,.1 the full discrete version
of (5.132) reads

Qpi1 — @y =AU 1)
M(vn+1 - vn) = - Atvq V(qn7 qn—i—l) - Vq (I’n<qn+1/2) FA— ffrlc(qn7 qn—i—l) (5159)
0 :i)n(qn-i—l)

Here, VV(q,,q, 1) denotes the discrete gradient of the strain energy function (see Betsch
& Steinmann [14]).

The discrete version of the frictional kinematics used in f
related to the definition of the convective coordinates

fri 7h 3
C(qn’anrl) = tTaégzn—i—l/Z 1S

06 1 = A (06 = 0GP) - @snirje + g1 jaTnsa2 - 6as) (5.160)

Note that we deal with the adjoint discrete traction ¢, using a local evolution scheme in
Appendix C. The time-discrete version of the augmented system in (5.135) reads

Ani1 — Qp =Atv, 1)
M (Vn1 — V) = — AtV V(q,,, @y1) — AtVg Py A
0=V @112 A+ F,°°

n+1/2
0 :(I’n+1

(5.161)

where Vg @p4170 = Vg ®(qni1y2: Frvrja); Vi Brtie = VR(Qni1y2: Fogpe) and @y =
®(q,. 1, 1) As already mentioned, f*® consists of the tractions tr,, see (5.135). Ac-

cordingly, lefl /2 has to be evaluated as shown to Appendix C. Following the arguments

outlined in the previous section, we create a local projection matrix as follows

> = au = au -1
Poire = —Va, Botipe (Vi 412) (5.162)
and obtain for the reduced system

Qpi1 — qn =Atvn )0
M (vn1 — vn) = — AtV V(q,,, gnr1) — ALY (I’Z+1/2 AT — Atmn+1/2lef1/2 (5.163)
0 :(I’n+1

The second reduction step follows immediately from (5.145) using the discretized projection
matrix in (5.162) evaluated at time n + 1

= aug aug

- = -1
Bt = Vo, L1 (W 0471) (5.164)

The full discrete system to be solved in each Newton-Raphson iteration now reads

n zaug \ —1 L au
qu + K(Ifngrl Atvq (I’n+1/2 . Aq — Rq,n+1/2 - qu (Vf T(I)nfl) (I’nfl
VT, 0 AX" o

(5.165)
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where R ,,1/2 consists of the residual contributions in (5.163), and K4, K denotes the
consistent linearization of R, /2 with respect to q and f, respectively. In a final step,
we recover the augmented coordinates by solving

= au —1 zau =T
AfA = (va T(I)nJrgl) (I’nJrgl + anrlAqA (5166)
for each NTS element.

It is obvious that the linearization is extremely simplified compared with traditional
schemes. Furthermore, the proposed scheme is more consistent, since it ensures the exact
fulfillment of the orthogonality conditions (5.161), at each time node within the chosen
mid-point type scheme.

Conservation properties. As before we focus on the contact contribution and begin with
the verification of the conservation of linear momentum. To this end, we substitute dq; = ¢
into the weak form of the contact contributions

G (gyir o [C]) = / Tz - (€ — O+

r
N ) . (5.167)
tTaAn-i-l/? (€—¢C)agnrija+ Int1/2Mn+1/2 Z NgC| dA
1

=0

which confirms that the constraints do not affect linear momentum conservation. Following
the arguments in (4.30), we substitute 6q; = ¢ X q; 41/, and obtain

Gc’h(qnﬂ/za € % an+1/2]) =—-q- / INTUp41/2 X 93+1/2"n+1/2+

P (5.168)
tr, A g1 [@s 12 X a2 + Tongryo X @p i) dA

=0

which confirms that the constraints do not affect angular momentum conservation as
well.

At last we verify the conservation properties of the full discrete system in (5.161) and
substitute dg; = ¢

GC7h(qn+1/2’ C7 fn+1/2) = C : Z VqI (ﬁ(qn+1/2’ fn+1/2) A (5169)
I

whereas we obtain

Gc’h(qn+1/27 [C X ql,n+1/2]7 fn+1/2) = C : Z qI,n—i—l/Q X vql ¢)<qn+l/27 fn+1/2) A (5170)
I
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if we substitute 0g = ¢xqy ,,11/o. Once again, frame-indifference of the vector of constraints
®(q,f) against rigid body motions is crucial for the fulfillment of the conservation laws.
Proceeding along the lines of Section 5.3, we can easily verify that

‘I’(‘_Iiﬂ/zjnﬂ/z) = ‘i’(‘_ln+1/zjn+1/2) (5.171)

where C-_Iﬁl,n+1/2 = ¢+ Qg 415 Substituting ¢ = €¢, Q = I yields

0=

d| - _ _ _
E O¢)<qi+1/27 fn+1/2) = C ' Z vql (I’(qn+1/27 fn+1/2) (5172)
e= I

Analogues to the semi-discrete system, linear momentum is algorithmically conserved.
Substituting ¢ = 0 and Q = exp(eC) yields

N
de

i)<QBH_1/27$11+1/2) = C ’ qu,n—i-l/Q X Vql (i’(qn+1/27fn+l/2> (5173)
I

€=

Thus, angular momentum is algorithmically conserved for the full-discrete system. Note
that the last statement is also true for the reduced system, since the algebraic reformulation
of the system does not change any properties of the underlying formulation.

5.4 Examples

il il

Figure 5.4: Configurations at time t = 2 and t = 5.
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Figure 5.5: Segmentation at time t = 2 and ¢ = 5.

Two tori impact problem As a first example we consider an impact simulation of two
tori using a mortar based approach. Both tori are discretized using 8024 eight-node brick
elements with overall 72216 degrees of freedom. The inner and outer radii are 52 and
100 respectively, the wall thickness of each hollow torus is 4.5. A standard Neo-Hookean
hyperelastic material with & = 2250 and v = 0.3 is used. The initial density p = 0.1 and
the homogeneous, initial velocity of the left torus is given by v = [30,0,23]. A time-step
size of At = 0.0025 has been used for the first approach, whereas a time-step size of both
simplified approaches has been set to At = 0.01.

Excluding the augmented coordinates f from the calculations as shown in (3.14), a reduc-
tion of the average calculation time of a Newton step of about 12% could be achieved in
this specific example. Furthermore, we were able to use 4-10 times larger time-step sizes.
This stability feature is of major importance especially in large sliding situations.

In Figure 5.4 the configuration at ¢t = 2 and ¢t = 5 is shown. The associated segmentations
are displayed in Fig. 5.5. 2318 segments are automatically constructed at time ¢ = 2

21

Figure 5.6: Total energy versus time using approach 1.
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for overall 331 mortar constraints. For the first approach where the mortar integrals
remain not constant throughout each time step, an additional 355 constraints for ®4,,, ,
240 constraints for @5, and 703 constraints for @4,y are necessary. Furthermore, 6954
constraints for the augmentation of the normal vector have to be considered. At ¢ =5, 5896
segments with overall 755 mortar constraints are determined. Correspondingly, we need
923 constraints for ® g, , 529 constraints for ®4,,,, 1866 constraints for ®4,,, and 20862
constraints for the augmentation of the normal vector. Clearly, this is not acceptable.
In contrast, if we apply approach 3, we only have to add 755 mortar constraints to the
global system. We then need the same amount of constraints as for the NTS method,
since each mortar constraint refers to a specific node on the non-mortar side. Although

2.2

Figure 5.7: Total energy versus time using approach 3.

the evaluation of the mortar constraints is more involved, the solver clearly dominates
the overall calculation time and thus, we have no drawback in the calculation time due
to the use of mortar methods. In Figure 5.6 total energy versus time is displayed using
the proposed energy-momentum scheme together with deformable mortar segments. As
shown in Figure 5.7, approach 3 does not conserve energy. The increase in total energy is
acceptable, since we used relatively large time steps. The last diagram shows the values of
change of the first component of angular momentum. Note that the values are below the
stopping criterion of the Newton iteration (1079).

Torus-cylinder impact example This example deals with a three-dimensional problem
similar to the last example in Yang & Laursen [79] using a NTS based approach. The
material properties and the initial geometry of the torus are the same as before. The inner
diameter of the cylinder is 100, the wall thickness is 7.5 and the initial velocity of the torus
is [0, 0, 20]. In Fig. 5.9 a sequence of configurations at ¢ = 0, 20, 50 is displayed. The
torus consists of 2288 elements, the cylinder of 1900 elements. Furthermore, the time-step
size has been set to At = 0.01. Once again, the evolution of the total angular momentum
is depicted in the left diagram of Fig, 5.10, whereas the upper and lower diagrams on the
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Figure 5.8: Values of change of the first component of angular momentum
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Figure 5.9: Deformed configuration at ¢ = [0, 20, 50].

right side show the total linear momentum and the total energy, respectively. As expected,
all quantities are conserved exactly.

Two tori impact problem In this last example for contact, we consider a frictional impact
problem of the two tori problem, introduced previously. All material and geometrical data
are identical to the previous ones. A time step size of 0.01 has been used throughout the
whole simulation. The deformation at different time steps is shown in Fig. 5.11.

The evolution of the total energy is shown in Fig. 5.12 together with the three components
of angular momentum. As expected, total energy decreases due to the frictional behavior.
Since we used the proposed mid-point type evaluation of the system, angular momentum
is conserved.

Finally, Fig. 5.13 shows the deformation at ¢ = 5 for different friction coefficients, using
1= 0.1 and g = 0.3. The deformation changes significantly, since large sliding effects are
directly correlated with the friction coefficient.
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Figure 5.10: Total linear, angular momentum and total energy.

Figure 5.11: Deformation at time 2.5 and 5.
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Figure 5.12: Total energy and components of angular momentum plotted
over time.

Figure 5.13: Comparison at ¢t = 5 for p = 0.1 (left) and p = 0.3 (right).
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6 Fluid-structure interaction

Continuum immersed strategies are widely used these days for the computational sim-
ulation of fluid-structure interaction problems (see Peskin [57, 58, 59]). The principal
characteristic of such immersed techniques is the representation of the immersed solid
via a momentum forcing source in the Navier-Stokes equations. This is in contrast to
well-established formulations using coupled Dirichlet-Neumann schemes to transfer the
momentum between the fluid and the solid (see Tezduyar [70]). Recently, mortar based
discretization schemes of the interface has been proposed by Kloeppel et al. [46]. Here,
we will focus on the Immersed Finite Element Method (IFEM) proposed by Zhang & Liu
[83, 74, 73] and on the Immersed Structural Potential Method (ISPM), proposed by Gil et
al. [22, 23]. A comparison of both methods can be found in Hesch et al. [38].

6.1 Immersed formulation

Let us consider a deformable solid, fully immersed within the surrounding incompressible
viscous fluid. For the calculation of the fluid-structure interaction (FSI), an immersed
continuum numerical strategy will be applied, where the deformable solid phase is modelled
as embedded into the background fluid phase (see Liu et al. [55]). The resulting FSI forces
are formulated in terms of a volumetric force field F : B x [0, T] — R¢ which emanates
from the interaction of the background fluid system defined on the domain B with the
immersed solid system defined by the domain B* at time ¢. In Gil et al. [22, 23], the
authors model the solid as a Helmholtz’s free energy functional whose spatial gradient
defines the FSI force field. This force vector field F can be introduced with no difficulty
within the balance of linear momentum of the background fluid phase in equation (1.35)
as follows*

pPlo=N, -0l +plg+F (6.1)

The volumetric force field F of the immersed solid reads

_J]0 in B\B®
}__{ (o —p)o—g)+V - (6°—af) in B (6.2)

*Contributions to the solid system are marked with (e)®, whereas contributions to the fluid system are
marked with (e)7.
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In addition, the conservation of mass equation (1.33) is modified allowing for the immersed
solid to possibly experience non-isochoric deformations within the surrounding incompress-
ible fluid, resulting in

Ve -v=FP (6.3)
where the scalar field 7 : B® x [0, T| — R is defined as
P 0 in B\B (6.4)
4 in B '

Within the context of Green elastic materials [40], we next postulate the existence of a
hyperelastic constitutive law for the calculation of the solid stress field by introducing
a scalar valued stored strain energy functional W(C'). In general, additional internal
thermodynamic variables can also be used to further characterise the constitutive law of
the immersed solid (i.e. including plastic or viscoelastic behaviour). Moreover, in the case
of nearly incompressible materials, sophisticated mixed formulations based upon the use
of enhanced modes can also be utilised (see Appendix A for further details). The actual
stress field of the immersed solid can be obtained via a push forward operation of the
purely material derivative of the stored strain energy functional as

o =2 MFT (6.5)

J oC

For numerical convenience, it is customary to employ a Lagrangian mapping for the descrip-
tion of the immersed solid whilst the fluid is modelled by means of an Eulerian mapping.
The kinematic information in terms of velocity and spatial position can easily be mea-
sured in the Eulerian background fluid and must be suitably linked to the solid phase in a
compatible fashion (i.e. non-slip condition). Computations within the solid phase require
then the definition of an Euler-Lagrange mapping Zgs for any given function v of the solid
system such that ¢ (x,t) : B° x [0, T] is mapped to Zg:((X,t)) : B x [0, T]. In the
continuum this transfer mapping is simply defined by the identity

o (U(X 1)) = (e (X,1) 1) = (. 1) (6.6)

However, the use of different spatial interpolation strategies for the fluid and solid phases
will require an appropriate transfer operator that will be described below. Specifically, for
the velocity field

v(x,t) =Ips(v(X,1)) (6.7)

In order to complete the strong form for the solid phase, appropriate Dirichlet boundary
conditions can be defined as follows

x(X,t) =xy, on 0B} (6.8)

Since the immersed solid is surrounded by the fluid, additional Neumann boundary condi-
tions are not treated explicitly as the interaction is already accounted for in the FSI force
term F.
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The variational formulation of the balance of linear momentum follows the same arguments
outlined in Section 1.3 and reads

<,0f(1'1 —g)— F,ov)g+ (O'f, Ve (00))p — (h, 6v)gpe =0 (6.9)
and for the conservation of mass
(Ve v —FP 0p)g =10 (6.10)

Equations (6.9-6.10) summarise the weak form for the overall problem (i.e. fluid-solid).
It is convenient to split the above formulae into fluid and solid phases. Introducing the
Jacobian of the deformation in the solid phase J* = det(F*), taking into account the Euler-
Lagrange mapping Zgs defined above the weak form expression (6.9) can be rewritten as

(p! (0 — g),0v)5 + (07, ¥, (60))5 — (h, 6V)op-
0" =) (T 0(X.0) - ) T 000y (6.11)
(0" — 0! |V Tp: (60) J*) g = 0
Similarly, the weak form expression (6.10) can be reformulated as

(Ve - v,0p) — (J*, Ip:(6p)) g = O (6.12)

The internal virtual work within the solid phase defined in terms of the conjugate pair
{0,V Igs(0v)} can be reformulated by means of the Piola transformation in terms of an
alternative conjugate pair {X°, (F*)TVx Zps(dv)} as

<0’S, Vm Ilgs (5U)JS>BS = <Es, (FS)TVX IBs (5’0))38 (613)

where ¥° = QBVggfs) denotes once again the second Piola-Kirchhoff stress tensor and
C*® = (F°)TF” is the right Cauchy-Green tensor particularised for the solid phase. The
evaluation of the fluid stress o/ within the solid phase follows immediately from the defi-

nition (1.34) in conjunction with the incompressibility constraint as’
o/ = —Ip:(p)I + pu (Vx Ips(v) + (Vx Zp:(v))") (F*)~" (6.14)

It is worthwhile emphasising that the evaluation of the spatial gradients V, Zgs(v) and
Vi Zps(dv), and the subsequent construction of the deformation gradient F** is one of the
most challenging processes in any computational immersed methodology. From the spatial
discretization point of view, various approaches have been developed, using either local
elementwise shape functions such as in the Immersed Finite Element Method (IFEM) and
its variants [83, 74, 55, 73] or kernel shape functions with larger compact support such as
in the Immersed Structural Potential Method (ISPM) [22, 23]. This important aspect will
be discussed in length in the following sections.

fNotice that the stress contribution in Bf due the fluid o/ is several orders of magnitude smaller than
the stress contribution due to the immersed solid o, hence it is usually neglected [83, 55].
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6.2 Discrete Euler-Lagrange mapping

IFEM, Lagrangian mesh. A common approach is to numerically model the immersed
solid following a finite element approach. Additional shape functions are introduced to
describe the immersed solid (cf. Liu et al. [55]) as follows

Nnode Nnode

Tis (v Z N%%e; Zn(p") = Y N%¢c (6.15)
Cc=1

Here, N X)) : Bg * — R are the corresponding shape functions and v¢ and pe denote the
nodal values at the current position of the solid, calculated from the background Eulerian
fluid grid as follows

v =Y Nx(Xc t)va po=» NP(@(Xc.t)ps (6.16)

Acw Bew

Combining formulae (6.15) and (6.16) results in the definition of the spatial interpolation
operator for the transfer of information between the Eulerian and the Lagrangian meshes
as follows

NMnode

T (N ZNA (X, 1)) Ne(X) (6.17)

which renders a linear operator. The Euler-Lagrange mapping is shown in Figure 6.1 for a
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Figure 6.1: One dimensional Euler-Lagrange mapping.

one dimensional system and linear shape functions. The mapping for the single immersed
element reads

I+ (N(X(€), 1)) = N (2(X1, 8)) N1 (X (€)) + N4 (2(X2, 1)) Na(X (€)) (6.18)
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It is crucial to realise that the finite element mesh generation of the immersed solid can-
not be independent of the finite element mesh generation of the surrounding fluid phase.
Indeed, a coarse solid mesh, as displayed for instance in Figure 6.2, will not yield optimal

Nt N, N2 N3 N4 N, N° N6
' Tgs (z(X1)) ' ' Tgs (z(X2)) '
0 Bf 1 2 3 4 5

Figure 6.2: Effects of a coarse solid mesh.

results, since the background fluid shape function N® is not affected by the presence of
the immersed solid. In other words, the numerical integration of the FSI force field F
will not be accurately computed. From the physical point of view, this would mean that
the presence of the immersed solid is not properly accounted for by the surrounding fluid,
leading to unphysical breaking of the solid phase. On the other hand, an unnecessarily fine
solid mesh would result in an exceedingly high condition number of the resulting tangent
stiffness matrix of the system (after linearisation) leading to numerical difficulties.

IFEM, NURBS mesh. The Euler-Lagrange mapping can be redefined for the applica-
tion of a NURBS based finite element fluid description in a straightforward manner. As
presented previously, the Lagrangian shape functions are replaced with NURBS shape
functions to calculate the nodal values

ve =Y RMNz(Xc.t)va po=Y» RP(x(Xc.t)ps (6.19)

A€w Bew

leading to the interpolation-spreading operator

Nnode

Ty« (R* ZRA (X, t))Ne(X) (6.20)

which is also a linear operator.

ISPM. The last approach described in this section is the Immersed Structural Potential
Method introduced in Gil et al. [22]. The solid is represented as a Helmholtz’s free
energy density functional immersed within the surrounding fluid phase. Moreover, the
solid domain is modelled in a Lagrangian manner as a collection of integration points a,
immersed within the fluid, moving from an initial position X, to the spatial position x,,
through the deformation defined by the motion of the surrounding continuum (i.e. non-slip
condition).
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Notice that the integration points’ parameters (i.e. spatial location x,, and associated
tributary weight W, ) can be directly obtained on the solid domain, without the need for
an initial tessellation (in the sense of a Finite Element approach). Alternatively, X,, and
W,, can be obtained directly from the use of optimal high order Gaussian quadrature rules.
As shown in [23], the latter approach can ensure accuracy of quadrature of the immersed
potential and improve the speed of computation.

Within this approach, global shape functions ¢(x) are established on the Eulerian fluid
grid to first interpolate the kinematic information directly to the solid integration points
a, and second, spread the calculated forces back to the balance of linear momentum of the
fluid. The construction of the continuous functions () starts with the approximation of
the Dirac delta distribution through a tensorised discrete approximation

p@) = [Joau(w). de23 (6.21)

where A,, is related to the size of the background fluid mesh and

1 T
Ong, = . 22
=z (50) (622

is defined in terms of a smoothed representation ¢ of the one dimensional Dirac delta
distribution, to obtain

v =Y ptamva, @) = plat - at) (6.23)

for the interpolation of the velocity field. For details on the construction of sophisticated
kernel functions, see Gil et al. [23]. More generally, we can write for the Euler-Lagrange
mapping

In: (0" (X, 1)) = o™ (@(X, 1)) (6.24)
which coincides with the continuum map. A key aspect of this methodology is the direct
integration of the deformable solid stresses from solid integration points to fluid nodes,
similar to the Material Point Method (MPM) [82], reducing the number of interpolation
operations (compare formula (6.24) with formulae (6.17) and (6.20)).

6.3 Calculation of the deformation tensor

The evaluation of the deformation gradient tensor in the IFEM methodology at the cor-
responding Gauss points requires the time integration of the velocity field at each node C
of the immersed solid grid to recover the actual position of the node as

Fo = Fo(be) = / o(r) dr (6.25)
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Taking equation (6.15) into account, we can express the deformation gradient tensor in a
classical Finite Element sense as

Mnode
F=> &c®Vx N (6.26)
Cc=1

For the ISPM methodology, it is necessary to integrate in time the deformation gradient

tensor at any integration point a, directly using the spatial velocity gradient tensor I
defined as

1= va®V, ¢ (z) (6.27)

and the kinematic relation

F=IF (6.28)
For further details on an explicit representation of useful time integration schemes, refer
to Gil et al. [22]. In contrast to the IFEM approach (see equation 6.26), the evaluation of
the deformation gradient tensor F' in the ISPM manner (equations (6.27)-(6.28)) prevents
the occurrence of locking effects in the incompressibility limit. This will be shown at a
later stage in this paper by means of a numerical example. Alternatively, an enhanced
mode can be added into formula (6.26) in a Hu-Washizu multifield variational sense [6],
to overcome the inherent difficulties of the IFEM approach (see Appendix A for further
details).

In addition, within a full variational formulation, it is also possible to introduce the weak
form of the mapping (6.7) as

<<W — I (v"( X, t))) 0a") gos = 0 (6.29)

if the solution and test functional spaces

TMnode NMnode
xh = Z N, ozt = Z N x¢ (6.30)
Cc=1 Cc=1

of the immersed solid are explicitly defined (cf. Liu et al. [55]). In contrast to the
approaches described above where the number of unknowns in the system coincides with
those of the fluid phase, the final system of equations is now enlarged by the number of
unknowns of the immersed solid.

6.4 Temporal discretization

Immersed solid. The additional immersed solid contributions defined in (6.11) and (6.12)
for the solid domain need also to be discretized in time. The contribution to the linear
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momentum balance equation gives

fh(”naanrl; pn+1) =

o (Zs: (Vi) — Ipe(v) 3
((Pg — o) ( HAt - 92+1/2 ,Iss(évh))sg

(6.31)
— (2, (F*(Zs (v 112)))" Vi s (60")) 55
+ (0_'f(IB$ (v2+1/2)7 Lps (pgqtl))v Vi Lps (5"7h)Js (Zs: ("12+1/2))>85
and the additional contribution to the kinematic constraint becomes
T (T (w] 1)) = (T (w2 )
FP8(o, 0000) = (TN T gt (632)

The evaluation of the second Piola-Kirchhoff stress tensor X° in (6.31) is inspired by the
development of energy-momentum schemes for solid mechanics

28 == QDW(Cn+1/2)+

W(Cnin) = W(Cy) = Z(Cuiipp) : AC | (6.33)
AC : AC

2

which provide enhanced stability for large time steps (see Betsch & Steinmann [13]).
Specifically, for a St. Venant-Kirchhoff material the discrete gradient in (6.33) is equal
to the evaluation of the strain energy function at the mid-point of the strains, i.e. X" =
2DW (C'41/2). Furthermore, this approach also shows enhanced stability for Neo-Hookean
materials as presented in [35]. These two constitutive models will be employed in the nu-
merical examples presented at a later stage in this paper.

Euler-Lagrange mapping. The Euler-Lagrange mapping requires an algorithmic search
process to identify the local coordinates for the evaluation of the shape functions (i.e.
NA(x(X ¢, t)). A similar process is also needed in contact mechanics on the actual contact
surface and hence, can be applied with very few modifications to the problem at hand. In
particular, a local Newton-Raphson iteration process is used to calculate the local values
of N4 for each node xo. We cannot incorporate this iterative scheme within the mid-
point type discretization without cumbersome modifications. An approach proposed in
Hesch & Betsch [36] for contact problems would increase unnecessarily the total number
of unknowns, limiting the efficiency of the overall algorithm. Thus, we resort to evaluating
the mapping (6.17) itself at time n as follows

TMnode

I (NY(X, 1)) = > N @(X ¢, tn)) No(X) (6.34)
Cc=1

This approach has also been proposed in Hesch & Betsch [36] where it has been shown to
be very suitable for contact problems. A similar approach is followed in the case of the
IFEM-NURBS mapping (6.20) or the ISPM mapping (6.24).
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Figure 6.3: Geometry and boundary conditions for an idealised bi-leaflet
valve.

6.5 Examples

Idealised bi-leaflet valve. This example is extracted from [22] and is explored in order
to study the suitability of an immersed continuum methodology to the analysis of FSI
haemodynamical problems. An idealised two-dimensional channel is considered filled with
an incompressible Newtonian viscous fluid with viscosity ¢ = 1 and density p = 1 - 10°
mimicking the behaviour of the blood. Two leaflets are inserted into the channel, as
seen in Figure 6.3, representing the behaviour of an idealised two-leaflet valve. The top
and bottom boundaries of the channel are fixed (i.e. homogeneous Dirichlet boundary
conditions), a pulsatile non-reversible inflow is applied at the left hand boundary using the
time-varying amplitude function A(t) = 5 - (sin(27t) + 1.1) and homogeneous Neumann
boundary conditions are imposed at the right hand boundary. The leaflets are modelled
as Neo-Hookean immersed solids using the Lamé parameters \* = 8 - 10° and p® = 2 - 10°
corresponding to a Young’s modulus of E = 5.6 - 10° and a Poisson ratio of v = 0.4. The
leaflets are deliberately shortened to leave a gap between them, in order to simulate the
behaviour of a regurgitating mitral valve due to stiffened (stenotic) leaflets (cf. Gil et
al. [22]). For the numerical results presented in this section, the IFEM approach will be
selected and compared against the results obtained in [22] by using the ISPM approach.

The series of diagrams in Figure 6.4 show the time evolution for the pulsatile flow and
deformation of the membranes using a 256x64 Q1Q1 fluid mesh discretisation and 40x4
linear solid elements. The obtained deformation patterns are as expected and in corre-
lation with those reported in [22] with the alternative ISPM methodology. The results
demonstrate that the IFEM immersed continuum approach is able to successfully model
the inclusion of highly deformable structures into the fluid without the need for expen-
sive moving/remeshing algorithms. The methodology allows for very simple and robust
treatment of the structure.
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Figure 6.4: Time evolution of the leaflets and streamlines of the fluid.

This example has been analysed for a series of fluid discretisations in order to study the
convergence pattern of the algorithm. The movement of the tip of the upper leaflet in the ox
and oy directions are shown in Figures 6.5 and 6.6, respectively, for different discretisations.
The results based on the Q1Q1 fluid finite element discretisation converge to the results
of the Q2Q1 fluid finite element discretisation for a sufficiently fine mesh. Once again,
converged results are in perfect agreement with those obtained with the ISPM shown in
Gil et al. [22].

Idealised bi-leaflet valve — Locking effects In this subsection, the example described
in the previous subsection is analysed again for different solid material parameters. The
objective is to investigate possible locking effects in the case of a nearly incompressible
behaviour, using a Young’s modulus of £ = 5.6 - 107 and a Poisson ratio of v = 0.4990 for
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Figure 6.5: X-Position of the upper leaflet. Figure 6.6: Y-Position of the upper leaflet.

both leaflets. The simulation is carried out by using the IFEM approach and the fluid is
discretised using 128x32 Q2Q1 Taylor-Hood elements.

1=0.3

Figure 6.7: Idealised bi-leaflet valve. Locking effects.

The lower membrane is modelled with a standard displacement-based isoparametric quadri-
lateral linear finite element. It is expected that for this discretisation, the membrane should
experience locking effects, classical in displacement-based formulations (see equation 6.26).
On the other hand, the upper membrane is modelled by means of an enhanced finite el-
ement model, whose detailed formulation is presented in Appendix A). In this case, it is
expected that the enhanced model should overcome any locking difficulties.

Figure 6.7 displays the streamlines after ¢ = 0.3 and the resulting deformation of the
leaflets. Despite the fact that the streamlines should show a symmetrical pattern with
respect to the ox axis for this Reynolds number regime, a clear locking effect can be
observed in the lower leaflet. On the other hand, the upper leaflet deforms as expected,
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demonstrating the need to implement enhanced solid finite elements in the range of nearly
incompressible scenarios for the IFEM approach. When using the ISPM approach, these
locking effects are not observed [22, 23]. This stems from the fact that the deformation
gradient tensor F' is obtained after time integration of the spatial velocity gradient tensor
I, which is evaluated from the Euler-Lagrange mapping (see equations 6.27 and 6.28).
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7 Phase separation

Similar to immersed techniques, we consider a continuum approach for the different phases
by introducing a bipotential operator in the Cahn-Hilliard phase-field model, cf. Cahn &
Hilliard [15, 16]. A direct discretization if the interfaces between the various phase is also
possible but require the solution of moving boundaries. The numerical treatment of the
Cahn-Hilliard equation has been analysed in Anders et al. [2].

7.1 Aging of a Sn-Pb alloy

We assume that for a certain configuration the material tends to the phase with the lowest
free energy which is favorable in the sense of thermodynamics. In this way it is possible
to construct a single double-well free energy curve. To facilitate the numerical analysis, a
smooth function U™ is introduced as follows

U = gie+go (1 —¢) +gscln(c) + g4 (1 —¢)In(l —¢) + gsc (1 —¢). (7.1)

The values of the parameters are listed in table 7.1. Here, we simulate the aging of a

Table 7.1: Coefficients for the free energy function ¥ at 150°C in GJ/m?
GJ}

o lwl el ol ol g [

—1.3527 —1.5145 0.3575 0.1585  0.8599

Sn-Pb alloy using the data in table 7.1. To facilitate the use of dimensionless coordinates,
we assume a characteristic length scale 7 = 67.4h for the time period and a characteristic
length scale of £ = 2 pum for the area of interest. The latter has been chosen to reduce
computational cost, thus there are no fundamental reasons to argue against larger systems.
The dimensionless system parameters are given as follows

M =625 x=3.125-107". (7.2)



90 7.1 Aging of a Sn-Pb alloy

We applied an initial random distribution of inhomogeneities of +1% to the initial homo-
geneous composition of 63% Sn and 37% Pb. For the 2D simulation shown in Figs. 7.1 and
7.2 a grid of 128 x 128 nodes composing overall 15876 elements is used. The initial time
step size is set to 2 - 107° and doubled each 500 steps*.
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Figure 7.1: Simulation results for Sn-Pb after 0.05, 0.5 and 2 hours of aging.

10 hours of aging 50 hours of aging 460 days of aging

Figure 7.2: Simulation results for Sn-Pb after 10, 50 and 11040 hours of
aging.

*For the problem at hand the used time integration scheme is stable enough. For larger and more complex
systems an adaptive time step control as proposed in Gomez et al. [25] should be considered.



7 Phase separation 91

[EEEN

an

i
T
|
I
i
(BN}
LELLT

T

SR T
1t

Figure 7.3: figure
Mesh and control nodes of a single bump.

7.2 Aging of a Sn-Pb solder ball

To demonstrate the operational capabilities of the B-spline based approach, we simulate
a single bump, consisting of 10648 nodes and 8000 elements (cf. Fig. 7.3 for the mesh and
the corresponding B-Spline control nodes’). The considered solder bump geometry results
from a one-sidedly flattened sphere with rounded-off edges.

Analogously to the two-dimensional case, we reduce the physical size of the bump to 1um,
using the dimensionless system parameters

M =25 Kk=125-10"" (7.3)

Note that especially in the three-dimensional setting the computational cost grows drasti-
cally using finer meshes. For this reason, our considerations focus on reproducing the entire
process of phase separation and early stages of Ostwald ripening. The initial time step size
is set to 1-107° and doubled each 500 steps. The evolution of the system is depicted for
several time steps in Fig.7.4. Within the upper row we present isosurfaces of several con-
centration values ¢; € {0.296,0.37,0.44} inside the interfacial regions, whereas in the lower
row corresponding slices through the body are illustrated. The obtained three-dimensional
simulation results nicely corroborate our observations from the two-dimensional studies
for the Sn-Pb alloy. After the Sn-Pb solder ball is deposited on the chip pad, the alloy
is quenched into the unstable two-phase regime. Due to the thermodynamic instability
of the investigated Sn-Pb system a decomposition of phases is induced. After 0.13 hours
the solder bump is fully separated into a- and S-phase. Especially three-dimensional com-
putational studies indicate that during phase separation the evolving interfacial regions
gradually contract until phases are finally decomposed. This can be seen in the temporally
decreasing spacing between the illustrated isosurfaces.

fTo avoid negative determinants of the Jacobian the eight corner nodes are slightly lifted.
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Figure 7.4: figure
Simulation results for a Sn-Pb solder ball after 0.06, 0.13 and 0.2 hours of aging.

Subsequently, Ostwald ripening dominates the further microstructural evolution. Our
computational studies show a rearrangement of the evolved particles by the formation
of first agglomerates after 0.2 hours of aging. Since we have shown that our model is
capable of reproducing phase separating events in a solder ball geometry, we now would
like to demonstrate the quality of our approach in terms of consistent scaling behavior and
mesh independence. In order to transfer results from computational studies to real-life
structures, the employed mathematical analogous model has to be scalable both in time
and space. In the context of Cahn-Hilliard phase-field model this means that the numerical
results scale with the characteristic length scales £ and 7 which are implicitly contained
within the dimensionless system parameters M and . To illuminate the scalability of
our three-dimensional model we present results for three solder balls of different size still
involving the material parameters for eutectic Sn-Pb. Here we regard solder balls in the
following scale settings:

1. £=1pum, M =25 k=125-10"%
2. £=0.5um, M =100, s =5-10"%
3. £=0.25pum, M =400, k =2-1073.

The time scale L is left unchanged for all configurations. Fig. 7.5 depicts the spatial scaling
behavior of our numerical model on phase separation events within the abovementioned
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Figure 7.5: figure
Comparison of phase separation events in different Sn-Pb solder balls after 0.175 hours of

aging.

scale settings. Again the upper row illustrates isosurfaces of interfacial concentration
values and in the lower row corresponding slices through the body are presented. Our
results correctly indicate that the evolving microstructure scales with the characteristic
length of the representative domain. After the same time of thermal aging the 0.25 yum-
bump expectedly exhibits the coarsest microstructure with the biggest agglomerates. It is
apparent that the microstructure in the 0.25 ym- and 0.5 pm-bump can be regarded as a
suitable zoom-in part of the morphological arrangement within the 1 um solder ball. This
essential property underlines the correct scaling behavior of our model.

We conclude this section with a concise consideration of the mesh independence of our
computational approach. To this end we study three solder balls with an equal character-
istic length of 1 ym, which are spatially discretized by different mesh resolutions. Here we
aim to demonstrate that within the range of a sufficient spatial resolution of the interfacial
regions our model is mesh invariant. Fig. 7.6 presents results from our computational ag-
ing experiments starting with a rather coarse discretization by means of 4096 elements in
the first column, we provide simulation results on much finer meshes discretized by 8000
elements in the second column and 21953 elements in the third column, respectively. The
initial configurations for all simulations have been generated randomly. The simulations
evince a deep qualitative agreement between the calculated microstructures on the differ-
ent meshes. Invariant of the respective spatial resolution, Fig. 7.6 illustrates very similar
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Figure 7.6: Comparison of phase separation events in differently discretized
Sn-Pb solder balls after 0.17 hours of aging.

stages of phase separation and incipient Ostwald ripening. Consequently, we can state the
mesh invariance of our spatial discretization scheme.
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8 Summary and outlook

Within a continuum mechanical framework the most common field problems have been
examined. In particular, solid mechanical problems, their extension to thermomechanical
problems and fluid mechanical problems have been described in detail in strong and weak
form. All three problems involve the solution of the balance of linear momentum, extended
by an appropriate energy field equation for the thermal part and extended by a constraint
field related to the pressure of an incompressible fluid. In contrast to all of them, the
fourth system introduced deals with unsteady convective transport problems, where we
have to solve a scalar valued diffusion equation.

For the numerical solution of the given problems, a common finite element framework has
been introduced based on Lagrangian as well as NURBS based shape functions. Especially
the latter one provides interesting features, which can be used in a wide range of problems
and is subject to various research projects. The application to solid and fluid mechanical
problems is straight forward, whereas the application to specific transport problems like
the Cahn-Hilliard equation rests on the adjustable continuity of NURBS based shape
functions.

For the temporal discretization we have applied a common framework to the problems at
hand. For the solid and for the thermomechanical problems structure preserving integrators
have been adapted to obtain enhanced stability. Although unusual for fluid mechanical
system, which do not preserve certain values like total energy due to the specific formulation
of the convective term, we have adapted the implicit integrator to the incompressible fluid
as well and observed again enhanced stability using time step sizes which are up to a factor
of thousand larger then used for explicit schemes. For the transport system, we can show
that the application of the implicit integrator conserves algorithmically the total mass.
Once again we receive a remarkable stable numerical solution for large time steps.

The main purpose of this work is to derive suitable interface descriptions for the various
types of problems. Mortar based discretization schemes in the context of non-conform
domain decomposition problems have been introduced for solid mechanical and thermo-
mechanical problems using Lagrangian as well as NURBS based shape functions. The
constraints have been rewritten in terms of appropriate invariants, such that we could
adopt the constraint forces to the previously introduced structure preserving time inte-
gration scheme. Furthermore, inequality constraints in the form of contact problems have
been addressed as well, using NTS and Mortar methods for the spatial discretization of
the contact interface. For this class of problems we could also demonstrate the enhanced
numerical stability provided by structure preserving time integration schemes.
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The last two problems addressed in this work are also related to interface problems. The
first one addressed here deals with fluid-structure interaction. Instead of a direct dis-
cretization of the boundary to transfer the momentum between the different fields, we
employ continuum immersed strategies. Therefore, the immersed solid is represented by
a force source field within the fluid using a suitable Euler-Lagrange mapping. This ap-
proach allows large deformations of the solid without remeshing the fluid. As before, we
could demonstrate that the implicit time integration provides enhanced numerical stabil-
ity allowing large time steps for the fluid-structure interaction as well. The last problem
addressed in this work deals with the solution of the Cahn-Hilliard equations using higher
order NURBS based shape functions to resolve the interface between the different phase
fields. As before, we avoid a direct discretization of the interface using a single continuum
formulation of the whole domain.

Many issues are not addressed here and should be considered in future work:

o The adaptation of NURBS based shape functions to beams and shells. The effects
of higher order elements providing higher continuity between the elements should be
investigated in the context of geometrically exact beams and shells.

e The existing thermomechanical framework should be applied to contact problems to
provide an energy consistent integrator for frictional contact. Therefore, both, NTS
as well as Mortar methods, should be considered for the spatial discretization of the
interface.

o For fluid-structure interaction problems the framework of Mortar based discretiza-
tion schemes should be adapted to the interface between the fields. In conjunction
with the developed augmentation techniques as well as the structure preserving time
integration schemes we assume that the numerical solution should be remarkable
stable, reducing the computational costs tremendously for this class of problems.

o The extension of immersed techniques to structural elements should also be investi-
gated.

o It is well known that Galerkin based discretization schemes in space introduce spuri-
ous artificial oscillations in the solution of transport problems. Various remedies have
been proposed using SUPG and SGS methods. Those methods should be adapted
to the Cahn-Hilliard equation within the given framework.
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Appendix A

Enhanced assumed strain method

Standard displacement-based elements are subject to volumetric locking effects in the
incompressible limit. To enhance the performance of the tri-linear displacement elements
we incorporate the enhanced assumed strain method developed by Simo et al. [64, 65] into
the present framework.

Based on the developments in Simo et al. [65] the following operator is introduced

Jo -1
Grady(e) = ——=J,  Grad¢(e Al
x(e) G 30 (A.1)
with
ox" . .
J(§) = e Jo=JE&)| , (&) =det[J(E)], Jjo=j(0) (A.2)
£=0
The enhanced deformation gradient can now be written as
Mnode TNenh
F' =" q,®Grady(N*) + Y a4 ® Gradx(M*) (A.3)
A=1 A=1
where ,
Grad(N*) = Gradg(N*4) + Y 74 Gradx (H”) (A.4)
J=1

Here, v, are gamma-stabilization vectors and H”’ hourglass functions, defined in Be-
lytschko et al. [6]. Additionally we introduce Wilson’s incompatible shape functions (see
Wilson et al. [75]) for tri-linear brick elements

1 1 1
Now the discrete enhanced version of (1.7) reads

(0", 7") gy + (Fhs" @(&Ph»sg = <5<PhaT>aB};"’ + (0", B) gy
(F"S" Grad(éa®)) g = 0

0

(A.6)
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TMenh

where o = > M“a,. Concerning the discretization in time the additional a-modes are
A=1

evaluated in the mid-point

1
2+% = 5(‘12 +ah,) (A7)

The enhanced form of the fully discrete system (3.14) can now be written in the form

(8

6(1,4 . MAB("’B,n 1 an) t/ /r\(NB) . Egn 1 F2+1 dV | = At(qu . [FA@I&]
’ 2 77/-‘1‘5
Bo

n,n+1+ n

Sou - /é?&iX(MA)-zh F'  dv|=0
2

0 .

6@A Fﬁ’g—i_l@B’nJr% N At/KTI?,E—H dV@B,nqL% = At(s@AQ}rlL:s_H

Bo

(A.8)
Note that the additional equations (A.8)s can be eliminated using standard condensation
procedures. We further remark that the enhancement of the space discretization outlined
above does not affect the conservation and consistency properties of the present energy-
momentum integrator.
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Appendix B

Variational formulation of
thermomechanics

In Section 1.2 we have used the fundamental lemma of calculus of variations to transform
the strong form of the balance equations into the weak form. For details on variational
calculations of multifield problems see Kovetz [49, Chapter 15]. In this appendix we inves-
tigate the connection between the balance equations and an extended Hamilton principle
postulated as follows

t1 t1
6/Ldt:0 & 6/H—1r-§odt:0 S0
to

to

t1

1 °, ex
/<[§palfr2+e—7r-so]>zso+ﬂ tdt =0 (B.1)

to

Here, 1" =TI (o) 4115 (1) denotes all external contributions to the initial boundary
value problem. The last equation can be derived using Livin’s theorem (cf. Pars [56,
Chapter 10]), which is equivalent to the Legendre transformation of the Lagrangian. To
resolve the system in terms of the free Helmholtz energy, we have to incorporate a second

Legendre transformation. Thus, we receive
t1 1
/6([§p01772+\11+97]—7r~¢])BO+§HeXt dt=0 (B.2)
to
Note, that we can only include the variation in the time integral if we postulate the absence

of non-holonomic constraints. Next, we implement a Hu-Washizu type functional into the
equation

t1
1 1
/5<[§pglw2 +(C,0) + ok [(Dp)'Dep — C| + 0n—m - @|)p, + **dt =0 (B.3)
to

where we introduce C' and ¥ as additional variables to the system. Note, that ¥ are
Lagrange multipliers. After short calculations we obtain the canonical formulation of
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Hamiltons principle after short calculations

t1
U1
/({[p_lﬂ'—gb] S 0T + {g—c— 52} :0C 4+ DpX : Dép + 7 - dp+
to (B.4)

ext

1 . . ov omes B
5(52 : [(DQO) DQO C]‘I‘ [% + 77](59}>30 + 090 5g0dt =0

where we have made use of a partial integration and postulate, that the variation d¢ equals
zero at ty and ¢;. Note, that the variation with respect to the entropy equals the variation
of the external contributions as follows

1
aHext
/ (05}, + Posherm 5 4 — (B.5)
I
to
The first term in (B.4) reflects the first Legendre transformation, since 7 = g—L. Moreover,

the sixth term reflects the second Legendre transformation. For the rest of the variations
we end up with a system of differential algebraic equations

ext

oIl
([t - 5o + DX : DSpl), + —2N . 5o = 0

e
(D) D~ O] : 65}, = 0 (B.6)
<{§—§; - %2} . 6C)g, = 0
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Appendix C

Constitutive evolution equations

Many researchers have investigated various constitutive laws used to describe the tangential
tractions. We omit a further investigation and focus on a standard dry friction Coulomb
law to complete the set of equations used for the numerical examples. Based on this specific
formulation, we state that

[tr]| < pty and @ i=[tr]| — pty <0 (C.1)

The tangential displacement in the case of slip follows from w; = 1ty where n denotes the
consistency parameter, which depends on (C.1) and we can write

=0, if <0
" . (C2)
>0, elseif ||tr] =pty

In analogy to plasticity, we rewrite the last statement as follows

0<0, n>0, np=20
oy — (ﬂ )_ tr (C.3)
T\t 7)) T it

and regularize the equation for the tangential velocity vy (C.3); using a penalty method

tr 1.
vp=n—-+ —1t C4
T e (C4)

Note that the components in tangential direction read

i, 8 tr,
— =mup &’ — 2 C.5

where we have made use of vy = mgug % a”.
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Local time stepping scheme for the frictional evolution equations Here, we apply a
one-step integration scheme of the local evolution equations (C.5) following the arguments
in Armero & Petocz [4]. Consequently, the approximation of the tractions can be written
as follows

Ty
tTa,n+19 - tTa,n = €r maﬁn+19 <€7BL+’19 - 55) —€r 77 ||tT’ +19” (CG)
n+9

where ¥ € [0, 1] controls the corresponding time stepping scheme and should be chosen
consistent with the global time stepping scheme. Taking the inequality conditions (C.3)
into account, we obtain

Onyo = [tz ol = ptn <0, >0, Npnrs =0

tTa,n+79 - tT&’n ter <ma5n+19 (£5+19 - gg) B 7],19 ] )

[z,

Note that ty is represented by a Lagrange multiplier, constant within the time step. To
implement (C.7) we apply a return mapping scheme and start by considering the stick
case, i.e. n =0

t¥a,n+0 = tTa,n + €T maﬁnw (SSJrﬁ — 55)

tr tr (CS>
Pnso = b7, Il —ptn <0

which defines our trial state. Depending on the condition (C.8), slip occurs and we

obtain

tr
Ta,n+79

tr,
—— + tTa,n+19 (Cg)
Lz

:€T1977

by comparing (C.7); and (C.8);. After short calculations using the relation t7. /[[t% | =
tr, ,/|ltr,. |l the consistency parameter in the case of slip is determined by

tr
= Pt (C.10)

= 79€T

Thus, the final contribution in the case of slip reads

tT&,n 9
Uy e = HEN, Ly i k ” (C.11)
n—+19

To summarize, the return mapping scheme can be written as follows

t t,tlz‘a,n+797 lfgpg‘f’ﬂ S 0 (C 12)
Tomio — 17, . :
e LN,y WWH’ elseif iy > 0

n+9

which completes the used definition for the tractions.
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Appendix D

Null space method

The direct discretization of the DAEs governing the motion of constrained mechanical
systems necessitates the solution of saddle point systems of the form

3g--[2]

N G
G 0

where

N = Dqu(qn+17 )\n+1)7 gf D(I’(anrl)v é = DZRq<qn+17 >‘n+1>T
R, = <I>(qn+1), AN = AtAX

Although the above saddle point system could be directly solved, we advocate a reformu-
lation of (D.1) which fits into the framework of the discrete null space method. In this
context, the discrete null space method has been developed by Betsch [10] to achieve a
size-reduction along with an improved conditioning of the system to be solved. Our ap-
proach can be linked to null space methods often used in optimization, cf. Benzi et al. [8,
Section 6.].

Let n be the number of redundant coordinates and m be the number of constraints. We
start with the introduction of a change of coordinates

Agq=UAu (D.2)

with Au € R™ and a nonsingular transformation matrix U € R"*". Next, split Awu into
independent coordinates Au; € R"™ and dependent coordinates Aup € R™, such that

(D.3)

2

A’LLD

and, correspondingly, U = [U;, U p]. In this connection, we require that the m X m matrix

GU p is invertible. Making use of the above coordinate partitioning, (D.2) can be recast
in the form

Aq = U]A’U,[ + UDA’U,D (D4)
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Premultiplying the first row in (D.1) by U” yields
~T  ~
UINAq+UG A= -UJR, (D.5)
~T  ~
UNAq+ULG AX=-ULR, (D.6)
The second of the above equations gives rise to
AX = —(GUp) TUY R, + N'Ag] (D.7)
Substituting the last equation into (D.5) leads to
P'NAq=-P'R, (D.8)

where the n x (n —m) matrix
P = (In . UD(éUD)*lé) U, (D.9)

can be identified as a discrete null space matrix (cf. Betsch [10], Section 3.2.1). Note that,
by design, p spans the null space of the discrete constraint Jacobian G. Consequently;,
GP = 0. Now the generalized saddle point system (D.1) can be solved by applying two
successive steps. First solve

~T ~T
[P N ag- - [P R, 0.10)

g R,

for Ag € R". Then (D.7) can be used to determine AX € R™. Table D.1 contains
a summary of the solution procedure which is embedded into the active set strategy as
outlined in Section 5.1.

Alternative solution of the reduced system We next outline a further reformulation
of the system to be solved that retains the symmetry in case the underlying saddle point
system (D.1) is symmetric, e.g. for equilibrium problems. The size-reduced system (D.10)
may be solved alternatively by making use of the generalized coordinate partitioning (D.4)
again. To this end, the second row in (D.10) may be written as

gU[A’U,[ + QUDAuD = —R)\ (Dll)
so that
A’U,D = —(QUD)_l [R)\ + gU[AU[] (D12)

Now the first row in (D.10), in conjunction with (D.4) and (D.12), can be recast in the
form

P'NPAu; = —P'[R,—~ NUp(GUp) 'Ry] (D.13)

where

P:=(1,-Up(GUp) 'G)U; (D.14)
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Table D.1: Solution procedure for one representative time step

1. Subdivide the set of all possible contact constraints @(1) into the set of active constraints A and the set of inactive
constraints Zy,, such that @) = A, UT, and A, NZ, =0, and set k = 1 for initialization.
2. Find g, € R" and Ag ny1 = [Aa,ny1] for A€ Ay (Aa,ny1 =0 for A € Zy,), set the iteration index | = 1.

a) Given qg) and A

A1 na1 calculate the residual vector

1 1
RO — |:R¢I(q£zi»1(7l)>‘£z~>kl):|
RA (qn+1)

and check for convergence, i.e. check whether ||[R(|| < e, where € is a prescribed tolerance.
b) If convergence has not been attained, calculate the discrete null space matrix

~(l ~(1 —15
P( ) <[n U(l)(g( )IT(Z)) 1 g( )) lrgl)
and solve the algebraic system of linear equations

~(nT ~ T
P(l) NO Ao — P(l) R¢(1l>
R

Now, determine A via

(OO T T [RO 4 A0
a=-—(6"vp) Ul R +NOaqg)
¢) Update the unknowns according to
I+1 l
‘15L+1) = q;ll +Aq
+1) _ (@
Ani1 = Ak HAX

and repeat the procedure with new iteration counter [ 4 1 until convergence.
3. Update the sets A; and Zj according to

A1 ={A €W : Xg i1 +cPalg,, ) >0}
Tjp1 ={A € @M : Mg g1 +c®alg, 1) <0}

(for some ¢ > 0), and repeat the procedure with new iteration counter k + 1 until the sets remain unchanged.

The solution of (D.10) is given by
Aq = U[A’U,[ + UDA’U,D (D15)

where Auy € R"™™ can be obtained from (D.13) and Aup € R™ from (D.12). In essence,
the implementation of this approach is contained in [10, Table 3]. It is worth noting
that the staggered solution for Au; and Aup corresponds to the application of forward
substitution to the block lower triangular system

GU, GUp| [Aup R, .

Premultiplying equation (D.16) by

(D.17)
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yields

P'NP 0
0 0

+ (éU)TgU} [ﬁgg] = [13 TORq] — (GU)"R, (D.18)

It can be easily verified by a straightforward calculation, that (D.18) can be written in the
alternative form

{ﬁTUTNUH + (éU)TgU} [ﬁ;‘;] — I U'R, - (GU)'R, (D.19)

with _ _
=1, WU, W= _?gl—;g;j;_ (D.20)

and _ _
m:—1,-WGoU, W - _?é”U"g)X_’”’;_ (D.21)

We finally remark that the described procedure for solving the underlying saddle point
system (D.1) is closely related to previous works by Krause & Wohlmuth [50, Section 3.]
and Ainsworth [1] dealing with the solution of symmetric saddle point systems.

Application to the 2D NTS contact element. The application of the discrete null space
method to contact problems rests on the design of a viable discrete null space matrix (D.9).
To this end, the matrices U; and U p resulting from a suitable coordinate partitioning of
the form (D.3) have to be devised.

We first illustrate our approach with the NTS method dealt with in Betsch & Hesch [11,
Section 3.5]. Accordingly, consider a NTS contact element with the vector of relevant

nodal coordinates
Ts

q= Y (D.22)
Yo

Note that to each slave node xg, there is associated one constraint of impenetrability. We
now perform the decomposition

ACUS = TAUS,[ + VAU&D (D23)
where, on the master side, the unit tangent and normal vectors are defined by

T = (yz - yl)/Hy2 - yl”

D.24
v=—AT ( )

and A is given as

A= {_01 (ﬂ (D.25)
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According to (D.23), the displacement of the slave node ugp in normal direction has
been chosen as dependent coordinate. Now, for the NTS element under consideration, the
partitioning (D.4) can be written as

Aq = U;Au; +UpAip (D.26)
where
AUSJ
Aﬁ[ = Ayl s AﬂD = AU&D (DQ?)
Ay,
o T 0 O o v
u,=10 1, 0|, Up=|0 (D.28)
0O 0 I, 0

Since the constraint Jacobian pertaining to the NTS element is given by (cf. equation (71)
in Betsch & Hesch [11])

G=[" —NwT —NWT] (D.29)
we obtain

GUp=v-v=1 (D.30)

Accordingly, in the static case, equation (D.9) for the null space matrix (which is identical
to (D.14) in the case of equilibrium problems) can be evaluated in a straightforward way,
taking into account that, due to property (D.30), GU p coincides with the m x m identity
matrix. Thus (D.9) gives the null space matrix

P=I,-UpGU; (D.31)

where the n x m matrix Up follows from the assembly of the matrices U p pertaining to
the respective slave node. The n x (n —m) matrix U can be viewed as modification of the
identity matrix resulting from the contributions U; of the slave nodes, given by (D.28).
It is worth remarking that recently Munoz [45] proposed an alternative way to set up a
null space matrix for the NTS method based on a global parametrization of the master
surface in terms of cubic B-splines. Yet another related approach can be found in Chow
et al. [17].

For transient problems, in (D.9), G contains the contributions of the discrete constraint
gradient associated with each slave node, Vi ®5(q,,,q,,) (cf. equation (75) in Betsch &
Hesch [11]). In this case we choose

_ [F o0 0 B 7
U =101, 0|, Up=|0 (D.32)
0 0 I, 0

where
v=cg/lsll, T=AV, <=V P5(q,,q, 1) (D.33)
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Similar to the static case, property (D.30) holds again. Consequently, analogous to (D.31),
the discrete null space matrix assumes the form

P= <In - U,;@) U, (D.34)

where, as before, U; and U p are associated with the slave node contributions (D.32).

Mortar contact description Guided by our previous developments in the context of the
NTS method, we choose the nodes on the non-mortar side to perform a decomposition
similar to (D.23). Accordingly, consider the position vector q(A1 on the non-mortar side

(i.e. A€ @W) and perform the split

Aqg) = T(Al)Aufi)I + I/S)AUS?D (D.35)
where B
va=sa/lsal, Ta=Ava, 4=V d4(q,,q,.1) (D.36)

Taking into account the structure of the system configuration vector (2.2), the above
decomposition gives rise to

] [ 17240 [o
AgV| = ) Ay + [P Aul, (D.37)
[Aq®] | Lo, ) [8q®] [ O]

~~ S——

U]’A UD,A

The assembly of the column matrices Up 4 yields the n X m matrix Up. Note that, by
design, the diagonal elements of the m X m matrix éUD are equal to one. However,
in contrast to the NT'S method treated above, GUp does not coincide with the identity
matrix anymore. Due to the structure of the mortar contact constraints, GU p has at most
three non-zero elements per row. With regard to (D.9), the discrete null space matrix is
given by

pP= (In . UD(éUD)—lé) U, (D.38)

where U7 is a n X (n —m) matrix which results from the n x n identity matrix by replacing

the 2 x 2 block identity matrices on the diagonal with column vectors T(Al) (cf. equation

(D.37)).
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