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Abstract

The usefulness of Gabor frames depends on the easy computability of a suitable dual window. This question is addressed under
several aspects: several versions of Schulz’s iterative algorithm for the approximation of the canonical dual window are analyzed
for their numerical stability. For Gabor frames with totally positive windows or with exponential B-splines a direct algorithm
yields a family of exact dual windows with compact support. It is shown that these dual windows converge exponentially fast to
the canonical dual window.

INTRODUCTION

The discrete Gabor transform is a useful tool for the analysis and synthesis of nonstationary signals. It is based on the
representation of the energy distribution of a signal in the time-frequency plane. Its applications range over the decomposition
of musical and acoustical signals [1], [2], wireless communication [3], [4] and to the analysis of EEG signals [5], [6]. For a
given window function g € L?(R) and lattice parameters «, 3 > 0, the system of all corresponding time-frequency shifts

g(gvavﬁ) = {Mlﬂ Tkozg - GQ‘MJH' g( - ka) | kvl S Z}
is called a Gabor system for L?(R). It is called a Gabor frame for L?(R), if there exist constants A, B > 0, such that

AFIZ < D7 [ MigTrag)® < B|IfIP,  Vf € L*(R). (1)

kl€Z

The constants A, B are called lower and upper frame bounds of G(g, «, 8). If G(g, «, §) fulfills only the right hand inequality,
it is called a Bessel sequence and B a Bessel bound. It is known that the frame inequality (1) implies the existence of a dual
Gabor frame G(7, «, 3) with dual window v € L?(R), such that every f € L?(R) can be represented as

F="Y"{f MigTrag) MigThar. 2)
k,IEZ

For a given Gabor system, the Gabor transform of a signal f is defined as the analysis operator
Cy: L*(R) — (*(2?),
Cof = ({fs MigTka9))k iz

The coefficient (f, M;sTkg) represents the energy distribution of f near the point (k«, ) in the time-frequency plane. It
may also be interpreted as the amplitude of the frequency [/ at time kq, insofar as such an interpretation is compatible with
the uncertainty principle. The associated synthesis operator for the reconstructions (2) is the adjoint operator Cy, and the frame
operator S, : L*(R) — L?(R) is defined by

Sof =CyCof = Z (f, MigTkag) MigTiag.
k€L

In general, there exist many dual windows suitable for the reconstruction (2). The standard choice is the canonical dual
window 7° = S Lg. For a characterization of all dual windows see [7], [8]. Since the applicability and usefulness of Gabor
frames depends heavily on the knowledge and computability of a dual window, the numerical construction of dual windows
has motivated numerous studies. As representative contributions we mention [9], [10] and the large time-frequency analysis
toolbox (LTFAT) [11].

Our contribution to the analysis of dual Gabor windows is twofold. On a general level, we study numerically stable methods
for the computation of the canonical dual window 7° = S 1g. On a specific level, we study the efficient construction and
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the behavior of a sequence of dual windows for Gabor frames with totally positive window functions and with exponential
B-splines.

We first present two stable implementations of a conventional iterative algorithm to approximate «°. The algorithm was
originally proposed by Schulz [12] for matrix inversion. It is based on the Neumann series for the inverse frame operator
and converges quadratically, see Algorithm 2. We provide a detailed analysis of the numerical error and show that our two
implementations (the operator version and the first vector version) are stable. By contrast, the implementation proposed by
Janssen (see [13] and [14]) is often unstable because the numerical error roughly doubles in each step. Therefore the first
two implementations are much preferable. As two illustrative examples, we use the window functions MONSTER defined in
[9] and a Gaussian window g, in order to compare all three implementations. The numerical results agree precisely with the
predicted behavior of the numerical error.

We then describe recent results on special Gabor systems whose window function is a totally positive (TP) function of finite
type or an exponential B-spline (EB-spline). TP functions are remarkable because so far they are the only window functions
for which a complete characterization of all lattice parameters such that G(g, «, 8) is a frame is known. More precisely, the
Gabor system G(g, «, 3), with a TP function g of finite type N > 2 is a frame if and only if o < 1 [15]. Subsequently,
similar arguments in [16] showed that the Gabor system G(Bx, «, 8) of an EB-spline constitutes a frame for o = 1, 8 < 1,
and some other lattice parameters, too. The proofs also provide a constructive method for the computation of infinitely many
dual windows 7, with compact support, which we summarize in Algorithm 5 for TP functions of finite type and Algorithm 7
for EB-splines.

This construction offers several new and useful aspects that are special for TP windows and not shared by general window
functions.

(i) Algorithms 5 and 7 provide a family of dual windows ~;, both in finite and infinite dimensional models, namely for
continuous signals in L?(IR), for discrete signals in £?(Z), and for periodic discrete signals in CV. Currently available toolboxes,
such as LTFAT [11], work only for finite-dimensional signals.

(ii) The dual windows ~y;, possess compact support of size O(L), whereas the canonical dual v° is known to have infinite
support.

(ii1) The dual windows -, are exact and satisfy (2). This is in contrast to the standard iterative methods for the approximation
of the canonical dual (see e.g. Algorithm 2), which generate only approximations of a dual window.

As our main mathematical result we prove that the dual windows ~, are good approximations of the canonical dual window
7° = 8, 'g and we show that they converge exponentially fast to the canonical dual window, i.e., |y —7°[l2 = O(e*F).
Therefore, by specifying the parameter L, Algorithms 5 and 7 provide a dual window - with compact support and which
approximates the canonical dual at a desired rate.

The proof uses some ideas of the non-symmetric finite section method, but also requires a new technique related to the
formulation of the Moore-Penrose pseudo-inverse of infinite matrices in terms of orthogonal projections.

As our main numerical contribution, we study and implement the case of discrete Gabor frames. We present some fast and
stable algorithms to evaluate and discretize TP functions and EB-splines and their dual windows computed by the Algorithms 5
and 7. These algorithms are proposed as extensions to the Large Time Frequency Analysis Toolbox described in [11].

The paper is organized as follows: In section I we study the numerical stability of a fast iterative algorithm for the
approximation of the canonical dual window. In section I we summarize the algorithms for the construction of dual windows of
TP functions and EB splines. In section III we formulate and discuss the main theorems about the convergence of the compactly
supported dual windows 7, to the canonical dual window v°. Section IV explains some details about the implementation of
Gabor frames with TP functions and EB splines. The appendix contains the technical details of the proofs of the main results.

I. SOME ITERATIVE ALGORITHMS FOR APPROXIMATING THE CANONICAL DUAL

In this section we describe two iterative algorithms for approximating the canonical dual of an arbitrary frame F = {f;}jer
for a Hilbert space . The central part of such algorithms is the approximation of the inverse of the corresponding frame
operator

S]:ZH%H, S]-"h:z<hafj>f3
jerI
We discuss the convergence and the numerical stability of various implementations. Finally we present some numerical tests.
The following approximation schemes are proposed in the literature.

Algorithm 1 (Frame algorithm). Choose 0 < \ < 2/B, with B the upper frame bound of F. Then q := || — A\ SFz|| < 1 and

SFt =AY (I-ASF)".

n=0



The partial sums of this Neumann series can be computed iteratively by

Ko =\,
K1 =M+ (I —AS¥) Ky, ke N. 3)

The convergence rate is of order ||S7' — Ky|| = O(q*). The k 'th approximation of the canonical dual frame F° = {S7" f;}jer
is given by {Kj, fj}jer.

This algorithm is very robust, but slow if ¢ is close to one. This algorithm can be accelerated [17] with conjugate gradient
techniques and with a convergence rate (\/‘/%;\/‘/%)k after k iterations regardless of whether the frame bounds A, B are known
or not.

An even faster method goes back to Schulz [12] and Hotelling [18].

Algorithm 2 (Schulz iteration). Choose 0 < \ < 2/B. The version of Schulz iteration with “initial scaling” [14, Algorithm IV]
is

Jo = A,
Jei1 =2Jp — Jp S Jk, k€ Np. 4)

This iteration implies the identity J, = Kor_q and is therefore connected to the frame algorithm. The Schulz algorithm

converges quadratically, i.e.
2k+1

157" = Jepall < ISFIISF = Jel? = 0@ ). Q)

This algorithm was first described by Schulz [12] who used this method for matrix inversion.
Proof: The claims in Algorithm 2 are proved by induction. Since Schulz’s algorithm is not as known as other iterative
algorithms, we sketch the main steps. We first show that

I—SrJy=1—JSr=(I—A\Sr)2". (6)
Assuming that (6) is correct for k € Ny, we obtain
I —Srdys1=1—Sr(2J; — JuSrJi)
= (1= S5Ji)? = (U - ASJT)Q’“)2 :

as claimed. Using (6), we show again by induction that J, = Kor_1 = A Z?igl(l — ASF):

ok+1_1

A DY (I—ASpy
j=0

2k_1 2k 1

=AY (I =ASEY + (T =ASF)2 A D (I - ASz)
=0 =0

=Jr+ (I — JkS]:)Jk = Jpt1-

The quadratic convergence rate now follows from the convergence properties of the Neumann series. [ ]

We discuss the implementation of Algorithm 2 in the case of a Gabor frame G(g, «, 5). Recall that the canonical dual frame
is determined by the dual window 7° = S 1g. We compare three different implementations of the Schulz iteration and provide
some heuristics for their numerical stability.

(i) Operator form: The numerical computation of the Schulz iteration as stated in Algorithm 2 provides operators Jj, = Jj, + E,
where E}, denotes the accumulated forward error. Let Yy denote the new roundoff error in the k + 1’st iteration, then the
operator after k£ + 1 iterations of (4) is

jk+1 = 2jk — jk Sy jk + Yit1
=Jir1 + Ex (I =Sy Ji) + (I — T Sy) Ex + Yir1 + O(|| Ex||?).
Since I — 8y J, = I — Ji. Sy = (I — AS,)%", we have
~ k
1Bkl = k1 = Jegall <26 (1Bl + Y|l + O Ell).

This estimate shows that the error accumulated in the first & iterations is damped and only a new round-off error is added.
Hence this iteration is numerically stable.



(i) Vector form: We compute approximations of the dual window ~° directly by setting v, := Ji g with the following
algorithm:

Yo =Ag
Vet1 = 27k — C:k Cg Y&, k€ Np. (7

Proof: We use the fact that Sr and thus all J; commute with the time-frequency shifts M;gT},. This commutation rule
implies the identity

=3 ¢k MigTiag = JiCye
JAEZ
for all ¢ € ¢?(Z?*). Consequently
Vet+1 = k19 = 2Jrg — JkSgJrg

|
The numerical computation yields 4, = i + ek, where ej, denotes the accumulated forward error. Let y;1 denote the new
roundoff error, then in the k& + 1’th step of the iteration (7) we have

Yrt1 =29k — C5, Cq Y + Y1
= Yrt1 + (ex — C%, Cgen) + (ex — Ck Cgk) + yrs1 + Olexl3) -
The aforementioned estimates give
* k
I(1 = €3, Co)exlla = 11 — Ju S exllz < a* lexlla-
Moreover the Janssen representation (see [8, p.131]) gives
. 1
Co.Comi = of > lews Mo Tiys 9)M; o Tiyp i
JIEZ
The last expression, when 7, is replaced by 7°, is the orthogonal projection IIy, e, of ej, onto V; := span(G(g,1/53,1/c))
and therefore
ek — €2, Cg°ll2 < llexl|2
and
* * o * o k
lex = €2, Covellz < llex — C&, Con°lla + 1G5, Co (70 = )12 < llexll2 + O(¢™) -

Since ||v° — Y&l = O(qQk) by (5), the new numerical error is

k k
lersall2 < (1 +¢*)llexllz + lyrsalla + Olexll3 +¢*) -

In contrast to the operator version, | ex||2 enters linearly with coefficient ~ 1. Thus the numerical stability is plausible and is
also confirmed by our numerical results in Example 3.

(iil) Janssen'’s alternative vector version: Janssen [14, Algorithm IV] proposes the approximations

Yo = )‘ga

Ye+1 =27 — CJ, Cqy 9, Kk € No. ®)
However, in their numerical tests of (8) Janssen and Sendergaard [9] observed some numerical instability. With notations as
in (ii), the numerical error in step k + 1 is

Cht1 = Vht1 — Vh+1
=2e —C}, Ce, 9= C2, Cyp g+ ynsr + O([lex]f3).

We show that the error may grow by at least a factor of 2 in each step. Note that V, in (ii) is a proper subset of L*(R), if

af < 1. Hence [|({ —1Ily,) e1]|2 = €, where ¢ denotes the machine accuracy. The Janssen representation implies, that >, Ce, g
and C?,_C,, g are in V. Therefore,

(I —1ly,) ep1 = 2(1 —Iy,) ex + (I — v, ) yrs1 + O([|exll3)

This shows, that the error components in Vgl can double in each step. In Example 3 we demonstrate that this numerical
instability may indeed occur.



MONSTER canonical dual of MONSTER
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Fig. 1: MONSTER function and its canonical dual for o = 20 and 8 = 1/50, computed by a routine of LTFAT [11].
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Fig. 2: Error ||Cyo —Cs, || of the three implementations of Algorithm 2 for 20 iteration steps to approximate the canonical dual
window of MONSTER for « = 20 and /5 = 1/50.

Example 3. As it was described in (iii) the implementation (8) by Janssen can have some stability problems and should be
applied carefully. We use the function MONSTER (see Figure 1) in [9] and o = 20, 8 = 1/50 for our numerical tests of all
three implementations of the Schulz iteration. As we can see in Figure 2, the operator version is stable, the vector version of
(i1) is also useful, while the error of the implementation in (iii) explodes. The same conclusions hold for the window function
g(x) = e=™*/600 with o = 20, 8 = 1/50, as is shown in Figure 3.

o Operator o Vector stable o Vector unstable
10 10 10
107° 107 107
107° 107" 107"
107 107 107
0 10 20 0 10 20 0 10 20

Fig. 3: ||Cyo — Cs, || of the three implementations of Algorithm 2 for 20 iteration steps to approximate the canonical dual
window of the Gaussian g(z) = e~ ™" /6%0 for o =20 and 3 = 1/50.



II. GABOR FRAMES OF TOTALLY POSITIVE FUNCTIONS AND EXPONENTIAL B-SPLINES

We now consider totally positive functions of finite type and exponential B-splines as window functions. The TP functions
attracted much interest recently, as they provide new examples of window functions for which the necessary density condition
aff < 1 of the lattice parameters is also sufficient [15]. For detailed information on total positivity of functions and matrices
see [19], for a detailed introduction to exponential B-splines see [20] and [21].

Definition 4. [22], [23] An integrable function g : R — R is called totally positive (TP), if its Fourier transform factors as

g(w) = /OO g(t)e " dt

—o0
5 omis oo 627ri6,,w

— e~ g 2midw e 9

1/1;[1 14 2mid,w’ ©)

where C, 7, 9, , are real parameters with

C>0, >0, 0<n+) 0 <co.
v=1
Note that in Schoenberg’s terminology there also exist TP functions that are not integrable. Therefore the given definition

does not include the most general case of TP functions. Here we only consider TP functions ga of finite type N € N, with

n:O,A:((sla“-a(SN) and
N

ga(w) = [T +2mid,w)~". (10)

v=1
For N =1 and A = (§) we have the one-sided exponential

1 s,
gs(x) = me g “X(0,00)(0x) for xR\ {0},

with support [0, 00) for positive § and (—oo, 0] for negative d, and for N > 1 and A = (d1,...,0n), ga is the N-fold
convolution
gA =G5, ¥ * Gy -

Especially, if 6, = # 0 for all 1 <v < N, then
|N-1 .

_ BT
SNV (N = 1)! ¢ X(0,00) ().

The functions ga are nonnegative, have infinite support, and exponential decay, precisely, if 7 = (max{2w|d,| | v =
1,...,N})~! and € > 0, then there is a constant ¢ = c(e) such that

ga(z)

0 <ga(x) <ce T, (11)

Moreover, if 61 # o and we specify g5(0) = 1/|24], the recurrence relation

holds. For later use, we denote by m (resp. n) the number of positive (resp. negative) parameters 0,,.

The main result in [15] shows that the Gabor system G(g, «, 8) of a TP function of finite type m-+mn > 2 constitutes a Gabor
frame if and only if a8 < 1. The proof provides an algorithm for the computation of a dual window ~ with compact support.
This method was adapted in [24], [25] in order to supply infinitely many dual windows ~yz. The computation of vy (x + ja),
with j € Z, is performed by computing a single row of a left-inverse of the biinfinite pre-Gramian matrix

Py(z) = <§ <x+ aj — %))

The structure of the left-inverse of P, (z) heavily depends on the property that g is totally positive. We include the algorithm
for the reader’s convenience.

(12)

jkez

Algorithm 5. [24] Input parameters are the parameter vector A = (61,02, ...,0n) of the window g, the lattice parameters
a, B> 0 with aff < 1, a parameter L € Ny controlling the support size of the dual window 1, and a point x € [0, ).

Output parameters are integers i1(L),i2(L) and the vector of values vr.(x + «aj), i1(L) < j <'ia(L), in the support of vr,,
such that vr, : R — R defines a dual window of g.

1) Setr:= {ﬁJ ki =—(r+1)m and ko = (r + 1)n.



2) Set k1(L) :== k1 — L and k(L) :=ka + L,
. ki—L+m-1 =z
i1(L) := \‘1T - EJ +1,
. ko+L—-—n+1 =«
’LZ(L) = ’VTE-‘

3) Set PL(x) := (pj.k)ir (L)<j<ia(L), ki (L)<k<ks(L) Where
Dik =g <ac + aj — E)
5,k 6 .

4) Compute the pseudoinverse
Pr(2)" = (qr.j)k (ki (L), n(1)<i<in(w)

of Pr(x).

5) Take the row with index k = 0 of Pr(x)t. Its coefficients define the values of the dual window v, at the points
{z+ajlin(L) <j<ixD)}, ie

(e + ) = {ﬂq‘“ b= gs b, (13)
0 ,if j <i1(L) or j > is(L).
In particular, the support of the dual window ~;, is contained in the interval [«i1(L), a(ia(L) + 1)] of length of the order
B~ (kg — ki + 2L). Thus the parameter L labels the size of the support.
A related class of window functions is the class of exponential B-splines. These functions are positive and have compact
support, a property which is desirable in some applications.

Definition 6. For A = ()\1,...,A\y) € RY the exponential B-spline (EB-spline) B, with knots 0,1,..., N is given by its
Fourier transform

By(w) =[] =——. (14)

In [16], it was shown that the Gabor system G(By, «, 3) of every EB-spline constitutes a frame for « = 1, § < 1 (and also
some other lattice parameters). Similar to the case of TP functions, the following algorithm provides dual windows ~y;, of the

Gabor frame G(Ba, «, 3).

Algorithm 7. [16] Input parameters are the parameter vector A € RN of the window By, the lattice parameters ., 3 > 0,
a parameter L € Nq controlling the support size of the dual window v, and a pomt T e [ 2_" N;“" .
Output parameters are integers i1(L),i2(L) and the vector of values ~vr,(x + «j), i1(L) < j <'ia(L), in the support of 1,

such that vr, : R — R defines a dual window of Bj.
1) Set ka(L) = Hfj;m Y1+ L and ki(L) = —ka(L).
2) Set i1(L) < k1(L) and i2(L) > ko(L), such that

E
L

I
e

BA(x—i—(i() 1)a — &L )7&0,

Ba (x—|—zl(L)a Z 1) =0,

Ba <x+(i( )+ 1)a — ?“);&o,
) L)+1)

B (:1: +i9(L)a —

3) Set Pp(z) := (Pjk)iy(L)<j<is(L), ka(L)<k<ka (L) Where
k

Dk = Ba <x+ajﬁ).

4) Compute the pseudoinverse
PL(2)" = (Gh )iy (1) <hha L), 2 (D)<i<in (L)

of Pr(x).

5) Take the row with index k = 0 of Pp(x)t. Its coefficients define the values of the dual window v, at the points
{z+aj|in(L) <j<is(L)} ie

N ) Baoy L ifi(L) <j <ia(L),
o (z + aj) = {0 5 <ir(L) or > ia(L). (15)



We would like to emphasize the following point: (i) These algorithms determine the precise values of a dual window ~
with compact support in L?(R) and not just a discrete approximation in a finite-dimensional vector space, as is done in most
existing algorithms in [10], [11].

(ii) Although the problem of finding a dual window is by nature infinite-dimensional in L?(R), the computation of ~;, on
a grid §77Z requires only the pseudo-inversion of M finite-dimensional matrices.

III. APPROXIMATION OF THE CANONICAL DUAL OF TP FUNCTIONS AND EB-SPLINES

We fix the parameters a, 8 > 0 of the Gabor frame and let g be either a TP function of finite type with parameter set A
or an EB-spline with parameter set A. The pre-Gramian matrix (12) plays a central role in the characterization of the frame
bounds A, B of the Gabor system G(g, «, 3), and in finding dual windows ~.

In this section we address the question how the sequence of dual windows v of Algorithms 5 and 7 are related to
the canonical dual window v°. Our main goal is to prove that the compactly supported dual windows v, computed by the
Algorithms 5 and 7 from [24] and [16] approximate the canonical dual window v° at a rate

vz =%l < ée™PF,

where L determines the support of v, and p > 0.
As a first step we show that the norm of ~;, remains bounded as L tends to co.

Theorem 8. Let g be a TP function of finite type as defined by (10). Then there exist constants A, B > 0 independent of
L € Ng such that

Allefls < [|PL(z)ell2 < Bllells (16)

for all ¢ € CFL) =D)L gud o € [0, a), where Py () is the finite section of the corresponding biinfinite pre-Gramian matrix
Py(x) as described in Algorithm 5. Consequently, ||vr|l, < aB A, for all L € N.

The precise proof will be given in the appendix. The proof idea goes as follows: The upper bound B is easily obtained
from Schur’s test based on the exponential decay of g in (11). For the lower bound A, we choose 2L + 1 submatrices R, of
Pp(z), with ks — k1 + 1 columns each, and build a left-inverse Q,(z) of P (x) by the selection of specific rows of R;. The
result in [15, Theorem 9] shows that all matrices R@ are bounded uniformly in x. Their upper bound C' will provide the upper
bound A~ =C ’”’Tkﬁl“ for all matrices QQ,(x) uniformly in « and L. Hence A is a suitable constant for the lower bound
of PL ([IJ)

To prove the rate of approximation of the dual windows ~yr,, we recall that the canonical dual window 7° = S 1g can be
expressed by the Moore-Penrose pseudoinverse of Py (x), namely

v(z + aj) = B (Py(z)1)o,, (17)

for all j € Z and all € [0,«). This is a direct consequence of the Wexler-Raz criterion for the dual windows of g [8,
Theorem 7.3.1], and the minimal L?-norm of the canonical dual among all duals of g [26]. We will therefore show that
the zeroth row of Py (x)" approximates the zeroth row of P,(x)" at an exponential rate. For this we need a new result on
non-symmetric finite sections of biinfinite matrices. The following theorem is not covered by the results in [27] and may be
of independent interest. To fix the notation, for n = (ny,n2) € N and b € (%(Z), we let P,, with

Prb=1(..,0,b_pn, b_pni1s s bny—1,bny,0,...)7

be the orthogonal projection onto the n; + ny + 1-dimensional subspace Py, (2(Z) = C™*72+1 For a biinfinite matrix
U = (ujk)jrez and r,m € N2, P,. U P,, is a non-symmetric finite section of U. We will write (P, U P,,)~! for the inverse
of the symmetric finite section P, U Py, on the finite-dimensional subspace P,, £*(Z) (with the understanding that it cannot
be invertible on (%(Z)).

Theorem 9. Let (X(k))kez be a strictly increasing sequence of integers and U = (u; 1) ez be a biinfinite matrix such that
(a) U*U is invertible, and (b) there exist constants c,a > 0 such that

lujn] < ceI=XB - forall j ke 7. (18)
Let I C N? and assume that for every m € I a finite section Uy, := Pr(n) U Pr is given such that

Allelly < [Unell, forall € 2(Z) (19)
for some constant A > 0 independent of n. Then there are constants ¢,a > 0, such that for all n € I

U (U*U) " eg — Up (U Up) Feglla < Ee™M0, (20)



where ng := min{ny,na,r(n),r2(n)}.

The proof is deferred to the appendix.

Note that the row vector (U(U*U) Y)eg)” = el (U*U)~'U* = e} Ut is precisely the zeroth row of the Moore-Penrose
pseudoinverse of U as it arises in the computation (17) of the dual windows v, and v°. We also note that the decay condition (18)
models the decay of the entries off a “ridge” x(k) rather than off-diagonal decay (in which case x(k) = k). The above
definition reflects exactly the behavior of the pre-Gramian matrix P, () of a window with exponential decay, since | Py(x) x| =
lg(x 4+ aj — k/B)| < Ce=eli=k/(@A)l "in which case x(k) = |k/(afB)]. Decay conditions of this type occur in wavelet
theory [28] and in the theory of Fourier integral operators [29].

We can now prove the main result of our paper, namely that the numerically computable dual windows ~; converge
exponentially fast to the canonical dual window v°.

Theorem 10. The dual windows v, L € N, in Algorithm 5 approximate the canonical dual window ~° of g at an exponential
rate
e =%l < ce™?% @1

Proof: We set n(L) = (|k1|+L, ke+L) and (L) = (|i1(L)|, i2(L)) as in Algorithm 5. The matrices Pr,(z) in Algorithm 5
are exactly the non-symmetric finite sections Pr(x) = Py()Py(2)Pn(r) of the pre-Gramian Py (z). Then Theorem 8 implies
that the finite sections Pz, () of the pre-Gramian P,(x) are left-invertible (on the appropriate finite-dimensional subspaces)
with constants independent of L. Therefore the decay conditions and the uniform bounds in the assumptions of Theorem 9 are
fulfilled. Thus for fixed = we obtain that

led Py ()t — X Pp(x)t]|a < Gem@mo(L)

Finally the approximation of the dual windows 7 and +° follows from
[e )
e =27 = [ a2 @) do

— [ Shuletai) <"+ ajP da
0 jez
=7 [l Pue)! — Py (o) o
0
< 05(56)2672&”0(11) )
Since no(L) := min{n (L), na(L),r1(L),r2(L)} = min{|k1| + L, ks + L, |i1(L)|,i2(L)} = L+ C for some integer constant
depending on the window only, the rate of approximation in (21) follows. [ ]

Remark 11. (i) Theorem 9 is not contained in the results on the non-symmetric finite section method in [27]. The selection of
rows by r(n) in our assumption (19) meets only the condition in [27, Lemma 5.2], which reads as

Sup“ (U'r*z Un)_l H€2—>£2 < 00
nel

in our notation. However, the condition in [27, Lemma 5.1] is not matched and can only be satisfied by considerably increasing
the number of rows of U,,. The approximations of the canonical dual v° based on the non-symmetric finite section method in
[27] do not provide dual windows, in contrast to our approximations yz,.

(ii)) With an analogous proof, we obtain that the dual windows 77, in Algorithm 7 approximate the canonical dual of the
EB-spline B, at an exponential rate.

IV. DISCRETIZATION AND IMPLEMENTATION

For the numerical use of TP functions and EB-splines in signal analysis it is often necessary to discretize these windows.
We define the sampling operator S5 for a given sampling rate 6 > 0 by

Ssg = ﬁ(g(ék))kez
and the periodization operator Px with period K > 0 by
Pig(z) =Y gle+Kk), ze[0,K).
kEZ
For discrete signals ¢ € (1(Z) we let

Pr c:= (Z Cj+Kk> S CK.

keZ j=0,...,K—1



Furthermore we consider the dilation operator
Dhng(x) :==Vhg(hz), h>0,
which preserves the L2-norm. The exponential decay (11) of TP functions or the compact support of EB-splines imply that Ss ¢

is in (1(Z) C ¢*(Z) and Pxg € L?([0, K)). The combination of both operators yields finite discrete signals Px Ssg € CK.
For a,b, M, N, K € N and Mb = Na = K, the discrete Gabor system is defined as

il k=0,...,N—1and
Q(PKS(;g,a,ﬁ):{e2 M’ P S5 g(- — ka) 1=0.... M_1an }

The following result is well known and holds for an extremely general class of window functions. All TP functions of finite
type and all EB splines together with the duals of Algorithms 5 and 7 satisfy this mild condition.

Proposition 12. Let o, 3 > 0 and off = {5 = % and Mb = Na = K with a,b, M,N,K € N. Let g,y € L*(R) such that
(9(x + ja))jez and (y(z + ja))jez are absolutely summable for all x € [0, &), and

> @+ jayg(e + ja — k/B) = Boo

JEL
Jor all x € [0,«) and k € Z. Then G(Pk Su/q 9, %) is a Gabor frame for CX and G(Px Sasas @ %) is a dual Gabor
frame.

This statement is proved under slightly different assumptions in [30]. The assumptions in Proposition 12 lead directly to
the verification of the Wexler-Raz criterion in [30, Theorem A.3] for dual Gabor frames of CX. The details of the proof are
omitted here.

Remark 13. Since SsDj, = Ssp, it is helpful to dilate the function g by the sampling rate. Subsequently we can work with a
sampling rate 0 = 1 and consider Py 519 =: PxSg of some scaled TP function or EB-spline g := D, /,9. In many practical
situations a/a is proportional to v/K. Thereby the time-frequency localization of the window is independent of K.

In the remaining part of this section we describe implementations of discretized TP functions and EB-splines as well as
the duals from Algorithms 5 and 7 in Section II. For this purpose, we use some knowledge about the Zak transform of these
functions. For a parameter o > 0 and a function f € L?(IR) with absolutely summable (f(x + aj))jez for z € R, the Zak
transform is defined by

afl'w fo+aj —271'1]044;.;
JEZ
The Zak transform is a-quasiperiodic in  and 1/a-periodic in w [31]. For a given periodization parameter X € N we obtain
the discrete version of a scaled TP function or EB-spline g by

PiSj(k) = Zkg(k,0), k=0,...,.K—1. (22)

A. EB-splines

Since EB-splines have compact support, their Zak transform is a finite sum and only requires finitely many point evaluations
of these functions.

Case 1: The EB-spline B, . with a single weight A € R of multiplicity m € N can be factorized into an exponential and
the cardinal polynomial B-spline V,,, of order m

By..x= e’\(')X[O,l) Kok e/\(')X[o,l)
= e)\(.) (X[O,l) L N 3 X[O,l)) = eA(V) Nm

Hence it can be evaluated by the well-known algorithm by Cox and deBoor (see [32]), which is part of the standard signal
processing toolboxes.

Case 2: For EB-splines with pairwise distinct weights A\ < --- < \,, and m > 2 Christensen and Massopust [33] give the
closed form

By @+k—1) =Y ol 2 e0,1), 1<k <m,
7j=1

with coefficients

1 1
H()‘mi)‘r)i 5 k:]-a
r=1,
r#J
(k) o Z )‘J1+ +)‘Jk 1
7 - 1<j1 < <jp_1<m,

1t ik —17#d

(1)1 :ﬁl Oom—Ar)

r#j

k=2,....m.




Case 3: For EB-splines with several distinct weights with multiplicities, we use the following four-term recurrence relation,
which was stated in [34] and [35].

Theorem 14. [34], [35] Let A\1,...,Any € R, \y # Ay and
By,,..pn = 6/\1(')X[0¢1) * eAz(')X[o,l) kLK 6)""('))([0,1)
the associated EB-spline. Then the following recursion holds

B)\lv--»/\N—l(m) B BA27"'7)\N(x) + e/\lB/\z,m)\N (:C - 1) - 6)\NB>\1,M,>\N71(:E B 1)
Al — AN Al — AN '
By iteration of this recurrence it is possible to reduce any given EB-spline into either several lower order EB-splines

with pairwise distinct weights of multiplicity one or only one weight of higher multiplicity. These can be treated as in the
aforementioned cases.

B)\l,m,)\N (1’) -

B. TP functions

In the case of TP functions, we present two different implementations of the computation of Px.Sg in (22). For both we
use that TP functions are invariant under dilation.

Lemma 15. Let g be a TP function of finite type N € N with weights (6,)Y_, and h > 0 a scaling parameter. Then
gn = VhDyg
is the TP function of finite type in (10) with weights (%”),],V:l.
The first implementation uses the identity in [24, Remark 2]
Zrgn(z,w) =[5, 5= | 1e0] Vo el0,K),
where the right-hand side is the divided difference of 7, ,, with

efha:y

N
_ N-1 -1
rmg,u(y) = (_1) h (H 5u ) 1 — ¢—K(hy+2miw)
v=1

in the knots 5;1, . ,(5&1.
The second implementation uses the connection of TP functions to EB-splines. In [16, Theorem 3.4] it is shown that the
Zak transform of a TP function can be expressed in terms of the Zak transform of an associated EB-spline.

Theorem 16. [16] Let g be a TP function of finite type with weights 01,...,0n € R. With )\, := —Ig—uh, v=1,...,N, we
have
A
KZth(fE,O) = H 6)"’7—1 ZlB)q,...)\N(%?O)a S [07 1)

v=1

Consequently Pg.Sg can be computed by the Zak transform of the corresponding EB-spline as described in IV-A.

C. Dual windows

For TP functions g and lattice parameters o, 5 > 0 with a8 < 1, Algorithm 5 in Section II allows us to compute samples
S, /NYL, N € N, of a dual window .. Likewise, Algorithm 7 provides the sampled dual windows of EB-splines By . Therefore,
for a given periodization parameter K € N and the time-shift parameter a € N, we compute

PKSa/aPyL(k):Z(Sa/alyL)(k—i_jK)v kZOa-"uK_l-
JEL
This sum is finite because of the compact support of ~y..

Example 17. We use Algorithm 5 for the computation of the dual Gabor window v, of the asymmetric TP function g with
parameters 6 = [—1,1,1/3,1/5] and lattice parameters o« = 2/3, § = 1. The discretization parameters K = 900, a = 20,
b = 1/30, are chosen according to the standard dilation a/ar = /K in Remark 13. Figure 4 shows the discrete TP function
P Sa/qg and its dual window P S, /71 for L = 20. The difference || P S, /q (72 —7°)l|2 to the discrete canonical dual is
7 - 108 measured in the ¢5-norm of C999,

Sometimes the frame bounds in the discrete case may be better than in the continuous case. Therefore the discrete TP
functions or EB-splines may even provide Riesz bases at the critical density, as is explained in the following recent result.



TP function g dual window v,,,

Fig. 4: Discrete TP function and its dual vo¢ for a = 20 and M = 30.

Proposition 18. [24],[36] Let g be a continuous TP function as in (9), including the infinite type with n = 0. Assume
a=M €N andlet 3=1/M and K € N such that K/M € N. If K/M is odd, then G(Px Sg,«a, ) is a basis of CX.

In addition, assume that g is even, which means that {6, | 0, > 0} = {—9, | 6, < 0}. If M is odd, then G(Px Sy, a, [3) is
a basis of CK.

Remark 19. In the critical case a5 = 1 the computation of the dual window ~ cannot be performed by the aforementioned
discretization procedure, as the Gabor system G(g,a, 3) is not a frame in L?(R). In this case, the usual method using the
discrete Fourier transform and the discrete Zak transform of Px Sg should be applied for the computation of the discrete dual
window [37].
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APPENDIX

In the appendix we provide the technical details of the proofs of the main theorems. The proof of Theorem 8 depends
heavily on [15, Theorem 9].

Proof of Theorem 8: The pre-Gramian is bounded on ¢?(Z) as a consequence of the exponential decay of g and Schur’s
test. Therefore the finite sections Pr(z) = Pp(n) Py(x) Pn are uniformly bounded.

To prove the existence of a lower bound A, we construct a left inverse of Py, (x) by adapting the proof of [15, Theorem 9].
By step 2 of Algorithm 5 Pr () has columns indexed by k, k1 — L < k < ko + L and rows indexed by j,41(L) < j < is(L),
thus every left-inverse Q1 (x) has columns indexed by i1 (L) < j < iy(L) and rows indexed by k1 — L < k < ko + L. We
will construct these rows one by one in three steps.

Step 1. For every index —L < ¢ < L, we choose the following submatrix R, of Py (x). Given = and ¢ € Z, we choose
ye € [0, ) and j; € Z, such that

. 14
Yo =T+ Jeox — —.
B

Then we define the matrix R, = Py(ye) by using the same definitions as in step 3 of Algorithm 5 with L = 0; i.e., we let

. ki+m—1
Zg(m:{#_%hl,

af «
Y N k‘g—n"f'l_% _
i5(0) = {7045 a-‘ 1,

and
Re = (Tesik) it 0)<j<it (0), b <h<s
with 7., = g (ye + ja — %) Note that
+k

+'a—ﬁ—x+('+')a—€—
Ye+J 3 J T Je 3



Hence, the columns of Ry, as indexed by k1 < k < ko, correspond to sections of columns of Pr(x) indexed by £+ k1 < k <
£ + ko. More precisely, R_j, contains sections of the first k2 — k; + 1 columns of Py, (x); with increasing ¢ the selection of
columns is shifted to the right; and R;, contains sections of the last ko — k; + 1 columns of P (z). For the rows of Ry, we
observe that

and io(L) > i5(0) + j,. To summarize, each Ry is a (i5(0) —i%(0) + 1) x (kg — ky + 1)-submatrix of Pr,(x) with a dimension
independent of |¢| < L.

Step 2. The arguments in [15, Theorem 8] relate left-inverses of Ry = Py(y¢) to left-inverses of the biinfinite matrix Py(ye).
It is shown that
e Ry has full column rank,
o there exists a uniform bound C' > 0, which does not depend on y, € [0, @), and left-inverses I'y of Ry, such that
IT¢e|| <C forall —L<(<L,

o the rows with index k1 < k < 0 of I'y are orthogonal to all columns with index k' > ko — n of the biinfinite matrix
P,(yr), and hence orthogonal to all columns k" > ¢ + ko —n of Pp(x). Likewise, rows 0 < k < ky of I'y are orthogonal
to all columns with index k' < £ + ki +m of Pr(x).

Step 3. With these properties, we obtain the left-inverse Q1 (z) of Pr(x) by defining the rows of Qp,(z) as follows:
o We start with T'_;, and take its rows k1 < k < 0 as the first rows of Q, (), extended by zeros such that

I j 5 Z._L0<'<i_L07
(Qu@)epgey , =4 T-Psr 770 =5 =37(0)
0, otherwise.

o For —L +1</¢ <L —1 we take the row with index 0 of I'; and extend this row by zeroes,

(Te)og,  41(0) < j <i5(0),
0, otherwise.

(QrL(x))e,j+50 = {

o We end with I';, and take its rows 0 < k < ko as the last rows of @, (), extended by zeros such that

(FL)kJa 7’%(0) <j< i%(O),
0, otherwise.

(QrL(T))k+L,j+j. = {

It is clear that all entries of Q1 (x) are bounded by the constant C' in step 2. Moreover, every row and column of Q1 (x) has
at most

ko — k1 +1
i£(0) — i <Rzt l
_{nsaéL(w(O) i1(0) +1) < of

nonzero entries. Therefore, by Schur’s test, we obtain that

QL) < 02—,

Since @y, is a left inverse of Pp, we obtain

llclle = [|Qr(z)Pr(x)clla < C i

-k +1
2P @l

and we may choose A = (C w)_l as a lower bound in (16). This completes the proof of (16). We conclude that
ed Pr(2)T|, <C ’”;7’“61“ = A~!. Therefore
el = [ et do
ud / > hi(e+ jo) da
0 jez

:52/ led Po(a) |2 de < o 8% A2,
0

In the following we will need a well known result of Jaffard [38] and Baskakov [39].



Proposition 20. Let A = (Aj;);kez be a biinfinite matrix with exponential off-diagonal decay, i.e., there exist constants
C,a > 0, such that _
|Aji| < Cemi=F v ke, (23)

If A is invertible, then A=1 also possesses exponential off-diagonal decay and there exist C' > 0 and 0 < a < a, such that
(A1)l < Clem@7H ke Z.

Corollary 21. Let A be positive and invertible on (*(Z) with exponential off-diagonal decay (23) and let P, AP, be a
sequence of finite sections. Then every matrix Ppn APy, is invertible on Ppl*(Z) and there exist C' > 0 and a,0 < a < a,
such that

|(73nA73n)j_k1| < O'e~ @ik for —ny <4, k<ns. (24)

Proof: The proof follows [40] and [27]. Let A be the matrix obtained by stacking the finite sections P, AP, along
the diagonal. Then A possesses exponential off-diagonal decay (23). Since A is invertible and positive, its spectrum o(A)
is contained in an interval [A, B] for some A, B > 0, consequently the spectrum of the restriction of P, AP,, on P,(?(Z)
is also contained in [A, B] and every finite section is invertible on P,¢?(Z). Therefore the stacked matrix A is invertible
on ®Ppl?(Z) ~ (*(Z). By Proposition 20 A~! possesses exponential off-diagonal decay. Since A~! consists of the blocks
(PnAP,) "L, they satisfy |(PnAPn)j_k1| < e~ ikl for —ny < §, k < no. [ |

We remark that clearly every finite matrix possesses exponential off-diagonal decay. The point is that the constants may be
chosen independently of the size of the finite section.

Proof of Theorem 9: Recall that, for n = (ny,n2) € N2, Ppb = (...,0,b_p,,b—nyt1s -+, bny—1,bn,,0,...)7 is the
orthogonal projection onto P, EQ(Z) &= Cmtnetl We write U,, = P, U P, for a non-symmetric finite section of U. In the
assumption of Theorem 9 r depends on n, but we will omit this dependence in the notation. All operator norms are in £2(Z).

Let b:=U (U*U) teg and dy, := Uy, (U}, Up) ! eg. We decompose the norm into three parts

16— dnlly < [|(U = UPR) (U*U) " e,
n HUPn ((U* U)! — (P U* UPn)—l) 60H2 25)
F|UPn (PrU*UPn) ™" = Un (U, Un) ™) eo|,, -

1. Note that U* U is invertible and positive. Since U fulfills the decay property (18), it is easy to see that the symmetric matrix
U* U decays exponentially off the diagonal, i.e., for some constants C,a > 0

(U*U)i| < Cem =kl ke Z.

By Proposition 20 the inverse matrix inherits the exponential decay, and thus there exist constants C’ > 0 and @,0 < a < a,
such that |(U* U);k,1| < C'e~@=* for all j, k € Z. Hence the entries of the vector v := (U* U) ™! g also decay exponentially
as

lvj| <cre®Vl ez, (26)
Since
—n1—1 %)
I-Paili= 3 4 S P <0 Y el = o),
j=—00 j=n2+1 [7|>n0

the decay property (26) implies that
[(U=UPn) (U V) eoll, < IUN T = Pr)vll, < czem®™.

2. Since U* U is invertible and positive with spectrum o(U*U) C [A, B] for A, B > 0, the spectrum of the finite sections
P U* U Py, on P, l?(Z) is also contained in [A, B]. As in the finite section method in [40] and with v = (U* U) ! ey, we
obtain

(U U) " = (PaU U Pn) Veoll, = [[(PnU* UPR) " PuU* U (Pn— D)o, < (U V) U U |(Pr = I)vll,
and consequently

U Pn (U U) ™ = (Pu U U Pp) Y e, < cse@m



3. To treat the third term in (25), we need a geometric interpretation of the rows of the Moore-Penrose pseudoinverse. Let
bn = (U Pp) (PnU*UPp) " eo

and d,, as above. Then b,, is the transpose of the zeroth row of the Moore-Penrose pseudoinverse of U P,,. By Corollary 21
(P, U* U Pp) ! satisfies (24) independently of n. Therefore the same argument as in the first part implies the decay property

|(bn);| < cae™@lil. 27)

It is essential that the constants are independent of n. Since the Moore-Penrose pseudoinverse of U Py, is also a left-inverse,

we have
by, L Vi, :=span{uy | —n1 < k <mng, k#0},

where uy, k € Z, are the columns of the matrix U. Likewise for U,, = P,.UP,, we have
dp L PV .

Using this orthogonality, we rewrite the vectors b,, and d,, as follows. Let Il denote the orthogonal projection onto some
subspace W. Now set

bp = -1y, )ug and dp = (I —Tp,v, ) Ppug.

Since by, € Im(UPy,) and d,, € Im(U,,), we obtain

by, = an 5 and  d, = fl"
anHQ HdnH

(28)

[ (1)

The normalization in (28) is obtained from
(bnsug) =1 and (b, uo) = (bn, bn + Iy, ug) = [|bnl|2,
(dn, Pruo) =1 and  (dn, Prig) = (dn, dn + Ilp, v, Prug) = ||dnlf3-
As the third term in (25) equals ||b,, — dy, |2, we first consider HBn - Jan. For this purpose we write
b — dp = (I —P,) (uo — Iy, ug) + Ip, v, Prug — Pp Iy, ug
= (I = Pp) bn + Ip,v,, Py (uo — Iy, uo)
= (I —Pp)bn + Ip,v, Pr bn. (29)
By the assumption (19), the truncated columns P, uy, with —n; < k < ny and k # 0, form a Riesz basis for P,.V,, with
lower Riesz bound A. Furthermore it holds that
HHPM Py EnHz <A S (Wpv, Prba, Pru)?
—n1 <k<ng, k#0

=A"? Z |(Pr I;n,uk>|2

—n1<k<ng, k#0

=47 3 {(Pr = Dbn,ui)?

—n1<k<na, k#0

- 2
< A28 (P, - 1) bn‘ g

where B = ||U||? denotes the Bessel bound of all columns ug, k € Z. Taking the £?-norm in (29) and substituting the above

estimate, we obtain ~ ~ ~
”bn - dn”2 <c¢s ||(I - PT) anQ-

We now return to ||b,, — dy||2. It is an easy exercise that for nonzero vectors y, w we have
y w
2 2
Iyl llwllz
Using once more that b,, € Im(UP,,) and d,, € Im(U,,), the assumption (19) implies that
0 < A< bnll2, lldnll2 < fuol, -

3 lly —wll,

- 2 29"
o min{llylly, [wll3}

By the decay property (27) we obtain
[bon — dnll2 < % ||Z~7n - cZan < 3:4_625 (1 _Pr)6n|‘2 < ¢ e o,

To finish the proof of Theorem 9, we add the three contributions in (25) and obtain the convergence rate (20) with a constant
C=cy+c3+ cg. |
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