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Abstract

In this paper, we discuss solution techniques of Newton-multigrid type for the resulting
nonlinear saddle-point block-systems if higher order continuous Galerkin-Petrov (cGP(k))
and discontinuous Galerkin (dG(k)) time discretizations are applied to the nonstation-
ary incompressible Navier-Stokes equations. In particular for the ¢cGP(2) method with
quadratic ansatz functions in time, which lead to 3rd order accuracy in the L?-norm and
even to 4th order superconvergence in the endpoints of the time intervals, together with the
finite element pair o/ P for the spatial approximation of velocity and pressure leading
to a globally 3rd order scheme, we explain the algorithmic details as well as implementation
aspects. All presented solvers are analyzed with respect to their numerical costs for two
prototypical flow configurations.

Keywords: Continuous Galerkin-Petrov method, discontinuous Galerkin method,
incompressible Navier-Stokes equations, Newton-multigrid solver

1. Introduction

To perform nonstationary simulations of incompressible flows, one of the main aims is
to find time stepping schemes which allow relatively large time step sizes to gain accu-
rate results at minimum numerical cost. Here, higher order methods are often essential in
order to achieve highly accurate results on computationally feasible grids. A well-known
approach to solve time dependent problems with higher order accuracy is the Galerkin
method, see for instance [1]. In [2, 3, 4], we have analyzed a special class of time dis-
cretizations of variational type, called continuous Galerkin-Petrov (¢cGP) schemes, which
show highly accurate results, particularly in comparison to standard one-step schemes like
Crank-Nicolson and also discontinuous Galerkin (dG) time discretizations. To be precise:
The ¢GP(2) approach with quadratic ansatz functions in time leads to 3rd order accurate
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results in each time point and even to 4th order accuracy in the endpoints of the time inter-
vals. This fully implicit A-stable method requires the solution of a nonlinear saddle-point
block-system in each time step which consists of two coupled generalized Navier-Stokes
equations. Therefore, fourth order in time can be obtained while the number of equa-
tions is only doubled in comparison to classical second order one-step schemes. However,
to realize an efficient scheme which requires less CPU time for achieving comparable ac-
curacy, also solvers of optimal complexity, that means O(N) with N denoting the total
number of unknowns in space, are necessary. Candidates for such solvers are Newton-like
methods with superlinear convergence behaviour for treating the nonlinear problems while
multigrid-Krylov solvers are preferred choices for solving the auxiliary linear subproblems.

In this paper, we present corresponding solution techniques which are based on the
classical Newton method for solving the resulting nonlinear systems while the associated
linear subproblems are treated by using a monolithic (geometrical) multigrid solver which
exploits the characteristics of the underlying Qo /P finite element spaces (for the spatial
discretization) for the construction of the grid transfer routines. As smoothing operator,
we extend the classical ideas of local pressure Schur complement techniques, resp., Vanka-
like methods, which treat all flow variables simultaneously, but locally on smaller patches
as for instance the mesh cells. In the final step, these simple schemes are used as precon-
ditioners in a corresponding Krylov-space method (here: GMRES) which acts as a more
robust smoother in the presented multigrid framework. We explain the algorithmic details
and implementation aspects and analyze the resulting efficiency w.r.t. the convergence be-
havior as well as the observed temporal accuracy, for different mesh sizes in space and
time, and for two prototypical flow configurations with benchmarking character. The cor-
responding test cases are the classical flow around cylinder problem and the flow through a
Venturi pipe. These test cases show the high potential of the presented methodology. On
the one hand, the described Newton-multigrid solvers lead to computational costs which
are approximately three times higher per time step compared to a standard scheme like
Crank-Nicolson. On the other hand, much larger time steps (a factor of 5-10 in our test
configurations) can be used to guarantee the same temporal accuracy as the second or-
der Crank-Nicolson scheme. As a main result, the resulting cGP(2) — Qq/ P*¢ scheme is
optimal for 2D simulations in that sense that one global refinement step, which leads to
appr. 8 times more unknowns in space and time, requires appr. 8 times more CPU time
while at the same time the accuracy in space and time is improved by a factor of appr. 8,
too (remark: in 3D, the corresponding ‘optimal” approach would need 4th order accurate
results in space and time).

The paper is organized as follows: Section 2 describes the discretization of the Navier-
Stokes equations in space and time by using Galerkin methods. The resulting discretized
block-systems for different time discretization schemes are presented in Section 3. In
Section 4, we explain the solution techniques for the resulting discrete problems. Besides
the (classical) Newton scheme, we propose a multigrid method for the solution of the linear
subproblems in Section 5. Finally, Section 6 presents the numerical results for a couple
of test problems to analyze the temporal accuracy, resp., the efficiency of the discussed
solution methods. In Section 7, the paper is concluded with a discussion of the results.



2. FEM discretization in space and time

For a domain 2 C R? we consider the nonstationary incompressible Navier-Stokes
equations, i.e. we want to find for each time ¢ € [0, T] a velocity field u(t) : © — R? and a
pressure field p(t) : Q — R such that

ou—vAu+ (u-Viu+Vp = f, in Qx (0,77,
divu = 0 in Qx (0,77, (1)
u =g on 08 x (0,7,
u(z,0) = up(z) in Q for t=0,

where v denotes the viscosity, f the body force and ugy the initial velocity field at time
t = 0. For simplicity, we restrict to the case d = 2 and we assume homogeneous Dirichlet
conditions at the boundary 092 of a polygonal domain 2 (for other choices see [5]). To
make this problem well-posed in the case of pure Dirichlet boundary conditions, we have
to look for the field p(t) at each time ¢ in the subspace LZ(Q) C L*(Q2) of functions with
zero integral mean value.

For the time discretization, we decompose the time interval I = (0,7 into N disjoint
subintervals I, := (t,_1,t,], wheren =1,... . Nand 0 =ty <t; < - <ty <ty =T.
Thus, the value of the time-discrete approximation u, at time ¢, is always defined as the
I,-value (i.e. the left-sided value in case of discontinuous approximation) u.(t,) :=u~ :=
U7, (t,). The symbol T denotes the time discretization parameter and is also used as
the maximum time step size T := maxj<,<y T, where T, :=t, —t,_1. Then, for the
subsequent continuous and discontinuous Galerkin time stepping schemes, we approximate
the solution u by means of a function u, which is piecewise polynomial with respect to
time. In case of the cGP(k)-method, we are looking for u, in the discrete time-continuous
space (with V = (H}(Q))?)

Xii={ueC(,V): u|, €P(l,V) Yn=1,.. N} (2)

where i
Py(I, V) := {u I, > Viut)=> U, Viel, UeV, Vj}. (3)

=0

Moreover, we introduce the discrete time-discontinuous test space
Yili={veL’I,V): v|, €Pr1(In,V) Vn=1,...,N} (4)

consisting of piecewise polynomials of order £ — 1 which are (globally) discontinuous at
the end points of the time intervals. Similarly, we will use for the time-discrete pressure p.
an analogous ansatz space X'f, where the vector valued space V is replaced by the scalar
valued space Q = L2(2), and an analogous discontinuous test space Y1,

In case of the dG(k—1)-method, we are looking for u. in the time-discontinuous discrete
space Y#~1. Next, we describe separately the cGP(k) and dG(k — 1)-method.



2.1. ¢GP(k)-method

In order to derive the time discretization, we multiply the equations in (1) with some
suitable [,-supported test functions and integrate over Q x I,,. To determine u|;, and
P<|1, we represent them by the polynomial ansatz

k k
uxr, (t) == Z Ul n,5(t), pelr, (t) Z Pﬂz‘ﬁn,] (5)
j=0 =0
where the ”coefficients” (U7, P?) are elements of the function spaces V x @ and the poly-
nomial functions ¢, ; € Py(l,) are the Lagrange basis functions with respect to the & + 1
nodal points ¢, ; € I, satisfying the conditions

Gn,j(tni) = 0ij, 1,7 =0,...,k (6)

with the Kronecker symbol §; ;. For an easy treatment of the initial condition, we set
tn,0 = tn—1. Then, the initial condition is equivalent to the condition

U2 =uly, (1) if n>2 or Ul =uy if n=1 (7)

The other points ¢,,1, ..., %, are chosen as the quadrature points of the k-point Gaussian
formula on 7,, which is exact if the function to be integrated is a polynomial of degree less
or equal to 2k — 1. We define the basis functions ¢, ; € Py(I,,) of (5) via affine reference
transformations (see [4, 3] for more details). Now, we can describe the time discrete I,,-
problem of the cGP(k)-method [4, 6]:

Find on the interval I, = (¢, 1,t,] the k unknown pairs of ”coefficients” (U7, PJ) €
V xQ,j=1,...,k, such that for all i = 1,... k, it holds for all (v,q) € V x @

k
j Tn i Tn i i Tn i n
Z@iuj (Ung)Q + ?a(Unav) + ?n(Unv Unvv) + ?b(vapn) = % (f(tn,i)7V)Q (8)
J=0 )
b(Up,q) = 0
with U2 := u,(t,—1) for n > 1, UY := uy and (-, ), denotes the usual inner product in

(LZ(Q)) . The bilinear forms a(-, -) and b(-, Jon VXV and V x@Q, respectively, are defined
as

a(u,v) ::/Vu-Vvdac Vu,vevV, /V v pdz, 9)
Q

and the trilinear form n(-,-,-) on V. x V x V is given as n(w,u,v) := Zi:l ns(W, ui, v;)
where
ns(W, u;, v;) = /(W Vu)vpde YweV, wu,v € HY Q). (10)
Q

A typical property of this cGP(k)-variant is that the initial pressure P? of the ansatz (5)
does not occur in this formulation. In order to achieve superconvergence for the pressure
approximation at the discrete time levels t,, special interpolation techniques using two
neighbored time intervals can be applied (see [3]).

In the following subsections, we specify the constants «; ; of the cGP(k)-method for the
cases k = 1 and k = 2, and for comparison we describe explicitly the well-known dG(1)
approach (see [3] for more details).



2.1.1. ¢GP(1)-method.

We use the one-point Gaussian quadrature formula with t; = 0 and tpg = tn1 + 2.
Then, we get ;0 = —1 and ay ;1 = 1 (see [4, 3]). Thus, problem (8) leads to the following
problem for the ”one” pair of unknowns U}, = u(t,—1 + %) and P, = p(t,—1 + %): Find
(UL, P} € V x Q such that for all (v,q) € V x Q it holds

(Un V) + 5a(Ug,v) + 50(Up, Uy, v) + 5b(v, ) = 5 (f(ta),v)g + (Un, V) (11)
b(Uy,q) = 0.

Once we have determined the solution U! at the midpoint tn1 of the time interval I,,, we
get the solution at the next discrete time point ¢, simply by linear extrapolation based on
the ansatz (5), i.e.,

u”r(tn) - 2Urlz - U%v (12)

where Ug is the initial value at the time interval (¢,_1,t,] coming from the previous time
interval I,,_; or the initial value uy.

If we would replace f(t,1) by the mean value (f(t,-1) + f(t,))/2, which means that
we replace the one-point Gaussian quadrature of the right hand side by the trapezoidal
rule, the resulting ¢cGP(1)-method is equivalent to the well-known Crank-Nicolson scheme.
The ¢cGP(1)-method is accurate of order 2 in the whole time interval as it is known for
the Crank-Nicolson scheme. Concerning the pressure approximation, one observes that
the second order accuracy holds only in the midpoints of the time intervals. By means of
linear interpolation between the midpoints of two neighboring time intervals we get second
order accuracy also at the discrete time levels t,,.

2.1.2. ¢GP(2)-method.
Here, we use the 2-point Gaussian quadrature formula with the points ¢; = —% and

ty = % Then, we obtain the coefficients

Y- S Y S
(Oéi’j) = < \/3 _2\?3_3 g 1 = 1,2, ] = 0, 1,2 (13)
2 2

Consequently, on the time interval I,,, we have to solve for the two "unknowns”

(U2, P)) = (wc(tny), pe(tny)) € VXQ with tnj = (ta_1+tn+Tat;)/2 for j=1,2.

The corresponding coupled system reads

a11 (U, v), + Za(UL,v) + 2n(U,, UL v) +a15 (U2, v), + 3b(v,Pr) = {1(v)
21 (U'flw V)Q + G222 (U%7 V)Q + %G(U%7 V) + %n(Uia U%a V) + %b(va Pr%) = EQ(V) (14)
b(lew Q) =
b(U?w (]) = s
which has to be satisfied for all (v,q) € V x @ with
T, ,
li(v) = 5 (f(tni) V) — o (Ug,v)Q i=1,2. (15)



Once we have determined the solutions UL, U? at the Gaussian points in the interior of
the interval I,,, we get the solution at the right boundary ¢, of I, by means of quadratic
extrapolation from the ansatz (5), i.e.,

u(t,) = UY +/3(U2 —UL), (16)

where U? is the initial value at the time interval I,. The ¢cGP(2)-method is accurate of
order 3 in the whole time interval and superconvergent of order 4 in the discrete time points
(see [4, 3]).

2.2. dG(k — 1)-method

Here, the time-discrete velocity and pressure solution is determined in the solution space
(Ur, pe) € YETL x YEL wwhere k > 1. The ansatz for (ur, p) on interval I,, is then analog
to (5) with the difference that the sum starts with j = 1 and the scalar basis functions
¢n,; are polynomials of order £ — 1. In this paper, we will concentrate only on the case
k = 2, i.e. on the well-known dG(1)-method. We can derive the following constants for
i,j € {1,2} (see again [4] and [3])

1 V3-1 V3+1
(qij) = <\/§1 i ) ;o (di) = (\/%Jrl) . (17)
2

2

Then, on the time interval I,,, one has to determine the two "unknowns” (U?, PJ) € V xQ
as the solution of the following coupled system

a11 (Up,v), + 3a(U},v) + 3n(U,, UL v) + 3b(v, Py) + a12 (U2, v), = 4(v)
a2 (U7117V)Q + 22 (UEUV)Q + %G(U%7V) + %H(Uia U%,V) + %b(va Pz) = EQ(V)

18
b(Uy.q) = .
b(U7.q) = 0
which has to be satisfied for all (v,q) € V x @ with ¢;(-) defined by
Gi(v) = %” (fltni)s V) + i (U0, V) i=1,2. (19)

After solving the above system, we obtain u, and p. at time ¢,, by means of the following
linear extrapolation

V341

—1
u(t,) = U2 - \/giUl

2 " 2 "

_V3+1

and  pe(ty) = P2—@Pl. (20)

2 " 2 "

The dG(1)-method is of order 2 in the whole time interval and superconvergent of order 3
in the discrete time points (see [4, 3]).

After discretizing the Navier-Stokes equations (1) in time (see [2]), we now discretize
the resulting ”I,,-problems” in space by using the finite element method [1, 7, 8, 9]. In
our numerical experiments, the finite element spaces V;, C V and @), C @) are defined
by biquadratic and discontinuous linear finite elements, respectively, on a quadrilateral



mesh 7}, covering the computational domain 2. Each ”I,,-problem” for the cGP(k) or the
dG(k — 1)-approach has the structure:

For given U2 € V| find (UJ, P1) e VxQ, j=1,...,k, such that

k
> i (Ul v)g + 2a(Ul,v) + (U}, Us,v) + (v, Pl) = 4(V)
j=1

2 (21)
o(Us,q) = 0,
which has to be satisfied for alli =1,....k and all (v,q) € V x Q with
Tn
ez(v) = 7 (f(tn,i)av)ﬂ + dz (Ung)Q (22)
where «; ; and d; are the constants described above and d; = —a; o in case of cGP(k) .

For the space discretization, all (UJ, PJ) € V x @Q are approximated by finite element
functions (U3, ;,, P, ;) € Vi X Qp, respectively, and the fully discrete ”I,-problem” reads:

For given Ugvh € Vy, find (Ufm, Pih) eVyxQn, j=1,....k, such that it holds

k
i T : T . . T .
> i (Ul peva)  + 3alUl o va) + 20Ul Ul vi) + 50b(vi Phy) = (V)
j=1

b(U;7h7q}1) =0

for all (vi,qn) € Vi x Qp and alli=1,... k.

Once we have solved this system, we have computed for each time ¢ € [, a finite element
approximation u.(t) € V;, of the time discrete solution u.(t) € V which is defined by
an analogous ansatz to (5) where the UJ € V are replaced by the discrete functions
U’ , €V

In the following, we will write problem (23) as a nonlinear algebraic block system.
Let S, C Hy(2) denote the scalar finite element space for the velocity components of

Ufl’h = (Uih,Vrf’h) €V,=25; and let ¢, € Sy, u = 1,...,my, denote the scalar finite
element basis functions of S,. Then, we define the nodal vector Hﬁl = (wazfl) € R?™n of
U’ , = (U2,.V2,) € V) such that

U (@) =S (Ud)udul@), Vi (@) =3 (Vi)udulz) Vaeq. (24)
p=1 p=1

Similarly for the pressure, let ¢, € Qp, p = 1,...,np, denote the finite element basis
functions and Pj, € R™ the nodal vector of P;;, € Qj, such that

Nh

Pg,h(‘f) = Z(Bgz)/ﬂl)ﬂ(fﬂ) Ve (25)
pn=1



Furthermore, we introduce the mass matrix M € R™»*"the discrete Laplacian matrix
L € R™>™n the gradient matrices B; € R™>*™r § =1,2, as

Mu,,u = (d)ua d)u)Q 5 Ll/,u = a(¢ua ¢V)7 (Bi)u,u = b(¢uei, Q;Z)l/)’ (26)
and the right hand side vectors F!, G: € R™ i =1,..., k, with the components
(FrZL)V = (f(tn,i)a ¢zxel)g ) (G%),, = (f(tn,i)a ¢Ve2)g~ (27)

Next, for a given nodal vector w = (w!, w?) € R which generates an associated discrete
velocity field wy,(w) € Vy,, we define the matrix N(w) € R™»*™n ag

=

=

mp 1
N(E)V”u = ns(wh(ﬂ)a d),uv ¢V)’ with Wh(ﬂ) = Z ( % > ¢j' (28)
j=1

Using the block-matrices and block-vectors

M = [1\04 ]\OA . L= [g ﬂ , N(w)= [N(Oﬂ) N?ﬂ)] , B= [gj , Fl = [gﬂ , (29)

the fully discrete 7 I,,-problem” is equivalent to the following nonlinear k x k block system:

For given Qg € R?™ | find sz € R gnd Efl e R™, 5 =1,...,k, such that for all
1=1,...,k, it holds

k
> ai,MUj + LU, + UN(U,)U, + 'BP), = dMU)+ 3 F,

p (30)

BTU, = o.

The vector U? is defined as the finite element nodal vector of the fully discrete solution
U p(t,—1) computed from the previous time interval [t,_o,t,_1] if n > 2 or from a finite
element interpolation of the initial data uy if n = 1. In the case of higher Reynolds
numbers, we apply additionally an edge oriented FEM stabilization (EOFEM) [10] for the
convective term. This means that we replace the trilinear form n(w, -, -) by a modified form
np(w, -, -) such that, in (30), differences will appear only in the nonlinear matrix N(w).

In the following, we will present the resulting block systems for the ¢cGP(1), cGP(2)
and dG(1) method which are used in our numerical experiments.

3. Block-systems for the cGP and dG-methods

Here, we present the corresponding block systems for the ¢cGP(1), ¢cGP(2) and dG(1)
methods, respectively.



3.1. ¢cGP(1)-method
The 3 x 3 block system on the time interval I,, reads:

For given initial velocity U° = (U°,V?), find Ul = (UL, V) and a pressure P! such
that

A(u,v) 0 B,| |u R,
0 A(u,v) Byl [v| = | Ry (31)
BT B 0] |p 0
where
Tn Tn
A(u,v) = M + 7L + EN(u,v), B, = By, B, = By, (32)
with the abbreviations .
u=Uy, v=V, p=-P, (33)

and the convection matrix N(u,v) denoting the matrix N(w) defined in (28) with the nodal
vector w := (u,v) € R?™ . The right hand side vectors R, and R, are given by

R,=%F,+MU),  R,=%GL+MV). (34)

Once we have determined the solution H}z = (Q;,Z}z) we compute the nodal vector Q?L 1=

vl ., v of the fully discrete solution u.j, at the time ¢, by using the following linear
n+1 n+1 )

extrapolation

wep(tn) ~Usy =20, —US,  vep(ty) ~ Vo =2V} — V0. 35
s n+1 n n s n+1 n n

3.2. ¢GP(2)-method

The 6 x 6 block system on the time interval I,, reads:

For given initial velocity UY = (U, V), find UL, U2, VL V2 and PL, P? such that

A(u,v) 0 B,| [u R,
0 A(u,v) By| |v| = | Ry (36)
B B 0] |p 0
where - ( 3 )
_[BM + 1, L+ 1, N(u ,v") 2v3-3) M
Alw,v) = [ (—2v3-3) M 3M + 1, L + T, N (u?, 212)] ’ (37)
_|B1 0 _|B2 0
e[y 8] el )
with the abbreviations
u' U, v v, p' T, P},
u = u2 = Qi 5 v = ’U2 — K% y D= p2 = TTLB’% (39)




The right hand side vectors R,, and R, are given by

Rl
R2

T, Fl 4+ 2/3MUY
T, F2 - 2/3MUY

Rl
R2

1,GL +2/3MVY
TnG% - 2\/§MZ91

R, = = - _

9 v

(40)

The nodal vectors Qil and Kg, i = 1,2, are associated with the finite element approximations
U (tni) and vy (6, 4), respectively, where ¢, ; denotes the i-th integration point of the 2-point
Gaussian quadrature rule on the time interval I,,. Once they have been computed, we get the
nodal vector UY = 0 +1,K9L +1) of the fully discrete solution . at the time ¢, by using the
following quadratic extrapolation

Uep(tn) ~Udy =US +V3U2Z -UL),  wvenltn) ~VO, =V +V3(V2-V}).  (41)

3.3. dG(1)-method

The analogous 6 x 6 block system on the time interval [,, reads:

For given initial velocity UY = (U, V0), find UL, U2,V V2 and P., P2 such that

A(u,v) 0 By| |u Ry
0 A(wv) Bl |o|=|R, (42)
BT BI' 0] |p 0
where 1,1 (\/_ )
_[2M + L + TN (a0t 3-1)M
Alu,0) = [ (—V3-1)M 2M + T, L + 1, N (u2, 02)] )

and B, By, u, v, p are defined as in (38) and (39). The right hand side vectors R, and R, are
given by

Rl
R2

wFy + (V3+1) MUY,
T FE + (V3 +1) MUY

Rl
R2

TG+ (V3+1) MV,

R, =
TG+ (—V3+1) MV,

) (O

(44)

Again the nodal vectors U’ and Vi i = 1,2, are associated with the finite element approximations
Ur p(tn,i) and vep(ty,i), respectively, where t,, ; denotes the i-th integration point of the 2-point
Gaussian quadrature rule on the time interval I,,. Once they have been computed, we get the
nodal vector U, = (U%,;, V2. ) and P9, of the left side limit of the fully discrete solution
U at the time ¢,, by using the following linear extrapolation

ugy(tn) ~ USyy = YEELUZ - V3RLUL, (45)
3+1 3—1
Iy — Yy

vep(ta) ~ Vg =

10



4. Nonlinear Solver

For all introduced time-space discretization schemes described before, a nonlinear system of
algebraic equations of the following type has to be solved for each time interval:

A(u,v) 0 B, [u R,
0 A(u,v) Byl [v| = | Ry (46)
B B o] |p 0

The nonlinear system (46) can be characterized as a saddle point problem which will be solved
either by means of a standard fixed point iteration or by the Newton method. We will denote this
solution approach as the outer nonlinear iteration. In each outer iteration step, a coupled linear
system has to be solved. The linear subproblems are treated by using a monolithic geometrical
multigrid solver with a smoother based on blocking of all cell unknowns and with canonical FEM
grid transfer operators. In addition, the coarse grid problem can be solved by using a direct solver
or by a preconditioned GMRES method.

4.1. General nonlinear outer iteration

On an actual time interval I, = (t,—1,t,], we define the start iterate (ug,vo,po) of the
nonlinear iteration by means of the known solution at time t,_; from the previous time interval
for n > 1 or from the space-discrete initial solution for n = 1. In the case of ¢cGP(2) or dG(1),
we define also the start iterates of the second components u?, v and p? in (39) as the solution
at time t,,_q. For a given old iterate (ug, vy, pp), we perform the following three steps to compute
the new iterate (w41, vet1,Prs1):

1. Compute the defect vector containing the nonlinear residual for (ug, vy, py)

dy R, A(Ug7 Ué) 0 By Uy
dy| = |Ry| — 0 A(ug,vp) By v | . (47)
dy 0 BT B 0| |pe

u
2. Solve an auxiliary (linear) subproblem with the defect vector as right hand side
Avulug,ve)  Auw(ug,ve) By Auy dy

Avu(uéavf) Am)(uéavé) B, Avg| = |dy|, (48)
BI BI 0 Apy dp

where Ay, Auw, Avu, Avy are chosen due to the fixed-point iteration or the Newton method.
3. Update the iterate to obtain (wgi1,vei1, Pet1)

Upy1 Uy Auy
vt | = |ve| + wye | Avg |, (49)
Dt De Apy

where wy is a damping parameter which is in most of the cases set to 1 (see [11] for adaptive
strategies). The last iterate (ug41,ve41,pr+1) for the nonlinear iteration, depending on the stop-
ping criterion, is accepted for the solution. In our numerical simulations, the nonlinear iteration
is stopped if the L2norm of the nonlinear residual drops down below a given tolerance (here:
10710).
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4.2. Fixed-point iteration
For the fixed-point iteration, the matrices Ay, Ay, Apu, Apy in (48) are given by
Avu(ug,ve) = Ay (ug, ve) := Alug, ), (50)
Ay (ug, v) := Apy(ug,vg) := 0. (51)

4.3. Newton method
Applying the standard Newton method yields the following block matrices

A (ug,vp) == Alug,vp) + Sl(ff) (g, vp), (52)
Avy (g, ve) = A(ug, vg) + S8 (ug, ve), (53)
Aun(ug, vg) = SE) (ug, v9), (54)
A (ug, ve) = SE) (g, vy), (55)

where k € {1,2} denotes the order of the underlying time discretization cGP (k) or dG(k — 1),
(k)

respectively, and S a]; correspond to the additional terms from the linearization of the nonlinear
convection term (uy- Vuy). In the following, we present explicitly for each time discretization the
blocks of the full Newton matrix A in (48), i.e.,

A(Ug, Ug) + Sq(j;) (Ug, W) SQ(L]Z) (Ug, ’U@) B,
N = S (ug, ve) Alug,v0) + S% (ug,v0) By | - (56)
BT B 0

In the case of the cGP(1)-method, we have

Afw,v) =M+ 'L+ UN(wv),  Bu=Bi,  By= DBy, (57)

and
(SR(@0),, = 3 (@in)du b, (SW(@D),, = 3 (Qin)dud)g, (58
(SW (@), = 5 (@in)onb)g.  (SD@D),, = 2 (Oi)dud)g,  (59)

where, 1), € S), and 7, € S}, denote the finite element functions associated with the nodal vectors
u and 0, respectively. For the ¢cGP(2)-method, we have

~ [3M + . L+ 1, N(u',v") (2v3-3) M
Alw,e) = [ (-2v3-3)M 8M + T, L + T, N (u?, v2)] o
B, — [%1 gl] . B, = [%2 §2] , (61)
S(Q) (fL ﬁ) _ QSS/D? (a’ﬂ) 0 Va,B e {u U} (62)
af \" - 0 25’(()}6) (’LNL, 27) ’ s
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with SSﬁ) (t,v) defined in (58) and (59). In the case of the dG(1)-method, the matrix block A(u,v)
is
~ [2M + 1, L + T, N(u!, vl) (V3-1)M

Alu,v) = (_\/g - 1) M 2M + T, L + TnN(u27 02) o

and the other matrix blocks of N in (56) are the same as for the ¢cGP(2)-method.

Remark 1. If the edge oriented jump stabilization (see [10]) is used, then the corresponding
velocity matriz block A(u,v) in (46) is updated as follows

A(ug,ve) = A(ug, ve) + J, (64)

where the matriz J corresponds to additional “jump terms” in the weak formulation. This matriz
J has the following form for the ¢GP(1) and ¢GP(2)-method (and analogously for the dG(1)-
method), respectively,

cGP(1):  J=(Iapu) Ip =Y max{V*VhE,’YhQE}/E[v¢u]E[v¢A]E do,  (65)
E

cGP(2): J:{(Jg’“) ( J/(\),u)]7 (66)

where the sum in (65) is taken over all inner edges E of the mesh. v, hg denote the viscosity and
the length of edge E. The parameters v and v* have no significant influence on the accuracy of the
results and the solution is stable and accurate for a large range of parameters. In our case, these
parameters are set to 0.1 and 0, respectively. The jump [.|g is defined as []|p = Y — 1™, where
YT, 4~ indicate the values of the discontinuous function 1 coming from the elements K+, K~
sharing the interior edge E.

5. Linear solver

The resulting linear systems (48) on each time interval [t,,—1, ¢, ], which are 6 x 6 block systems
in the case of the cGP(2) and dG(1) approach and 3 x 3 block systems for the cGP(1)-method, are
treated by using a geometrical multigrid solver with a smoother based on an element loop where,
for each element, simultaneously all unknowns are updated that belong to this element. This type
of smoother is also called ”local pressure Schur complement smoother” in [11] or ”Vanka-type
smoother” in [12] (which can be additionally applied as preconditioner in a GMRES method to
make this method more robust).

5.1. Geometric Multigrid Methods

The fundamental concept of multigrid techniques is to exploit different mesh levels of the
underlying problem in order to reduce different frequencies of the error by applying a relatively
cheap smoother on each grid level. For switching between successive mesh levels, one applies a
restriction and prolongation operator with computational costs that are even cheaper than for
the smoother and that are only proportional to the number of unknowns. A typical feature
of multigrid methods is that they have a convergence rate which is nearly independent of the
mesh size and that the computational costs per iteration are only proportional to the number of
unknowns.
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In the following, we present the standard multigrid algorithm that we have used in our
computations. Independently from the previous notation we denote in the sequel the global
system matrix assembled on mesh level k& € {1,..., L} (and consisting of several block-matrices)
by Aj, € RVeXNk where N}, denotes the total number of all degrees of freedom on level k. Similarly,
we denote by uy, fr, € RVk the global solution and right hand side vector such that the problem
that occurs on mesh level k has the form

Apug = [ (67)

Furthermore, let
IF_ RNt 5 RMe and I RN 5 RVe

denote the prolongation and restriction operator, respectively, acting between level £ — 1 and
k. Then, the k-level geometric multigrid algorithm for solving (67) is described recursively in
Algorithm 1.

Algorithm 1 Geometric multigrid algorithm.
The k-level iteration: up® = MG(k, Ak,u}zld, fre,v1, v, 1)

case k =1: uj?v

is the exact solution
uiv = AT
case k > 1: Perform the following four steps:

1. Pre-smoothing: Compute u," by applying vy smoothing iterations, i.e.,

uj, = Spuj ! Vi=1,...,1n with u) = ud,

2. Restriction and correction: Compute the restricted residual

froo1 =N — Agult)

and compute the correction u)_, by applying p cycles on level k—1 starting with “2—1 =0,
ie.,
Uy = MGk —1,Ap_1,uf ), femr,vive,p) Vi=1,...p

3. Prolongation and step length control: Interpolate the correction onto grid level k to obtain

vi+1 -
Uy, , 1.e.,

vi+1 _ 1 k nw
w T =y ol qug g,

+1

where aj, may be a fixed value or chosen adaptively to minimize the error u;' ™ —uy, in an

appropriate norm [11].

vi+1

Dew vitr2tl by applying vs smoothing iterations to upt

4. Post-smoothing: Compute up®" = u,
ie.,

uZIHH = Sput™ Vi=1,...,vs.

Each application of MG(k, ...) is called a cycle on level k. Sufficiently many cycles on the
finest grid level L are required to obtain a good approximate solution of a linear subproblem
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Arur, = fr within the outer nonlinear iteration. The multigrid iteration is terminated if a
prescribed convergence criterion is reached. In our numerical tests, the multigrid iteration is
stopped if the L?-norm of the relative residual is smaller than 10~ or the absolute residual drops
down below 1071%. In the case when the number of coarse grid cycles is chosen as 1 = 1, we will
speak of a V-cycle and in the case ;= 2 of a so-called W-cycle. Another interesting case lies in
between, the so called F-cycle, which we use in our application [11]. The numbers vy,v5 € N of
pre-smoothing and post-smoothing steps, respectively, is typically small, for instance between 1
and 4. Moreover, the coarsest grid should be coarse enough in order to keep the numerical costs
for the exact solver small. The key ingredients in the multigrid methods are the smoother as well
as the restriction and prolongation operators, which we will sketch in the following sections for
the resulting 6 x 6, resp., 3 x 3 block-systems.

5.2. Smoother based on blocked cell unknowns

The efficiency and robustness of the multigrid method is essentially influenced by the choice
of the smoother. In our numerical study, we employ a block-Gaufl-Seidel type smoother where in
an element loop, for each element, simultaneously the block of all unknowns that belong to this
element cell is updated. Thus, the information which has been updated in previous elements,
influences immediately all velocity and pressure degrees of freedom (for all required time points
of the time interval) in the neighbored mesh cells. This type of smoother was originally proposed
by Vanka [13] for the solution of Navier-Stokes equations discretized with the finite difference
method and is therefore often called ” Vanka-type smoother” [12, 14]. In [11] it has been analyzed
as ”"local Multilevel Pressure Schur Complement smoother”, and it can be additionally accelerated
by embedding this approach as preconditioner in an outer GMRES method.

To describe this smoother, we have to introduce some notation. Let 7; denote the set of all
element cells K on the actual mesh level, I}, the index set of all global degrees of freedom in the
coupled system to be solved, I;,(K) the index set of all global degrees of freedom that belong to
mesh cell K € 7;, and I the index set of all local degrees of freedom that belong to the reference
clement K. In any implementation of a finite element method, one has to store information about
the following mapping

dof : Ty x I — I,  p=dof(K,jp) e InK) Yael, (68)

where, for a given element K € 7T and a given local degree of freedom belonging to K with
the number /i € I, the uniquely assigned global number p of this degree of freedom is given by
dof(K, 1). Let us assume that the coupled global linear system on the actual mesh level to which
a smoothing iteration has to be applied is given in the form

Au = f. (69)
Then, for a given element K € T}, we define the local matrix Ay € R as
(AK)oi = Adot(k o) dot(icyy V€l ={1,...,a}, (70)

where n denotes the number of all local degrees of freedom on the reference element (velocity
and pressure for all required time points on the actual time interval). Furthermore, we need a
K-local restriction operator

Rig RN R, (Rxd)p = daosxyp ViRel={l... a} (71)
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which assigns to a given global defect vector d € RY the local block-vector Rxd € R™ that
contains all components of d that are associated with all degrees of freedom that belong to
element K. Finally, we need a K-dependent extension operator

(v)p if Fpel: p=dof(K,f),

: (72)
0 if K € Ih(K)a

Ex :R* - RY, (Brvr), = {

where, to a local correction vector vix € R™ a global correction vector v = Exvg € RY is assigned
which would update only those components in a global vector that are associated with unknowns
belonging to element K.

Now, we are in the position to define in an exact mathematical way the action of the smoothing
operator S : RN — R applied to an approximation u® € RY of the solution u of the linear system
(69). We assume a certain numbering of mesh cells, i.e., let 7;, = {K;, i = 1,...,NEL}. Then,
we define Su® := uNFL | where uNP is successively computed by means of the following iteration
over all elements K; of the mesh:

u' = w4 wEg, (Ax,) ' Rk, (f — Au'™')  Vi=1,...,NEL. (73)

Here, w > 0 is a relaxation parameter and is set to w = 1 in our numerical tests. The computation
of the local correction vector v = (Ax) tdy in (73) is implemented by applying an optimized
direct solver (e.g., from the BLAS routines) to the local system Axvg = di. Thus, the high
performance of modern hardware architectures can be fully exploited within the smoothing steps.
Concerning the size of the local problems, we have on each element K, in case of the used
conforming LBB-stable Qo/P{**¢ element pair, 18 degrees of freedom for the velocity and 3 for
the pressure per required time point on the current time interval. Therefore, the dimension n of
the local system is 21 if the cGP(1) or Crank-Nicolson method is applied and 42 in the case of
the cGP(2) or dG(1)-method. Figure 1 shows the location of the local degrees of freedom of the
Q2/ P{is¢ element pair on the reference element for the time discretizations cGP(1) and cGP(2).

.?.
O Q O
1 1
0 U,V
GP(1) =9 5 pi or opk
2nr 9z 7 dy
@l @ De
1 11 772 1,2
@] Qn)Kn)Qn?KTL
cGP2) =9 5 p1 orL ory po ol opl
Sn " 9x ) dy 'm0 dx 0y
O @, 9]
v "
Qz/Plzsc

Figure 1: Location of the degrees of freedom for the Qa/P{**¢ element pair.

5.3. Restriction and prolongation
In the following, we describe in more detail the prolongation and restriction operator [ 15—1 :
RNk=1 — RNk and I ,]j_l : RVe — RNe-1 respectively, which transfer information between the
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coarse grid level £ — 1 and the fine level k£ in Algorithm 1. We use the so-called canonical grid
transfer routines based on the FEM space which treat all solution components separately. In
the case of conforming Qs finite elements, the prolongation operator is constructed by using a
biquadratic interpolation. Let v;, ¢ = 1,...,9, denote the nodal values of a velocity component
on a coarse grid cell Ky of level £ — 1 and w; the corresponding values on a refined son-element
K, C Ky of grid level k as shown in Figure 2 (left) (see [15, 16] for the details). Then, the nodal
values wy, we and wg are computed as (see also Figure 2 (left))

1

wy = vy, wy 1= 5(301 + 6v2 — v3), (74)
1
wo 1= 6—4(91)1 + 18vy — 3vg — 6v4 + v5 — 6vg — 3vy + 18vg + 36v9). (75)

The remaining nodal values w; are computed similarly. The restriction is then set up as the
adjoint of the prolongation operator, i.e., the matrices associated to [ 1?—1 and [ ,lj_l are exactly
transposed to each other. Next, we describe the construction of the prolongation operator for

A Ve Vs

Figure 2: Prolongation for Q2 with biquadratic interpolation (left) and P, with linear interpolation (right).

the discontinuous Pj; element approximating the pressure which is done by linear interpolation.
To this end, we suppose that vy, v1, v denote the 3 nodal values (consisting of the value of the
function and its derivatives w.r.t. z and y, respectively, at the barycenter) that determine the
Pr-pressure function on a coarse grid cell Ky at mesh level k — 1. Furthermore, let wq, w1, wo
denote the corresponding values for a son-cell K, C Ky on the fine grid level k as shown in
Figure 2 (right). Then, the nodal values w; are computed as

1 1
Wo == Vo = 51— 5 b2, wy =01 w2 = V3. (76)

Here, the values of wi,wo will remain the same vy, v, respectively, since the derivative of linear
function is always constant. Again, the restriction operator is defined as the adjoint of the
prolongation operator.

6. Numerical Results

In [2], we performed nonstationary simulations for two special flow configurations, namely,
flow around cylinder and flow through a Venturi pipe, to demonstrate the temporal accuracy
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and efficiency of the presented higher order time discretization schemes for the incompressible
Navier-Stokes equations. Thus, we have continued the work started in [17], where different time
stepping schemes were analyzed for these classes of problems. The test problem flow around
cylinder corresponds to the classical benchmark in [18]. Here, the main difficulty is to compute
the right nonstationary behavior of the flow pattern with periodic oscillations and examine the
ability of different time discretization schemes to capture the dynamics of the flow. As a second
test case, we consider the nonstationary flow for a high Reynolds number through a Venturi
pipe which has many real life and industrial applications. In this section, we mainly analyze the
behavior of the nonlinear and linear solvers for the presented problems.

6.1. Accuracy Results

In this subsection, we demonstrate the accuracy and the numerical cost of our proposed higher
order space-time discretization scheme cGP(2)-Qo/P*¢. To this end, we consider the Stokes
problem on the domain €2 := (0,1)? and with v = 1. The prescribed velocity field u = (uy,us) is

ui(z,y,t) = x2(1 - x)2 [Zy(l — y)2 — 2y2(1 — y)] sin(107t),
ug(,y,t) = —[22(1—2)* —22%(1 —2)] y*(1 — y)? sin(10xt),

and the pressure distribution is
p(x,y,t) == —(z> + y* — 0.5)(1.5 + 0.5sin(107t)).

The initial data is ugp(z,y) = u(x,y,0).

We apply the time discretization scheme ¢cGP(2) with an equidistant time step size T = T/N.
To measure the error (in time), we use the standard L?-norm || - [l2 := || - || 12(s 12(q)) of the time
discretization error w(t) — up«(t) for the velocity over the time interval I = [0,1]. Here, the
error consists of both temporal and spatial discretization errors due to the chosen finite element
space as none of the finite element spaces fully captures the corresponding solutions. In order to
analyze the errors explicitly, we first consider the fixed space mesh size hy and reduce the time
step size, respectively, the time step size T is fixed and we reduce the spatial mesh size. We
present in Table 1, 2 and 3, for different space mesh levels, the full discretization error u — uy .
of the velocity in the L?-norm and the total number ”#DOFs” together with the required CPU-
time. The CPU-times are measured in seconds for the nonlinear solver implemented within the
solver package FEAT2 (www.featflow.de) and the simulations are performed on a Dual-Core AMD
Opteron 8220 with eight CPUs at 2.8GHz.

From Table 1 to 3, we observe that for a fixed mesh size hy = 2~ and T — 0, the space
error becomes dominant for sufficiently small time step sizes T < Tg(h¢). We indicate by means
of an underline that row in the column block of grid level £ which corresponds to the last suitable
time step size To(hy).

We see that in the standard L?morm | - |2,z the error of the cGP(2)-method behaves, for
fixed mesh size hy, like O(T?) as long as T > to(hy) whereas it starts to stagnate for T < to(hy).
If we look at the error norms for the sequence of space-time meshes with (t,h) = (To(he), he),
¢ =4,6,8, we observe that the error decreases by a factor of about 8 if we increase the level ¢ by
one. This indicates an asymptotic behaviour of the form

(1)

lu —uepllr < C(T° + 1)

18



1/t | |lu —upxl|l2,0 | Factor | #DOFs | Factor | CPU | Factor
10 4.40E-04 15400 14.58
20 1.12E-04 3.94 30800 2.00 24.47 1.68
40 1.99E-05 5.63 61600 2.00 45.73 1.87
80 1.51E-05 1.31 123200 2.00 85.66 1.87
160 1.51E-05 1.00 246400 2.00 | 167.38 | 1.95
320 1.51E-05 1.00 492800 2.00 | 326.81 | 1.95

ISR N EN

Table 1: Full discretization error for fixed space mesh level (¢ = 4), total number of unknowns and CPU-
time for the cGP(2)-Q2/P*¢ scheme.

1/t | |lu —upqll2, | Factor | #DOFs | Factor | CPU | Factor
10 4.40E-04 230440 241.84
20 1.11E-04 3.97 460880 2.00 424.03 1.75
40 1.31E-05 8.49 921760 2.00 796.51 1.88
80 1.62E-06 8.07 1843520 2.00 1509.06 1.89
160 3.11E-07 5.21 3687040 2.00 2875.87 1.91
320 2.39E-07 1.30 7374080 2.00 0414.28 1.88
640 2.37TE-07 1.01 | 14748160 | 2.00 | 10760.68 | 1.99

Sy O O O O O O

Table 2: Full discretization error for fixed space mesh level (¢ = 6), total number of unknowns and CPU-
time for the cGP(2)-Q2/P*¢ scheme.

where || ||, stands for ||- |2, . This asymptotic behaviour is optimal with respect to the quadratic
polynomial ansatz of the cGP(2)-method in time and the quadratic ansatz of the Qs-element in

space.

1/t | |lu—upql|l2,r. | Factor | #DOFs | Factor CPU Factor
10 4.40E-04 3625000 3576.66
20 1.11E-04 3.97 7250000 2.00 6040.72 1.69
40 1.31E-05 8.49 14500000 2.00 11217.90 1.86
80 1.60E-06 8.15 29000000 2.00 22530.31 2.01
160 2.01E-07 7.97 58000000 2.00 44870.56 1.99
320 2.53E-08 7.93 | 116000000 | 2.00 29567.10 1.46
640 4.85E-09 5.22 | 232000000 | 2.00 | 159293.34 | 1.77
1280 3.73E-09 1.30 | 464000000 | 2.00 | 272482.16 | 1.71

CO OO0 00 00 00 0 O 0|

Table 3: Full discretization error for fixed space mesh level (¢ = 8), total number of unknowns and CPU-
time for the cGP(2)-Q2/P{*¢ scheme.
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Next, we repeat the tests for the different space mesh levels with fixed time step size. Table 4
and 5 show the results for the fixed time step size T = 1/40 and T = 1/160, respectively.

1/t | |lu —upell2,r | Factor | #DOFs | Factor | CPU | Factor
40 8.33E-04 4960 2.84
40 1.18E-04 7.07 16800 3.39 11.25 3.96
40 1.99E-05 5.94 61600 3.67 45.73 4.06
40 1.32E-05 1.51 235680 3.83 189.67 4.15
40 1.31E-05 1.01 921760 3.91 796.51 4.20
40 1.31E-05 1.00 3645600 3.96 2806.51 3.52
40 1.31E-05 1.00 | 14500000 | 3.98 | 11217.90 | 4.00
40 1.31E-05 1.00 | 57835680 | 3.99 | 43985.14 | 3.92

© 00 N O U i W N>

Table 4: Full discretization error for fixed time step size (T = 1/40), total number of unknowns and
CPU-time for the cGP(2)-Q2/P{#*¢ scheme.

1/t | ||lu—upqll2,r | Factor | #DOFs | Factor CPU Factor
160 8.37E-04 19840 7.73
160 1.18E-04 7.11 67200 3.39 39.29 5.08
160 1.51E-05 7.81 246400 3.67 167.38 4.26
160 1.91E-06 7.91 942720 3.83 682.75 4.08
160 3.11E-07 6.13 3687040 3.91 2875.87 4.21
160 2.03E-07 1.53 | 14582400 | 3.96 | 10993.84 | 3.82
160 2.01E-07 1.01 58000000 3.98 44870.56 4.08
160 2.01E-07 1.00 | 231342720 | 3.99 | 169389.32 | 3.78

© 00 O Ui WS

Table 5: Full discretization error for fixed time step size (T = 1/160), total number of unknowns and
CPU-time for the cGP(2)-Q2/P{*¢ scheme.

From Table 4, we see that for a fixed time step size T = 1/40 and hy = 2-(t=1) 5 0, the time
error becomes dominant for sufficiently small mesh sizes. Table 5 shows a similar behavior for
T = 1/160. We indicate again by means of an underline that row in the column block of grid
level ¢ which corresponds to the last suitable mesh size.

Next, we present in Table 6 the full discretization error u — up . of the velocity for the
corresponding method in the L?-norm, the total number ”"#DOFs” of all unknowns occurring
on the space mesh (i.e., on each time interval) and the required CPU-time in seconds where the
mesh and time step size have been chosen as

1
h=2""D 1= s 2==% =23 ...

It can be seen from Table 6 that the full (space-time) discretization error is reduced by a
factor of 8 if we increase the level ¢ by one (leading to eight times more space-time unknowns),
whereas the numerical cost in terms of the CPU-time increase only by a factor of 8, too, which
due to the optimal complexity of the multigrid solver is a big advantage for this higher order
method.
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1/t | |lu —upqll2, | Factor | #DOFs | Factor | # MG CPU | Factor
20 1.12E-04 30800 5.0 24.47
40 1.32E-05 8.48 235680 7.65 6.0 189.39 7.74
80 1.62E-06 8.15 1843520 7.82 5.5 1509.06 7.97
160 2.03E-07 7.97 14582400 791 4.5 11526.30 | 7.64
320 2.53E-08 8.02 | 116000000 | 7.95 6.0 89967.44 | 7.81

00 N O Ul x>

Table 6: Full discretization error, total number of unknowns, number of multigrid iterations and CPU-time
for the cGP(2)-Q2/ P{1*¢ scheme.

6.2. Nonstationary flow around cylinder

The flow configuration related to the 'flow around cylinder’ configuration [18], which is con-
sidered here, can be found at www.featflow.de/en/benchmarks/cfdbenchmarking.html. The
examined accuracy of the benchmark crucially depends on the following quantities

ou

Fp = /(py%ny —pn,)dS, and particularly Fp = — /(pu—tnm + pny)dS
S on S on

representing the total forces in the horizontal and vertical directions, respectively. Figure 3

Lev. | #EL | #DOF (total)
] 2 520 5928
312080 23296
] 418320 92 352
Figure 3: Coarse mesh for flow around cylinder. Figure 4: Size of the different systems in space.

shows the initial coarse mesh (level 1), which will be uniformly refined, and Figure 4 presents for
different space mesh levels the number '#EL’ of elements and the total number '#DOF’ of all
space degrees of freedom which are needed to represent the discrete velocity and pressure solution
based on the Q/P{i% element pair at one fixed time point.

In order to compare the accuracy of the higher order time discretization, the flow is started in
each computation from the same developed solution at time ¢y, and the simulation is performed
until T=10 for various uniform time step sizes T, := 1. After T=10, all quantities of interest
have been plotted and analyzed in detail in [2]. In Table 7, we recall from [2], for different
given space levels and time discretization schemes, the maximum allowed time step sizes that
guarantee comparable accurate results with an error of approx. 0.3% per time period at a given
space level (see [2] for the details). We can see that the corresponding time step size required for
the cGP(2)-method is 1.5 times larger than for the dG(1)-method and 5 times larger than for the
c¢GP(1)-method. The numerical costs for the ¢cGP(2)-method per time step are nearly the same
as for the dG(1)-method. So, we can roughly expect that the cGP(2)-method is 1.5 times faster
than the dG(1)-method to gain a certain accuracy if the corresponding solvers show a convergence
behaviour which is more or less independent of the time step size. Concerning the comparison
to the ¢cGP(1)-method, it depends on the question how much more computing time is needed to
solve the (nonlinear) 6x6 block systems for one time step of the cGP(2)-method compared to the
time for solving the (nonlinear) 3x3 block systems for the cGP(1)-method. In the following tables
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Lev | cGP(1) | dG(1) | cGP(2)
2 1/100 | 1/30 | 1/20
3 1/100 1/30 1/20
4 1/100 | 1/30 | 1/20

‘ factor ‘ 5 ‘ 1.5 ‘ 1 ‘

Table 7: Maximum allowed time step sizes with deviation of approx. 0.3% per time period.

which demonstrate the associated solution behaviour, we always underline, for each column of
a time discretization method, the one element which corresponds to the maximal possible time
step size that is necessary to ensure the required accuracy with respect to Table 7.

In order to measure and compare the efficiency of the nonlinear solvers for the presented time
discretization schemes, we show the averaged number "#NL’ of nonlinear iterations per time step
for the fixed-point and Newton method for different (space) mesh levels. We stop the nonlinear
iteration if the L?-norm of the nonlinear residual drops down below 10710, Table 8 shows that, for

Fixed-point Newton
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#NL #NL #NL #NL #NL #NL
1/10 11.82 13.18 11.18 4.18 4.73 5.00
1/15 9.00 9.88 8.62 3.94 4.06 4.06
1/20 8.00 8.24 7.14 3.81 4.00 4.00
1/25 7.00 7.04 7.00 3.04 3.69 4.00
1/30 6.03 7.00 6.03 3.03 3.03 3.03
1/50 5.02 5.02 5.02 3.00 3.02 3.02
1/100 4.01 4.01 4.01 2.01 2.01 2.01
1/200 3.00 3.00 3.00 2.00 2.00 2.00

Table 8: Averaged number of nonlinear iterations per time step at space level=3.

the fixed-point iteration as well as for the Newton method, almost the same number of nonlinear
iterations are required for the different time discretization schemes.

Moreover, as expected, the number of iterations decreases only slightly if we reduce the time
step size. Furthermore, the Newton method converges 2-3 time faster as compared to the fixed-
point method due to its superlinear convergence. Table 9 and 10 demonstrate the same behavior
for the space level 4 and 5, respectively.

Summarizing, the number of nonlinear steps associated with the maximum allowed time step
sizes to gain the accuracy with an error of approx. 0.3% per time period for the cGP(2) and dG(1)-
method (see Table 7) require only approx. 2 times more than the ¢cGP(1)-method, respectively.
Moreover, this factor is eventually improved by using the Newton method.

Next, we analyze the behavior of the multigrid solver for the solution of the linear subproblems
within the different time discretization schemes. To this end, we present the averaged number
"#MG’ of multigrid iterations per nonlinear step. Here, our multigrid solver uses for smoothing
11 = vy = 4 pre- and post-smoothing steps of a preconditioned GMRES method where the
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Fixed-point Newton
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#NL #NL #NL #NL #NL #NL
1/10 10.09 11.64 10.18 4.00 4.09 4.91
1/15 8.00 8.69 7.94 3.94 4.06 4.00
1/20 7.00 7.05 7.00 3.05 4.00 4.00
1/25 6.04 6.04 6.00 3.04 3.04 3.04
1/30 5.65 6.00 5.48 3.03 3.03 3.03
1/50 4.02 5.00 4.24 3.00 3.00 3.00
1/100 3.01 4.00 3.98 2.01 2.01 2.01
1/200 3.00 3.00 3.00 2.00 2.00 2.00

Table 9: Averaged number of nonlinear iterations per time step at space level=4.

Fixed-point Newton
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#NL #NL #NL #NL #NL #NL
1/10 9.00 10.27 9.00 4.00 4.09 4.55
1/15 7.00 7.69 7.00 3.56 4.00 4.00
1/20 6.00 6.05 6.00 3.05 3.38 3.90
1/25 5.04 6.00 5.04 3.04 3.04 3.04
1/30 5.00 5.03 5.00 3.00 3.03 3.03
1/50 4.02 4.02 4.02 2.02 3.00 3.00
1/100 3.01 3.01 3.01 2.01 2.01 2.01
1/200 2.00 3.00 3.00 2.00 2.00 2.00

Table 10: Averaged number of nonlinear iterations per time step at space level=5.
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preconditioner is the application of one step of the operator Sy (”Vanka”) on the actual grid level
k explained in Section 5.2. The multigrid solver stops if the L?-norm of the relative residual is
smaller than 1076 or the absolute residual drops down below 10715,

Fixed-point-multigrid Newton-multigrid
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#MG #MG #MG #MG #MG #MG
1/10 11.92 11.75 10.91 10.80 10.80 10.60
1/15 11.67 11.40 10.89 11.25 10.80 10.20
1/20 11.62 11.11 11.00 11.25 11.25 10.75
1/25 11.71 11.38 11.43 11.25 11.00 11.00
1/30 11.71 11.86 11.57 11.00 11.00 11.00
1/50 12.17 12.00 11.83 11.67 11.25 11.00
1/100 12.40 12.00 11.60 11.67 11.67 11.00
1/200 12.25 12.00 12.00 11.67 11.33 11.00

Table 11: Averaged number of multigrid iterations per nonlinear step at space level=3.

Fixed-point-multigrid Newton-multigrid
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#MG #MG #MG #MG #MG #MG
1/10 10.80 10.64 10.20 10.50 10.00 9.60
1/15 10.75 10.67 10.50 10.25 9.80 10.00
1/20 10.71 10.75 10.71 10.00 10.25 10.25
1/25 10.57 11.00 11.00 10.00 10.25 10.25
1/30 11.00 11.00 11.00 9.75 10.25 10.25
1/50 11.00 11.20 11.60 10.33 10.67 10.67
1/100 12.00 12.00 12.00 11.33 11.33 11.33
1/200 12.50 12.50 12.50 11.67 12.00 12.00

Table 12: Averaged number of multigrid iterations per nonlinear step at space level=4.

From the Table 11 to 13, we see that the multigrid solver requires almost the same number
of iterations for the different presented time discretization schemes. Moreover, the number of
multigrid iterations remains fairly constant if we increase the refinement level of the space mesh.
There is also no noticeable increase in the number of iterations if we decrease the time step which
is due to the incompressibility constraint. This means that the behavior of the multigrid solver
is very robust and almost independent of the mesh size, the time step size and the used time
discretization method.

Finally, we summarize in Table 14 the corresponding numerical costs that are necessary for
each method in order to obtain the accuracy with an error of approx. 0.3% per time period as
described in Table 7. These numerical costs include the time step size, the averaged number #NL
of nonlinear steps per time step, the averaged number #MG of multigrid iterations per nonlinear
iteration and the total CPU-time in seconds.
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Fixed-point-multigrid Newton-multigrid
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#MG #MG #MG #MG #MG #MG
1/10 9.56 9.36 9.11 9.79 9.20 9.00
1/15 10.14 9.75 9.43 9.50 9.50 9.25
1/20 10.00 9.86 9.67 9.50 9.50 9.25
1/25 10.00 10.00 9.50 9.25 9.50 9.25
1/30 10.20 10.00 9.80 9.67 9.50 9.00
1/50 10.00 10.00 10.00 9.67 9.67 9.67
1/100 9.75 10.50 11.00 9.67 10.00 10.33
1/200 11.00 11.67 12.00 9.50 11.00 11.33

Table 13: Averaged number of multigrid iterations per nonlinear step at space level=5.

quantity Fixed-point Newton

cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)
At 1/100 1/30 1/20 1/100 1/30 1/20
averaged #NL 3.0 5.0 6.0 2.0 3.0 3.9
averaged #MG 9.7 9.8 9.6 9.6 9.5 9.2
total CPU-time || 582790 | 729574 | 464168 407315 | 464307 | 356868

Table 14: Summary of numerical costs at space level=5 which are necessary for cGP(1), dG(1) and ¢cGP(2)
to achieve the comparable accuracy (0.3% per period).

6.3. Nonstationary flow through a Venturi pipe

The test configuration for the flow through a Venturi pipe which is considered in this section,
has been already used in [11, 17] (see [2] for more details). The aim of this simulation is
to control the flux through the upper channel. Beside this interesting flow quantity, we have
also compared the accuracy of all the presented time discretization schemes by computing the
velocity and the pressure at various points (see [2]). Figure 6 gives an overview of the size of
the problem on different space mesh levels. Since we have a high Reynolds number flow here, we
employ as a stabilization method the edge oriented jump FEM approach (see [10] and Remark 1)
with the parameters v = 0.1 and v* = 0.0. In order to compare the accuracy of different time

Lev. | #EL | #DOF (total)

e Pw
I Sy 4] 1536 17378
5| 6144 68 546

6| 24576 272258

Figure 5: Coarse mesh for the Venturi pipe flow Figure 6: Size of the different systems in space.

discretizations, the flow is started on each mesh level from the corresponding Stokes solution

at time ¢t = 0, and the simulation is performed until T=30 using different time discretization
methods for different time step sizes tT. After T=30, all the quantities of interest have been
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plotted and analyzed in detail in [2]. A detailed analysis regarding the temporal accuracy in [2]
has shown that the cGP(2)-method captures the dynamics of the flow at quite large time step sizes
as expected. The results on different mesh levels look somewhat more different due to the higher
Reynolds number. As in the test case before, we have determined in the same way the maximum
allowed time step sizes which lead to very similar results in the ”picture norm”. Table 15 shows
these time step sizes for different space mesh levels (see again [2] for more details).

Lev | cGP(1) | dG(1) | cGP(2)
3 1/50 1/20 1/6
1 1/50 | 1/20 1/8
5 1/100 | 1/20 | 1/15
‘ factor ‘ ~ 6 ‘ ~1.5 ‘ 1 ‘

Table 15: Maximum allowed time step sizes which lead (almost) to same results (from [2]).

Now we analyze the solver for the Venturi pipe flow similar to the example ”flow around
cylinder”. Again, we show the averaged number of nonlinear iterations per time step for the
fixed-point and Newton method for different space mesh levels. We apply the same stopping
criterion as in the previous example for the nonlinear and linear solver, respectively,

Fixed-point Newton
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#NL #NL #NL #NL #NL #NL
1/10 10.36 10.91 9.64 3.09 3.36 3.45
1/15 8.56 9.19 8.50 3.06 3.06 3.06
1/20 7.67 8.14 7.62 3.05 3.05 3.05
1/25 7.04 7.58 7.00 2.77 3.04 3.04
1/50 5.80 5.90 5.75 2.08 2.53 2.55
1/100 4.72 4.88 4.77 2.01 2.01 2.01
1/200 4.00 4.00 4.00 2.00 2.00 2.00

Table 16: Averaged number of nonlinear iterations per time step at space level=3.

From Table 16 to 18, we see again that, for the fixed-point iteration as well as for the Newton
method, almost the same number of iterations is required for every time discretization scheme.
Moreover, for a fixed space mesh level, the number of nonlinear iterations slightly decreases if
the time step size is reduced, as expected. Concerning the number of nonlinear iterations, it
is noticed that the Newton method is more efficient than the fixed point iteration which shows
almost the same behavior as in case of the flow around cylinder example. These results indicate
that the nonlinear solver is also robust with respect to the underlying flow configuration.

Next, we analyze the behavior of the multigrid solver for the solution of the linear subproblems.
Here, the multigrid solver is using the same settings as in the example with the flow around a
cylinder. In Table 19 to 21, we present the averaged number of multigrid iterations per nonlinear
step for solving the corresponding linear block systems for the space mesh levels 3-5. We
observe again that the multigrid solver requires almost the same number of iterations for the
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Fixed-point Newton
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#NL #NL #NL #NL #NL #NL
1/10 10.27 11.09 9.91 3.27 3.73 3.73
1/15 8.56 9.25 8.75 3.06 3.06 3.06
1/20 7.76 8.52 7.95 3.05 3.05 3.05
1/25 7.12 7.73 7.31 3.04 3.04 3.04
1/50 5.63 5.80 5.57 2.12 2.47 2.49
1/100 4.33 4.50 4.38 2.01 2.01 2.01
1/200 3.60 3.81 3.76 2.00 2.00 2.00

Table 17: Averaged number of nonlinear iterations per time step at space level=4.

Fixed-point Newton
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#NL #NL #NL #NL #NL #NL
1/10 9.64 10.64 9.73 3.27 3.73 3.73
1/15 8.31 9.00 8.62 3.06 3.06 3.06
1/20 7.52 8.24 7.76 3.05 3.05 3.05
1/25 6.96 7.58 7.23 3.04 3.04 3.04
1/50 5.39 5.55 5.41 2.06 2.24 2.25
1/100 4.01 4.24 4.01 2.01 2.01 2.01
1/200 3.00 3.27 3.16 2.00 2.00 2.00

Table 18: Averaged number of nonlinear iterations per time step at space level=>5.

Fixed-point-multigrid Newton-multigrid
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#MG #MG #MG #MG #MG #MG
1/10 9.45 10.45 10.80 10.00 11.25 11.50
1/15 9.89 10.70 10.33 10.25 11.00 11.00
1/20 9.89 10.56 10.38 10.25 11.00 11.00
1/25 10.38 10.38 10.00 10.75 11.00 11.00
1/50 9.83 10.50 10.33 10.67 10.25 10.50
1/100 10.20 10.60 10.20 10.67 10.67 10.33
1/200 10.40 10.40 10.00 10.67 10.67 10.33

Table 19: Averaged number of multigrid iterations per nonlinear step at space level=3.
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Fixed-point-multigrid Newton-multigrid
T cGP(1)  dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#MG #MG #MG #MG #MG #MG
1/10 9.50 9.91 10.00 10.50 10.00 10.40
1/15 10.11 10.30 10.33 10.00 11.25 11.00
1/20 10.25 10.56 10.38 10.50 11.50 10.75
1/25 10.12 10.50 10.43 10.75 11.25 11.00
1/50 10.83 10.50 10.17 11.00 10.50 10.25
1/100 11.00 10.80 11.20 11.00 11.33 11.00
1/200 10.80 10.20 10.40 11.00 11.00 10.67

Table 20: Averaged number of multigrid iterations per nonlinear step at space level=4.

Fixed-point-multigrid Newton-multigrid
T cGP(1) | dG(1) | cGP(2) | cGP(1) | dG(1) | cGP(2)

#MG #MG #MG #MG #MG #MG
1/10 10.67 11.20 10.20 12.00 11.80 10.60
1/15 10.38 11.11 10.62 11.00 12.00 11.75
1/20 10.00 11.38 11.29 10.75 12.00 11.50
1/25 10.43 12.00 11.14 10.75 12.00 12.00
1/50 11.00 12.17 11.17 11.33 12.00 11.00
1/100 11.80 11.20 11.00 11.00 11.33 10.67
1/200 12.25 11.50 11.25 12.00 11.00 11.00

Table 21: Averaged number of multigrid iterations per nonlinear step at space level=5.
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presented time discretization schemes. Moreover, the number of multigrid iterations remains
almost constant for increasing space mesh level. There is also no noticeable increase in the
number of iterations if we decrease the time step. Comparing with the results in the flow around
cylinder example we observe a similar solver behavior as for the Venturi pipe flow. This indicates
that our multigrid solver is also robust with respect to the underlying flow configurations. At the
end, similar to the flow around cylinder example, we summarize in Table 22 the corresponding
computational costs in terms of CPU time that are needed for each method to obtain the required
accuracy as described in Table 15.

quantity Fixed-point Newton

cGP(1)  dG(1) | cGP(2) || cGP(1) | dG(1) | cGP(2)
At 1/100 1/20 1/15 1/100 1/20 1/15
averaged #NL 4.0 8.2 8.6 2.0 3.0 3.0
averaged #MG 11.8 11.3 10.6 11.0 12.0 11.7
total CPU-time | 1501952 | 1645490 | 1153457 || 724233 | 633672 | 433118

Table 22: Summary of numerical costs at space level=5 which are necessary for cGP(1), dG(1) and cGP(2)
to achieve the required accuracy.

7. Conclusion

We have presented the details of efficient solution techniques for solving the nonlinear block-
systems resulting from the continuous Galerkin-Petrov and discontinuous Galerkin time dis-
cretization schemes of higher order for the nonstationary incompressible Navier-Stokes equations
(in 2D). The spatial discretization is carried out by using biquadratic finite elements for velocity
and discontinuous linear elements for the pressure on a (general) quadrilateral mesh. The result-
ing discretized block-systems of nonlinear equations which can be characterized as saddle point
problems are treated by using the fixed-point iteration or particularly the Newton method as
outer iteration. The associated linear subproblems are solved by means of a monolithic multigrid
method with a GMRES smoother which is preconditioned by an elementwise block Gauf-Seidel
(Vanka-like) iteration where, for each element cell, simultaneously all unknowns are updated that
belong to this cell.

We have analyzed the behaviour of the nonlinear and linear solvers for the presented time
discretization schemes cGP (1), cGP(2) and dG(1) applied to two prototypical CFD test problems.
The numerical results have shown that, for both nonlinear solution variants, almost the same
number of nonlinear iterations is required for the different time discretization schemes. Moreover,
the number of nonlinear iterations decreases slightly (for the Newton method) by reducing the
time step size as expected. Furthermore, the Newton method converges 2-3 times faster compared
to the fixed-point iteration due to its superlinear convergence behaviour. In an analogous way,
we have also analyzed the behaviour of the proposed multigrid method for solving the linear
subproblems arising from the different time discretization schemes. The results show that the
multigrid convergence is almost independent of the spatial mesh size (as expected) and of the
time step (due to the incompressibility). So, combining the superlinear behaviour of the Newton
method with the robust and efficient solution behaviour of the multigrid solvers, the resulting
total computational costs to achieve a certain accuracy are essentially smaller for the higher order
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time discretizations compared to the classical Crank-Nicolson scheme (which is nearly equivalent
to ¢cGP(1)), leading in 2D to an almost optimal computational behaviour since (uniform) grid
refinement in space and time leads not only to 8 times more unknowns, but also to 8 times higher
computational costs while at the same time also 8 times more accurate solutions can be obtained.
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