DIFFERENTIABILITY PROPERTIES OF THE SOLUTION
OPERATOR TO AN ELLIPTIC VARIATIONAL INEQUALITY OF
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Abstract. We study the stability of solutions to H&—elliptic variational inequalities of the second
kind that contain a non-differentiable Nemytskii operator. The local Lipschitz continuity of the
solution map with respect to perturbations of the right-hand side and perturbations of the coefficient
of the Nemytskii operator is proved for a large class of problems and directional differentiability results
are obtained under suitable structural assumptions. It is further shown that directional derivatives of
the solution map are typically characterized by elliptic variational inequalities in weighted Sobolev
spaces whose bilinear forms contain surface integrals and whose right-hand sides depend on the
direction of the derivative. Our work extends results recently obtained by De los Reyes and Meyer and
demonstrates that fine properties of the solution and (pull backs of) distributional derivatives have
to be taken into account when it comes to the sensitivity analysis for elliptic variational inequalities
of the second kind in Sobolev spaces.
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1. Introduction. While the continuity and differentiability of solution operators
to elliptic variational inequalities of the first kind have been studied in a multitude of
papers (cf. [3,4,10,13,14,18,19,23]), sensitivity results for elliptic variational inequal-
ities of the second kind can only hardly be found in the literature (see [6,24] for two
of the few contributions). This is in particular unsatisfying regarding the increasing
interest in the analysis and numerical solution of optimal control problems governed
by this type of variational inequality (cf. [5,6]). With this paper we hope to make a
further step towards the extension of the known continuity and differentiability results
to elliptic variational inequalities of the second kind by analyzing in detail problems
of the form

w e HY(Q), a(w,v—w)+/ch(v)d)\—/gcj(w)d)\2 (fyv—w) Yve Hy(Q), (P)

where a is a continuous coercive bilinear form and j : R — [0, c0) is a convex function
satisfying j(0) = 0. The outline of this paper is the following:

In Section 2 we clarify the notation, make precise our assumptions and discuss basic
results concerning the existence, uniqueness and regularity of solutions to (P) that
are needed throughout this paper.

In Section 3 we prove the local H'- and L>-Lipschitz continuity of the solution map
S: (e, f) — w associated with the variational inequality (P) (see Theorem 3.1).

In Section 4 we give an overview of the strategy that we use in the subsequent section
to study the (directional) differentiability of the solution map S.
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Section 5 is concerned with the differentiability of S for functions j which are twice
continuously differentiable away from the origin. It will be seen here that fine proper-
ties of the solution w and the second distributional derivative of j are relevant for the
differentiability properties of the solution operator S and that directional derivatives
of S are typically characterized by elliptic variational inequalities in weighted Sobolev
spaces. See Theorem 5.15 for our main result.

Lastly, in Section 6 we conclude our investigation, interpret our findings and address
open questions.

It should be noted that the (weak) directional differentiability of the solution operator
S : f+— w to a problem of the form

w € HY(Q), alw,v—w) +/ [vo|dA —/ lw|d\ > (f,v —w) Yve Hy(Q) (1.1)
Q Q

has already been studied by De los Reyes and Meyer in [6]. These two authors
used the idea to reformulate the variational inequality (1.1) as a variational equality
by introducing a slack variable ¢ and to analyze the convergence behavior of the
difference quotients associated with ¢ and the solution w to obtain information about
the regularity of the solution map S. This primal-dual approach yields results similar
to ours if right-hand sides f are considered where the solution w = S(f) is continuous,
where the sets {w > 0} and {w < 0} are at a positive distance from each other,
and where the level set {w = 0} does not have (d — 1)-dimensional components
(cf. [6, Assumptions 3.13, 3.16]).

In this paper, we use a methodology that does not require the introduction and
analysis of slack variables but solely works with primal quantities. This allows us to
study (1.1) (and similar problems) in the situation where (d — 1)-dimensional parts
of the set {w = 0} are present and, moreover, enables us to show that these lower
dimensional components of the active set manifest themselves as surface integrals in
the variational inequalities that characterize the directional derivatives of the solution
operator S.

2. Preliminaries and Notation. In what follows, we use the standard notation
H(Q), Wkr(Q), C*7(Q), k € N, 1 < p < o0, v € (0,1], for the Sobolev and Hélder
spaces on a domain Q C R?, d > 1. We refer to [1,8] for details on these spaces. The
dual of H} () w.r.t. L2(2) and the associated dual pairing are denoted with H~1(Q)
and (.,.), respectively. With A\* and H* we denote the k-dimensional Lebesgue and
Hausdorff measure (where H* is assumed to be scaled as in [9, Definition 2.1] such that
it coincides with the surface measure on sufficiently regular sets). When the dimension
is clear from the context, we drop the index k£ and simply write A. Further, we define
¢ = max(0,z), = := min(0,z) and LY (Q) := {¢ € LP(Q) : ¢ > 0 a.e. in Q},
1 < p < 0. With C we denote a generic constant. If we want to emphasize that C
depends on a quantity «, we write C' = C'(«). The topological closure and interior of
a set S are denoted with cl(S) and int(S), respectively. For subsets of the Euclidean
space we also use the notation S := cl(9).

As already mentioned, the purpose of this paper is to study variational inequalities
of the form

we HYQ), a(w,v—w) +/

cj(v)dX — / cj(w)dX > (f,v —w) Yo € HY(Q). (P)
Q Q

Our standing assumptions on the quantities a, j and 2 appearing in (P) are as follows:
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AssumpTION 2.1 (Standing Assumptions).

-QCRY d>1, is a bounded (strong) Lipschitz domain,

- a: HY(Q)x H}(Q) — R is a (not necessarily symmetric) bilinear form defined
by a(vi,ve) = (Avy,vs), where A : H}(Q) — H~Y(Q) is a second order
partial differential operator of the type

d

0 0
Av = — Z a—m] (aijaxiv> + pou

ij=1
with o;; € CH(Q) and B € LY (Q) such that there exists a C > 0 with

d
> ()G = ClP V¢ eR? Vo e,

ij=1

- j:R—=10,00) is a convex function satisfying j(0) = 0.
We point out that in Section 5 we tighten the assumptions on j and confine ourselves
to the situation where j can be written in the form j(z) = ji(a%) + ja(—27) with
non-negative, convex functions ji,j2 € C?([0,00)) satisfying j;(0) = j2(0) = 0 and
71(0),75(0) > 0. Up to then, however, the minimal regularity in Assumption 2.1 is

sufficient for our needs. Note that standard arguments from convex analysis (see,
e.g., [7]) yield the following:

LemMA 2.2, If j : R — [0,00) satisfies the conditions in Assumption 2.1, then it is
true that:

a) j is Lipschitz on bounded sets,

b) j is directionally differentiable in every x € R in all directions h € R and the
directional derivative j'(x;h) satisfies

jlx +th) —j(x))

j'(z; h) = inf < ;

t>0

¢) j is Hadamard differentiable in every x € R in all directions h € R, i.e., if

(hpn) CR, (t,) C (0,00) are sequences satisfying h, — h and t, — 0, then it
holds

st = fy (R tabo) =30,

n—00 tn

d) jlio,00) is monotonically increasing and j|(_ o) is monotonically decreasing,
e) for all x,y € R, it holds

J'(@y — o)+ 5 (y;2 —y) <0.

We emphasize that we do not impose any conditions on the growth of the function j
for x — 4o00. Consequently, the functional

v»—)/gcj(v)d)\

appearing in (P) may take the value +oo if ¢ > 0 holds a.e. in . To circumvent
problems with this mapping behavior, we will often make use of the following results
that go back to Stampacchia:



LeMMA 2.3 (Stampacchia).
a) For all v € HY(Q) it holds v, v~ € H}(Q) and

Vv ae in{v>0} __JVv ae in{v<0}
V(t) = {0 a.e. in {v <0}’ Vi) = {0 a.e. in {v >0}

Moreover, the map H}(2) > v (vH,07) € HY(Q) x HE(Q) is continuous.
b) If v e HY(Q) is a function such that

v—>Fk ae in{v>k}
v = v — min(k, max(v, —k)) =< 0 a.e. in {|lv| <k} , k>0, (2.1)
v+k ae in{v<-—k}

satisfies
ol < [ fludr =0 (22)
Q

for some f € LP(Q) with p > max (d/2,1), then there exists a constant C
depending only on 0, p and d such that

[0l < ClIfllLe-

Proof. Part a) of Lemma 2.3 is classical and can be found, e.g., in [17, Theorem I1.A1]
(see also [2, Theorem 5.8.2] and [12, Corollary 2.1]). The L°-bound in b) is obtained
along the lines of [17, Lemma IL.B2] (cf. [6, Lemma 3.8]). Since we will use b) several
times, we briefly recall the proof for the convenience of the reader: Let us assume
that d > 2 and define L(h) := {|v| > h}, where, as usual, {|v| > h} is shorthand for
{z € Q: |v(x)] > h} (defined up to sets of measure zero). Then it follows from the
Sobolev embedding H'(Q) < L2 (¢=2)(Q) that there exists a C' > 0 which depends
only on 2 and d such that for all h > k > 0 we have

d—2

d
okl > CllolFaasa—a > C* (/ (o] = k)d%dA) > C*(h —k)*A(L(h)) T .
L(h)
(2.3)
On the other hand, our assumption p > max(d/2,1) implies
p(d+ 2) - d+2 >

2d 4

and we may use Hdolder’s inequality, Young’s inequality and the Sobolev embeddings
to obtain (with the same constant C' as in (2.3))

1

a+2
2d

1 _2d_
[ fudar< ( / |fff2dA> ol
Q L(k)

1 P(czliZ) 2a
<c (/ flpdA> ML) 7 | o
L(k)

1 d+2 1
I LK) =777 [|o | e

IN

IN

1 da+2_2 1
L IARALE) 7 4 el (.4)
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Combining (2.3) and (2.4) with (2.2) yields

ie.,

(h = k)AM(L(h)) =

2

C*(h— kP AL T < Sl FIRAMER) F

d—2 a+2

< Gl FlaME®) 58 = 7l Py =] @9

for all h > k > 0 with

(2 Y (d*2 1\ [ 2d )\ (d+2 2\ _,
=\a=2)\2a " p d—2)\ 24 “a)

From (2.5) and [17, Lemma I1.B1]| (a simple growth result for real valued functions),
it now follows A(L(kg)) = 0 for

L1 (s=1)(d=2)
ko := 251 @A(Q) 2d 1fllze-

This proves the claim for d > 2. For d = 2 the argumentation used above has to be
altered slightly to take into account that the Sobolev conjugate 2d/(d—2) degenerates
in two dimensions. The modifications, however, are straightforward, so we leave the
proof to the reader. For d = 1 the claim is trivially true. This completes the proof. O

We are now in the position to analyze the solvability of the variational inequality (P):
THEOREM 2.4. Let Assumption 2.1 hold. Then it is true that:

a)
b)
c)

d)

Proof.
Ad a)

For all (c, f) € LY () x H~*(Q) there exists a unique solution w € H} () to
the variational inequality (P).

If (¢, f) € LYL() x LP(Q) with p > max(d/2,1), then there exists a C > 0
which depends only on d,p,Q and A such that ||w|| L~ < C|f||Lr-

If (¢, f) € LE*(Q) x LP*(Q) with p1 > max(2d/(d + 2),1), ps > max(d/2,1),
then for all v € H}(Q) it holds

a(w,v) + /Q ci’ (wyv)dA > {f,v). (2.6)

If (¢, f) € LE () x LP>(Q) with p1 > max(2d/(d + 2),1), po > max(d/2,1)
and if j|(—oo0) € C((—00,0]), jlj0,00) € C([0,00)), then there exists a slack
variable g € L>=(Q) such that

Aw+cqg=f and q=j(w) a.e in {j(w)+#0}.
If (e, ) € LE(Q) x LP(Q), max(d/2,1) < p < 00, jl(—cc,0)) € C*((—00,0])
and jlj,00) € C*([0,00)) and if Q has a C*'-boundary, then w is in WP (Q).
In particular, w € C(Q) for all (c, ) € L% (Q) x LP(Q) with p > d.

The bilinear form a is H&—elliptic and continuous due to Assumption 2.1
and Friedrichs’ inequality. Further, we obtain from Fatou’s lemma and the
properties of j that the functional

H(}(Q)Bvl—)/gcj(v)d)\ERU{oo}

is convex, proper and lower semicontinuous for a fixed ¢ € LL(Q) This allows
us to apply standard results as, e.g., [12, Theorem 4.1]) to obtain the unique
solvability of (P).



Ad b) Let w be the unique solution to (P) and let wyg, k > 0, be defined as in (2.1).
Then we may choose the test function v := w — wy, in (P) to obtain (using
Lemma 2.3 a))

d
/ Z —0; 0w 0wy, — PwwidA
Q.

w ) elit—stw)ax
+tAw<_Hc(ﬂk)jQM)dA2jgfu%dA~ (2.7)

Since j is monotonically increasing on [0,00) and monotonically decreasing
on (—o0,0], and since 5 > 0 a.e. in Q, it follows from (2.7) (in combination
with Assumption 2.1 and Friedrichs’ inequality) that there exists a constant
C depending only on d, €2 and A such that

ol < /QC|wak|dA V> 0.

Using Lemma 2.3 b) now yields the claim.
Ad ¢) Let v e HY(Q)NL>(Q) and t € (0,1) be arbitrary. Then we may choose the
test function w + tv in (P) to obtain

a(w,v)—o—/ﬂcwd)\z (f,v).

Note that it follows from f € LP?(Q), po > max(d/2,1), that w is essentially
bounded in Q (see b)). Further, we obtain from Lemma 2.2 a) that j is
Lipschitz on the interval [—|w|/p~ — ||v||Le, |w| Lo + ||v]|Le]. Thus, there
exists a C' > 0 with

‘ﬂw+ﬁ*ﬂmwgcweﬂﬂm vt € (0,1).

Using the dominated convergence theorem, we may now deduce

a(w,v) + /Q cj’ (w;v)dX > (f,v). (2.8)

This proves c¢) for all v € H}(Q) N L>(Q2). If v is unbounded, we can choose
the function vg := min(v™, k) + max(v™, —k) € L>®(Q), k > 0, in (2.8) and
exploit the positive homogeneity of the directional derivative to obtain

a(w, vg) —I—/ ¢j’ (w; 1) min(v™t, k)dA
Q

+/ cj'(w; —1) min(—v~, k)dX > (f, vg) .
Q

Letting & — oo in the above and using again the dominated convergence
theorem (with the majorant (||j'(w;1)||z + ||7'(w; —1)||L=)clv| € LY(), cf.
the Sobolev embeddings, p; > max(2d/(d + 2),1) and the local Lipschitz
continuity of the function j) yields (2.6) in the general case.
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Ad d) To prove the existence of the slack variable ¢, we employ an approximation
argument: Consider for € > 0 the regularized variational inequality

we € HY(Q), alwe,v —w,) +/ cje(v)dA — / cje(we)dA > (f,v — we)
Q Q
Yo € Hy(Q) (P.)
with

Je(z) = m—\@ Vr € R.

Then j. : R — [0,00) is a convex function satisfying j.(0) = 0 and it follows
from a) that there exists a unique solution w. to (P.). Moreover, we obtain
from b) that this solution satisfies ||w.| e < C|f| Lr> for some constant C
which does not depend on . Note that testing with w in (P.) and w, in (P)
yields

aw—waw—wdSAf@&@—ﬂw+jWJ—kWQNAS%@Mhu

i.e., we have |w —we| g1 — 0 as e — 0. Further, it follows from the definition
of j&‘a j|(7oo,O]) € Cl((—O0,0]), ]|[0,o<>) € Cl([0,00)) and j(O) = 0 that js is
continuously differentiable with
PR
ToVet+i?

This implies in combination with c) that

in B\ {0}, j.(0)=0.

a(we,v) + A CMII{%#O}vdA = (f,v) (2.9)

holds for all v € Hg(S2), where 1,0} € L>() is the indicator function of
the set {w, # 0}. The slack variable
J(we)j" (we)

s [T 2.10
q e+j(w5)2 {w:#0} ( )

appearing in (2.9) satisfies

gellzee < i ()] < € < o0

max
2€[—lwe || oo, |lwe | Loo]\ {0}
with a constant C' independent of . Thus, the family {g.}.~0 is bounded
in L*°() and we can apply the theorem of Banach-Alaoglu to extract a
subsequence (unrelabeled) such that g. converges to some ¢ € L>®(£2) w.r.t.
the weak*-topology in L>(Q) = L(Q)* as e — 0. Using that ||w—w.| g1 — 0
holds for € — 0 and that we have cv € L'(2) due to the Sobolev embeddings
and p; > max(2d/(d + 2),1), we can pass to the limit in (2.9) to obtain that
the weak limit ¢ satisfies

a(w,v) +/chvd/\ = (f,v) Yve Hi(Q).

This proves the claim. The fact that ¢ = j/(w) holds a.e. in {j(w) # 0}
follows trivially from the pointwise convergence of (a subsequence of) ¢ to
j'(w) a.e. in {j(w) # 0} (see (2.10) and ||w — we|| g — 0).
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Ad e) If (Caf) € Li(Q) X LP(Q)a maX(d/zvl) <p <X, jl(foo,O]) € Cl((_oovo])
and jljo.00) € C*([0,00)), then it follows from part d) of the theorem and
max(d/2,1) > max(2d/(d +2),1) for all d > 1 that there exists a ¢ € L>°(Q)

with
d
0 0 =
—Z— ajj—w | + fw=—cqg+ f=:f.
=1 81‘]‘ 8132

Thus, w solves an elliptic partial differential equation of second order with
right-hand side f € LP(Q) and we can employ standard regularity results
(see [11, Theorem 9.15]) and the Sobolev embeddings to obtain the claim.

O

We remark that part d) of Theorem 2.4 can also be proved with dualization arguments
(cf. [5]). Note that in what follows, we will not analyze the sensitivity of the slack
variable ¢ with respect to perturbations of ¢ and f (in contrast to the approach in [6]).
In our analysis, the slack variable ¢ is only needed to obtain the regularity result in
Theorem 2.4 e).

3. Local Lipschitz Continuity of the Solution Map. Having studied the
existence, the uniqueness and the regularity of the solution w to (P), we now turn
our attention to the mapping properties of the solution operator S : (¢, f) — w. In
what follows, we first analyze the continuity of S as a function from L% (Q) x L?(Q)
p > max(d/2,1), to H:(Q). The main result of this section is:

THEOREM 3.1. Let Assumption 2.1 hold, let p > max(d/2,1), and let v > 0 be
arbitrary but fized. Then there exists a constant C depending only on d,p,), A,r and
J such that the solution operator S : (¢, f) — w associated with (P) satisfies

[1S(c1, f1) = S(ez, fo)lmr + [1S(ex, f1) = S(ez, f2)l|Lee
< C(ller = eallus + 151 = follir)

for all (c1, f1), (c2, f2) € L () x {f € LP(Q) « ||l <7}

Proof. Let fi, fo € LP(Q) with || fi||z», || f2llzr < 7 and c1,¢2 € LE (Q) be arbitrary
but fixed. Denote with w; the solution S(cq, f1) and with ws the solution S(ca, f2).
Then we know from Theorem 2.4 b) and c) that ||wy ||, ||w2||r~ < C holds with a
constant C' depending only on d,p,, A and r and that

atwr,0)+ [ a0 = (o)
and
a(wg, —v) + /Q e’ (w2; —v)dA > (f2, —v)
holds for all v € H}(2). Adding the above inequalities yields

a(wy — ws,v) + /Q(cl — ¢a)j’ (wi;v)dA +/962 (j'(w1;v) + 5’ (w2; —v))d/\
> (fi — f2,0) Yo € HYQ). (3.1)



Choosing v = wy — wy, we now obtain (using e) in Lemma 2.2, Sobolev embeddings
and the local Lipschitz continuity of j)

a(w1 — W2, w1 — wz)

< (fi — fa, w1 —wa) + /ﬂ(cl — c)j’ (wr; sgn(wy — wi))wy — wadX
+ /Q Co (j/(wl;U)Z —wi) + j (wo; w1 — w2))d)\
< O(Ilfy = Fallir + ller = eallin ) s = wallan
with a constant C' depending only on d,p, 2, and j. Consequently,
s = walls < C(d,p, 2 A r ) (llex = eallas + 11 = follus )-

This proves the local Lipschitz continuity in H'(2). It remains to prove the pointwise
stability estimate. To this end, we choose the test function v = —(w; — wa)g, k > 0,
n (3.1), where (wy — wa)y, is defined as in (2.1). This yields

a((w1 — wa), (w1 — wa)k)

< (f1 = fo, (w1 —wa2)g) + /Q(Cl — c)g’ (wr; — (w1 — wa)x)dA

+ [ a5 wni =1 = wah) + i 1 = wa)))aA. (32

Note that the positive homogeneity of the directional derivative, the definition of
(w1 — w9)g and e) in Lemma 2.2 imply

/@me<m WMHWWMmfmeM
= / j "(wy; —sgn(wy — wa)) + 5" (wa; sgn(wy — wg))>(|w1 — wa| — k)dA
{|w1— w2|>k}

\wl —IU2|—]€

dA

/ J "(wr;we —wy) + j' (was wy — wz))
{|w1 w2|>k} |wy — wy|

| /\

Thus, it follows from (3.2) that
(w1 — wa)k |71 < C(d7p797A7r7j)/ (|f1 — faol +ler - C2|)|(w1 — wa)|dA
Q

holds for all £ > 0. Lemma 2.3 b) now yields
[wi —wallp= < C(d,p, Q2 A, 5) (1 = folloe + [ler — eallre) -

This proves the claim. 0



4. Strategy for the Differential Sensitivity Amnalysis. As Theorem 3.1
shows, the solution map S : L% (Q) x LP(Q2) — H}(Q), (¢, f) — w, p > max(d/2,1),
is H'- and L*-Lipschitz on bounded sets. This is not only interesting for its own
sake (as it implies, for example, that S is even continuous when c¢ is identical zero
and the non-differentiable term in (P) degenerates), but also the point of departure
for our differential sensitivity analysis: If a tuple (h,g) € LP(€Q) x LP(Q) satisfying
c+toh € LE (Q) for some ¢, > 0 is given (with (¢, f) € L1 (Q) x LP() arbitrary but
fixed), then the local Lipschitz continuity of the solution operator S implies that the
difference quotients

S(c+th, f+tg) —S(c, f)

5t = P 5

0<t<ty,

remain bounded in H'(Q2) and L°°(f2) as t tends to zero. This yields that for every
sequence ¢, C (0,to) satisfying t,, — 0 we can find a subsequence (unrelabeled for
simplicity) such that the associated difference quotients J;, converge weakly in H!(2),
strongly in L?(Q) and pointwise a.e. in  to a function § € H(2). In what follows,
the main idea is to show that this weak limit § is unique, i.e., independent of the
choice of (sub)sequences, and that the difference quotients J;, converge even strongly
in H'(Q). If this is established, then it follows immediately by contradiction that S
is directionally differentiable in (¢, f) in the direction (h, g) with S’((c, f); (h,g)) =6
(cf. also with [6]). So let us consider the following situation:

ASSUMPTION 4.1.

- p>max(d/2,1),

- (e, f) € LE(2) x LP(Q) is arbitrary but fived (with w := S(c, f)),

- (h,g) € LP(Q) x LP(Q) is arbitrary but fized such that there exists a to > 0
with ¢+ toh € L% (),

- 0<t, <ty is a sequence tending to zero as n — oo,

- the difference quotients 0,, 1= dy, associated with t,, satisfy

6p — 6 in HY(Q), &, — 6 in L*(Q), &, — & pointwise a.e. in

for some § € H} ().

To prove that the weak limit § is unique, we first note that the definition of ¢,, yields
S(c+tph, f +tng) = w + t,6,. Consequently, for all v € H}(£2) it is true that

a(w + tp0n, v —w —t,0,) + [ (c+tph)j(v)d\ — / (c+tnh) j(w + t,6,)dA
Q Q
>(f+tng,v—w—1t,0,). (4.1)

If we choose functions of the form v = w + t,,2, z € H}(2), in (4.1), then we obtain
after some manipulations

(8,2 — 6n) + Jn(2) + Ho(2) — Jn(6n) — Hu(8,) > (g, 2 — 8,)  Vz € Hy(Q) (4.2)

with




and

1) = o (ot + [ ei'twiarn- (1.2))
+ % </Q At tﬁ) —iw) cj’(w;z)d)\> . (4.3)

In the following, our aim will be to pass to the limit n — oo in (4.2) and to show that
the limit § is itself the solution of an elliptic variational inequality which does not
depend on the sequence (t,,) appearing in Assumption 4.1. If this is proved, then § is
clearly unique and the solution map S is indeed directionally differentiable. Note that
for the H,-terms in (4.2) the limit transition n — oo is completely unproblematic:

LEMMA 4.2. Let Assumptions 2.1 and 4.1 hold. Then for all z € H}(Q) N L>() it
is true that

Hn(z)—Hn(én)—>/th'(w;z)d)\—/ghj’(w;d)d)\.

Proof. We know from Theorem 2.4 that ||w| g~ < C| f|/rr and if z € L*(Q), then
lw+tnz|e < C|fllzr +tol|z]|L~. Consequently, there exists a constant C' > 0 such
that ||w|| e, [|w + tnz| L~ € [0,C] holds for all n and we may use the local Lipschitz
continuity of j in combination with the dominated convergence theorem to obtain

Hn(z):/Qh‘j(w—i_trf)_‘j(w)d)\—>/ghj’(w;z)d)\.

n

For H,(d,), it follows from w + ¢,0, = S(c + tyh, f + tng) and Theorem 2.4 that
lw + tnonllree < C(||fllLe + tollg||Lr). Further, we have a uniform bound on |0, ||z,
due to Theorem 3.1. Thus, we may again use the dominated convergence theorem
and the Hadamard differentiability of j to deduce

Hn(én):/th(w+t"f")_j(w)dA—>/th’(w;5)d)\.

n

This proves the claim. O
Unfortunately, passing to the limit n — oo with the J,-terms in (4.2) is much more
difficult. Due to the negative powers of ¢, in (4.3) and since j is not assumed to
be twice continuously differentiable, it is perfectly possible that the sequence .J,(z)
diverges and the pointwise behavior of the second order difference quotients

appearing in .J,,(0,) is in general hard to determine. To overcome these problems, we
note the following:

LEMMA 4.3. Let Assumptions 2.1 and 4.1 hold. Then it is true that
1
0 < limsup ( (a(wﬁn) +/ cj'(w;d,)d\ — (f, 5n)>> < 00
n—00 n Q

and

0 < lim sup (1 (/ch(w *tndn) =) _ cj’(w;én)d/\>) < o0

n—oo n tn
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Proof. Choosing the test function z = 0 in (4.2) yields
1
(0.6 = H,(6,) = - (w6 + [ eiwisyin— (1.6,
n Q
1 . n¥n) — j .
n Q

ln

>0,
where the last inequality holds due to Lemma 2.2 b) and (2.6). The claim now follows
immediately from the boundedness of the term (g,d,) — H,(d,). d

Lemma 4.3 shows that, although the term J,(z) might diverge for an arbitrary test
function z € H} (), the expression J,,(8,) in (4.2) has to remain bounded. In what
follows, we will use this boundedness property to obtain additional information about
the weak limit ¢ and to reduce the class of test functions that has to be considered in
the variational inequality (4.2). As a first consequence of Lemma 4.3, we obtain:

LEMMA 4.4. Let Assumptions 2.1 and 4.1 hold. Then the weak limit § of the difference
quotients &, is an element of the so-called critical cone

Toue, )= { € HYO) s alw2) + [ e twiziarn = (1.2)}.
Q
Proof. From the first estimate in Lemma 4.3, it follows

lim (a(w,én) +/ch'(w;5n)d)\ —{f, 6n)> =0

n—oo

and the weak convergence d,, — ¢ yields a(w, 0,,) — (f,dn) — a(w,d) — (f, ). Further,
we obtain from the uniform L°°-bound on ¢, the local Lipschitz continuity of the
function j and the dominated convergence theorem

/cj’(w;&n)d)\:/cj'(w; 1)6,fd)\—/cj’(w;—l)é;d)\—>/cj’(w;d)d/\.
Q Q Q Q

Combining all of the above proves the claim. 0
LEMMA 4.5. The set Terit(c, f) defined in Lemma 4.4 is a closed convez cone.

Proof. The cone property and the closedness of T,.;(c, f) w.r.t. the H'-topology are
trivial. To see that Ti,i:(c, f) is convex, note that from (2.6) and the convexity of j
it follows that for all z1, 20 € Tirii(c, f) and all s € [0, 1] it holds

0 <a(w,sz + (1 —s)z2) + / cj (w;sz1 + (1 — 8)2z9)dA — (f, 521 + (1 — 8)22)
Q

=a(w,sz1 + (1 = 8)z2) — (f,s21 + (1 — 8)22)
. Jw+ (1 —s)w+t(sz + (1 — 8)2z2)) — j(w)
+ /Q c ( lim ) dA

t—0+ t

< (atwea+ [ ei'twzir— (120

+(1—25s) (a(w7 z2) + /Q ¢’ (w; z9)dA — (f, 22>)
=0.

This proves the claim. 0
12



REMARK 4.6. The critical cone consists precisely of those functions that satisfy the
necessary condition (2.6) with equality, i.e., those directions for which a linearization
of the problem (P) does mot provide any information about the "optimality” of the
solution w (cf. [4]). For an elliptic variational inequality of the first kind whose
admissible set is (extended) polyhedric, the critical cone is exactly the admissible set
of the projection that characterizes the directional derivatives of the solution map. We
refer to [13] and [19] for details on this topic.

Note that the information 0 € Ti.i(c, f) is obtained from the O(t,)-terms in the
perturbed variational inequality (4.1), i.e., Lemma 4.4 is essentially the consequence
of a first order perturbation analysis of the problem (P). To be able to pass to the
limit in (4.2), it remains to study which "second order information" about ¢ is encoded
in the boundedness property

0 < lim sup (tl </ch(w *tndn) = j(w) _ cj’(w;&n)d)\>> oo, (45)

n—oo n tn

Unfortunately, what can be deduced from (4.5) depends heavily on the precise nature
of the function j and, at least to the authors’ best knowledge, there is currently no
general strategy that can be used to study which implications (4.5) has if j is an
arbitrary function satisfying the conditions in Assumption 2.1 (although there are,
of course, general results about the behavior of second order difference quotients of
convex functions, cf. Alexandrov’s theorem, [22, Theorem 3.11.2]). As a consequence,
in what follows, we have to confine our analysis to a suitable subclass of problems.

5. Variational Inequalities Involving Piecewise Smooth Functions. Hence-
forth, we impose the following more restrictive conditions on the function j:

ASSUMPTION 5.1. It holds j(x) = ji(zT) + ja(—2~) with non-negative and conver
functions ji, jo € C*([0,00)) satisfying j1(0) = j2(0) = 0 and j;(0), j5(0) > 0.

REMARK 5.2. We emphasize that the strateqy described in Section J and pursued
hereafter can also be employed in situations other than that in Assumption 5.1. Our
approach is, for example, also applicable if one of the following holds:

- jis a C'-function satisfying the conditions in Assumption 2.1 and j' is locally
Lipschitz continuous and directionally differentiable,
- j(x) = ||t with € > 0.

In the above cases, passing to the limit in (4.2) is even simpler than in the situation
of Assumption 5.1 and structural assumptions (as those in Assumption 5.8 below) are
not needed to prove the directional differentiability of the solution map S. We remark
that it is also possible to extend our analysis to cover the cases where one of the
derivatives j1(0), 75(0) in Assumption 5.1 vanishes and where the function j is non-
differentiable at several points. The notational effort, however, increases significantly
if this more general setting is considered.

As we will see in the following, in the situation of Assumption 5.1, the boundedness
property (4.5) yields information about the traces of § on the boundary of the set
{w # 0} (i.e., the boundary of the inactive set). To be able to talk about traces on
O{w # 0}, we have to make some assumptions:

13



AsSuMPTION 5.3 (Structural Assumptions).

a) It holds f € LP(Q), p > max(d/2,1),0 < c € C(Q) and w € CH(Q)NW21(Q).
b) The set O{w # 0} C Q is a \%-zero set and there exists a set C C Q such that
the following is true:
- C is closed and has H'-capacity zero (i.e., cap,(C,R%) =0),
- 0{w # 0}\C is a strong (d—1)-dimensional Lipschitz submanifold of R?,
- the sets

Nt = {Vw=0}nd{w > 0}\C
NT={Vw=0}nd{w<0}\C

are relatively open in 0{w # 0} \ C.
Here and in what follows, when we use the variable w, we always mean the
Cl-representative of the solution S(c, f).

Some remarks are in order regarding the conditions in Assumption 5.3:
REMARK 5.4.

a) The assumption w € CH(Q) N W?2L(Q) is automatically fulfilled if Q0 has a
CYl-boundary and if f € LP(Q) holds for some p > d (see Theorem 2.4 ¢)).

b) Recall that a set N' C R is called a strong (d — 1)-dimensional Lipschitz
submanifold of R? if the following holds (cf. [25]): For all p € N there exist
an orthogonal transformation R € O(d), an open ball B C R4, an open
interval J = (a,b) and a Lipschitz continuous map h : B — J such that

pERBxJ) and NNR(BxJ)=R({(z,h(z)):ze B}).

Note that here and in what follows, we use the following conventions for the
degenerate case d = 1:
- R := {0} (with the open ball B :=R°),
- the set RY x R is identified with R, i.e., if J C R and B = RY, then
BxJ:=Jand BxJ:=J.
¢) In the situation of Assumption 5.3, the part of 0{w # 0} N Q with Vw # 0,
i.e., the set

M:=0{w#0}N{Vw £ 0} ={w=0}N{Vw £ 0} C Q,

is a (d—1)-dimensional C*-submanifold of R% (cf. implicit function theorem,).

d) Since N* and N~ are relatively open subsets of d{w # 0} \ C, they are
themselves strong (d — 1)-dimensional Lipschitz submanifolds of R?.

e) Since M, N and N~ are strong (d—1)-dimensional Lipschitz submanifolds,
traces on these sets are well-defined (cf. [1,21]).

f) The capacity condition imposed on C in part b) of Assumption 5.3 means the
following (cf. [2, Chapter 5.8.2]):

0=inf{||¢[|g: : ¢ € C.(RHNWEP(RY),0<p <1, ¢=1in anbhd. of C}.

The above property will ensure that C is so "small" that we can neglect it
(cf. the proof of Lemma 5.14). In practice, C will contain lower dimensional
parts of the boundary O{w # 0} that cannot be handled analytically without
magor problems, e.g., isolated zeros of the function w or points where the set
O{w # 0} has a cusp (cf. Figure 5.1).

14



Fia. 5.1. The geometric situation in Assumption 5.3. All visible lines are part of the boundary
0{w # 0} C Q. In the grey sets, it holds w = 0. Points contained in C are marked by black squares.
The sets M,N~ and Nt are depicted in blue, green and red, respectively. We point out that N'*
and N~ do nol necessarily have to be disjoint and that there is always a change of sign along M.

Note that in the situation of Assumptions 5.1 and 5.3, our first order condition in
Lemma 4.4 can be rewritten as follows:

LEMMA 5.5. Suppose that Assumptions 2.1, 5.1 and 5.3 are satisfied. Then it holds
—cjh(0) < f < ¢j1(0) M-a.e. in {w = 0} and it is true that

S Tc’rit(ca f) <~ Z+ S Tcrit(ca f) and z~ S Tc’rit(ca f)
2t =0 M-ae in {w=0}N{—cjh(0) < f < cji(0)} and
27 =0 M-ae in {w=0}N{-cjy(0) < f <cji(0)}. (5.1

Proof.
a) Since w € W21(Q) and f € L'(2), (2.6) implies

/Q(Aw)sz + /{w;éo} ¢’ (w)zd\+ /{w_O} c(j{(O)ZJr - jé(())z’)d)\
> / frdh VzeCR@Q).  (5.2)
)

If we choose test functions z € C°({w # 0}) in the above inequality, we
obtain (using that the set {w # 0} is open)
Aw +¢j'(w) — f =0 a.e. in {w # 0}. (5.3)
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From (5.2) and (5.3), it follows
/ (Aw)zdx + / c(jg(O)z+ - jé(O)z’)d)\ > / FzdN (5.4)
{w=0} {w=0} {w=0}

for all z € C°(€2). Since d{w = 0} is a A\¥-zero set, (5.4) yields
|- net = @)+ Hdrzo (55)
{w=0}

for all z € C°(Q2) and, by approximation, for all z € L>°(Q2). Choosing the
indicator functions

a= sy and 22 0= —lircciyo0)

in (5.5), we readily obtain —¢j5(0) < f < ¢j1(0) a.e. in {w = 0}. This proves
the first claim of the lemma.

If 27,27 € Torit(c, f), then it follows from the convexity of the cone T.,.;;(c, f)
that z = 27 + 27 € Topii(c, f). If, conversely, z € Tepit(c, f), then it holds

o
Il

a(w, z) + /{w;éO} e’ (w)zd\ + /{w:()} c(j{(O)z‘L - jé(O)z*)d)\ —{f,2)

= (a(w,z+)+/{ o) cj'(w)z+d)\+/{ ) cji(0)2+d/\—<f,z+>>

+ (a(w, z27)+ /{w;éo} cj'(w)z=d\ — /{w_O} cjy(0)z=dX = (f, z>> .

The two bracketed terms on the right-hand side of the last identity are each
non-negative due to (2.6). Consequently, they both have to vanish and it
follows 27,27 € Tri4(c, f) as claimed. To obtain the second equivalence, we
note that, due to the regularity of the functions w and f, the condition in the
definition of the set T..;+(c, f) can also be written as (cf. part a))

| o= pet - o+ pear=o,
{w=0}

If we assume that z+ € T,.;;(c, f) holds, then it follows from the above and
—cj4(0) < f < ¢ji(0) a.e. in {w = 0} that

0= / (ci(0) — f)z*tdA = (c7(0) — f)=* |,
{w=0} {w=0}

This yields 2t = 0 a.e. in {w = 0} N {—cj5(0) < f < ¢ji(0)} as claimed.
Completely analogously, we obtain that 2z~ € T,.;+(c, f) implies 2~ = 0 a.e.
in {fw =0} N{=cj4(0) < f < ¢j1(0)}. This proves the implication = in the
second equivalence in (5.1). The reverse implication is trivial.
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REMARK 5.6. In the situation of Lemma 5.5, the critical cone can also be described
as follows, using the slack variable q appearing in Theorem 2.4 d):

c(71(0) = q)z" — (52(0) + ¢)z~dA = 0} :

w=0}

Tcrit(c7 f) = {Z c H&(Q) : A

The above formulation corresponds to that used in [6].

We now turn our attention back to the boundedness condition (4.5), i.e.,

0 < lim sup (1 (/ch(“’ ttndn) = j(w) cj’(w;én)d)\>> < o0

n—r oo n tn

To analyze which implications (4.5) has in the situation of Assumptions 5.1 and 5.3,
we need the following prototypical result:

PROPOSITION 5.7. Let B C R%1 be an open ball and let a > 0. Suppose that
v, € C(B x [0,a]) are functions satisfying

v=0o0nBx{0}, v>0inBx(0,a] and ¢ >0 in B x[0,al.

Assume further that t,, € (0,00) and z, € H'(B x (0,a)) are sequences with t, — 0
and z, — z in H*(B x (0,a)) for some function z. Then the following is true:

a) If it holds v € WH*°(B x (0,a)), ¢ > 0 in B x {0} and
lim ([[Vol| 2= (Bx (0.)) =0

and if (trz)~ is not identical zero on B x {0}, then

-V tn n +
lim inf / w%d)\ = 00.
n—roo Bx(0,a) [

b) If it holds v € C*(B x [0,a]) and |[Vv|| > & >0 on B x {0} and if there exists
a constant C independent of n with ||z,||L~ < C, then

(—v —tpzy)T 1 (trz7)% .1
———d\— - dH .
/Bx(o,a) v tz 2 BX{O}(p (9av)

Here, trz~ € L?(B x {0}, H?™1) is the trace of the function 2~ on B x {0}.

Proof. We restrict our attention to the case d > 1 (the proof for the one-dimensional
case is completely analogous but requires some notational adjustments): Note that
we may assume w.l.o.g. z, € C(B x [0, a]) for all n € N. If this is not the case, we can
simply replace z, with a sequence Z, € C(B x [0, a]) satisfying ||z, — Z,| g1 < t2 (and
IZnllL= < C in b)) since this exchange does not alter the limiting behavior of the
integral expressions under consideration. In the following, we denote the first d — 1
coordinates of the Euclidean space with = € R?~! and the d-th coordinate with y € R.
Further, we introduce the abbreviations do and dy for d\4~!(z) and d\!(y).
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Ad a) If M > 0 is arbitrary but fixed, then for all n large enough it holds ¢, M < a
and (since v > 0in B x (0,a))

- _tn n * b M —A<n +
/ w%dx 2/ / o) o Ldyde.  (56)
Bx(0,a) tn B JO [28 tn

From v =0 on B x {0} and v € W1>(B x (0,a)), we obtain further

tn M
o(z,y) ( )d dz
tn M 1
< Jlgllz~ / / / ((000) (, 5)|dsdyd
B
1 —
S§H<P||L°°||VU||L°°(Bx(o,tnM)))\ YB)M?2. (5.7)

Similarly, we may calculate that

//tM :z:y) ( )" dydz

//tM (z,y) Zni 0 dydz + R,,

:/B( 2 (2,0))" /0 o(z, tpy)dydz + Ry, (5.8)

with
taM _ +_(_ +
SECYY LT CENE)

BJO
tn M 1 Yy
< gl / / 1 / Ozn (2, 5)|dsdydz

|Rn| =

tn M 1 a 1/2
< llol / / g (/ |adzn<x,s>2ds) dydz
0
< gnwnmHznHHlAd-l(B)“?MW%}L/Q. (5.9)

Using (5.7), (5.8), (5.9), the boundedness of the sequence z, in H!(B x (0, a)),
our assumptions on the function v and the compactness of the trace operator
tr: HY(B x (0,a)) — L*(B,\%"1) = L2(B x {0},H%!) (cf. [21, Chapter 2,
Theorem 6.2]), we can pass to the limit n — oo in (5.6) to obtain

. . (—’U - t'nzn)+ +
lim inf oA\ | 2 M [ @(z,0)(~trz(x))" dz
n=00 \ JBx(0,a) 2 B

=M o|(trz)" [dHYL (5.10)
Bx{0}

Since M > 0 was arbitrarily large and since ¢|(tr z)~| is non-negative and
not identical zero on B x {0} (cf. our assumptions), it follows that the limes
inferior in (5.10) has to be infinite. This proves part a).
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Ad b) The claim in b) is obtained similarly to that in a): Due to the C'-regularity

of v, the function
1
= / Oqv(z, sy)ds
0

is continuous and from v > 0 in B x (0,a] and |Vv| = 0qv =7 > ¢ > 0
on B x {0} it follows that r is positive everywhere in B x [0, a]. Thus, there
exists an £ > 0 such that r > £ holds everywhere in B x [0,a]. On the other
hand, the integrand in the integral under consideration can only be non-zero,
if it is true that

T(I7 y) = U(l’

0 S —’U(.f,y) - tnzn(x,y) = _yr(xay) - tnzn(x7y),
i.e., if it holds

OSyStnMSCtn
13

with a constant C' independent of n. Thus, for large enough n we have

—U —th2n +
/ PV tnzn)” g
Bx(0,a) [

Ctn —yr{x — Zn\X
:/B/O P A G ttn @) 4

2
n

c +
:// w(ﬂc,tny)(*yr(%tny)*zn(%tny)) dydz
B JO
¢ +
~ [ | st (~r.0) = 20(0.0) ayas + Ry (310
B JO

with

C
IRal < Il /B /0 (@ tay) — yr(2,0)| + |20 (2, tay) — 2n(z, 0)|dyda

c [ Cty,
§HS0||L°°// / |Oazn (z, s)|dsdyda + o(1)

a 1/2
< \|<p||Loo// (Cty)/? (/0 |6dzn(x,s)|2ds> dydx + o(1)
O

(5.12)
From the compactness of the trace operator, (5.11) and (5.12), it follows

Ly +
[
Bx(0,a) [54

H/ x 0)/ — yOqv(z,0) — (trz)(x))+dydx. (5.13)

Using ||Vv|| = d4v > € > 0 on B x {0}, we can calculate the inner integral
on the right-hand side of (5.13) to obtain

(—v —tnzn)t 1 - (trz=(2))* a1 .
/Bx(o,a) tz “ 2/13@( 0) (adv)(xvo)d)\ (@).

This proves b). 0
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Note that for j(z) = |z|, it holds

1 (/ Cj(w+tn§n) — j(w) —cj’(w;én)d)\>
tn \Ja ty

oy — + +
:/ ge {20 = tadn)" 5”5”) d)\—i-/ 207(1”“2”5") dx,
{w>0} tn {w<0} t

i.e., the parameter integrals studied in Proposition 5.7 are exactly those appearing in
the boundedness condition (4.5) when the absolute value function is considered. If j is
an arbitrary function satisfying Assumption 5.1, then one can use Taylor expansions
and localization arguments to deduce the following from Proposition 5.7:
PROPOSITION 5.8. Let Assumptions 2.1, 5.1 and 5.3 hold. Then the following is true
in the situation of Assumption 4.1:

(tr&)T =0H a.e. on N and (trd)” =0H -a.e. on NT.

Proof. We again restrict our attention to the case d > 1. To show that (4.5) implies
(tré)~ = 0 He¥ '-a.e. on N, we use Taylor’s formula and Proposition 5.7 a): From
(4.5), Lemma 2.2 b) and our assumptions on j, it follows that there exists a constant
C > 0 independent of n with

Q n

/ ¢ 20t tndn) = j(w) _ cj’(w)‘s"dA)
{

w>0} tn

(/{ o c J((w+ tn5r£)+) —jw?) cj’(w+)5nd>\>

+ _ gt
[ e (st e —cﬁ(wﬂandA)
{w>0}

Y

vV
| =

ln

+ / wt tndp) T —wt)? /1(1 = )31 (1 = s)w™ + s(w +1,8,) T)dsdA.
{w>0} 0
(5.14)

Further, we obtain from the boundedness of the sequence ¢, in L°°(Q)) that the
integrand of the j{-integral in (5.14) satisfies

‘ ((w+tn5 )+—w+ /(1

(1 = s)wT + s(w + t,6,) " )ds

< IICHLoo||5 7. max {57 () : 0 < & < fJwllz + |60l }
<C

a.e. in Q for some constant C' > 0 independent of n. Thus, the ji-term in (5.14)
remains bounded as n tends to infinity and it is true that

1 tnbn)t —w™
Cz/ cj;(uﬁ)((w“L J'ow —5n) X
{w>0} ln ln

o — +
= / cji(w*’)Md)\. (5.15)
{w>0} tn
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Consider now an arbitrary but fixed point p € N C d{w # 0} \ C. Then it follows
from our assumptions that (after possibly changing coordinates such that R = Id)
we can find an open ball B C R?! an open interval J = (a,b) and a Lipschitz
continuous map h : B — J with

peBxJ and O{w#0}\CN(BxJ)={(z,h(x)):z e B}.

Note that, since C is closed, since N is a subset of 2 and since N/ T is relatively open
in O{w # 0} \ C, by making the sets J and B smaller, we can always obtain that the
following holds true for some € > 0 (cf. Figure 5.2):

peEBxJ, c(BxJ)cCQ\C,
Nt (B xJ)={(x,h(z)):z € B},
{(z,y) :x € Band |y — h(z)| <e}) C B x J,
H{w#0}Nc(BxJ)=c(NTN(BxJ)).

In the above situation, it follows from A" C 9{w > 0} that w is positive in at least
one of the sets

Dy :={(z,y) ecl(BxJ):y>h(x)}, Dy:={(zr,y)ecd(BxJ):y<h(z)}.
(We, of course, use the unique extension of the function h onto B here). Let us

assume that this is true for D; (the other case is analogous). Then (5.15) and the
area formula (cf. [9, Theorem 3.9]) imply

ox [ (e

dydz. (5.16)
(z,y+h(z))

Defining

v(@,y) =wlz,y+ (), @(z,y) = clz,y+ (@) (wz,y + h(z))),
zn(2,y) = On (2, y + h(2)),

the right-hand side of (5.16) takes exactly the form of the integral expression studied
in Proposition 5.7. Further, it follows from the definition of Nt that w(z, h(z)) =0
and (Vw)(x,h(z)) = 0 holds for all z € B. This and the conditions on ¢ and w in
Assumption 5.3 yield that in the situation of (5.16) we have

v, € C(Bx[0,¢]), v=00nBx{0}, v>0in B x (0], ¢ >0in B x [0,¢],
v e W (B x(0,¢)), tlg% ([IVoll e (Bx (0,6)) = 0.

From Proposition 5.7 a) and (5.16), it now readily follows by contradiction that
(tré)™ = 0 He¥ lae. on NT N (B x J). This, together with the arbitrariness of
the point p € N proves the claim for (trd)~. The result for (trd)™ is obtained
completely analogously. 0
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F1G. 5.2. Local rectification of the set Nt in two dimensions.

To study the trace of ¢ on the set M = {w = 0} N {Vw # 0}, we need the following
corollary of Proposition 5.7 b):

PROPOSITION 5.9. Let Q be a bounded Lipschitz domain and suppose that functions
j,v,c,11 and o are given such that j satisfies Assumption 5.1 and such that

veCHQ), 0<ceC(), 0< €C.(Q), 0<1hyeCa(),
supp(¢1) NA{v < 0} N{Vuo =0} =10
and

supp(y2) N 0{v > 0} N {Vv =0} = 0.
Assume further that t,, € (0,00) and z, € H(Q) are sequences satisfying
tn =0, |zallpe <C, 2z — zin Hl(Q) and z, — z pointwise a.e. in )

for some constant C' independent of n and some z € H*(Q)). Then it is true that

[ (KA )
1

tn
S0 e - / ref (0)(*)?d
2 Jivzo0} 2 J{v=0}
1 -/ -/ (tI‘Z+)2 d—1
+ 5 (J1(0) +52(0 / Ve dH (5.17)
SO BO) T

and

J Y CLET=A ER M P

tn t
1 1
o5 [ e P [ o)
{v#0} {v=0}
Lo - (trz") 4
+ 5 (71(0) + 43(0) / Pac dHL (5.18)
2( ! 2 ) w=0jn(vosoy VY]]

Proof. We restrict our attention to (5.18). The limit (5.17) is obtained analogously.
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Further, we again focus on the case d > 1. Note that the properties of j imply

[t (A0 ) 0

tn
— / w2£ <]2(v - th';) 7.]2(71)) +]é(—'U)Z;> dA
{v<0} n tn
. N
+/ . <J1((v+tnzn) ) — j1(v) _j{(v)zn> I\
{v>0} tn tn
+/ a <Jz((v+tnzr?)‘)> I\
{v>0} tn tn
=1+ 1+ Is.

In what follows, we analyze the three integrals I, I and I3 separately:

Ad I;: Using the dominated convergence theorem, the boundedness of z, in L>()
and Taylor’s formula, we obtain

c (ja(=v—tnz, ) — ja(—v . _
n- | wgt(M g )+J§(—U)Zn)d)\
{v<o}  n ln

1
= / Poc(z;)? / (1 — 8)j5 (—v — stpz, )dsdA
{v<0} 0

1 . _
35 Pociy (—v)(27)%dA.
{v<0}

Ad I5: Tt holds (cf. (5.14))

B o (Aot =il
12—/{U>0}w2 ( 31<>n)dx

n ln

N
_1 / bacj! (v) (Wn)v _ Zn> d\
tn {v>0} tn

_ 1
+ / ac (vt tn2) " = 0)° / (1—8)37((1 = s)v+ s(v + tp2, )T )dsdA
{v>0} 0

tz
= Ipq + Ioyp.

For Iy, we obtain analogously to I; that

To be able to apply Proposition 5.7 to the above integral, we note that our
assumption supp(i2) N O{v > 0} N {Vv = 0}) = 0 implies

supp(¢2) N O{v > 0} C {Vv # 0}. (5.19)
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Define K := supp(t)2) and (as before) M := {v = 0} N {Vv # 0}. Then it
follows from (5.19) and the compactness of K N d{v > 0} that there exists a
constant m > 0 with

Vv >m in K nofv>0}.

Further, the implicit function theorem yields that for each point p in the set
Kno{v >0} C M we may find an orthogonal transformation R, € O(d), an
open ball B, C R%"! an open interval J, and a C'-function h, : B, — J,
such that

pE Ry(Bp x Jp), Ry(By x Jp) CQ,

MO Ry(Bp x Jp) ={v =0} N Ry(Bp x Jp) = Rp({(x, hp(x)) : @ € Bp}).
Note that by choosing smaller sets B, and J,, in the above situation we can
always obtain that it holds

cl(Rp(Bp x Jp)) C Q,
[Voll = m/2in Rp(By x Jp),
v # 0 in cl(Rp(Bp x Jp)) \ cl(Rp({(z, hp(2)) : € Bp}))

and
Rpy({(z,y) 12 € By, ly — hp(2)| < ep}) C Rp(Bp x Jp) (5.20)

for some ¢, > 0. Let us denote the e,-tube on the left-hand side of (5.20)
with W,. Then the collection {W,} defines an open cover of K N d{v > 0}
and it follows from the compactness of the set K N d{v > 0} that there exist
points py,...,p;, € KNo{v > 0}, L € N, with

L
Kno{v>0}c|Jw, =U.
=1

Further, since U is open, we can find an open set V' C R? such that
UUV =R?Y and VNKnNof{v>0}=0.

Consider now a partition of unity of the Euclidean space R¢ subordinate to
the cover W, ,...., W, ,V (cf. [26, Theorem 1.11]), i.e., a collection of smooth

125

functions ¢; : RY — [0,1], I = 1,..., L + 1, satisfying

L+1

supp(¢r) C Wp,, 1=1,...,L, supp(pr41) CV and Z o = 1.
1=1

Then we obtain

X (—v—tnz,)*t
Ly, = Z/ ey (v) ———5—"—dA, (5.21)
= Jrn{v>0} t

n

Note that from V N K Nd{v > 0} = 0 it follows

VNKN{v>0}=VNnKncl{v>0}).
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Thus, the set V N K N {v > 0} is a compact subset of {v > 0} and it holds
v >¢e > 0 for some e > 0in V N K N{v > 0}. This implies, together with
the uniform L*-bound on |z, ||z, that the integral associated with ¢4
in (5.21) is identical zero for n sufficiently large. It remains to analyze the
integrals

. —v —tpz, )T
/ eracy (v) %d)\
Kn{v>0} n
‘ —v—tyz;)"
= /W (>0 @leCji(v) %d)\’ l= 17 ey La (522)
pyMv> n

appearing in (5.21), i.e., the contributions to I, that come from the vicinity
of the boundary 9{v > 0}. To this end, let us drop the index ! and assume
w.l.o.g. that R, = Id. In this prototypical situation, the integral in (5.22)
can be rewritten as follows (cf. the proof of Proposition 5.8):

) —v—tyz,;)"
/ hacg (v) %d)‘
Wyn{v>0} 124

°p ) —v—tpz;)T
:/B / [ﬂ{v>0}@¢2031(v) (tg):|

Note that, since {v =0} NW, = {(z, hp(z)) : x € Bp} C {v=0}N{Vv # 0}
and due to v # 0 in cl(Bp x Jp) \ cl({(z, hp(z)) : © € Bp}), it has to hold
either

dydz.
(z,y+hp(z))

v(x,y + hp(z)) > 01in By x (0,6p], v(x,y + hp(z)) < 0in By X [—¢p,0)
or

v(z,y + hy(7)) < 0in B, x (0,,], v(x,y+ hy(z)) > 0in B, x [—¢,,0).
If the first case is true (the second one is analogous), it holds

. —v —tpzy )T
/ 901/’2011(0) %d)‘
Wpn{v>0} 7}

_ /B p /O {gpwgcﬂ(v) (__;W

The integral on the right-hand side of the last equation has exactly the form
of that studied in Proposition 5.7 b). We may thus deduce

dydzx.
(z,y+hp(2))

. —v —tpz, )T
/ Pihaciy (v) o = tnz)” 2 )
W,on{v>0} n
1 y (trz—)?2
- 2/Bp 71(0) [W/’zc D0

Here, with (trz7)(z, hp(z)) we, of course, mean the value of the trace

dA

A\ ().
(@ hp(@))

trz” € L2(M,HI)
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in the point (x, hp(x)) € M, z € Bp,. Using the identity

(Vo) (@, hp(2)) || = (Bav) (@, hp(x)) /1 + [[Vhp(2)[? V2 € By
and the area formula (cf. [9, Theorem 3.9]), it now follows

, —v —tpzy )"
/ piac (v) %d/\
W,on{v>0} 124

} 2
L1 7(0) et

N dHdt
2 J{(@hp(@))we By} Vol

This implies (using 211;1 pr=1lon KNofv>0}=KNM)

1. (trz7)? _
Ia - I d 1.
20> 510 [ vl [

Ad I3: From Taylor’s formula we obtain
v to )
Iy :/ Yo (h( CRRILY )> dX
{v>0} n n
—(v+tnz, )" ! . i
:/ 1/)20%/ jo(=s(v +t,2,) 7" )dsdA
{v>0} n 0
— tn -\
= [ oy
{v>0} 124
tn —\—\2 1 1
+/ 1/126% (/ / jg(—st(v+tnzn))dtsds> dA
{v>0} [ o Jo
= I3q + I3p-
The dominated convergence theorem yields I3, — 0 (analogously to I5;) and
since
) —(vttnz,)” . —v—tyz;)"
/ wzjé(o)c(iz)cu =/ wzjé(0)0¥d>\
{v>0} tn {v>0} tn
the integral I3, behaves exactly like I5,. Thus, using the same argumentation
as for Iy, we obtain
Iy "(0)/ LR R
3 5J 2C .
27 Vo]l
Combining all of our results, we readily obtain (5.18) as desired. 0

We point out, that Proposition 5.9 is also interesting for its own sake. It yields, for
example, the following second order expansion for the L!-norm:
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COROLLARY 5.10. Let 2 be a bounded Lipschitz domain and let v € C*(2) be a
function with {v =0} N {Vv =0} =0. Then for all z € C.(Q)NH(Q) and all t >0
it holds

/ |v 4 tz|dA
)

:/Q|U|d)‘+t(/gsgn(v)2d)‘> + 12 (/{vo} |é2v||de—1> +o(t?). (523

The Landau symbol o(t?) appearing here refers to the limit t — 0F.

Proof. Choose a function 0 < ¢ € C.(Q) with ¥ = 1 in supp(z), then it follows from
(5.17) and (5.18) with ¢ = 1, j(z) = |z|, ¥1 = ¢¥2 = ¢ and z, = z that for every
sequence t,, C (0,00) tending to zero it holds

_ 2
/ 1 <|v + 2l = o] — sgn(v)z) d\ — / (tr2) dHt
Q {

tn tn v=0}N{Vuv#£0} [Voll

Reformulating the above yields (5.23) as desired. O

REMARK 5.11. Ezpansions involving surface integrals similar to that in (5.23) also
appear in the study of highly oscillatory integrals. See [16] for an overview article.

We are now in the position to pass to the limit in the variational inequality (4.2) for
the difference quotients §,,:

PROPOSITION 5.12. Let Assumptions 2.1, 5.1 and 5.3 hold. Then in the situation of
Assumption 4.1, for all z € L (Q)NT it (c, f) satisfying 2+ = 0 a.e. in a neighborhood
of VUN~UC and z~ =0 a.e. in a neighborhood of the set 0Q UNT UC it holds
a(8,2) + J(2) — J(8) + / B(5 (w;2) = ' (w:6) )AA = (g, = 6) = limsup a(dp, 6)
Q n— 00
(5.24)

with

1 2 1 -1 2 -1 —\2
=g [ Ry [ G 0E o

{w=0}
+ %(jé(()) +jg(0)) /M cﬁté';)ﬂ dua—1. (5.25)

N | =

In particular, it is true that

(tré)* 41
c dH < 00
//\/l [Vw]|

Here, with M we again denote the set {w = 0} N {Vw # 0}.
Proof. From (2.6), (4.2) and the definition of the critical cone, it follows that for all
S Tcrit (Ca .f) we have

a(0n,2) + Hy(2) — Hy(0n) — (9,2 — On)

tn (7%

> a(6n,0n) + % </Q cj(w + t"f:) —jw) _ cj' (w; 5n)d)\> . (5.26)
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Note that due to the weak H'-convergence §, — § and Lemma 4.2, the first four
terms on the left-hand side of (5.26) satisfy

a(0n,2) + Hp(2) — Hy(05) — (9,2 — On)
—a(d,2) + /Q hj' (w; 2)d\ — /th’(w; §)dX — (g,z — &) Yz € L>®(Q) N H ().

Suppose now that z € L>®(22)NTi+(c, f) is a function such that there exist open sets
U,U; C R4 with ONUN~-UCC U, ONUNTUC C Us, zt =0a.e. in U; N and
z~ =0 a.e. in Uy N Q. Then we can find functions 11,12 € C.(2) with

0<t1,<1inQ, ¢Y1=1inQ\U;, tp=1inQ\ Uy,
dist(supp(¢1),CUN ") >0 and dist(supp(2),CUNT) > 0.

Further, the definitions of N~ and N'* yield d{w < 0} N {Vw = 0} C CUN~ and
H{w >0} N{Vw =0} CCUNT. Thus, we may employ Proposition 5.9 to obtain

E (/ Lt inz) = i) —CJ'(w;Z)dA>

n n

Q
_ c (jlw+tnz") —jw) .
= 91/115 ( P —j (w,z*)) d\
¢ (jlw+tpz")—jlw) .~ _
+/Q¢2tn< i —J'(w; 2 ))dA
~ J(2). (5.27)

It remains to study the right-hand side of (5.26). To this end, let ¥, % € C.(Q) be
sequences of bump functions such that

0<¢f, 95 <1inQ,
V¥ =11in {z € Q: dist(z,CUN~UIN) > 1/k},
Yy =1in {z € Q:dist(z,CUNT UIN) > 1/k},
dist(supp(¢§),CUNT) >0, dist(supp(¢5),CUNT) >0 VEk €N,
and note that (5.26), (5.27) and Proposition 5.9 yield that for all z € L*(Q) N

Terit(c, f) with 2T = ‘0 a.e. in a neighborhood of 9Q UN~UC and 2z~ = 0 a.e. in a
neighborhood of the set 9Q UN ™+ UC it holds

a(d,z) + J(z) + /Q hy' (w; 2)dX — /Q hj'(w; 8)dX\ — {g,z — &)

. + _ .
> lim sup {a(an,anw IR (3(“)”"5") ) j/(w;m) aA
Q n

n—oo t?’l

[t (i)t ]
1

n

n—oo

= (lim sup a(dy,, 5n)> + 5 (/{ oy 1/1Ifcj//(w)(5+>2 + 1/’§Cj”(w)(5_)2d)‘)

+

[N

</{ ) Yiesy (0)(67)% + wé‘cjé’(())(T)Qd)\)

5(no+50) ([ A 5+)||2v+w1ﬁ§(tr5_)2dwl> |
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Using the lemma of Fatou and our assumption A\(0{w # 0}) = 0, we can pass to the
limit k& — oo on the right-hand side of the last estimate. This yields the claim. 0

Let us summarize what we know about the limit 0 at this point (cf. Lemma 4.4,
Lemma 5.5 and Proposition 5.8):

COROLLARY 5.13. Let Assumptions 2.1, 5.1 and 5.3 hold. Then in the situation of
Assumption 4.1, the weak limit ¢ is an element of the set

Trd(c, f) := {z € HY Q) : 2t =0 Mg in {w=0}N{—cjib(0) < f < cji(0)},
27 =0 M-ag.e. in {w=0}N{-cjs(0) < f < cji(0)},
tr(zt) =0 H  -ae. on N7,

tr(z7) =0 H¥  -a.e. on N,

C(trz)2 -1 o
/M T < } (5.28)

We will refer to T'%%(c, f) as the reduced critical cone.
To obtain a proper elliptic variational inequality for the weak limit §, it remains to
prove that (5.24) holds not only for those functions z that satisfy the conditions of
Proposition 5.12, but also for all other elements of the reduced critical cone T (c, f).

crit
The following approximation result is useful in this context:

LEMMA 5.14. Suppose that Assumption 2.1 and Assumption 5.3 hold. Then for every
function z € H}(Q) N L>(Q) satisfying

tr(zt) =0 H  eae. on N™ and  tr(z7) =0 H -ae. on N

there exists a sequence z; € H(2) N L>(Q) such that z; converges to z in H'(Q) and
such that for all [ it is true that

Zz+ =0 a.e. in a neighborhood of OQUN~ UC,
z, =0 a.e. in a neighborhood of 9QUN™ UC.

Proof. Let z € H}(Q)NL>(Q) be an arbitrary function satisfying the trace conditions
in the lemma. Then it follows from our assumptions on C that there exists a sequence
bm € Co(RY) N WL (RY) with

0<¢m <1, ¢p=1inanbhd. of C and |¢m| g — 0asm — cc.

Define 2, := (1 — ¢y,)z € HE(Q). Then each z,, vanishes in a neighborhood of C
and we obtain by direct calculation that z, — z holds in H'(Q). Consequently, we
may assume w.l.o.g. that the function z that we would like to approximate vanishes
almost everywhere in a neighborhood U C R? of C. Further, we have z = 27 + 2~
with 2+, 27 € H}(Q) according to Lemma 2.3. This allows us to approximate the
positive and the negative part of the function z separately. Let us focus on the
positive part 2T and consider an arbitrary point p € (OQUN ")\ U C d{w # 0} \ C.
Then it follows from Assumption 5.3 that there exist an orthogonal transformation
R, € O(d), an open ball B, C R¥"! an open interval J, and a Lipschitz continuous
map hp, : B, — J,, such that it holds

p € Rp(B, x Jp), cl(Ry(Bp x Jp)) CRI\C,
(OQUNT)N Ry(Bp % Jp) = Bp({(z, h(x)) : © € Bp}).
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Since cl(N7)\ N~ C C, the set (0QUN ™)\ U is compact and we can find points
p € OQUNT)\U, I = 1,...,L, such that the associated rectification domains
Ry, (Bp, x Jp,) cover the set (0QUN )\ U. Choose an open set V' C Q such that we
have dist(V,0QUN~UC) > 0 and

L
QCUUV U Ry, (Bp, x Jp,)-
=1

Then it holds RY = (R*\ Q)UU UV URp, (By, x Jp,)U...URp, (Bp, x Jp, ) and we
may find a smooth partition of unity ¢; : R — [0,1], j = 1,..., L + 3, subordinate to
this cover of the Euclidean space. Write

L+3
2t = Z w2t € Hy(Q).
j=1

Then the functions ¢;z " associated with the sets (R?\2) and U are identical zero and
the function ;2" associated with V vanishes almost everywhere in a neighborhood of
IQUN~UC. Moreover, the functions ¢;2z" associated with the sets R, (Bp, x Jp,) all
vanish outside of their respective rectification domain. This allows us to employ the
area formula and the usual modification /mollification arguments for functions in the
(half-) plane (as found in [8, Theorem 5.5.-2]) to prove that they can be approximated
by continuous functions whose supports have a non-zero distance to 9QUN~UC. Note
that due to Lemma 2.3 we may assume w.l.o.g. that these approximating functions
are non-negative everywhere. Combining all of the above, we obtain that 2™ can be
approximated by non-negative functions z; which have the desired properties. Using
an analogous argumentation for the negative part z~ and adding the approximating
sequences for zt and 2z, the claim of the lemma follows immediately. 0

We now finally arrive at the main result of this section:

THEOREM 5.15. Let Assumptions 2.1 and 5.1 hold, let p > max(d/2,1), and let
(e, f) € LE(Q) X LP(Q) be a tuple such that c, f and the solution w := S(c, f) satisfy the
conditions in Assumption 5.3. Then the solution operator S : L% (Q)x LP(Q) — H} ()
associated with the problem (P) is Hadamard directionally differentiable in (c, f) in
all directions (h,g) € RT (LY (Q) —¢) x LP(Q) and the derivative 6 :== S'((c, f); (h,g))

in a direction (h,g) is characterized by the variational inequality
s €T, f), a(d,z—68)+ J(z) — J(3)

> (g,z —6) — /{ o) hj'(w)(z — §)dA

= [ OG0 i) o)

Yz e T (e, f).

crit

(5.29)

Here, J and T%!(c, f) are defined by (5.25) and (5.28), respectively.

crit
Proof. Consider the situation in Assumption 4.1 and let z be an arbitrary but fixed
element of the set T/%(c, f). Then it follows from the definition of the reduced critical

cone and Lemma 5.14 that there exist sequences z; € H}(2)NL>(Q), k,l € N, such
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that zj; converges to zx := min(z", k) + max(z~,—k) in H'(Q) as | — oo for all k
and such that for all [ it holds

z,::l = 0 a.e. in a neighborhood of 9QUN~ UC,
2, = 0 a.e. in a neighborhood of IQUNT UC.
Define
Zgy = min(z;l, min(z ¥, k)) + max(z, ;, max(z", —k)).
Then the properties of z, 2z, and 2 yield
Zk1 € Ho(Q) N L™(Q),
|2k7l| S |Zk‘ S ‘Z| )\d-a.e. in Q Vk,l,
c(trz?k,l)2 c(trzk)2 C(trz)2
[Vw| = [Vwl = [[Vuw]|
Zk, — 21 in H'(Q) as | — oo Vk,
2,'& =0 M-a.e. in a neighborhood of 9Q UN~ UC,
Z, = 0 A-a.e. in a neighborhood of 9QUNT UC,
2,':7[ =0 A-ae in {w=0}N{—cjh(0) < f < ¢j;(0)},
Zor =0 Mae in {w=0}N{—cj5(0) < f < cjj(0)}.

e LY M, 1Y) Hilae. on M Vi, I,

Consequently, Zj; is an element of the set L>(Q) N T % (c, f) and it follows from

crit
Proposition 5.12 that

a(9, Zk,l) + J(}fk’l) - J(6) + /

B(5" (w3 20) — ' (w5 6) )X = (g, 51 — )
Q

> lim sup a(d,,, 0,,). (5.30)
n—oo
Using the dominated convergence theorem and the weak lower semicontinuity of the
function HE(Q) 3 z = a(z,2) € R, we can pass to the limit in (5.30) (first with [ then
with k) to obtain

a(8,2) + J(z) — J(6) + /Q h(j’(w; 2) — ' (w; 6))d>\ ~ g,z — 6) > limsup a(6n, 6,)

n—oo

> liminf a(0,, d,)

n—oo

>a(6,6).  (5.31)

The last estimate has several implications: First of all, it yields that the weak limit § of
the difference quotients §,, satisfies the variational inequality (5.29). This proves that
0 is unique (since (5.29) can only have one solution - just argue by contradiction) and
implies that S is weakly directionally differentiable in (¢, f) (cf. Section 4). Moreover,
if we consider the special choice z = § € T/%!(c, f) in (5.31), then we obtain

crit

a(0,0) > limsup a(0y, 6,,) > liminf a(d,, d,) > a(d, d)

n—00 n—00
and, consequently,

18— 6all? < Ca(d = 8,0 = 8) = € ((8,8) = a(8,6n) = a6, 9) + al0n;6,) ) = 0.
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This shows that the difference quotients converge even strongly in the situation of
Assumption 4.1 and that S is strongly directionally differentiable. The Hadamard
differentiability now follows immediately from the strong directional differentiability
and the Lipschitz continuity of the solution operator S. This completes the proof. O

6. Notes Regarding Theorem 5.15 and Concluding Remarks. Several
points are noteworthy regarding Theorem 5.15 and the variational inequality (5.29):

First of all, we remark that (5.29) is in general neither a variational inequality of the
first nor a variational inequality of the second kind. If we consider, e.g., the special
case j(z) = |z|, c=1 and h = —1, then (5.29) becomes

§ € Tii(e, f),

crit

2 2
a((57275)+/ (tr2) d’Hd—l—/ |z|d)\—/ (tr9) d’Hd‘1+/ |6]dA
M [Vl {w=0} M IV {w=0}

> (g2 — 8) + / sgn(w)(z — 6)dA vz € T7(c, f)
{w#0}

and we end up with a variational inequality which involves an in general non-convex
functional of the form

(tr2)® j3ja-1 / I2]d).
M [Vl {w=0}

Note that, although (5.29) does not fit into the classical setting, the unique solvability
of the variational inequality in Theorem 5.15 is still guaranteed: The existence of a
solution follows directly from our analysis (since we have proved that the limit of the
difference quotients 0; satisfies (5.29)), and the uniqueness of the solution is a trivial
consequence of the ellipticity of the bilinear form a (cf. [12, Theorem 4.1] and the
proof of Theorem 5.15).

Secondly, we point out that the natural space for the study of (5.29) is the Hilbert
space

g

tr z)? _
H .= zeHIQ:/c( d’}-td1<oo}
{ o [Tl

endowed with the scalar product

(21,22)H ::/Vzl-v,zzd)\—i—/ cwd’ﬂdﬁ.
Q M [Vl

This can be seen, e.g., in the case j(x) = |z]/2, h =0 and A = —A, where (5.29) can
be rewritten as

§ € T, f),

it

/ V6 - V(2 — 8)dA +/ U2 =U00) a5 0 gy s e T f)
Q M [Vl o)
6.1

and the directional derivative § = S’((c, f); (h, g)) is exactly the (.,.)g-projection of

the Riesz representative of g onto the reduced critical cone 774 (c, f). Note that due
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to the weight 1/||Vw|| in the trace integral of (.,.)q, the space H is usually a proper
subspace of Hg(€). This has to be taken into account if, e.g., strong stationarity
conditions for optimal control problems governed by variational inequalities of the
type (P) are considered (cf. the analysis in [6,20]).

Thirdly, it should be noted that in the situation of Theorem 5.15, the solution operator
S associated with (P) is Gateaux differentiable in the point (¢, f) if and only if the
map (h,g) — 9§ is linear and continuous. This implies that it sufficies to study
the solution behavior of the variational inequality (5.29) to derive criteria for the
Gateaux differentiability of the map S. Consider, for example, the situation in (6.1)
where the map g — J can be identified with the H-projection onto the reduced
critical cone TTed( f). In this case, the solution operator g — 0 is certainly linear

crit

and continuous whenever the set Tgﬁf(c, f) is a subspace of H. Accordingly (cf. the

definition of T7¢4(c, f)), in the situation in (6.1) a sufficient condition for the Gateaux

differentiability of S is
Ifl <c/2ae in {fw=0} and NT\cl(int({w=0})) =N\ cl(int({w = 0})).

Lastly, we remark that the terms J(z) and J(0) appearing in (5.29) are closely related
to the pullback w * j” of the second distributional derivative of j by w (in the sense
of Hormander [15, Chapter VI]). To be more precise, we have the formal identities

J(z) = ! < c(w*j"),z*) and J(5)= %<c(w>»<j”),52>7

where the brackets (.,.) denote the distributional pairing (cf. [15, Example 6.1.5] and
[27, Section V.13]). Recall that in the classical theory, the pullback of a distribution
by a function v € C*(Q) is defined by extending the composition map

C(R) 3 ¢ = ¢(v) € CH(Q)

continuously to the space D’(R) and that this extension is only possible if the gradient
of the function v under consideration vanishes nowhere in €2 (cf. [15, Theorem 6.1.2]).
What can be observed in the situation of Theorem 5.15 is that in the variational
inequality (5.29) for the directional derivative S’((c, f); (h,g)) the terms known from
the classical pullback w * j" appear "everywhere where they make sense" and that on
the set O{w # 0}N{Vw = 0}, where the classical construction fails, the pullback terms
are replaced with the trace conditions tr(z*) = 0 H4 1-a.e. on N~ and tr(z~) = 0
H%-a.e. on N't. That the quantity w * j” emerges in the above way when the
convergence of second order difference quotients of the type (4.4) is studied (or the
Mosco epi-convergence to be more precise since this is what we have, in fact, considered
in Section 5, cf. [18]) is remarkable and has, at least to the authors’ best knowledge,
not been studied systematically so far.

It should be noted that the analysis of the difference quotients in (4.4) becomes even
more complicated when the bilinear form a in (P) is assumed to be HF¥-elliptic for
some k > 1. In this situation, also (d — 2)-, (d — 3)- etc. dimensional "features" of
the level sets of w are relevant for the sensitivity analysis and traces of derivatives
have to be taken into account, too. Finding a systematic approach towards the study
of such H”-elliptic problems seems to be difficult and is subject to further research.
The same holds true for the extension of our differentiability results to variational
inequalities that do not fit into the setting of Theorem 5.15, e.g., inequalities which
involve terms of the form j(|Vvl]).
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