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1 Abstract

The aim of present paper is to establish the detailed numerical results for bioconvection
boundary-layer flow of two-phase dusty nanofluid. The dusty fluid contains gyrotactic mi-
croorganisms along an isothermally heated vertical wall. The physical mechanisms respon-
sible for the slip velocity between the dusty fluid and nanoparticles, such as thermophoresis
and Brownian motion, are included in this study. The influence of the dusty nanofluid on
heat transfer and flow characteristics are investigated in this paper. The governing equa-
tions for two-phase model are non-dimensionalized and then solved numerically via two-
point finite difference method together with the tri-diagonal solver. Results are presented
graphically for wall skin friction coefficient, rate of heat transfer, velocity and temperature
profiles and streamlines and isotherms. To ensure the accuracy, the computational results
are compared with available data and are found in good agreement. The key observation
from present analysis is that the mass concentration parameter, D,, extensively promotes
the rate of heat transfer, Q),,, whereas, the wall skin friction coefficient, 7, is reduced by
loading the dust parameters in water based dusty nanofluid.

Keywords: Nanofluid, Bioconvection, Gyrotactic microorganisms, Dusty fluid,
Two-phase, Isothermal surface.

2 Introduction

In fluid mechanics, bioconvection is a natural phenomenon that primely related with the
self-propelled microorganisms’s suspension. It is worthy to mention here that, bioconvec-
tion is different from typical multi-phase flows, where particles behavior is not self-propelled;
they are just carried by the fluid flow. Bioconvection originates due to instability in density
stratification, which is created by directional swimming of microorganisms that are heavier
than their surrounding fluid (i.e., water). These self-propelled motile microorganisms tends
to concentrate near the upper portion of the fluid layer, and this accumulation makes the
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upper layer much denser than the lower region and ultimately produce instability, which
results in generating the various flow patterns into the system (for details see Refs. [1]-[6]).
Bioconvection has numerous applications in biological and bio-microsystems. In addition,
another potential application of theory of bioconvection is microbial-enhanced oil recovery,
where nutrients and microorganisms are injected in layers of oil-bearing for correcting the
permeability variation. Besides, the property of directional motion of motile microorganisms
may be used for the concentration of cells, separation of dead and living cells, purification of
cultures, or separation of various sub-populations [7]-[9]. However, bioconvection systems
may be classified depending upon the directional movement of various species of microor-
ganisms, but, they usually swim in upward direction (having larger density than the base
fluid). For instance, i) chemotaxis or oxytactic type of microorganisms swims upwardly due
to the gradient of oxygen concentration, as they require certain amount of oxygen concen-
tration to be active, ii) gyrotactic microorganisms are the ones whose swimming’s direction
is determined by making a balance in viscous and gravitational torques, and iii) geotactic
microorganisms swim against the gravitational effects [10]-[11]. In addition, the concept
of nanofluid bioconvection has also wide circle of applications, for instance, nanomaterial
processing, automotive coolants, sterilization process of medical suspensions and polymer
coating. The idea of nanofluid bioconvection was first introduced by Kuznetsov [12]-[13],
and later on, due to the characteristics of nanofluids to promote the rate of heat transfer,
numerous authors and analysts investigated the interaction of nanofluid with bioconvection
(see Refs. [14]-[20]).

The dynamics of gas-particle flows were of great interest in the past half century
because of their wide spectrum of practical and technical applications in atmospheric, engi-
neering and physiological fields. For instance, fluidized beds, conveying of powdered mate-
rials, purification of crude oil, environmental pollutants, combustion chambers, petroleum
industry are some of the worthy-mentioned applications of particulate suspensions [21].
The first experimental analysis on gas-particulate suspension flow was made by Farbar and
Morley [22], and later on, Marble [23] developed the mathematical equations for dusty fluid
flow systems. Singleton was the first to make the boundary layer analysis for gas-particle
flows, which is important to determine the accumulation of particles in suspension and their
impingement on the surface [24]. Afterwards, several studied were done to give a physi-
cal insight to such two-phase dusty flows under different physical circumstances [25]-[30].
However, it is found that the problem of two-phase dusty nanofluid with gyrotactic biocon-
vection along a vertical surface has not been treated in the literature. Therefore, in the
view of above discussion, present study is presented to investigate the influence of small
solid particles on nanofluid bioconvection flow. It is assumed that i) the gyrotactic mi-
croorganisms are self-propelled and ii) the nanoparticles movement is due to the Brownian
motion and thermophoresis and they are carried by the dusty fluid. On the basis of these
physical assumption, the interaction of microorganisms, dust particles and nanoparticles
are expected to present an interesting problem in area of fluid dynamics. The governing set
of boundary-layer equations are converted into a convenient form through coordinate trans-
formation known as primitive variable formulations (PVF). These nonlinear and coupled
equations are solved numerically by using iterative finite difference method. The computa-
tional results are presented graphically in the form of streamlines and isotherms, velocity
and temperature profiles, skin friction coefficient and rate of heat transfer by varying dif-
ferent physical parameters.



3 Flow Analysis

Consideration has been given to the bioconvection boundary-layer flow of dusty nanofluid
along a vertical isothermal wall. The surface of the wall is heated with temperature, T}, and
it is assumed that T,, >> T, where T is the ambient temperature of the base fluid. For
detailed numerical simulations we have supposed that i) the dust particles are of uniform
size and equally distributed in water based nanofluid, ii) nanoparticles does not affect the
microorganism’s swimming direction and velocity and iii) bioconvection is only induced in
purely sluggish cell suspension. In the light of above conditions, the physical model describ-
ing the bioconvection flow can be written as (for details see Refs. [15], [23], [28]):
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The corresponding boundary conditions are:
ﬂi‘,O):’f)(i,O):T(Cﬂ 0) T —¢(£,0)—¢w:n(i’,0)—nw:0, (11)
u(z,00) = v(z,00) = T(Z,00) — Too = P(T,00) — Poo = N(T,00) — Moo =0



Up(z,0) = 0,(z,0) = T),(Z,0) — T3y, = 0, (12)
Up(Z,00) = Up(Z,00) = Tpp(Z,00) — Too =0

where, (u,v) are the components of the velocity field in (Z, ) direction, p the pressure, T' the
temperature, ¢ the nanoparticle concentration and n the microorganisms concentration for
the fluid phase. Similarly, (ay, v,) are (Z,y) components of velocity field, p, the pressure and
T, the temperature for the particle phase. Further, ¢,, is the nanoparticle volume fraction,
n, the density of microorganisms at the vertical surface, ¢, the ambient conditions at
volume fraction of nanoparticles, no the density of the microorganisms, 8 the volumetric
expansion coefficient of the base fluid (nanofluid), p the density of the base fluid, p the
dynamic viscosity, p, the density of dust particles, py,, the density of the nanoparticles,
pm the microorganisms density, g the acceleration due to gravity force, x the thermal
conductivity of the nanofluid, v the average volume of a microorganism, ¢, the specific heat
at constant pressure for base fluid (particles), ¢, the specific heat at constant pressure for the
particles, 7, the momentum relaxation time, 7 the thermal relaxation time, Dp Brownian
diffusion coefficient, Dp thermophoretic diffusion coefficient, b chemotaxis constant, D,
diffusivity of microorganisms, Wi the maximum cell swimming speed and 7 = (pc),, / (pc);
the ratio of heat capacity of nanofluid to the heat capacity of the base fluid, respectively.
The system can be non-dimensionalized with the help of following variables:
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Incorporating the dimensionless variables in Eq. (13) into the system of Eqgs. (1)-(12), we
get:
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where

Lb; the Lewis number,

Pe; the Peclet number,

Nr; the buoyancy ratio parameter,

Ln; the nanoparticle Lewis number,

w; the ratio of specific heat of the suspension,

Np; the modified particle-density increment parameter,

); microorganisms concentration difference parameter,

Grrp; the Grashof number which measures the ratio of the buoyancy to viscous force,

Pr; the Prandtl number which measures the ratio of momentum diffusivity to thermal dif-
fusivity,

N4, the modified diffusivity ratio similar to the Soret parameter in cross diffusion phe-
nomenon,

ag; dust parameter depending on the relaxation time of the particles and the buoyancy
force,

D,; mass concentration of particle phase or the ratio of density of the nanofluid to the
density of the dust particles,

Rb; the bioconvection Rayleigh number. It is worth mentioning that the bioconvection
Rayleigh number Rb is associated with the buoyancy driven flow due to the existence of
upswimming microorganisms. The concentration of microorganisms is therefore measured
by the bioconvection Rayleigh number, Rb, which by definition is always nonnegative (the
zero value of Rb corresponds to a suspension with no microorganisms). The increase of Rb
thus destabilizes the suspension.

The boundary conditions can be written as:

u(z,0) =v(z,0) =0, 6(z,0)=C(x,0) = N(z,0) =1,

u(z, 00) = v(z,00) = 0,0(x,00) =0,C(x,00) =0, N(x,00) =0 (24)

up(z,0) = vp(x,0) =0, Oy(x,0) =1,

Up(z, 00) = vp(x,00) =0,0,(x,00) =0

(25)

For the numerical solutions of the above system of Eqs. (14)-(23) along with the bound-
ary conditions Eqs. (24)-(25), we switched into another set of equations with the help of
following transformations:

x:X,y:Yxi, (u,up)::c%(U,Up)7 (v,vp):x_Tl(K%),C:C, N=N, 0=06.
(26)



Following set of equations are thus obtained:
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together with the boundary conditions:

U(X,0) =V (X,0)=0, O(X,0)=C(X,0)=N(X,0)=1

(35)
U(X,00) =V(X,00) =0,0(X,00) =C(X,00) =N(X,00) =0

Up(X,0) =V,(X,0) =0, 0,(X,0)=1, -
Up(X,00) = Vp(X,00) =0,0,(X,00) =0 (36)

The non-linear system of Eqgs. (27)-(37) are solved with two-point implicit finite difference
method. The discretization procedure and numerical scheme is carried out by considering
the details given in [31]. After determining all the unknown of the system, the dimensionless
expressions for the physical quantities of interest like skin friction coefficient, 7, and heat
transfer rate (), are obtained as:
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The numerical results are discussed in the next section.

(37)



4 Results and Discussion

In this study the effect of gyrotactic bioconvection on boundary-layer flow of two-phase dusty
nanofluid are analyzed. We have performed two-dimensional simulations in order to obtain
the solutions of mathematical model from the two-point implicit finite difference method.
Numerical results are obtain to report the overall effectiveness of mass concentration of dust
particles and nanoparticles in base fluid moving along a vertical surface. Particularly, the
solutions are established for the water-based dusty nanofluid i.e., Pr = 7.0, D, = 10.0 and
w = 0.1 and these parametric values for particulate suspension are taken from the study
of Apazidis [33]. The other parameters are set as: Nr = 0.0,0.1,0.2, Ny = 0.0, 1.0, 2.0,
Np =0.0,1.0,2.0, Ln = Lb = 100.0, Pe = Rb = 1.0, ag = 0.1 and 2 = 0.1. For verification,
simulated results for skin friction coefficient and rate of heat transfer are compared with
the published date and it is found that the solutions obtained by Siddiqa et al. [28], [32]
can be recovered when nanofluid bioconvection is ignored. This comparison is appeared in
Tab. 1 and results matches well with each other and shows good accuracy.

The computational data for skin friction coefficient, 7,,, and rate of heat transfer,
@, for pure as well as contaminated water is presented in Tab. 2. It is noted from the
second and third columns that the magnitude of the values of 7,, is minimized by increasing
the values of mass concentration parameter, D,, from 0.0 to 10.0. Specifically, this effect is
enhanced when the value of buoyancy ratio parameter Nr is non-zero. While on contrary,
last column of Tab. 2 shows that the rate of heat transfer, )., is extensively promoted
for non-zero values of D, and Nr. Thus, the buoyancy ratio parameter together with the
particle loading parameter can be used in boosting the rate of heat transfer and the physical
reasons for such behavior of D, and Nr is given in later discussion of Figs. 1 and 2.

Table 1: Comparison of 7, and @, with Refs. [28] and [32] for D, = 0.0, Pr = 0.005,
w = 0.1 and oy = 1.0.
Tw Qu

X Present | Ref. [28] | Ref. [32] | Present | Ref. [28] | Ref. [32]
1.0 | 1.42742 | 1.41341 | 1.42524 | 0.04097 | 0.04170 | 0.05371
3.0 | 1.42742 | 1.41341 | 1.42524 | 0.04097 | 0.04170 | 0.05371
7.0 | 1.42742 | 1.41341 | 1.42524 | 0.04097 | 0.04170 | 0.05371
9.0 | 1.42742 | 1.41341 | 1.42524 | 0.04097 | 0.04170 | 0.05371
10.0 | 1.42742 | 1.41341 | 1.42524 | 0.04097 | 0.04170 | 0.05371

Variation of buoyancy ratio parameter, Nr, on skin friction coefficient 7,, and rate
of heat transfer @),, is analyzed in Fig. 1. It can be noted from Eq. (28) that Nr acts as
coupling factor for momentum equation and nanoparticle concentration equation. In order
to make a comparison, 7, and @, are also plotted for Nr = 0.0. In principle, buoyancy
effect the velocity and temperature gradients and thus it has a considerable influence on
rate of heat transfer and wall skin friction coefficient. Fig. 1 illustrates that both 7,
and @, reduces by increasing the values of Nr from 0.0 to 0.2. Specifically, this effect
is remarkable for skin friction coefficient. This may happens due to the reason that large
values of buoyancy ratio parameter, Nr, causes the base fluid to lose the thermal and kinetic
energy from the inter-collision of dust particles and consequently both quantities tends to



Table 2: Dimensionless wall skin friction and rate of heat transfer for D, = 0.0,10.0, Nr =
0.0,0.1 while Pr = 7.0, w = ag = 0.1, Pe = Rb = 1.0, Lb = Ln = 100.0, Ny = Ng = 2.0
and Q2 =0.1.

Tw Quw

X Nr=0.0
D,=0.0]D,=10.0] D,=0.0 ] D, = 10.0
1.004 | 0.66520 0.53690 0.59707 0.97731
2.003 | 0.66520 0.50119 0.59707 1.15878
3.002 | 0.66520 0.47703 0.59707 1.29445
5.000 | 0.66520 0.44379 0.59707 1.49751
7.003 | 0.66520 0.42089 0.59707 1.65007
9.001 | 0.66520 0.40381 0.59707 1.77254
10.00 | 0.66520 0.39670 0.59707 1.82607
Nr=0.1
1.004 | 0.63998 0.50771 0.59258 0.97587
2.003 | 0.63998 0.46979 0.59258 1.15888
3.002 | 0.63998 0.44377 0.59258 1.29568
5.000 | 0.63998 0.40739 0.59258 1.50036
7.003 | 0.63998 0.38182 0.59258 1.65413
9.001 | 0.63998 0.36238 0.59258 1.77757
10.00 | 0.63998 0.35420 0.59258 1.83152

reduce near the leading edge.

In order to see the influence of mass concentration of dust particle parameter, D,, on
the distribution of skin friction coefficient and rate of heat transfer, Fig. 2 is plotted. The
numerical solutions of 7, and @, are discussed for pure as well as contaminated water. For
D, = 0.0, this analysis recovers the solutions of classical problem of gyrotactic bioconvection
of water based nanofluid. Here it is interesting to see that the plots for both of the physical
quantities are effected sufficiently by the concentration of dust particles in bioconvection
system. Fig. 2(a) reveals that the skin friction coefficient is very high for pure water and
drastically reduces when D, changes from 0.0 to 10.0. The physical reason for such behavior
can be attributed to the fact that, the carrier fluid loses the kinetic energy by loading the
dust particles and this factor contributes in minimizing the velocity gradient at the wall
and ultimately 7, reduces. While on the other hand, an opposite behavior is recorded in
the curves of rate of heat transfer coefficient, @, in Fig. 2(b). Here, the water suspension
gains the thermal energy due to the collision of particles, which increases the temperature
gradient and eventually rate of heat transfer is promoted in boundary-layer regime.

Figure 3 is plotted to see the influence of combined effect of modified diffusivity
ratio parameter, N4, and the particle-density increment parameter, Nz, on 7, and (.
It is observed from Fig. 3(a) that the skin friction coefficient reduces by magnifying the
values of modified diffusivity ratio parameter N4 from 0.0 to 2.0 when Np is taken as
zero. But interestingly, in case of 7, this behavior is reversed when the effect of particle-
density increment parameter, Np, is also taken into account. Fig. 3(a) further reveals
that the skin friction is too high for large values of particle-density increment parameter,
Np. Thus, it can be concluded that the modified diffusivity ratio parameter, N4, is more



influential in promoting the skin friction coefficient together with the non-zero values of
Np. Furthermore, from Fig. 3(b) it is observed that the rate of heat transfer coefficient
is maximum for Ny = 0 and Ng = 0. The plot of ), remains insensitive by increasing
the values of modified diffusivity ratio parameter, N4, from 0.0 to 2.0 in the absence of
particle-density increment parameter. But, the large values of N4 acts as a retarding factor
when the particle-density increment parameter, Np, is penetrated into the the system.
Therefore, the characteristics of heat transport of base fluid may notably be affected due
to the suspension of small particles in heating fluids.

Contribution of modified diffusivity ratio parameter, N4, and particle-density in-
crement parameter, Np, on velocity and temperature profiles for both phases is shown in
Figs. 4 and 5, respectively. It can be seen from Fig. 4 that U, U,, © and ©, remains
almost invariant owing to an increase in the values of modified diffusivity ratio parameter.
However, it is interesting to see that the velocity as well as temperature profiles for particle
phase is always less than the corresponding profiles for fluid phase. This happens due to the
presence of inert-particles in fluid, as they resist the flow and produce friction, which leads
to a reduction in the magnitude of U, and ©,. Thus, it can be concluded that U, and ©,
decays quickly and attain their asymptotic behavior as compared to U and ©. The effect
of particle-density increment parameter, Npg, on velocity and temperature distribution is
shown in Fig. 5. It can be seen that the non-zero values of Np are acting as a supporting
driving force and accelerating the fluid flow, which ultimately promotes the velocity profiles
for both phases, U and U, in boundary layer region. The peaks of velocity curves in which
non-zero values of Np are considered are relatively high, but it has no effect on U and U,
to attain their limiting behavior.

In order to show the variation of mass concentration parameter, D,, and buoy-
ancy ratio parameter, Nr, on the plots of streamlines and isotherms, Figs. 6 and 7 are
plotted. For the purpose of comparison, fluid suspension without dust particles, i.e., pure
nanofluid, is also graphed in Fig. 6. As expectedly, by loading the dust particle in water
based nanofluid, the velocity for particle phase reduces sufficiently as compared to the clear
nanofluid case. This may happens due to the reason that particle clouds used to gather near
the vicinity of vertical wall and offer resistance to fluid to flow, which results in reduction
of velocity. Further, it is noted from Fig. 7 that the effect of Nr is more pronounced on
the graph of streamlines and the physical reason for this influence is given in the earlier
discussion of Fig. 1(a). The plots of isotherms in Fig. 7(b) reveals that the curves are
almost insensitive by increasing the values of Nr. Thus, non-zero values of buoyancy ra-
tio parameter, Nr, do not have notable influence on the distribution of temperature for
water-particulate suspension.

5 Conclusion

The present study aims to present the numerical solutions of gyrotactic bioconvection
boundary-layer flow of two-phase dusty fluid along an isothermally heated vertical sur-
face. The major focus of this analysis is to visualize the flow characteristics of water based
nanofluid when the solid dust particles are loaded into the mechanism. Primitive variable
formulations (PVF) are applied to convert the governing equations of the carrier and the
dispersed phase into another set of equations, which are then solved via two-point finite
difference method together with tri-diagonal solver. Simulations are performed for water-
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based nanofluid containing the clouds of uniformly distributed dust particles. Effect of

various emerging parameters are explored by expressing their relevance on rate of heat

transfer, wall skin friction, velocity and temperature profiles, streamlines and isotherms. It

is recorded that the buoyancy ratio parameter, N7, and mass concentration parameter, D,

have notable influence in reducing the skin friction coefficient. It is also noted that the rate

of heat transfer, @, is extensively promoted owing to an increment in the values of D,,
whereas, a sufficient reduction is found in plots of @, for non-zero values of particle-density
increment parameter, Np.
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