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Introduction

In his seminal contribution, Mancur Olson (19713p) concludes thatlie larger the group,
the farther it will fall short of providing an optial amount of a collective gobdTo put this
differently, “sufficiently small groups can provide themselvesh vdiome amount of a
collective good through the voluntary and ratioraition of one or more of their members
[and] in this they are distinguished from reallyrdg@ groups (Olson 1971, pp. 32-33).
Olson’s conclusion is essentially based on cost lasmefit considerations. He shows, both
analytically and graphically, that the collectiveogl may be provided to some extent,tife
gain to the individual exceeds the total costs rofviging the collective good to the grdup
(Olson 1971, p. 33). In this context it is worth @rasizing that the term ‘gain’ should be
interpreted widely and may not only encompass itiees such as monetary and social ones,
but also erotic, psychological, moral, etc. incessi(see Olson 1971, 61, fn. 17).

The main purpose of the present paper is to regor@lison’s statement by using a novel
alternative reasoning for his claim that small gr®unay find it easier to provide themselves
with an optimal amount of collective or public gsothan large groups do. Moreover, the
analysis is conducted within the framework of lingaiblic goods games or experiments,
which emerged only after Olson’s work as a poputal for analyzing human subject
behavior with respect to providing public goods.

The paper is organized as follows. In the nextised typical linear public goods game is
introduced and analyzed with respect to the purpddbis paper. Based on this analysis, |
then discuss the connection between Pareto-optyretid group size in section three and

derive a novel reasoning for Olson’s statement. firta section summarizes and concludes.

Linear Public Goods Games

The literature on linear public goods games has lseeveyed by Chaudhuri (2011), Zelmer
(2003), and Ledyard (1995), among others. In a gdired homogenous standard setting,
each human subject in the experiment faces an itdéninear payoff function of the

following form,

S
U =a(Bi->q)+/3{inJ. (1)

i=1



where the index denotes the-th subject, with = 1, ..., s, U; denotes individual payofB;
represents the given individual endowment or budgetach roundy denotes individual
contribution to the public goodBj(— %) is the individual quantity of the private gooddan
individual contributions to the public good summad over alls subjects represent the
guantity of the public good, which is consumed moarival manner by all subjects aménd

S are parameters of the model. Hence, in terms sbOlinear public goods games typically
deal with inclusive goods and inclusive groups.

Moreover, U;, Bi and x; are usually measured in terms of tokens and rajtdr the
experiment subjects receive their payoff in locatlt (e.g. Euro, Dollar) by applying a
predetermined exchange rate between tokens andl dash. Also, the group size and
parametersy and  are selected by the experimenter in a way thatisomer's dilemma

situation arises, which is the case whenever tth@wmg condition holds:

1/s<MPCR< 1 (2)

where MPCR is the marginal per capita return obatribution to the public good (e.g. see
Croson 2007, p. 200). In general, the MPCR is tlagmal incentive to contribute to the

public good (e.g. see Ledyard 1995, p. 149). Incdee of equation (1) the MPCR, therefore,
amounts tog/o.

At this point it is worth emphasizing that the @lling analysis holds for any parameter set
that simultaneously fits equations (1) and (2), amdere subjects take their decisions
voluntarily, cannot communicate with each other gpeind their budgets in a discrete manner
(see Hokamp and Pickhardt 2011, for further dotalt®wever, these conditions prevail in
any standard linear public goods experiment. Hostilative purposes alone assume Bat
2 foralli,a =1,8=0.4,s= 3 and that subjects must spend their budgeentbly token as in
most linear public goods experiments. Hence, in phesent case, subjects may choose
between three alternatives: contributing their tiw&ens to the public good and keeping
nothing as their private good, which is denotedudiscontribution C), contributing one
token to the public good and keeping the otheram#heir private good, which is denoted as
partial contribution PC) or contributing nothing to the public good ancjgimg both tokens
as their private good, which is denoted as nonfimriton (NC).

Following Pickhardt (2005, p. 142; 2003, p. 188gble 1 shows the set of feasible
allocations, subject to equation (1) and the patamset. In particular, in Table Allo.

denotes the allocatiorsec (Spc, Snc) denotes the number of full-contributors (partial-



contributors, non-contributors)Jrc (Upc, Unc) denotes the individual payoff of a full-
contributor (partial-contributor, non-contributoscXUgc (SrcXUrc, SrcXUgc) denotes the
payoff of the group of full-contributors (partiabiwtributors, non-contributors) which for
brevity is not displayedX (= 2 %) denotes the total quantity of the public godddenotes

the group payoff or welfare level ah denotes the number of clone allocations.

Table 1: Set of Feasible Allocations witm = 3
Allo. secXUpc spcXUpc sneXUne X W CA

2%x1.6 - 1x3.6 6.8 2

2x2 1x3 - 7 2

3x2.4 — — 6 720

Note: Allo. denotes the allocationgcs(Sec, Svc) denotes the number of full-contributors

1 - - 3x2 O 6 O
2 — 1x1.4 2x24 1 6.22
3 1x0.8 - 2x2.8 2 642
4 — 2x1.8 1x2.8 2 6.4 2
5 1x1.2 1x2.2 1x3.2 3 6.65
6 — 3x2.2 - 3 660
7 1x1.6 2%x2.6 4 682
8 4

9 5

10

(partial-contributors, non-contributors), & (Upc, Unc) denotes the individual payoff of a
full-contributor (partial-contributor, non-contribior), S-cxUrc (SscXUrc, ScXUgc) denotes
the payoff of the group of full-contributors (pattcontributors, non-contributors) which for
brevity is not displayed, ¥ i x) denotes the total quantity of the public good, Wotes
the group payoff or welfare level and CA denotesrthmber of clone allocations. Figures set
in bold denote a Pareto-optimal allocation.

For example, consider allocation thrédlq. 3) of Table 1. In this case one subject contribute
his or her full budget to the public good € 2; alternative=C) and receives an individual
payoff of 0.8 tokens, whereas the two remainingestib both contribute nothing to the public
good & = 0; alternativeNC) and receive an individual payoff of 2.8 tokenshed.ikewise, in
allocation six all three subjects choose altereag®€ and receive an individual payoff of 2.2
tokens each, whereas in allocation ten they albsbalternativd=C and get an individual
payoff of 2.4 tokens each. Moreover, due to thevgaheg prisoner dilemma deviation from
contributing to the public good is always benefickor example, if allocation ten prevails a
subject that switcheseteris paribusfrom alternativeFC to NC will increase its individual
payoff from 2.4 to 3.6 tokens in allocation eigHence, rational and selfish, individual payoff
maximizing subjects will always choose not to cimtie to the public goodNC) and
allocation one represents the non-cooperative Ngsiltbrium. However, Table 1 also



illustrates that pure altruists have an incentivaalivays contribute their entire endowment
(FC) because each token contributed to the public ggpthcreases group payoff or welfare
(W) by 0.2 tokens.

With respect to the purpose of the present papathar interesting feature of Table 1 is
that it allows for identifying the entire set ofrBt-optimal allocations as a subset of the total
number of allocations. In fact, Pareto-optimal edittons are denoted in bold in Table 1,
whereas Pareto-inferior allocations are not. FangXe, allocation five is Pareto-optimal
because there is no other allocation in the sé¢adible allocations that makes at least one
subject better off without making any other subjorse off. In contrast, if we consider an
allocation that is not Pareto-optimal, such ascallion six, then there is at least one allocation
in the set of feasible allocations that allows snbject to be better off, without making any
other subject worse off, here allocation ten wtedtéhree subjects are better off (see Table
1).

Finally, it is worth noting that allocations onetem in Table 1 represent the set of Pareto-
distinguishable allocations. For each of thesecations the permutations can be calculated
from, s! / (sc! spd snc!), see Hokamp and Pickhardt (2011). In Table Liwwi CA denotes
the number of clone allocations, which is the peation for this allocation minus one
arbitrarily selected master allocation. The maatiercation is shown in Table 1 as the Pareto-
distinguishable allocation and the number of clalecations then indicates that this master
allocation has a number of Pareto-non-distinguihalone allocations. The total number of
allocations can be calculated by adding all maatiexcations plus their clone allocations,
here: 10 + 17 = 27, according to Table 1. The totahber of Pareto-optimal allocations is
calculated by adding the allocations denoted iml lnolthe same manner, which gives: 6 + 13
= 19. This allows for calculating what Hokamp anckRardt (2011) call the Pareto-ratio, e.g.
the number of Pareto-optimal allocations over theniber of allocations, here: 19/270.70.

In fact, we now have discussed linear public gagatwes in sufficient detail to move on to
analyzing the relationship between Pareto-optimalitd group size in the following section.

Pareto-optimality and Group Size

To proceed, in a first step group size is increasddris paribufrom three to five subjects.
Again, this size is used for simplicity alone andhwa view to keep the Table 2 readable.
Inspection of Table 2 and a comparison with Tabtevkals the following: i) the number of

Pareto-distinguishable allocations is now 21 in$tef10, ii) the total number of allocations



is up to 21 + 222 = 243, iii) the number of Parepdimal allocations is up to 6 + 45 =51, iv)
and the Pareto-ratio is down to 51/248.21.

Table 2: Set of Feasible Allocations with s =5

Allo. secXUpc SpcXUpc sneXUne X W CA

1 - - 5x2 0 100
2 - 1x1.4 4x2.4 1 114
3 - 2x1.8 3x2.8 2 129
4 1x0.8 — 4%2.8 2 12 4
5 - 3x2.2 2x3.2 3 139
6 1x1.2 1x2.2 3x3.2 3 1319
7 - 4x2.6 1x3.6 4 144
8 1x1.6 2x2.6 2x3.6 4 1429
9 2x1.6 - 3x3.6 4 149
10 - 5x3 - 5 150
11 1x2 3x3 1x4 5 1519
12 2%2 1x3 2x4 5 1529
13 1x2.4 4x3.4 - 6 164
14 2%x2.4 2%x3.4 1x4.4 6 1629
15 3x2.4 - 2x44 6 169
16 2x2.8 3x3.8 - 7 179
17 3x2.8 1x3.8 1x4.8 7 1719
18 3x3.2 2x4.2 - 8 189
19 4x3.2 - 1x5.2 8 184
20 4%3.6 1x4.6 - 9 194
21 5x4 - - 1020 O

Note: Allo. denotes the allocationzcs(sec, Sic) denotes the number of full-contributors
(partial-contributors, non-contributors), & (Upc, Unc) denotes the individual payoff of a
full-contributor (partial-contributor, non-contribr), ScxXUgc (SsexUre, ScXUgc) denotes
the payoff of the group of full-contributors (pattcontributors, non-contributors) which for
brevity is not displayed, X denotes the quantitshefpublic good, W denotes the group payoff
or welfare level and CA denotes the number of chidloeations. Figures set in bold denote a
Pareto-optimal allocation.

In fact, a closer inspection of Tables 1 and 2 shiwe driving force behind the drop of the
Pareto-ratio. Given the parameter values and emqst(l) and (2), a Pareto-optimal
allocation strictly requires that no more than tewbjects choose a deviation from the
alternative full contributionsec. Put differently, the sum of the number of sulgelsaving
chosen the alternatives partial contributigi, and/or non-contributiorsyc, must not exceed

two, that is,;spc + Sne < 2. Inspection of Table 1 and 2 shows that thisddam is met by all



Pareto-optimal allocations, which implies that thandition is independent from the group
sizes. However, since the group size must necessaribt the conditions = S-c + Spc + Sne,

it immediately follows that an increase or decreasthe group sizes, requires an identical
increase or decrease of the number of full contiitsyis=c. Thus, in Table 1, witls = 3, at
least one full contributor is required for a Pareptimal allocations=c = 1, whereas in Table
2, withs= 5, at least three full contributors are requii@da Pareto-optimal allocatioss;c =

3. Again, inspection of Tables 1 and 2 confirms ti@sult. Moreover, at this point it is worth
noting that Hokamp and Pickhardt (2011) have ddriaed proved these conditions for the
general case. Using their result four, Table 3 shielevant values for higher group sizes.

Table 3: Group Size, Pareto-ratio and Full Contributors
Group Size 3 5 10 50 75 100
Pareto-ratio 19/27 51/243 201/3° 5,001/3° 11,251/3° 20,001/3"
(~0.70) (=0.21) (=0.003) (~6.96°) (=1.85%) (=3.88")
Spc + Suc <2 <2 <2 <2 <2 <2

Src =1 =3 =8 248 273 =298

Note: $c (Sc, Sic) denotes the number of full-contributors (parttalntributors, non-

contributors)

To summarize, Tables 1 through 3 demonstrate treashare of Pareto-optimal allocations
among the overall set of feasible allocationseateris paribusmuch higher in small groups
than in large groups. Moreover, other things be&iqgal, in small groups a much lower share
of the group members has to fully contribute tachea Pareto-optimal allocation than in large
groups. In fact, if the group size gets very largkenost all group members have to fully
contribute to the public good to reach a Paretintgdtallocation.

To put this differently, in small groups, the shafesubjects, who are motivated according
to Olson by an individual gain (of social, erofasychological, or moral nature) that exceeds
the total costs of providing the collective goodhe group, can be substantially smaller than
in large groups.As there is no good reason to assume that thébdison of these behavioral

(Olson) types in a group depends on the group simall groups have a much larger chance

! Note that monetary incentives are excluded hecalze this would imply that for one or more grougnbers
the MPCR is higher than one, which would violatedition (2). However, Brandts and Schram (2001) and
others did run such experiments. In contrast, natitms of a social, erotic, psychological, or marature are
compatible with condition (2) and numerous experitahave shown that human subjects indeed cordritout
public goods due to these and similar motivations.



to reach a Pareto-optimal provision level of pulgands because they need a substantially
lower share of group members who show such an @igmnbehavior pattern.

Hence, on purely technical grounds, small grouds fimd it much easier to agree on a
Pareto-optimal provision of public goods. To thieat, the preceding analysis represents a
novel reasoning for Mancur Olson’s (1971, p. 3@jmlthat the larger the group, the farther

it will fall short of providing an optimal amount a collective good

Concluding Remarks

By using the popular framework of linear public dsgames and a new tool for identifying
all Pareto-optimal allocations in such games, tloe has shown thaeteris paribughere is

a negative relation between the Pareto-ratio aadytbup size in these games. This finding
supports the claim of Mancur Olson as noted above.

Further, it must be emphasized that the analysiaitky applies to what Olson has
termed inclusive goods and inclusive groups. Tleegfarguments put forward by early
critics of Olson’s analysis, for example by Charibe(l974, p. 712), who argued that
Olson’s analysis would not hold for inclusive goaisl groups, but just for exclusive ones,
may be clearly rejected.

Finally, by making use of the tools presented laem@ in Hokamp and Pickhardt (2011), it
would now be possible to experimentally test wheti@man subjects do find it easier to
agree on a Pareto-optimal allocation in linear pugbods games, if they have the relevant
information about the Pareto-optimality of the @dwng allocation. Thus, testing Olson’s
assertion with human subjects in laboratory envirents seems to be a promising task for

future research.
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