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MARKOV CHAINS UNDER NONLINEAR EXPECTATION
MAX NENDEL

ABSTRACT. In this paper, we consider nonlinear continuous-time Markov chains
with a finite state space. We define so-called ()-operators as an extension of
(Q-matrices to a nonlinear setup, where the nonlinearity is due to parameter
uncertainty. The main result gives a full characterization of convex QQ-operators
in terms of a positive maximum principle, a dual representation by means of Q-
matrices, continuous-time Markov chains under convex expectations and fully
nonlinear ODEs. This extends a well-known characterization of ()-matrices.
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sition probabilities, generators of nonlinear ODEs
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1. INTRODUCTION AND MAIN RESULT

Let S be a finite state space with cardinality |S| = d € N. Throughout, we
identify S = {1,...,d} and thus the space of all bounded measurable functions
S — R is R A matrix ¢ = (g;;)1<ij<a € R™? is called a Q-matriz if it satisfies
the following conditions:

(i) g <0 forallie{1,...,d},
(ii) ¢;j > 0foralli,j € {1,...,d} with ¢ # j,
(iii) S0, gy =0 for all i € {1,...,d}.
It is well known that every continuous-time Markov chain with certain regularity
properties at time ¢ = 0 can be related to a ()-matrix and vice versa. More
precisely, for a matrix ¢ € R%*? the following statements are equivalent:

(1) q is a Q-matrix.

(i4) There exists a Markov chain (€, F,P, (X;)i>0) such that

up = lim E(uo(Xh>) —
qto = AV h

for all ug € R?, where ug(i) is the i-th component of ug for i € {1,...,d}.

In this case, for each ug € R?, the function u: [0,00) — R%, t — E(ug(Xy)) is
the unique classical solution u € C*! ([O, o0); ]Rd) of the initial value problem

u'(t) = qu(t), t>0,
u(0) = uy,
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2 M. NENDEL

i.e. u(t) = e"ug for all t > 0, where €' is the matrix exponential of tq. We refer
to Norris [13] for a detailed illustration of this relation.

Moreover, it can be shown that a matrix ¢ € R%*? is a Q-matrix if and only if it
satisfies the positive maximum principle and q1 = 0, where 1 := (1,...,1)T € R?
denotes the constant 1 vector. Here and throughout this paper, we say that a
(possibly nonlinear) operator Q: R? — R? satisfies the positive mazimum princi-
ple if for u = (uy,...,ug)T € R® and i € {1,...,d} it holds (Qu); < 0 whenever
w; > u; for all j € {1,...,d}.

The notion of a nonlinear expectation was introduced by Peng [14]. Since
then, nonlinear expectations have been widely used in order to describe model
uncertainty, or so-called Knightian uncertainty, in a probabilistic way. Prominent
examples of nonlinear expectations are the g-expectation, see Coquet et al. [2],
and the G-expectation introduced by Peng [15],[16]. Given a measurable space,
we consider the space £>°(Q, F) of all bounded measurable functions 2 — R.
A nonlinear expectation is then a functional £: L>(2, F) — R which satisfies
E(X) < E(Y) whenever X(w) < Y(w) for all w € Q, and E(alg) = « for all
a € R. Tt is well known, see e.g. [8] or [10], that every convex expectation &
admits a dual representation in terms of finitely additive probability measures.
If £, however, even admits a dual representation in terms of (countably additive)
probability measures, we say that (2, F,E) is a convex expectation space. More
precisely, we say that (2, F,&) is a convex expectation space if there exists a
set P of probability measures on (€2, F) and a family (ap)pep C [0,00) with
iIlf]pefp ap = 0 such that

£(X) = sup (E5(X) — a)
PeP
for all X € L£>(Q, F), where Ep denotes the expectation w.r.t. a probability
measure P on (2, F). If ap = 0 for all P € P, we say that (2, F, &) is a sublinear
expectation space.

If a nonlinear expectation &£ is sublinear, then p(X) := £(—X) defines a co-
herent monetary risk measure as introduced by Artzner et al. [1] and Delbaen
[5],[6], see also Follmer and Schied [10] for an overview of convex monetary risk
measures. Another related concept are so-called (Choquet) capacites (see e.g.
Dellacherie-Meyer [7]). However, in many applications the functional approach,
using nonlinear expectations, has certain advantages, in particular regarding ex-
tension theorems or the existence of stochastic processes under model uncertainty,
see e.g. Denk et al. [3].

In [14], Peng introduces a first notion of nonlinear Markov chains. However, the
existence of stochastic processes under nonlinear expectations has only been con-
sidered in terms of finite dimensional nonlinear marginal distributions, whereas
completely path-dependent functionals could not be regarded. Markov chains
under model uncertainty have been considered amongst others by Hartfiel [11],
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Skulj [17] and De Cooman et al. [4]. In [11], Hartfiel considers so-called Markov
set-chains in discrete time, using matrix intervals in order to describe model
uncertainty in the transition matrices. Later, Skulj [17] approached Markov
chains under model uncertainty using Choquet capacities, which results in higher-
dimensional matrices on the power set, while De Cooman et al. [1] considered
imprecise Markov chains using an operator theoretic approach with upper and
lower epectations. In [8, Example 5.3], model uncertainty in the transition ma-
trix is being described by a transition operator, which allows the construction
of discrete-time Markov chains on the canonical path space. In continuous time,
in particular computational aspects of sublinear imprecise markov chains, have
been studied amongst others by Skulj [18] or De Bock et al. [3].

In this paper, we now consider continuous-time Markov chains under convex
expectations and extend the above relation between nonlinear Markov chains,
so-called Q-operators and fully nonlinear ordinary differential equations to the
convex case. This relation is established using convex duality, so-called Nisio
semigroups (cf. Nisio [12]) and a convex version of Kolmogorov’s extension theo-
rem, see Denk et. al. [8], which provides an extension to the whole path space. A
similar approach has been used by Denk et al. [9] in order to construct Lévy pro-
cesses under nonlinear expectations via solutions to fully nonlinear PDEs using
Nisio semigroups. Restricting the time parameter to the set of natural numbers
leads to a discrete-time Markov chain, in the sense of [8, Example 5.3]. Through-
out this paper, we will make use of the following two definitions:

Definition 1.1. A (possibly nonlinear) map Q: R? — R? is called a Q-operator
if the following conditions are satisfied:

(i) (QAe;); <0 forall A >0andallie{l,... ,d},
(i1) (Q(—=Aej)), <Oforall X > 0and all 4,5 € {1,...,d} withi+# j,
(iii) Qa = 0 for all a € R, where we identify o with (c,..., )T € RY.
Definition 1.2. A convex Markov chain is a quadruple (Q, F.E, (Xt)tzo), where
(7) (2, F) is a measurable space.
(17) Xi: Q —{1,...,d} is F-measurable for all ¢ > 0.

(i1i1) € = (&1,...,E)T, where (Q, F,E&;) is a convex expectation space for all
i € {1,...,d} and &(up(Xo)) = uo. Here and in the following we make
use of the notation

EY) = (&(Y),...,&(Y))" eRY
for Y € L>(Q, F).
(i) Forall s,t >0, neN,0<t; <...<t, <sand v € (Rd)(nH) we have
that
g(UO(XtN e ,th, X5+t)) = g [5X87t (UO(thv e ,th, . )):|
with &4 (u) := & (uo(Xy)) for all up € R* and i € {1,...,d}.
We say that the Markov chain (Q,f,é', (Xt)tzo) is linear or sublinear if the
mapping £: L2(Q, F) — R? is additionally linear or sublinear, respectively.
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The following main theorem gives a full characterization of convex Q)-operators.

Theorem 1.3. Let Q: RY — R? be a mapping. Then the following statements
are equivalent:
(1) Q is a convex Q-operator.
(1i) Q is convez, satisfies the positive mazimum principle and Qo = 0 for all
a € R, where o := (a,...,a)T € RL
(i3i) There exists a set P C R of Q-matrices and a family f = (f,)qep C R?
of vectors with sup,ep fq = f4o = 0 for some qo € P such that

Qugy = sup (quo + fq) (1.1)
qEP

for all ug € R?, where the suprema are to be understood componentwise.
(iv) There exists a convexr Markov chain (0, F,E, (X¢)iso0) such that

5(u0(Xh)) — Uy
h

Quy = }Ilg(l)

for all uy € RY.
In this case, for each ug € R?, the function u: [0,00) — R%, t — E(ug(Xy)) is
the unique classical solution u € Cl([O, oo);]Rd) of the nitial value problem

u'(t) = Qu(t) = 8161713) (qu(t)+ f,), t=>0, (1.2)
u(0) = uo,
and it holds
u(t) = L (t)uo

for allt > 0, where the family (5’(75))»0 is the Nisio semigroup w.r.t. (P, f) (see
Definition 3.2 below). -

Remark 1.4. Consider the situation of Theorem 1.3.

a) Notice that the Nisio semigroup ((t)) =0
dual representation (P, f) as in (iii) and results in the unique classical
solution of (1.2) independent of the choice of the representation (P, f).

b) The same equivalence as in Theorem 1.3 holds if convexity is replaced by
sublinearity in (i), (#4) and (iv) and f, = 0 for all ¢ € P in (iz7). In this
case, the set P in (i7i) can be chosen to be compact as we will see in the
proof of Theorem 1.3.

can be construted w.r.t. any

Notation. Throughout, we consider a finite non-empty state space S with
cardinality d := |S| € N. We endow S with the discrete topology 2° and w.l.o.g.
assume that S = {1,...,d}. The space of all bounded measurable functions
S — R can therefore be identified by R?. A bounded random variable u thus will
always be denoted as a vector of the form u = (uy, ..., uq)T € R% On R? we will
always consider the norm

,,,,,
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for a vector u € RY. Moreover, for o € R we denote by o € R? the constant vector
u € R? with u; = « for all i € {1,...,d}. For a matrix a = (a;;)1<;j<a € R¥?,
we denote by ||a| the operator norm of a: RY — R? w.r.t. the norm || - ||, i.c.

d

lall = Javlle > lay

al| = sup = max lai;| |-
RARRS ) J:l

veERA\{0} [v]lo
Inequalities of vectors are always understood componentwise, i.e. for u,v € R?
u<ov <= Vie{l,...,d}: u; <.

All concepts in R? that inculde inequalities are to be understood w.r.t. the latter
partial ordering. For example, a vector field F': R? — R? is called convex if

F;(Au+ (1= X)v) < AE(u) + (1 — \)F;(v)

for all i € {1,...,d}, u,v € R? and X € [0,1]. A vector field F is called sublinear
if it is convex and positive homogeneous of degree 1. Moreover, for a set M C R?
of vectors, we write u = sup M if u; = sup,¢p, v; for all i € {1,...,d}.

Structure of the paper. In Section 2, we give a proof of the implications
(tw) = (i) = (i) = (iii) of Theorem 1.3. The main tool we use in this part
is convex duality. In Section 3, we prove the implication (iii) = (iv). Here, we
use a combination of Nisio semigroups as introduced in [12], a Kolmogorov ex-
tension theorem for convex expectations derived in [8] and the theory of ordinary
differential equations.

2. PROOF OF (iv) = (ii) = (i) = (di1)
We say that a set P C R¥9 of matrices is row-convez if for any diagonal matrix
A€ R™ with \; := \; € [0,1] for alli € {1,...,d} and all p, ¢ € P we have that
Ap+ (I —NgeP,

where I = I is the d-dimensional identity matrix. Note that for all i € {1,...,d}
the i-th row of the matrix Ap+ (I — \)q is the convex combination of the i-th row
of p and ¢ with \;. Therefore, a set P is row-convex if for all p,q € P the convex
combination with different A € [0, 1] in every row is again an element of P. Note
that for example the set of all ()-matrices is row-convex.

Remark 2.1. Let Q be a convex Q-operator. For every matrix ¢ € R¥? let
Q*(q) := sup (qu— Q(u)) € [0, o0
u€Rd

be the conjugate function of Q. Notice that 0 < Q*(q) for all ¢ € R4 since
Q(0) =0. Let

P = {q € R™![Q"(q) < oo}
and f, := —Q*(q) for all ¢ € P. Then, the following facts are well-known results
from convex duality theory in R

a) The set P is row-convex and the mapping P — R, ¢ — f, is continuous.
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b) Let M > 0 and Py := {q € R™?|Q*(q) < M}. Then, Py C R™?is
compact and row-convex. Therefore,

Qu: R - RY ws max (qu+ f,) (2.1)
q€PM

defines a convex operator which is Lipschitz continuous. Notice that the
maximum in (2.1) is to be understood componentwise. However, for fixed
u € R? the maximum can be attained by a single element simultaneously
in every component of Py, since P, is row-convex, i.e. for all u € R?
there exists some ¢y € Py with

QM = qou + fqo'
c) Let R > 0. Then, there exists some M > 0 such that
Qu = max (qu + fq) = Onu

q€PM

for all u € R? with ||ul|.c < R. In particular, Q is locally Lipschitz
continuous and admits a representation of the form

Qu = max (qu + f,)

for all v € R?, where for fixed u € R? the maximum can be attained by
a single element simultaneously in every component of P. In particular,
there exists some gy € P with f,, = sup,cp fo = Q(0) = 0.

Proof of Theorem 1.5.

(1v) = (11): As &; is a convex expectation for all i € {1,...,d}, it follows that
the operator Q is convex with Qo = 0 for all @ € R. Now, let uy € R? and
ie{l,...,d} with up; > up; for all j € {1,...,d}. Let @ > 0 be such that

luo + oo = (uo + a) = up; +

and vy := ug + a. Then,

E X — E X)) —
Quy = lim (uo( ks a) il = lim (uo( h)) to = Quy.
R\0 h R\0 h

Assume that (Quo)i > (. Then, there exists some h > 0 such that
& (Uo(Xh)) —vg; > 0,

B 1€ (o(X) ] > & (X)) > v0s = o]l

which is a contradiction to

€ (vo(X))

This shows that Q satisfies the positive maximum principle.

(12) = (i): This follows directly from the positive maximum principle, considering
the vectors Ae; and —Me; for all A > 0 and 7 € {1,...,d}.

(i) = (i17): Let Q be a convex @Q-operator. Moreover, let P and f = (f,)qep
as in Remark 2.1. Then, by Remark 2.1 ¢), it only remains to show that every

|, < lolle-
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q € P is a Q-matrix. To this end, fix an arbitrary ¢ € P. Then, for all « € R it
holds

s = ya(a) < 5(Q00) + Q(0)) = 1 Q°(0) =0,

as A — 00. Therefore, g < 0 for all & € R. Since, ¢ is linear, it follows q1 = 0.
Now, let ¢ € {1,...,d}. Then, by definition of a Q-operator, we obtain that

Gii < %(Q(Aei) +9'(q), < %(Q*(q))i -0

as A — oo, i.e. ¢; < 0. Now, let 4,5 € {1,...,d} with i # j. Then, again by
definition of a Q)-operator, it follows that

a5 < 1 (Q(2e) + (), < (@), 0

as A — 00, i.e. g;; > 0. Therefore, ¢ is a -matrix.
It remains to show (7i7) = (iv), which is done in the entire next section. O

3. PROOF OF (iit) = (iv)
Throughout, let P C R™? be a set of Q-matrices and f = (f,),ep C R? with
Sup,ep fq = fqo = 0 for some qo € P such that

Q: R 5 R, wy— sug (quo + fq)
qe

is well-defined. For every ¢ € P, we consider the linear ODE
u'(t) =qu(t)+ f,, t>0 (3.1)

with u(0) = uy € RY. Then, by variation of constant, the solution of (3.1) is
given by

t t
u(t) = e®uy + / e f,ds = ug + / e (quo + fy) ds =: Sy(t)uo (3.2)
0 0

for t > 0, where €' € R%*? is the matrix exponential of ¢q for all ¢ > 0. Then, the
family S, = (S,4(t)),., defines a uniformly continuous semigroup of affine linear
operators, i.e.

£>0

(i) S4(0) = I, where I = I, is the d-dimensional identity matrix,
(i) Sy(s+1t) = S,(s)S,(t) for all s,t > 0,
(ili) [|Sy(t) — I]] = 0 ast N\, 0.

Remark 3.1.

a) Note that for all ¢ € P and ¢t > 0 the matrix exponential e/ € R¥? is a
stochastic matriz, i.e.
(i) (etq)ij >0 forall 4,57 € {1,...,d},
(i) 1 = 1.
In particular, e*u < e for all u,v € R? with v < v and therefore, the
semigroup S, is monotone (see part b) below for a definition).
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b) In line with [8, Definition 5.1], we say that a (possibly nonlinear) map
E: R4 — R?is a kernel, if € is monotone, i.e. £(u) < E(v) for all u,v € R?
with u < v, and & preserves constants, i.e. £(a) = « for all & € R. By
part a), it is clear that e’¢ € R?*? is a linear kernel for all ¢ € P and ¢ > 0.

For the family (S;),ep, or more precisely for (P, f), we will now construct the
respective Nisio semigroup and show that this is the unique classical solution to
the nonlinear ODE (1.2). To this end, we consider the set of finite partitions

P:={rC0,00)|0€m,|r| <oo}.

For a partition 7 € P, m = {to,t1,...,t,m} with 0 =ty <ty < ... <, we set
|70 = j:ffllf}Xm(tj —tj1).

Moreover, we define [{0}|o := 0. The set of partitions with end-point ¢ will be
denoted by P, i.e. P,:={m € P| maxm = t}. Note that

p=Jr.
>0
For all h > 0 and u € R? we define
Enu = sup Sy (h)u,

qeP

where the supremum is taken componentwise. Note that &, is well-defined since
h
Sy(h)u = M+ / e1f,ds < e < [|uf
0

for all ¢ € P, where we used the fact that e"? is stochastic. Moreover, &, is a
convex kernel as it is monotone and

h
Eha:oz+sup/ e’lf,ds =«
q€P JO

since there is some ¢y € P with f,, = 0. For a partition 7 = {to,t1,...,tn} € P
withm eNand 0=ty <t; <...<t,, weset

gﬂ— = gtl—to e gtm—tmfl'

Moreover, we set Eggy := &. Then, & is a convex kernel for all 7 € P being a
concatenation of convex kernels.

Definition 3.2. The Nisio semigroup (5”(75))»0
S (t)u = sup Eu

TEP;

w.r.t. (P, f) is defined by

for all w € R* and ¢ > 0.

Note that . (t): R — R? is well-defined and a convex kernel for all ¢ > 0
since &, is a convex kernel for all 7 € P. In many of the subsequent proofs, we
will first concentrate on the case, where the family f is bounded and then use
an approximation of the Nisio semigroup by means of Nisio semigroups w.r.t.
bounded f. This approximation procedure is specified in the following remark.
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Remark 3.3. Let M > 0, Py = {q € P||follo < M} and far := (f)gery,-
Then, for all ¢ € Py and u € R? with ||ul/, = 1 we have that

qu < Qu — f < [|Qufleo + [[fyllow < M + IEHS%Z% | Q||oo,

where, in the last step, we used that Q: RY — R convex and therefore continu-
ous. This implies that the set P, is bounded. Therefore,

sup [|qu + folloo < sup ([lgllllulleo + [ folloo) < 00 (3.3)
qeP qeEP

for all w € R? and thus the operator

Qu: R =R we sup (qu+ f,)
q€P M

is well-defined. Notice that, by assumption, there exists some ¢y € P with f,, =0
and therefore f,, € Py. In particular, Py # (. Let (LVM(t))t>0 be the Nisio
semigroup w.r.t. (P, far) for all M > 0. Since -

U Pu ="

M>0

it then follows that Qy 7 Q and . (t) A (t) as M — oo for all t > 0.

Lemma 3.4. Assume that the family f is bounded, i.e. (P,[f) = (P, fu) for
some M > 0. Then, for all u € R? the mapping [0,00) — RL h > Euu is
continuous.

Proof. Let u € R? and 0 < hy < hy. Then, by (3.2), for all ¢ € P we have that

ha
1Sq(h2)u — Sq(h)ulloc < /h e (qu+ fo)||.. ds < (ha = h)[lqu + fylloos

which implies that
1€t — Enptlloe < sup [1Syhat— Sy (Yoo < <h2—h1>(sup Hqu+fq|\oo)- (3.4)
qeP qeP
Note that sup,cp [[qu + folloo < 00 by (3.3). O

Lemma 3.5. Assume that the family f is bounded. Then,

17 (B — ulloe < t(sup lqu+ fqnoo)

qeP

for all t > 0 and u € RY.

Proof. Let u € RY. For a partition 7 € P of the form 7 = {to,t1,...,tn} with
meNand 0=ty <t <...<ty, (3.4) then implies that

EOETNED S CRERNED U E RN
k=1 k=1 9P

:tm(supnqwfqnoo),
qeP
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where hy := ty — tp_q for all k € {1,...,m}. By definition of .#(¢) for ¢t > 0 it
then follows that

17— ulloe < sup [|Extt — uflo < t(sup lau+ fqnoo).

TEP; qEP

O

Let v € R?. In the following, we want to consider the limit of £;u when the
mesh size of the partition m € P tends to zero. For this, we first remark that for
hi,he >0

Eny+hyt = sup Sx(hy + ho)u = sup Sx(h1)Sx(he)u

q€P qeP
< sup Sx(h1)Epyu = Ep, Enyu,
qEP

which implies the inequality
Enu < Epu (3.5)
for m, me € P with m; C mo. The following lemma now shows that .7 (t) can be

obtained by a pointwise monotone approximation with finite partitions letting
the mesh size tend to zero.

Lemma 3.6. Let t > 0 and (m)neny C Pp with m, C mpyq for all n € N and
[Tnloe \( 0 as n — co. Then, for all u € R it holds that

Eryu S (u, n— oo.

Proof. Let u € R%. For t = 0 the statement is trivial. Therefore, assume that
t > 0 and let

v:=sup&;, u. (3.6)

neN
As m, C m,41 for all n € N, (3.5) implies that

Eru U, n— 00,
Since (m,)nen C P;, we obtain that
v < .Z(t)u.

Next, we assume that f is bounded. Let m = {to,t1,...,tm} € P, with m € N
and 0 =ty < t; < ... <t, =t Since |m|w \( 0 as n — oo, w.lo.g. we may
assume that |m,| > m+ 1 for all n € N. Moreover, let 0 =t <t} < ... <t =t
for all n € N with «/, := {¢f,¢},...,t} C m, and ¢} — t; as n — oo for all
i € {l,...,m}. Then, by Lemma 3.4, we have that

|Exu — Enrtifloe = 0, 1 — 00
and therefore,
v2>Enu>Enu>Exu— ||Exu— En | oo

Letting n — oo we obtain that v > £,u. Taking the supremum over all 7 € P,
yields the assertion for bounded f.

Now, let f again be (possibly) unbounded. It remains to show that v > .7 (t)u.
By the previous step, we have that v > vy, = S (t) for all M > 0, where vy,
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is given by (3.6) but w.r.t. (Pas, far) instead of (P, f). Since Sy (t) N L (t) as
M — oo, we obtain that v > .#(t), which ends the proof. O]

Choosing e.g. m, = {&:k € {0,...,2"}} or 7, = {% ke {0,...,n!}} in
Lemma 3.6, we obtain the following corollaries.
Corollary 3.7. For all t > 0 there ezists a sequence (m,)nen C Py with
Eryu NS (Hu
asn — oo for all u € RY.
Corollary 3.8. For allt > 0 and u € R? we have that

S (t)u =sup Elu = lim &5, u.
neN n n—oo

Proposition 3.9. The family (L (t))i>0 defines a semigroup of convex kernels
from R to RY. In particular, for all s,t > 0 we have the dynamic programming
principle

F(s+1) =.S(s)L(t). (3.7)

Proof. Tt remains to show the semigroup property (3.7). Let u € R% If s = 0 or
t = 0 the statement is trivial. Therefore, let s,t > 0, mg € Psy; and 7 := moU {s}.
Then, we have that 7 € P,,; with mo C w. Hence, by (3.5), we get that

Enpu < Eru.

Let me N 0=ty <t;<...t,=s+twithm={tg,...,tn} and i € {1,...,m}
with ¢; = s. Then, we have that

m = {to,...,t;} € Ps and my:={t;—s,...,t,, —s} € B
with

Er =&ty Etimt,y and &y =&yt Ety -
We thus get that

Ent S Eu=E 4y &ty U= (Strto e 'Stifti,l) (&Hﬁti “ Ely—t U)
=& Enu < & (L (D) < F(5)S(H)u.

Taking the supremum over all my € Psyy, we get that (s + t)u < .7(s).7(t)u.
Now, let (7, )nen C Py with E;,u 7 (t)u as n — oo (see Corollary 3.7) and fix
mo € P,. Then, for all n € N we have that

w =mU{s+T1:TEM}E Py
with & = &, &Ex,. We then get that
Eng (L (t)u) = nllj{)l() EnoEmyu = 7}13)10 Enu <L (s+t)u.
Taking the supremum over all my € Ps, we get that .7 (s).(t)u < L (s+t)u. O
Now, Proposition 3.9 and [8, Theorem 5.6] imply the following corollary.
Corollary 3.10. There exists a convex Markov chain (Q, F.E, (Xt)tzo) such that
(Y(t)uo)i = & (uo(Xy))
for allug € R4, t >0 andi € {1,...,d}.
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Restricting the time parameter of this process to Ny, leads to a discrete-time
Markov chain with transition operator .#(1) (cf. [8, Example 5.3]). It remains
to show that the Nisio semigroup (Y (t)) defines the unique classical solution

to the nonlinear ODE (1.2).

t>0

Remark 3.11. Assume that the set P is bounded. Note that P is bounded if and
only if Q is Lipschitz continuous.

a) Then, the Picard-Lindel6f Theorem asserts that, for every uy € R?, the
initial value problem

u'(t) = Qu(t), t=>0, (3.8)
u(0) = o,

has a unique solution u € C* ([0, 00); R?). We will show that this solution
u is given by u(t) = . (t)ug for all t > 0. That is, the unique solution of
the ODE (3.8) is given by the Nisio semigroup.

b) Since P is bounded, the mapping

q: RT > RY u— supqu
qeP

is well-defined.

The following key estimate and its proof are taken from the proof of [12, Propo-
sition 5]. Recall that, by Remark 3.3, the boundedness of the family f implies
the boundedness of the set P.

Lemma 3.12. Assume that the family f is bounded. Then,
¢
L (tu—u < / ¥(s)Quds
0

for all w € R? and t > 0. Here, (E(t))t>0 is the Nisio semigroup w.r.t. the

sublinear Q)-operator q from the previous remark, or more precisely, the Nisio
semigroup w.r.t. (P, f), where f, =0 for all ¢ € P.

Proof. Let u € R? and h > 0. Then, by (3.2), we have that
h h
Sy(h)u —u = / e (qu+ fy) ds < / Y(s)Quds.
0 0

Notice that, by Lemma 3.5, the mapping [0,00) — R?, ¢ — X(¢)v is continuous
and therefore locally integrable for all v € R%. Hence, for all 7 > 0 we have that

h T+h
Enu—u < / Y (s)Quds = / Y(s — 7)Quds.
0 T
Next, we show that

Eru—u < /maxw Y(s)Quds (3.9)
0
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for all 7 € P by an induction on m = ||, where |7| denotes the cardinality of 7.
If m =1, ie. if # = {0}, the statement is trivial. Hence, assume that

Evu—u< / Y(s)Quds
0

for all 7/ € P with |n'| = m for some m € N. Let m = {to,t1,...,t,} with
0=ty <ty <...<tpand 7" :=m)\ {t,}. Then, we obtain that

tm
Exu— Extt < X(tm-1) (Et—tnrtt — u) < B(tp_1) </ Y(s —ty_1)Qu ds>
tm—1

tm
< / ¥ (s)Quds,

tm—1

where we used the sublinearity of ¥(¢) in the last inequality. Using the induction
hypothesis, we thus get that

tm tm—1
Eru—u=(Eu—Evu) + (Evu—u) < / Y(s)Quds + / Y(s)Quds

tm—1 0
= / Y(s)Quds.
0

By (3.9), it follows that

t
Eru—u < / Y(s)Quds
0
for all # € P,. Taking the supremum over all 7 € P, we obtain the assertion. [

The following theorem states that the family (#(t));>¢ is differentiable at zero
if the family f is bounded.

Theorem 3.13. Assume that f is bounded. Then, for all u € R? it holds that
L (h)u —wu
h

- Qu'

— 0, hN\/0.

Proof. Since f is bounded, it follows that P is bounded (see Remark 3.3). Let
e > 0. Using Lemma 3.5, the boundedness of P and (3.3), there exists some
ho > 0 such that

€™ (qu + fo) = (qu+ fo) | o < Mle" = Tall - llqu + folloo
< (el —1)|lgu + fyll <&

for all ¢ € P and
Y(h)Qu—Qu<e
for all 0 < h < hg. Let 0 < h < hg. Then, we get that

L (h)u —u > Sy(h)u —u = /hetq(qu—l—fq) ds > (qu+ fy —¢)h
0
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for all ¢ € P. Dividing by h and taking the supremum over all ¢ € P, it follows

that o
Fhu=t S gy (3.10)

By Lemma 3.12, we have that
h h
S h)f—f-hQf < / Y(s)Qf ds — hQf = / (5(s)Qf — Qf ) ds < he.
0 0

Again, dividing by h > 0 yields

% —Qf <e.
Together with (3.10) this implies that
Pas-of

OJ

Corollary 3.14. Let f be bounded, ug € R? and u(t) :== % (t)ug fort > 0. Then,
u € Cl([O, oo);]Rd) is the unique classical solution of the ODE
u'(t) = Qu(t), t>0

with u(0) = ug.
Corollary 3.15. Let f be bounded. Then, there exists some constant L > 0 such
that

| (£)uo — uol|co < Lt o
for all t > 0 and vy € RY.

Proof. Since f is bounded, we have that P is bounded and therefore Q is Lipschitz
continuous with Lipschitz constant L := sup,cp ||g||. For all uy € R* we thus
obtain that

t t
1 (o — e < / 195 (s )l ds < / L] (s)uoll ds < Lt g
0 0
]

Finally, in order to end the proof of Theorem 1.3, we have to extend Corollary
3.14 to the unbounded case. We start with the following remark, which is the
key observation in order to finish the proof of Theorem 1.3.

Remark 3.16. Let P* := {q € R™|Q*(q) < oo} and f; := —Q*(¢) for all
g € P*. For all M > 0 let Py, fi; and 9}, be as in Remark 3.3 with P being
replaced by P*. Moreover, let (#;(t)) ., be the Nisio semigroup w.r.t. (P, fi/)
for M > 0. As

t>0

U Py =7

M>0
it follows that .75 (t) ' .7*(t) as M — oo for all t > 0, where (.%*(¢)):>o is the
Nisio semigroup w.r.t. (P*, f*). Let R > 0 be fixed. Then, there exists some
My > 0 such that Qu = Qj; u for all u € R* with [lul| < R, by choice of P*
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and f*. Let up € R? with ||ug|lsc < R. Then, it follows that |73 (t)uolle < R
for all t > 0 and M > 0, which implies that .7 (t)ug = S5, (t)ue for all £ > 0
and M > M, by the uniqueness obtained in the Picard-Lindel6f Theorem. In
particular, .7*(t)ug = 74, (t)up for all t > 0, which shows that the nonlinear
ODE (1.2) has a unique classical solution u* € C* ([0, 00); R?) with u*(0) = u,.
This solution is given by u*(t) = .#*(t)ug for all ¢ > 0. By Corollary 3.15, we
thus get that .#*(t) — I as t ~\, 0 uniformly on compact sets.
We are now able to finish the proof of Theorem 1.3.

Theorem 3.17. Let ug € RY. Then, u: [0,00) — R t — 7 (t)ug is the unique
classical solution u € Cl([O, o0); Rd) of the initial value problem

u'(t) = Qu(t), ¢>0,

u(0) = uo.
Proof. By Remark 3.16 the initial value problem

u'(t) = Qu(t), t=>0,

u(0) = up.
has a unique classical solution v* € C 1([0,00);Rd). It remains to show that
u*(t) = S (t)ug, for all t > 0. Let R := ||lug|leo. For all M > 0 let Prs, far,
Qu and (S (t)),., as in Remark 3.3. Let € > 0. Then, by Dini’s lemma, there
exists some M, > 0 such that

1Quv — Qv < €

for all v € R? with ||v||c < R. Further, there exists some constant L > 0 such
that

1Qu1 = Qualloe < Lijvr — vl
for all vi,vy € R? with |[v1|lee < R and |Jv3]le < R. Since, ||u*(t)]|e < R and
|2 (t)uglloo < R for all M > 0 and ¢ > 0, we obtain that

t
| (t)uo — u™ ()]0 + % = % + ‘ / O (s)ug — Qu*(s) ds
0 [ee)
t
<5+ [ 1Quu(s)un - Qu (9] ds
0
t
< % +/ ([19Fm(s)uo — Qu*(s) || +€) ds
0
t
< +/ L(||<5’M(s)u0 —u*(8) || oo + %) ds
0

for all t > 0 and M > M,. By Gronwall’s lemma, we thus get that
. €
st — () oe < (M —1)

for all ¢ > 0 and M > M, showing that #/(t)ug — u*(t) as M — oo for all
t > 0. However, since % (t)ug /7 (t)ug as M — oo for all ¢ > 0, we obtain
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that u*(t) = . (t)ug. This ends the proof of this theorem and also the proof of
Theorem 1.3. 0

Corollary 3.18. The Nisio semigroup (. (t))i>o0 is uniformly continuous in the
sense that . (t) — I as t 0 uniformly on compact sets.
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