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Abstract

This paper studies the superhedging prices and the associated superhedging strate-
gies for European and American options in a non-linear incomplete market with de-
fault. We present the seller’s and the buyer’s point of view. The underlying market
model consists of a risk-free asset and a risky asset driven by a Brownian motion and
a compensated default martingale. The portfolio process follows non-linear dynam-
ics with a non-linear driver f. By using a dynamic programming approach, we first
provide a dual formulation of the seller’s (superhedging) price for the European op-
tion as the supremum over a suitable set of equivalent probability measures Q) € Q of
the f-evaluation/expectation under @ of the payoff. We also provide an infinitesimal
characterization of this price as the minimal supersolution of a constrained BSDE with
default. By a form of symmetry, we derive corresponding results for the buyer. We also
give a dual representation of the seller’s (superhedging) price for the American option
associated with an irregular payoff (&) (not necessarily cadlag) in terms of the value of
a non-linear mixed control/stopping problem. We also provide an infinitesimal char-
acterization of this price in terms of a constrained reflected BSDE. When ¢ is cadlag,
we show a duality result for the buyer’s price. These results rely on first establishing a

non-linear optional decomposition for processes which are £7-strong supermartingales
under @, for all Q € Q.
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1 Introduction

We consider a financial market with a default time 19, which contains one risky asset whose
price dynamics are driven by a one-dimensional Brownian motion and a compensated default
martingale. We study the case of a market with imperfections which are encoded in the non-
linearity of the portfolio dynamics. We note that our market is incomplete in the sense that
not every European contingent claim can be replicated by a portfolio. In this framework,
we are interested in the problem of pricing and hedging of European and American options,
from the point of view of the seller, and of the buyer.

We recall that in the case of a non-linear complete market, the (hedging) price of the
European option for the seller is given by the non-linear f-evaluation (expectation) of the
terminal payoff, where f is the non-linear driver of the replicating portfolio (cf. [17] and [20]
in the Brownian case, and the recent works [16], [12] and [15] in the default case).

In our framework, since all contingent claims are not necessarily replicable, we define
the (superhedging) price for the seller of the European option as the minimal initial capital
which allows the seller to build a (non-linear) portfolio whose terminal value dominates the
payoff of the option. We provide a dual formulation of this price as the supremum, over
a suitable set of equivalent probability measures Q € Q, of the (f, Q)-evaluation ! of the
payoft. The set Q is related to the set of the so-called martingale probability measures. In
the case when f is linear, our result reduces to the well-known dual representation from the
literature on linear incomplete markets (cf. [19] and [21]). We also provide an infinitesimal
characterization of the (superhedging) price of the European option for the seller as the
minimal supersolution of a constrained BSDE with default. By a form of symmetry, we
derive corresponding results for the buyer’s superhedging price.

We then turn to the pricing problem for the American option with payoff (&;). We recall
that in the case of a non-linear complete market, the seller’s (superhedging) price of the
American option with a cadlag payoff (&) is equal to the value of the optimal stopping
problem with non-linear f-evaluation/expectation, associated with the given payoff (&) (cf.
[16]). Moreover, the price process admits an infinitesimal characterization as the solution of
the reflected BSDE associated with driver f and obstacle (&) (cf. [20] in the Brownian case
and for a continuous payoff (¢;), and [42] (resp. [16]) in the case of Poisson jumps (resp.
default jump) and a cadlag process (&;)). More recently, these results have been generalized
to the case of an irregular payoff (&) (not necessarily cadlag) in [24] and [25].

In the non-linear incomplete market of the present paper, we provide a dual formulation of
the seller’s (superhedging) price ug of the American option associated with an irregular payoff
(&) (not necessarily cadlag) in terms of the value of a non-linear mixed control/stopping
problem. More precisely, we show that ug is equal to the supremum over all probability
measures () € Q and all stopping times 7 of the (f, Q)-evaluation of .. In the case when
f is linear and (&) is cadlag, our result reduces to the well-known dual representation from
the literature on linear incomplete markets (cf. [35]). We also provide an infinitesimal
characterization of the (superhedging) price ug for the seller as the minimal supersolution

Lor, in other terms, the f-evaluation/expectation under the probability measure Q.



of a constrained reflected BSDE with default (associated with the driver f and the obstacle
(&)). We note that, even in the linear case (f linear), these results are new, since in the
literature, only the cadlag case has been studied. The treatment of the non cadlag case
requires the introduction of an additional non decreasing process corresponding to the right-
hand jumps of the price process. Using some specific techniques of the control theory and
the general theory of processes, we show that this process only increases when the price is
equal to the payoff.

A crucial step in the proof of these results is to establish a non-linear optional decomposi-
tion for optional (not necessarily cadlag) processes which are (f, Q)-strong supermartingales
for all @ € Q. This generalizes the well-known result shown in the literature when f is linear
and (&) is cadlag (cf. [19] and [21]).

The paper is organized as follows: in Section 2, we introduce some notation and defini-
tions. In Section 3, we first present our market model (subsection 3.1). In Subsection 3.2
(resp. 3.3), we define the buyer’s and seller’s superhedging prices of the European (resp.
American) option, we discuss no-arbitrage issues, and state the main duality results for
this type of options. In the subsequent sections, we prove these results and provide the
infinitesimal characterizations of the superhedging price processes. In Section 4, some useful
preliminaries results on strong £-supermartingale families and processes are given. Section 5
is devoted to the study of processes which are (f, Q))-strong supermartingales, for all @ € Q.
For this class of processes, we establish a non-linear predictable and a non-linear optional
decomposition. In Section 6, we consider the case of the European option: using the results
from Section 5, we sketch the proof of the duality and give the infinitesimal characterizations
of the seller’s and the buyer’s (superhedging) prices in terms of constrained BSDEs with de-
fault. Section 7 is devoted to the case of the American option from the point of view of the
seller. We first study the value Y of the associated non-linear mixed control/stopping prob-
lem, which we write as the (essential) supremum of a family of reflected BSDEs. We show in
particular that Y is the smallest optional process which is an (f, Q)-strong supermartingale
for all Q € Q, and which dominates the payoff process. We also study the strict value Y+
of our non-linear mixed control/stopping problem. We show, in particular, that Y* can be
aggregated by a cadlag adapted process. We then give the detailed proof of the dual repre-
sentation of the seller’s superhedging price. Finally, we provide and show the infinitesimal
characterization of the seller’s (superhedging) price process. Section 8 is devoted to the case
of the American option from the point of view of the buyer. We first study the value Y of the
associated dual problem, which we write as the (essential) infimum of a family of reflected
BSDEs. Then, under the additional assumption that the payoff is cadlag, we prove in detail
the dual representation of the buyer’s superhedging price. The Appendix is devoted to some
useful technical results and to a discussion on reflected BSDEs with a non positive jump at
the default time.



2 Notation and definitions

Let (2,G, P) be a complete probability space equipped with two stochastic processes: a
unidimensional standard Brownian motion W and a jump process N defined by N; = 1y<;
for all ¢t € [0,T], where ¢ is a random variable which models a default time. We assume
that this default can appear after any fixed time, that is P(¢ > t) > 0 for all ¢ > 0. We
denote by G = {G,;,t > 0} the augmented filtration generated by W and N. We denote by
P the predictable o-algebra. We suppose that W is a G-Brownian motion. Let (A;) be the
predictable compensator of the nondecreasing process (N;). Note that (Aing) is then the
predictable compensator of (Nyyg) = (IN;). By uniqueness of the predictable compensator,
Aipg = Ay, t > 0 a.s. We assume that A is absolutely continuous w.r.t. Lebesgue’s measure,
so that there exists a nonnegative process A, called the intensity process, such that A; =
fg Asds, t > 0. To simplify the presentation, we suppose that A is bounded. Since Ajnyg = Ay,
A vanishes after . Let M be the compensated martingale given by

t
Mt = Nt — / )\Sds .
0

Let 7" > 0 be the terminal time. We define the following sets:
e 57 is the set of G-adapted RCLL processes ¢ such that E[supg,<p |¢i|*] < 400.

e A?is the set of real-valued non decreasing RCLL G-predictable processes A with Ay = 0
and E(A2) < oo.

e H? is the set of G-predictable processes Z such that ||Z||* := E[fOT |Zt|2dt] < 00.

o 2 := L2(0x[0,T], P, \ dP®dt), equipped with the norm || U2 := E[[OT |Uty2Atdt} <
Q.

Note that, without loss of generality, we may assume that if U € H3, it vanishes after 1.

e We denote by T the set of stopping times 7 such that 7 € [0, 7] a.s.

e For S in T, we denote by Tg the set of stopping times 7 such that S <7 < T a.s.

As in [25], the notation S? stands for the vector space of R-valued optional (not necessarily
cadlag) processes ¢ such that ||¢]|2, := Eless sup,c7, |¢-|?] < oo. By Proposition 2.1 in [25],
the space S* endowed with the norm |||||s. is a Banach space. We note that the space S? is
the sub-space of RCLL processes of S%.

Recall that in this setup, we have a martingale representation theorem with respect to
W and M (see [29], [34]).

We give the definition of a A-admissible driver:



Definition 2.1 (Driver, A-admissible driver). A function g is said to be a driver if
g:Ax[0,T] xR = R; (w,t,y,2,k) — glw, t,y,2,k) is PR B(R3)— measurable, and such
that ¢(.,0,0,0) € H2. A driver g is called a A-admissible driver if moreover there erists a
constant C > 0 such that dP ® dt-a.s. , for each (yi, z1,k1), (Yo, 22, k2),

lg(t,y1, 21, k1) — g(t,y2, 22, k2)| < C(lyn — y2| + |21 — 22| + \/)\_t|k1 — ko). (2.1)

A nonnegative constant C' which satisfies this inequality is called a A-constant associated
with driver g.

By condition (2.1) and since Ay = 0 on |9, T'], g does not depend on k on |9, T].

Let g be a A-admissible driver. For all n € L*(Gr), there exists a unique solution
(X(T,n), Z(T,n), K(T,n)) (denoted simply by (X, Z, K)) in S* x H? x H3 of the follow-
ing BSDE (see [12]):

—dXt = g(t, Xt, Zt, Kt)dt — thWt — thMt, XT =1. (22)

We call g-conditional expectation, denoted by £9, the operator defined for each 7" € [0, T
and for each n € L*(Gr) by &/1,(n) := Xi(T", n) a.s. for all t € [0,7"].
We introduce the following assumption :

Assumption 2.2. Assume that there exists a bounded map
v Q0 x [O7T] X R4 — R? (wvta Y, z, klu k2) = 7?72’k17k2(w)
P @ B(R*)-measurable and satisfying dP & dt-a.s., for all (y, z, ky, ks) € R,

g(t,y, 2, k1) — g(t,y, 2, ko) > 7072 (ky — ko), (2.3)

and
SRR B (2.4)

Assumption 2.2 ensures the strict monotonicity of the operator £9 with respect to terminal
condition (see [12, Section 3.3]).

Definition 2.3. Let Y € S%.. The process (Y;) is said to be a strong E9-supermartingale *
(resp. martingale) if £ _(Y;) <Y, (resp. =Y,) a.s. ono <7, for all 0,7 € Ty.

Note that, by the flow property of BSDEs, for each 7 € 7y and for each n € L*(G,), the
process £9_(n) is an £9-martingale.

%In the case where Y is moreover RCLL (that is, Y € S?), we often omit the term ”strong”.



3 Market model and main duality results

3.1 Market model M/

We now consider a financial market which consists of one risk-free asset, whose price process
SO = (SY)o<i<r satisfies dSP = SPr,dt, and one risky asset with price process S which
admits a discontinuity at time /. Throughout the sequel, we consider that the price process
S = (St)o<t<r evolves according to the equation

dSt = Stf ([Ltdt + Utth + /Btht) (31)

All the processes o r, u, 8 are supposed to be predictable (that is P-measurable), satis-
fying 0y > 0 dP ® dt a.s. and Sy > —1 a.s., and such that o, \, 0!, 8 are bounded.

We consider an investor, endowed with an initial wealth equal to x, who can invest his/her
wealth in the two assets of the market. At each time ¢, the investor chooses the amount ¢,
of wealth invested in the risky asset. A process ¢ = (p1)o<t<r is called a portfolio strategy
if it belongs to H?2.

The value of the associated portfolio (also called wealth) at time ¢ is denoted by V;*¥ (or
simply V).

In the classical linear case, the wealth process satisfies the self financing condition:

d‘/;g = (Ttv;g + (Pt(,ut — Tt))dt -+ QOtO'tth + thﬁtht- (32)
Setting Z; := p,04, we get
d‘/;/ = (Tt‘/; —+ Ztet)dt -+ thWt -+ Ztaglﬁtht, (33)

Mt — T
O¢ '

where 6, :=

We assume now that the dynamics of the wealth is nonlinear. More precisely, let x € R
be an initial wealth and let ¢ in H? be a portfolio strategy. We suppose that the associated
wealth process V¥ (or simply V}) satisfies the following (forward) dynamics:

—dV, = f(t, Vi, pror)dt — o0 dWy — i Brd My, (3.4)

with V) = x, where f is a nonlinear A\-admissible driver which does not depend on k, such
that f(¢,0,0) = 0. 3 In the classical linear case (see (3.3)), we have f(t,y,2) = —rwy — 20;
(which is a A-admissible driver).

We have the following lemma.

Lemma 3.1. For each z € R and each ¢ in H?, the associated wealth process (Vi"?) is an
&S -martingale.

350 that E_JTT, (0) =0 for all 77 € [0, T].



Proof. Let * € R and ¢ in H? be given. We note that the process (V;"%, .04, ©:3;) is the
solution of the BSDE with default jump associated with driver f and the terminal condition
n = V7Y, The result then follows from the flow property of BSDEs. ]

Remark 3.2. We note that for an arbitrary random variable n € L?, there does not nec-
essarily exist a pair of processes (X, ) such that (Xi, w04, ©i5t) is solution of the BSDE
with default jump associated with driver f and terminal condition n, that is, such that (X, )
satisfies the dynamics (3.4) with Xt = n. In other terms, the market is incomplete.

In the sequel, we will often use the following change of variables which maps a process
© € H? to Z € H? defined by Z;, = ¢,0,. With this change of variables, the wealth process
V = V"% (for a given 2 € R) is the unique process satisfying

—d‘/;g = f(t, V;g, Zt)dt - thWt - ZtO't—lﬁtht, % =xT. (35)

In the following, our non-linear incomplete market model is denoted by M.

3.2 Superhedging prices and dual representations for European
options

Let n in L?(G7) be the payoff of the European option (with maturity T'). It is called replicable
if there exists z € R and ¢ € H? such that n = V;"¥ a.s. This is equivalent to the existence
of (X, Z) € §% x H? such that

—dXt = f(t,Xt, Zt)dt — thWt — Ztaflﬁtht, XT =1 a.s.

It is clear that all European contingent claims are not necessarily replicable and so the market
is incomplete (cf. also Remark 3.2). We introduce the superhedging price for the seller of
the claim with payoff n defined as the minimal initial capital which allows the seller to build
a superhedging strategy for the claim, that is

v :=inf{z € R: Jp € H? s.t. V¥ >nas.}.

We introduce the superhedging price for the buyer of the claim with payoff 1 defined as the
maximal initial price which allows the buyer to build a superhedging strategy for the claim,
that is

Tp:=sup{r €R: Jp € H* s.t. V7" +1n>0as.}.

Note that 7y is equal to the opposite of the superhedging price for the seller of the option
with payoff —n. 4

4Recall that when 5 = 0 and when the filtration is the natural filtration associated with the Brownian
motion, the market is complete and we have vg = Eofj(n) (cf. [17]) and ¥y = —E&T(—n).



Definition 3.3. Let z € R. Let y € R and ¢ in H2. We say that (y,p) is an arbitrage
opportunity for the seller® (resp. for the buyer ¢) of the European option with initial price

x if
y<xz and VZ¥—n>0 as. (resp. y>x and Vp;" 4+n>0) a.s (3.6)

Proposition 3.4. Let x € R. There exists an arbitrage opportunity for the seller (resp. for
the buyer) of the European option with price x if and only if x > vy (resp. x < 0g)

Sketch of the proof : The proof relies on quite similar arguments as those used in the proof
of Proposition 5.11 in [16].

Definition 3.5. A real number x is called an arbitrage-free price for the European option
if there exists no arbitrage opportunity, neither for the seller nor for the buyer.

By Propositions 3.4, we get

Proposition 3.6. If vy < Uy, there does not exist any arbitrage-free price for the European
option. If vg > 0y, the interval [0y, vo] is the set of all arbitrage-free prices. We call it the
arbitrage-free interval for the Furopean option.

As mentioned before, the market M/ is incomplete. We recall that in the linear case,
that is, when f(t,y,2) = —ryy — 6,2, a dual representation of vy and 9y can be achieved
via a martingale approach which is based on the notion of martingale probability measures
defined as follows: a probability measure R equivalent to P is called a martingale probability
measure if the discounted risky-asset price (e~ Jo742S,) is a martingale under R. This is
equivalent to the following definition given in [43]: a probability measure R is a martingale
probability measure if the discounted (linear) wealth processes are R-martingales, that is, for
all z € R, ¢ € H2, the process (e~ o ™4V%?) (where V=% follows the linear dynamics (3.2))
is a martingale under R. For example, the probability R® which admits (% as density with
respect to P on Gr, where ((}) satisfies

¢} = —¢ 0,dWy; (g =1, (3.7)

is a martingale probability measure. It corresponds to the so-called "minimal martingale
probability measure” in the sense of Follmer-Schweizer. However, there exist more than one
martingale probability measures (cf. (3.11)); they can be characterized via their densities
with respect to P.

In our non linear framework, by analogy with the linear case, we are thus naturally led
to introduce the notion of £/-martingale property under a given probability measure (). To
this aim, we first introduce the notion of f-evaluation under Q).

5This means that the seller sells the European option at the price x strictly greater than the amount y
which is enough to be hedged (by using the strategy ¢). He/she thus makes the profit z —y > 0 at time 0.

6This means that the buyer buys the European option at the price z, stricly smaller than the amount
y, which, borrowed at time 0, allows him/her to recover his/her debt at time 7' (by using the strategy ).
He/she thus makes the profit y —z > 0 at time 0.



Let @ be a probability measure, equivalent to P. From the G-martingale representation
theorem (cf. [34], [30]), its density process ((;) satisfies

dG = G- (adWy + 1 dMy); Go = 1, (3.8)

where (oy) and (1) are predictable processes with vy r > —1 a.s. By Girsanov’s theorem,
the process WtQ = W — fot asds is a Brownian motion under (), and the process MtQ =
M, — fg vsAsds is a martingale under Q).

We define the spaces 53, Hp, and H, , similarly to S*, H?* and H3, but under probability
() instead of P.

Definition 3.7. We call f-evaluation under @Q, or (f,Q)-evaluation in short, denoted by
55, the operator defined for each T' € [0,T] and for each n € L (Gr) by 5£,t,T’(n) =X
for allt € [0,T"], where (X, Z, K) is the solution in Sj x Hg x H{, , of the BSDE under Q
associated with driver f, terminal time T' and terminal condition n, and driven by W% and
M@, that is 7

—dX, = f(t, X, Z)dt — Z,dW2 — K dMP;,  Xpo =1,

We note that 5}; =&,

Definition 3.8. Let Y € S3. The process (Y;) is said to be a (strong) Eé-martmgale, or an
(f, Q)-martingale, if Efﬁ,T(YT) =Y, as. ono <, forallo,7 € Ty.

We now introduce the concept of f-martingale probability measure.

Definition 3.9. A probability measure ) equivalent to P is called an f-martingale proba-
bility measure if for all z € R and for all o € H2 NHZ, the wealth process V% is a strong

Sé—martingale, or in other terms an (f,Q)-martingale.
We note that P is an f-martingale probability measure (cf. Lemma 3.1).

Remark 3.10. (linear case) Let R® be the minimal martingale probability measure, with
density C° defined by (3.7). Suppose f(t,y,z) = —ryy — 0;z. We note that, in this case, the
(f, P)-martingale property of the (linear) wealth processes (cf. Lemma 3.1) is equivalent to
the well-known R°-martingale property of the discounted wealth processes. In other terms, the
f-martingale probability property of P corresponds to the well-known martingale probability
property of RV (see also Remark 3.1} concerning this correspondance between P and RP).

We denote by Q the set of f-martingale probability measures @) such that the coefficients
(ay) and (14) associated with its density with respect to P (see equation (3.8)) are bounded.
We note that P € Q.

Let V be the set of bounded predictable processes v such that vy, > —1 a.s., which is
equivalent to v, > —1 for all t € [0,7] M dP ® dt-a.s. (cf. Remark 9 in [12]).

"We note that since we have a representation theorem for (Q, G)-martingales with respect to W< and
M@ (see e.g. Proposition 6 in the appendix of [12]), this BSDE admits a unique solution (X,Z, K) in
53 x Hp x HE, 5.



Proposition 3.11. (Characterization of Q) Let ) be a probability measure equivalent to P,
such that the coefficients a and v of its density (3.8) with respect to P are bounded. The two
following assertions are equivalent:

(i) Q € Q, that is, Q is an f-martingale probability measure.

(ii) there exists v € V such that Q = Q¥, where Q¥ is the probability measure which admits
¢¥ as density with respect to P on G, where ¥ satisfies

¢y = ¢ (—viMifroy ' AWy + v dMy); ¢ = 1. (3.9)

We note that the mapping v — Q" is a one-to-one mapping that carries V onto Q. In
particular, for v = 0, we have Q¥ = Q° = P. We also note that the set Q does not depend
on the driver f.

Proof. Let ) be a probability measure equivalent to P, such that the coefficients o and v
of its density (3.8) with respect to P are bounded. Note that (14) belongs to V. Let x € R
and let ¢ € H? ﬂHé. The associated wealth process V = V*¥ satisfies (3.5) with Z; = ¢,0;.
Expressing W and M in terms of W® and M9, we get

—d‘/;g = f(t, ‘/t, Zt)dt - Zt(Oét -+ VtAtﬂtO't_l)dt - thWtQ - ZtO't_l/BthtQ. (310)

Suppose that ay = —v, B0, for all t € [0,T] dP ® dt-a.e. Then, V is a Eé—martingale.

Conversely, if V' is a Eé—martingale, then oy = —1 M\ froy, 1. This follows from the following
lemma.

Lemma 3.12. Let g be a A\-admissible driver. Let (A;) be a RCLL predictable process with
square integrable total variation and Ay = 0. Suppose (Y, Z, K) is the solution of both the
BSDE with generalized driver g(-,y, z, k)dt+dA; and the BSDE with driver g (with the same
terminal time T and the terminal condition). We then have Ar =0 a.s.

Sketch of the proof : The proof relies on the uniqueness of the decomposition of a special
semi-martingale. O

We now provide a connection between f-martingale probabilities and martingale prob-
abilities. Let R be a probability measure, equivalent to P such that the coefficients a and
v of its density with respect to P (cf. (3.8)) are bounded. By similar arguments as in the
proof of Proposition 3.11, we derive that R is a martingale probability measure if and only
if there exists v € V such that R = R”, where R” is the probability measure with density
process ¢V (with respect to P) satisfying

dC? = ¢ (=6, — v\Byoy AW, 4+ vdM,): &8 = 1. (3.11)

We denote by P the set of all such probability measures.
By this observation together with Proposition 3.11, we derive the following result.

Proposition 3.13. There exists a one to one mapping from Q on P. More precisely, the
mapping Ty, which, for each v € V, maps the f-martingale probability Q¥ (with density (¥
given by (3.9)) onto the martingale probability measure R (with density f") is a one to one
correspondance from Q on P.

10



Remark 3.14. Loosely speaking, the mapping Ty translates the ”Brownian coefficient” (of
the density) by —0. We note that Ty(P) = R° (which completes the observation made in
Remark 8.10 on P and R°).

For each v € V, the (f, Q")-evaluation can be seen as a nonlinear pricing system:
Ev (T m) = Ebu ()

which, to each European option with maturity 7" € [0, 7| and payoff n € Léy (Gr), associates
the price process 5£v,t,T' (n), t €1[0,77].

Remark 3.15. (linear case) When f(t,y,z) = —rwy — 0z, we have for each v in V,

5&7075(7]) = Epv(e” Jo rsdsp). In this case, the operator Eéu thus reduces to the linear price
system associated by duality with the martingale probability measure Q¥ (for more details see

[28], [19] section 1.7).

We now consider a European option with maturity 7" and payoff n such that there exist
reRand ¢ € ﬂyeyHéy such that

T T T
In| < V{f’“"—x—/ f(s, Vf’“",asws)dsjt/ gosadeS+/ BspsdM, a.s. (3.12)
0 0 0

Note that for all v € V, the wealth process V*¥ is an Eg;y-martingale since (V*¥ ap, Bp)
is the solution of the BSDE under Q¥ (driven by W®" and M®") associated with driver f,
terminal time 7" and terminal condition V¥ (cf. the proof of Proposition 3.11).

Since || < V¥ a.s. it follows that for all v € V, Sé;y’o’T(]n\) < sgm,T(VﬁW) =u.

One of the main results of this paper is the following representation:

Theorem 3.16 (Seller’s superhedging price for the European option). The superhedging
price for the seller vy of the Furopean option with payoff n satisfies the equality

Vg = sup 5£U7O’T(77).
vey

For the proof of the above dual representation result, we refer to Section 6.

Remark 3.17. In the linear case, by Remark 3.15, this result reduces to the well-known
dual representation of the superhedging price for the seller of the European option in an
incomplete (linear) market (cf. [19] and [21]).

Since the superhedging price of the option for the buyer v, is equal to the opposite of the
superhedging price for the seller of the option with payoff —7, we derive from Theorem 3.16
the following dual representation result for vy:

Up = —sup 5£V,O,T(—77)'
vey
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Remark 3.18. Note that it is possible that vg < vy, and hence, that there does not exist
an arbitrage-free price for the European option with payoff n. A simple example is given by
f(t,y,2) = —|y| and n = 1. In this case, we have vo = e~ and vy = e’ .

Remark 3.19. We note that when f(t,y,z) > —f(t,—y, —z) (which is satisfied for ex-
ample when f is conver with respect to (y,z)) then, for all v € V, we have 5£V707T(n) >

—Séu,o,T(—n)- By taking the supremum over v € V, using the above dual representations of
vy and vy, we get vy > Vg.

Moreover, when f(t,y,z) = —f(t,—y,—z) (which is satisfied for example when f is
linear), then vy = ¥y, and this constant is the unique arbitrage-free price for the European
option with payoff n.

3.3 Superhedging prices and dual representations for American
options

We recall that S* denotes the vector space of R-valued optional (not necessarily cadlag)
processes ¢ such that [|¢]|2. := Elesssup,cr, |¢-]?] < 0.

Let us consider an American option associated with maturity 7" and a payoff given by a
process (&) € S2.

The superhedging price for the seller of the American option at time 0, denoted by ug, is
classically defined as the minimal initial capital which enables the seller to be superhedged no
matter what the exercise time chosen by the buyer is. More precisely, we have the following
definition.

Definition 3.20. A super-hedge for the seller against the American option with initial price
x € R is a portfolio strateqy ¢ € H? such that V"% > &, 0<t <T a.s.

For each z € R, we denote by A(x) the set of all super-hedges for the seller associated
with initial price x.
The superhedging price for the seller of the American option at time 0 is thus defined by

up ;= inf{z € R, Jp € A(x)}. (3.13)
We now consider the American option from the point of view of the buyer.

Definition 3.21. A super-hedge for the buyer against the American option with initial price
z € R is a pair (1,¢) of a stopping time T € T and a portfolio strategy o € H? such that
V29 4+¢ >0 as.

For each z € R, we denote by B(z) the set of all super-hedges for the buyer associated
with initial price z.

We now define the buyer’s price 1y of the American option as the supremum of the initial
prices which allow the buyer to be super-hedged, that is

tp =sup{z € R, 3(7,¢) € B(z)}. (3.14)

8Note that ug, g € R. We shall see below that, under an appropriate assumption on the process (&) (cf.
(7.1)), up and @ are finite.
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We now introduce the definitions of an arbitrage opportunity for the seller and for the
buyer of the American option.

Definition 3.22. Let x € R. Lety € R, and let ¢ in H?. We say that (y, ) is an arbitrage
opportunity for the seller of the American option with initial price x if

y<xz and VY9 —¢ >0 as. foralTeT.

Definition 3.23. Let z € R. Lety € R, let 7 € T and let p € H2. We say that (y, T, p) is
an arbitrage opportunity for the buyer of the American option with initial price x, if

y>x and VY7 4+ >0 as.

Proposition 3.24. Let x € R. There ezists an arbitrage opportunity for the seller (resp.
for the buyer) of the American option with price x if and only if x > uy (resp. x < o).

The proof, which relies on the same arguments as those of the proof of Proposition 5.11
in [16] (see also [31]) is omitted.

Definition 3.25. A real number x is called an arbitrage-free price for the American option
if there exists no arbitrage opportunity, neither for the seller nor for the buyer.

By Propositions 3.24, we get

Proposition 3.26. If ug < 1o, there does not exist any arbitrage-free price for the American
option. If ug > 1wy, the interval [tg,up| is the set of all arbitrage-free prices. We call it the
arbitrage-free interval for the American option.

We now assume that the payoff € is such that there exist x € R and ¢ € ﬂyevHQQV such
that

t t t
&) < VPP =2 — / f(s, V2% o5ps)ds +/ ps0sdW +/ BspsdMy, 0<t<T, as.
0 0 0

(3.15)
The following theorems are two of the main results of this paper. The proofs will be
given in the following sections.

Theorem 3.27 (Seller’s superhedging price for the American option). The superhedging
price for the seller ug of the American option with payoff & satisfies the equality

w=sup o (&)
(r,v)ET XV

Remark 3.28. In the linear case, by Remark 3.15, this result reduces to the well-known
dual representation of the superhedging price for the seller of the American option in an
incomplete (linear) market (cf. [35]).

Theorem 3.29 (Buyer’s superhedging price for the American option). Let (&) € S?. Sup-
pose that (&) is right-continuous and left-uppersemicontinuous along stopping times. The
superhedging price for the buyer ug of the American option satisfies

o = —sup inf &7, —£;).
0 VGETGT Q ’077—( 5 )
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4 Preliminary results on &9-supermartingale families
(resp. processes)

In this section, we give some general preliminary properties of £9-supermartingale families
and &£9-supermartingale processes, which will be useful in the sequel.

Let us recall the definition of an admissible family of random variables indexed by stop-
ping times in 7 (or T-system in the vocabulary of Dellacherie and Lenglart [10]).

Definition 4.1. We say that a family X = (X(S), S € T) is admissible if it satisfies the
following conditions

1. Forall S €T, X(S) is a real-valued Fs-measurable random variable.

2. Forall S,8"eT, X(S)=X(5) as. on{S =5"}.

Moreover, we say that an admissible family X is uniformly square-integrable uf
Eless supger(X(9))?] < .

Let g be a A-admissible driver satisfying Assumption 2.2.
We give the definition of an E9-supermartingale (resp. E9- submartingale, E9-martingale)
family. ?

Definition 4.2. A uniformly square integrable admissible family (X(S), S € T) is said to
be an £9-supermartingale (resp. £9- submartingale, £-martingale) family if for all S, S’ €

T such that S > S a.s., E& 5(X(9)) < (resp. >, =) X(S) a.s.

Lemma 4.3. Let (X(S), S € T) be an E9-supermartingale family. Then, there exists a
r.u.s.c. optional process (X;) such that Elesssupger(X(S))?] < oo which aggregates the
family (X (S), S € T), that is, such that X(S) = Xg a.s. for all S € T. Moreover, the
process (X;) is a strong E9-supermartingale, that is, for all S, S € T such that S > S a.s.,
4 s(Xs) < Xy as.

Proof. By Lemma 4.6 in [25], the £9-supermartingale family (X (S), S € T) is right-upper
semicontinuous (along stopping times). It follows from Theorem 4 in [10] that there exists
an r.u.s.c. optional process (X;) which aggregates the family (X (S), S € T). The process
(X;) is clearly a strong £9-supermartingale. OJ

Remark 4.4. Note that, as a consequence of the above lemma, we recover a result of [24]
(Lemma 5.1 in [24]), namely, a strong E9-supermartingale is necessarily r.u.s.c.

Lemma 4.5. If (X;)icpom be a strong E9-supermartingale, then the process of right-limits
(Xi+ )tepo,r) (where, by convention, Xp+ := Xp) is a strong E9-supermartingale.

YWhen g = 0, it reduces to the notion of supermartingale family, or supermartingale T -system in the
terminology of Dellacherie-Lenglart [10].
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Proof.  Since (X;) is a strong £9-supermartingale, (X;) has right limits (cf. the £9-Mertens
decomposition of strong £9-supermartingales provided in [24]). Let us show that the process
(X;+) is a strong E9-supermartingale. Let S, 6 be two stopping times belonging to 7 with
S < 6 a.s. There exist two nondecreasing sequences of stopping times (5,) and (6,,) such
that for each n, S,, > S a.s. on {S < T}, and 0,, > 0 a.s.on {§ < T'}. Replacing if necessary
S, by S, A6, we can suppose that for each n, S, < 0, a.s. Let v € V. Since the process
(Xt) is a strong E9-supermartingale, it follows that for each n, £ , (Xp,) < Xs, a.s. By
the monotonicity property of £9, we derive that, for each n, £§ ¢ (€5 4 (Xo,)) < &g (Xs,)
a.s., which, by the consistency property of £9 implies

ESp,(Xo,) < E5g, (X5, )as.

By letting n tend to oo in the above inequality and by applying the continuity property
(with respect to terminal time and terminal condition) of BSDEs with default (cf. [12]), we
obtain

5519()(94—) < 557S(X5+) = Xg+ a.s.

Hence, the process (X;+) is a strong £9-supermartingale. O

Let V be a non-empty set. Let (f, v € V) be a family of A-admissible drivers satisfying
Assumption 2.2.

Proposition 4.6. Let (&) € S* be right lower-semicontinuous.
Let (Xi)iepp,r) be an optional process such that (X;) is a strong £/ -supermartingale for all
v €V and such that Xy > & for allt € [0,T) a.s. Assume moreover that (X;) is minimal,
that is, (X) is the smallest optional process satisfying these properties.

Then, the process (X) is right-continuous.

Remark 4.7. This property still holds in the case when the constraint X; > & for all
t € [0,T] a.s.is replaced by the (terminal) constraint Xp > n a.s., where n is a given
random variable belonging to L*(Gr).

Proof.  Since (X;) is r.u.s.c. (cf. Remark 4.4), we have X;+ < X, for all ¢ € [0, 7] a.s. Let
us prove the converse inequality. We first show that X+ > &, for all ¢ € [0,T] a.s. Let
0 € T. Let (0™),en be a non increasing sequence of stopping times such that 6,, € Tp+ for all
n, and such that 0 = lim,, .o 0, a.s. As Xgn > &pn for all n a.s., we get Xp+ > liminf,, o o
a.s. Now, by the right lower-semicontinuity property of (&), we have liminf, . &n > &
a.s. We deduce Xy+ > & a.s. Since this holds for all # € T, it follows that X+ > &, for all
t € [0,7] a.s.On the other hand, since (X;) is a strong £/"-supermartingale for all v € V,
it follows by Lemma 4.5 that (X,+) is a strong £/”-supermartingale for all v € V. Hence,
using the minimality property of (X;), we derive that X; < X+, for all ¢t € [0,7] a.s. We
conclude that X;+ = Xj, for all ¢t € [0, 7] a.s. The proof is thus complete. O

Recall that f(¢,y,z) is the non-linear Lipschitz driver given in the beginning
(cf. Section 3), and that V denotes the set of bounded predictable processes v
such that vy,r > —1 a.s. We now introduce a family of drivers (f”,v € V), which
will be used in the sequel.
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Definition 4.8 (Driver f” and £-expectation). For v € V, we define

fw, t,y, 2z, k) == flw, t,y,z) + l/t(w))\t(w)(k — ﬁt(w)at_l(w)z).

The mapping f* is a A-admissible driver 1°.

The associated non-linear family of operators, denoted by E'" or, simply, £, is defined as
follows: for each T' <T and each n € L*(Gr/), we have EVri(n) == XV, where (XV, 2V, K")
is the unique solution in S* x H? x H3 of the BSDE

—dX} = (f(t, X}, Z)) + MK} — Bo; ' Z))) dt — ZYdW, — Ky dMy; X7, =n.  (4.1)

Remark 4.9. By Proposition 3.11, for each v € V, for all T" < T and n € L*(Gp) N
LQQV(QT/), we derive that the (", P)-evaluation of n is equal to its (f,Q")-evaluation, that
is,

Ep(n) = ELu ().

5 Processes which are strong £”-supermartingales for
all v € V. Non-linear predictable and optional de-
compositions

Proposition 5.1 (Predictable £/-decomposition). Let (X;) € S? be a strong E¥-supermartingale
for allv € V. There exists a unique process (Z, K, A,C) € H?> x H3 x A% x C? such that

—dXt — f(t, Xt7 Zt)dt — thWt — thMt + dAt + dOt_ (51)
and
A + / (Ks — Bso; ' Z)Asds € A and  (K; — o, ' Z)\ <0, t €[0,T], dP ® dt — a.e.
0
(5.2)

Remark 5.2. Recall that by Remark 5 in [12], the condition (K, — Bio; ' Z)M\ < 0, t €
[0,T), dP ® dt — a.e. is equivalent to Ky — By, Zy < 0, P-a.s.

Remark 5.3. Note that excepting the default time ¥, the left-side jumps of X are predictable
and correspond to the ones of the predictable non decreasing process A.

Proof.  As (X;) is a strong E%supermartingale, by the £°-Mertens decomposition (see
Theorem 9.1 in Appendix), there exists a unique process (Z, K, A, C') in H? x H3 x A? x C?
such that equation (5.1) holds. Let v € V. Since (X;) is a strong £- supermartingale,

0Since v is a predictable process, f* is P ® B(R3)— measurable. As, moreover, v is bounded, f is a
A-admissible driver.
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by the £”-Mertens decomposition (cf. , there exists a unique process (2", K", A¥,C") in
H? x H3 x A? x C? such that, such that

By applying the uniqueness of the canonical decomposition of a special optional semimartin-
gale (cf. Lemma 9.3 in the Appendix), together with the uniqueness of the representation
of the martingale part as the sum of two stochastic integrals (with respect to W and M),
we have Z, = Z; dP ® dt-a.e. and K; = K}/ dP ® dt-a.e., C;_ = C}_, for all ¢ a.s. and
ft, Xy, Z)dt +dA, = f(t,Y;, ZV)dt + (KY — Boy ' Z ) uMdt + dAY for all t a.s.

Using the above equalities, we derive that

dAtV = dAt — (Kt — 5t0-t_12t)yt)\tdt' (54)

Let us show that this implies that (K, — Bi0; ' Z,)\, <0, t € [0,T], dP ® dt — a.e. Suppose
by contradiction that there exists a predictable set A C [0, 7] x Q such that (dP®dt)(A) >0
and (K; — B0, ' Z)M\ >0, t €[0,T], dP ® dt — a.e. on A. For each n € N, set v/ := nl,.
Note that (1}") is a bounded predictable process with v > —1. Hence, v" € V. Using
equality (5.4), we derive that for n sufficiently large, we have E[A%'] = E[Ar —n fOT(Kt -
Bioy ' Z) M1 adt] < 0. We thus get a contradiction with the non decreasing property of A".
Hence, (K; — B0, ' Z)M\ < 0 dP ® dt-a.s.

Let us show that condition (5.4) implies that the process A. + [ (K, — 8,0, Z;)Aods is
nondecreasing. Suppose by contradiction that there exist B € Gr with P(B) > 0, as well
as e > 0 and (¢,5) € [0,T]? with ¢ < s, such that [’(dA, + (K, — 8,0, 'Z,)\dr) < —¢ as.

1
on B. For each n € N*| set v := —1 + —. Note that ™ € V. From (5.4), we derive that
n

[S(dA, + (K, — B0 Z,) (=1 + E))\Tdr) > 0 a.s. We thus get that for all n € N*,

S 1 s
—€ 2 / (dA, + (K, — B.o, ' Z,)\dr) > ﬁ/ (K, — B0, ' Z)\dr a.s. on B.
t t

By letting n tend to +oo in this inequality, we obtain a contradiction. Hence, the process
A+ fo (K, — B0, Z,)\sds is nondecreasing.
Moreover, the uniqueness of the decomposition follows by Lemma 9.3.

O

Theorem 5.4 (Optional £/-decomposition). Let (Y;) be an optional process belonging to S2.
Suppose that it is an EY-strong supermartingale for each v € V. Then, there exists a unique
7 € H?, a unique C € C? and a unique nondecreasing optional RCLL process h, with hg = 0
and E[h%] < oo such that

—dY; = f(t,Y;, Z))dt — Zyo; (oydW, + BedM,) + dCy- + dhy. (5.5)
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Proof. By Proposition 5.1, there exist (Z, K, A,C) € H? x H3 x A? x C? such that (5.1)
and (5.2) hold. Set h; :== A; — fg(Ks — Bso ;1 Z,)dM,. Since dM; = dN; — \dt, we have

t t
he— A+ / (K, — Boo7" Z,)Ads — / (K, — B0 Z,)dN,. (5.6)
0 0

Now, by property (5.2), the process A. + [ (K, — 0, ' Z,)Asds is non decreasing.
Moroever, the process fo (K, — Bs07'Z,)dNy is a purely discontinuous process which admits
a unique jump, given by Ky — 6790'51219 (at time ). Now by Remark 5.2, we have Ky —
519051219 < 0 a.s. We thus derive that the process fd(KS — B0 Z)dNy is non increasing.
Hence, by the equality (5.6), we derive that the process (h;) is non decreasing. Using (5.1),
we thus get the equation (5.5).

It remains to show the uniqueness of the processes Z, C, and h in (5.5). To show
this, we first show that if Y is decomposable as in (5.5), then the process Y’ defined by
Y/ =Y, — AYyli>y is a special optional semimartingale (cf. Appendix). By equation (5.5),
we have

AYﬁ = Zﬁg;lﬁﬁ - Ahﬁ (57)
Subtracting AYyl;>y on both sides of the equation (5.5), we get

t t
Y —AYylsy = Y{)—/ f(s,YS,Zs)ds—l—/ Zo; No,dW+BsdM,) —Cy- —hy— AYylsg. (5.8)
0 0
Using this and the expression (5.7) for AYy, we get

t t
)/t_AYﬁHtZﬂ - YE)_/ f<57 )/87 Zs)d8+/ Zso-s_l(o-des_Fﬁdes)_Ct*_ht_Zﬁo-glﬁﬂthﬁ_FAhﬂHtZ#
0 0

(5.9)

We set B := hy — Ahyli>y. By Lemma 9.4, the process B is a (predictable) process

in A% Recall that we have also set Y/ = Y; — AYyl;>y. With this notation, equation (5.9)
becomes

¢ ¢
Y/ =Y, — / f(s,Ys, Zs)ds +/ Zsagl(ades + BsdMy) — Cy- — By — ZﬁU;lﬁﬁ]Itzﬁ. (5.10)
0 0

Since dM; = dN; — \dt, we get

t t t
Y, = YO’—/ f(s,YS,Zs)der/ Z,dW, — Cy- — B, —/ Z,07 " Bhods. (5.11)
0 0 0

We conclude that Y’ is a special optional semimartingale.

Let now Z, C, and h be such that Z € H2, C' € C? and h is a nondecreasing optional RCLL
process with hg = 0 and E [iz%,,] < 00, and such that the decomposition (5.5) holds with Z, C,
and h (in place of Z, C, h). We show that Z = Z in H2, C, = C,, for all ¢ a.s. and h, = hy,
for all ¢ a.s. By the same reasoning as above, we have that (5.11) holds also with Z, C, and
B replaced by Z, C, and B, where B is defined by B, := hy — Ailﬁ:[[tzﬁ. We note that, due
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o (5.7), Ahg = Ahy. Hence, showing the equality h; = hy, for all ¢ a.s. is equivalent to
showing that B, = By, for all t a.s.
Now, as Y is a special optional semimartingale admitting the decomposition (5.11) with Z,
C, and B, on one hand, and with Z, C, and B, on the other hand, we have, by the uniqueness
of the spemal optional semimartingale decomposmon (cf. Lemma 9.2 in the Appendix), that
C =C, f(t,Ys, Z)dt +dB, + Zyo7  Bhdt = f(t, Yy, Zy)dt + dB, 4+ Zyoi * Bihedt, and Z,dW, =
thWt From the last equality, using the uniqueness of the martingale representation, we get
Z = Z in H2. This, together with the second equality, gives the equality of B and B. The
proof is thus complete.

OJ

Remark 5.5. Note that in the classical linear case when f is given by f(t,y,z) = —ry —
20, (see [19], [21] and [35]) and when the process Y is moreover RCLL, the above E'-
decomposition corresponds to the well known optional decomposition of an RCLL process,
which is a supermartingale under each martingale probability measure, up to a discounting
and a change of probability measure.

Proposition 5.6. Let (X;) € S%. The process (X;) admits an optional decomposition of
the form (5.5) if and only if it admits a decomposition of the form (5.1) with the conditions
(5.2).

Proof. By the proof of Theorem 5.4, we derive that if (X;) admits a decomposition of the
form (5.1) with conditions (5.2), then it admits an optional decomposition of the form (5.5).

It remains to show the converse. Suppose that there exists (Z,C) € H? x C? and a
nondecreasing optional RCLL process h, with hy = 0 and E[h%] < oo such that the equation
(5.5) holds. By Lemma 9.4, h has the following decomposition h; = B; + fg ydN,, where
B is a (predictable ) process in A? and ¢ € H3 with ¢\, > 0 dP ® dt-a.s. Let (A;) be the
process defined for all ¢ € [0,7T] by

t
At = Bt +/ ws)\sds. (512)
0

We have A € A% Let (K;) be the process defined for all ¢ € [0,T] by
Kt = ﬁtO't_IZt - Q/Jt. (513)

Note that K € H2. Now, since ;)\, > 0 dP ® dt-a.s., we have (K; — B;0, ' Z)\ < 0
dP ®dt-a.s. Moreover, by (5.12) and (5.13), we have B; = At—l—fg(Ks — Bso7 1 Z)Nsds. Since
B € A?, we derive that the conditions (5.2) hold.

Moreover, since N; = Mt+f(f Asds, by (5.12), we get hy = Bt+f0t Y dN, = At—l—fg YsdMy a.s.
Hence, using (5.5) and (5.13), we derive that the process (Z, K, A, C) satisfies the equation
(5.1). The proof is thus complete. O
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6 Superhedging price for the European option: a sketch
of the proof of the duality and infinitesimal charac-
terization

We now consider a European option with maturity 7" and payoff n such that there exist
r € R and ¢ € H? such that

T T T
In| < Vﬁ’@:x—/ f(s, Vf’“",asgos)dsqL/ gpsanWs+/ BspsdMg  a.s. (6.1)
0 0 0

For each S € T, we define the Fg-measurable random variable:

X (8) = ess sup £ (n). (6.2)
veVg
Lemma 6.1. The family (X (S), S € T) is the smallest admissible family such that for each
v eV, it is an EY-supermartingale family satisfying for all S € To, X(T) =1 a.s.

Sketch of the proof : The proof, which is not detailed in this version, relies on properties of
the £”-evaluations.
Using the above Lemma 6.1, we get the following result.

Lemma 6.2. There exists an RCLL adapted process (X;) € S? which aggregates the value
family (X (S)). The process (X;) is a strong EY-supermartingale for all v € V and Xr =1
a.s. Moreover, the process (X;) is the smallest process in S? satisfying these properties.

Proof. Lemma 6.1 implies in particular that the value family (X (.9)) is a strong £%-supermartingale
family. By Lemma 4.3 together with Remark 4.7, we derive that there exists an RCLL pro-
cess (X;) € S? aggregating the family (X(S)). The other properties of the aggregating
process (X;) follow directly from Lemma 6.1. O

From this property and Proposition 5.1, we derive that the right-continuous process (X;)
admits the predictable E7-decomposition from Proposition 5.1 with C' = 0. Moreover, by
Theorem 5.4, we get the following result.

Lemma 6.3. The right-continuous process (X;) admits the optional £/-decomposition from
Theorem 5.4 (with C' = 0).

We will now give a dual representation for the seller’s superhedging price vy in terms of
the value process (X;) (at time 0) . We also give a superhedging strategy for the seller. From
this result, we will deduce the dual representation (in terms of the f-martingale probability
measures) stated in Theorem 3.27.

Theorem 6.4 (Dual representation). The seller’s superhedging price vy of the European
option is equal to the value Xy (at time 0) of the non-linear control problem (6.2), that is

vo = sup & (n). (6.3)

vey
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Moreover, the portfolio strategy ¢* := o~'Z, where the process Z is the one from the E'-
optional decomposition of the value process X from Theorem 5.4, is a superhedging strateqy
for the seller, that is, V¥ > n a.s.

Sketch of the proof : The proof, which is not detailed in this version, relies on Lemma 6.3
and quite similar arguments to those used in Theorem 7.12.

Remark 6.5. Some related results are given in [2] for European options in a Brownian
framework.

Proof of Theorem 3.16: The proof follows from the previous Theorem 6.4 and from
Remark 4.9. Indeed, under an additional integrability condition ¢ € ﬂyevHéu on the process
¢ from Assumption (7.1), by Remark 4.9, the above dual representation of the superhedging
price can be written in terms of the f-martingale probability measures, that is

Yo = sup SCJ;V,O,T(n)a
vey

which ends the proof of Theorem 3.16.
We now introduce the notion of a supersolution of the constrained BSDE with driver f
and terminal condition 7.

Definition 6.6. Let n € L*(Gr). A process X' € S? is said to be a supersolution of

the constrained BSDE with driver f and terminal condition n if there exists a process
(Z',K', A) € H? x H x A? such that

L dX! = f(t, X, Z0)dt+ dAL — ZIAW, — KldMy;  Xh =1 a.s. (6.4)

A+ / (K. — Beo;'Z)\yds € A and (K| — Bio; ' Z)\ <0, t €[0,T), dP @ dt — a.e.;
0

(6.5)

We give the following infinitesimal characterization of the seller’s superhedging price of
the European option.

Theorem 6.7. The seller’s superhedging price process (X;) of the European option is the
minimal supersolution of the constrained BSDE associated with driver f and terminal con-
dition n from Definition 6.6.

Let (Z, K, A) be the unique process in H? x H3 x A? such that (X, Z, K, A) satisfies (6.4)
and (6.5). The process ¢ := o' Z is a superhedging strategy for the seller, that is, VTX‘W >n
a.s.

Sketch of the proof. The proof, which is not detailed in this version, relies on Lemma 6.2,
Lemma 6.3 and Proposition 5.1.

Remark 6.8. Recall that the buyer’s superhedging price vy for the European option with
payoff n is equal to the opposite of the seller’s superhedging price for the Furopean option
with payoff —n (cf. Section 3.2). From this and from the results on the seller’s superhedging
price, we derive the corresponding results for the buyer’s superhedging price for the European
option.
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7 Seller’s superhedging price for the American option:
proof of the duality and infinitesimal characteriza-
tion

Let now (&) be an optional process such that there exist z € R and ¢ € H? with

t t t
& < ARG / (s, VI o404)ds +/ Y50 dW +/ BspsdMy, 0<t<T, as.
0 0 0

(7.1)
Note that for all v € V, the process V¥ is an £”-martingale since (V¥ oy, fp) is the
solution of the BSDE associated with driver f”, terminal time 7" and terminal condition
V.o#. As the process V=¥ belongs to S?, we have £ € §?.

7.1 Non-linear problem of control and stopping. The value family
(Y (S)).
Establishing the dual representation for the seller’s superheding price is based on the study

of the following non-linear problem of control and stopping.
For each S € T, let Y(S) be the Gg-measurable random variable defined by

Y(S):=ess sup &g, (&) (7.2)
(’T,I/)ETSxV

Remark 7.1. We note that for each S € T, T € Tg and each v € V, the random variable
&s.(&) depends on the control v only through the values of v on the interval [S,7]. For
each S € T, let Vs be the set of bounded predictable processes v defined on [S,T), such that
vp>—1,5<t<T,dP®dt-a.s. We thus have

Y(S)=ess sup Eg, (&) as.

(,v)ETs X Vs

In order to facilitate the study of the non-linear problem of control and stopping (7.2), we
introduce the following auxiliary non-linear optimal stopping problem: for v € V, for S € T,

Y¥(S) = ess sup &4, (&) (73)

T€Ts

We know from [25] that the value family (Y”(95))ser of the auxiliary optimal stopping
problem can be aggregated by an optional process (Y;")icio,r) € S? which is a strong £Y-
supermartingale.

From the definitions and Remark 7.1, we have, for all S € T,

Y (S) = esssup Yy = ess sup Y a.s. (7.4)
vey veVg
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Let us note also that Y (S) > Y{ a.s., as 0 € V. Moreover, since |§| < V,;"? 0<¢t< T
a.s. it follows that for all S € T, 7 € Tsand v € V, €5 _(&;) < & (1&]) < €&, (V2#) = Vg?
a.s. Hence, taking the essential supremum over 7 € Tg and v € V in this inequality, we derive
that Y (S) < V¥ as.

Since Y? € §? and V*¥ € §?, it follows that Flesssupger Y (S)?] < 400.

Lemma 7.2. The value family (Y (S))ser of the non-linear problem of control and stopping
15 an admaissible family.

Proof. The result is an easy consequence of the representation (7.4).

For each S € T, Y(5) is Gg-measurable as the essential supremum of Gg-measurable random
variables. Let S,S" € T such that S = 5" a.s. We have Y¢ = Y{ as. for all v € V. Hence,
esssup, ey Y& = esssup, ey Y a.s. From this, together with (7.4), we get Y (S) =Y (5') a.s.
The admissibility of the value family is thus proven. m

Proposition 7.3. (Maximizing sequence) Let S € T. There exists a sequence of controls
(V" )nen with v™ € Vs, for all n, such that the sequence (Y& )nen is non- decreasing and
satisfies:

Y(s) = lim 1 YY" as. (7.5)
Proof. We show that the set {Y¥, v € Vg} is stable under pairwise maximization. Indeed, let
v,V € V. Set A:={Y¥ <Y¥}. Wehave A € Fg. Set 7 := v14+1'14.. Then & € Vs. We
have Y214 = esssup, ey, £5,(&)1a = esssup,cr, EL4(&14) = esssup,cr, EL14(614) =
esssup,er, £5,(&)1a = Y¥14 as. and similarly on A°. Tt follows that Y§ = Y&1, +
Y¥'1 4 = Y&V YY as. The result of the proposition follows by a classical result on essential
suprema (cf. Neveu (1975)). O

Proposition 7.4. The family (Y (S)) satisfies the following properties: (Y (S)) is an E¥-
supermartingale family for all v € V and Y (S) > &s a.s. for all S € T. Moreover, (Y (S))
1s the smallest family satisfying these properties.

Proof. For all S € T, for all v € Vg, Y¥ > &g a.s. Hence, for all S € T, Y(5) > &
a.s. Let S8 € T be such that S > S  a.s. By Proposition 7.3, there exists a sequence
of controls (v"),en, With v, in Vg for all n, such that Y(S) = lim, ,o T Y& as. Let
v € V. By the continuity property of £” with respect to terminal condition, we have
&g (Y (S)) = limy, 00 €4 5(Yg™) as. For each n, we set 7' := v s 5(t) + v{' 1js5.1)(t). We
note that 7" € Vg; hence, f”" is l-admissible. We have f”" = f*1j5 g4 f*" 1)517. Moreover,
Yir =Yg (as f7" = f*" on [S,T), dt @ dP-a.e.). From these observations, we deduce

Eq s(Yem) = 5;15(3/;") < Ysﬂ/"7

where the (last) inequality is due to the fact that YD" is a strong £”"-supermartingale. We
thus get €& ¢(Y(S)) = lim & (V™) < liminf Vi <Y(S') a.s., where the last inequality
’ n—00 ’ n—00
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follows from (7.4). As v € V is arbitrary, we conclude that the family (Y (S)) is an £¥-
supermartingale family for all v € V.

Let us prove the second statement. Let (Y'(S), S € T) be an admissible family satisfying
the properties: (Y'(S)) is an £Y-supermartingale family for all v € V and Y'(S) > &g
a.s. for all S € T. Let v € V. By the properties of Y, for all S € T, for all 7 € Tg,
Y'(S) > &, (Y'(1)) > &,(&) as. By taking the essential supremum over 7 € Tg and
veV, weget Y'(S)>Y(9) as. O

Corollary 7.5. There exists an r.u.s.c. process (Y;) € S* which aggregates the value fam-
ily (Y(S)) of the problem of control and stopping (7.2). The process (Y;) is a strong E¥-
supermartingale for all v € V and Y; > &, for allt € [0,T], a.s. Moreover, the process (Y;)
is the smallest process in S* satisfying these properties.

Proof. The above Proposition 7.4 implies in particular that the value family (Y (5)) is a
strong £%-supermartingale family. By Lemma 4.3, there exists an r.u.s.c. process (¥;) in S?
aggregating the family (Y(S)). The other properties of the aggregating process (Y;) follow
directly from Proposition 7.4. O]

Corollary 7.6 (The right-continuous case). Assume moreover that the process (&) in prob-
lem (7.2) is RCLL. Then, the process (Y;) is RCLL. Moreover, (Y;) is the smallest RCLL pro-
cess in' S? satisfying the properties: for eachv € V, (Y;) is a (strong) RCLL E¥ -supermartingale
greater than or equal to (&).

7.2 The strict value family (Y *(95))

Let S be a stopping time in 7;. We denote by T+ the set of stopping times 6 € T, with
>S5 as on{S<T}and =T as. on {S =T}. The strict value Y*(S) (at time 5) is
defined by

Y*H(S):=ess sup &4 (&) (7.6)
(TV)ETg+ XV ’
We note that (as for Y(5)) the set V in the above problem can be replaced with the set Vs
without changing the value of the problem.
We note also that Y7 (S) = & a.s. on {S =T}.
Let S be a stopping time in 7y and let v € V. We introduce the following auziliary (strict)
optimal stopping problem (to be compared with (7.3)):
Y"H(S) == ess sup &g (&) (7.7)
T€7TS-+

We know from [25] (cf. Proposition 9.1) that there exists a strong £”-supermartingale,
denoted by (Y;""), which aggregates the value family (Y**(S)) of the above (strict) optimal
stopping problem. Note that we have

YH(S) =esssup Y& =esssup Yo" as. (7.8)
vey veVg
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Using the above representation and the same type of arguments as those used above
for the value family (Y (S))ser;, we show that the strict value family (Y(S5))ser;, is an
admissible family, satisfying the integrability condition E[esssupges (Y (S))? < oo and
the following properties:

Proposition 7.7. For each S € Ty, there exists a mazimizing sequence (V") = (v"(S)) € V&
for the optimal control problem from equation (7.8), that is, Y4 = lim, 0 1 Y;"’Jr a.s.

Proposition 7.8. The family (Y (S))ser, is an E”-supermartingale family for each v € V.
As above, we deduce the following

Corollary 7.9. There exists a process (Y;7) € S? which aggregates the strict value family
(YT(S))sery- The process (Y1) is a strong EY-supermartingale for allv € V.

Moreover, the following result holds true. The result is based on the representation (7.8)
and on properties of the strict value process (Y;") of the auxiliary optimal stopping problem
(7.7).

We recall that (Y;;) denotes the process of right limits of the process (Y;). We recall also
that (Y;.) is well-defined as (Y;) is a strong £”-supermartingale, and hence, has right (and
left) limits.

We recall that (Y} ) denotes the process of right limits of the process (Y”).

Theorem 7.10. (i) The strict value process (Y,7) is right-continuous.

(ii) For all S € To, Y4 = Ysi a.s. (in other words, the strict value process (Y;") coincides
with the process of right limits (Yi)).

(iii) For all S € Ty, Ys = Ysi V&g a.s.
We have the following intermediary result:

Proposition 7.11. For all S € 7,

E[Y{] = sup E[Ys™].

vey
Proof.  From the representation (7.8), we deduce E[Y{] = E[esssup,cy, Y& ] > sup, o, E[YS].
We now show the converse inequality. By Proposition 7.7, there exists a sequence (v,) =
(va(S)) in V2 such that Y = lim, .o T Y&™". We thus have E[Y{] = E[lim, 0 T
Y;"’Jr] = lim, 0 T ]E[YS””’JF], where we have used dominated convergence to exchange

limit and expectation. For all n, we have E[Y{" "] < sup,o, E[YS .11 We conclude that
E[YS] < sup, ey E[YS™]. The proposition is thus proved. O

We are now ready to prove Theorem 7.10.

HTndeed, each process v € Vs can be seen as a process 7 in V by setting 7 = v on [S,T] and # = 0 on

[0, ).
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Proof of Theorem 7.10.  To prove statement (i), we first show that the process (Y;") is
right-lowersemicontinuous along stopping times in expectation. Let S € Ty, let (.S,) be

a non-increasing sequence of stopping times in 7g with lim | S, = S a.s. By Proposi-
tion 7.11, we have E[Y{] = sup,c, E[YS "], for all n € N. Hence, liminf, .. E[Y{] =
lim inf,, o0 sup,ep E[YS ] > sup,ep liminf, o E[YS ). Now, for all v € V), the process
(Y") is right-continuous (cf. Theorem 9.2 in [25]), hence right-continuous along stopping
times (cf. [10]); by dominated convergence, we thus have lim inf,, o E[Yg' "] = lim,, o E[Y5 ] =
E[Y§""]. This, together with the above computation, gives lim inf,_,o E[Yg ] > sup, ), E[Y3""] =
E[YS], where the last equality holds due to Proposition 7.11. We conclude that the pro-
cess (Y1) is right-lowersemicontinuous along stopping times in expectation. On the other
hand, we know already that the process (Y;") is right-uppersemicontinuous along stopping
times, and hence right-uppersemicontinuous along stopping times in expectation (due to its
integrability). Hence, (Y,") is right-continuous along stopping times in expectation. We
deduce that (V;") is right-continuous (cf. e.g. [11]). We now show (ii). Let S € 7o. One
inequality, namely the inequality Ys, > Y a.s., follows from the right-continuity of (Y;"),
established in (i). Indeed, let (S,) be a non-increasing sequence of stopping times in Tg+
with lim | S, = S a.s. We know that Y, > V" a.s., for all 7 € 7. Hence, Y5, > Y as., for
all n. By taking the limit when n — oo and by using the right-continuity of (Y;"), we get
Ysy > YS a.s. For the converse inequality, we first show

E3sn(Ys,) < Y4 as. for all n. (7.9)

To prove this, we fix n and we take (77, v7) € Tg, XV an optimizing sequence for the problem
with value Yg, , i.e. Y, = lim, o0 S";TP (&r,). We have

£, (Vs,) = E8, (lim € (&) = lim &4, (€4, (&) aus., (7.10)

where we have used the continuity property of Sg’ o (+) with respect to the terminal condition
(recall that here n is fixed). We set 7{ := 1/ Ij~g,) (hence, 7f = 0 on {t < S,}). We note
that 7 € V. Using the definition of 7 and the consistency property of £-expectations, we
get €85, (84 . (&) = €5, (&,) < Y§ as. (where for the inequality we have used that
7, € Ts+). From this, together with equation (7.10), we derive the desired inequality (7.9).
From (7.9) and using the continuity of £-expectations with respect to the terminal time and
the terminal condition, we derive Y > lim,,_,n Egv o (Ys,) = Egv s(Ysi) = Ys; as. Hence,
Y{ > Ys, a.s., which, together with the previously shown converse inequality, proves the
equality.

We now show (iii). Using successively statement (ii), relation (7.8), Theorem 9.2 (iii) in [25]
, and relation (7.4), we get

YST V& =Ys V& = esssug <Y§’Jr V fs) = esssugYé’ =Yy a.s.
ve ve
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7.3 Proof of the dual representation

We will now give a dual representation for the seller’s superhedging price uy in terms of
the value (at time 0) of the non-linear problem of control and stopping studied above. We
also give a superhedging strategy for the seller. From this result, we will deduce the dual
representation (in terms of the f-martingale probability measures) stated in Theorem 3.27.

Theorem 7.12. The superhedging price ug of the American option is equal to the value Yy
(at time 0) of the non-linear problem of control and stopping (7.2), that is
up = sup &, (&) (7.11)
(r,w)ET XV
Moreover, the portfolio strateqy ¢* := o~'Z, where the process Z is the one from the E'-

optional decomposition of the value process Y from Theorem 5.4, is a superhedging strategy
for the seller, that is, ©* € A(ug).

Remark 7.13. Some related results are given in [2] for European options in a Brownian
framework.

Proof. In order to prove the results of the above theorem, it is sufficient to show that uy = Yj
and ¢* € A(Yp).
Let H be the set of initial capitals which allow the seller to be “super-hedged”, that is
H={zeR:3pec A(x)}. Note that ug = inf H.

Let us first show that Yy > wug. To this aim, we prove that

p* € A(Yo). (7.12)

We consider the portfolio associated with the initial capital Yy and the strategy ¢*. By
(3.4)-(3.5), the value of this portfolio (V;"*¥") satisfies the following forward equation:

t t
I/;YOV‘P* =Y, — / f(s, VSYO’“"*, Zs)ds —|—/ 0. Z,(0,dW, + B,dM,), 0 <t <T as. (7.13)
0 0
Moreover, since Y satisfies the £/-optional decomposition from Theorem 5.4, we have
t t
Y, =Y, —/ f(s,Ys, Zs)ds—i—/ o' Z (0 dW,+ BdM,) —hy —Cp—, 0<t<T as. (7.14)
0 0

Since (h:) and (C;-) are nondecreasing, by the comparison result for forward differential
equations, we thus derive VtYO’@* > Y, 0 <t < T as. Hence, since Y, > &, we get
V;YO’(’D* > &, 0 <t <T as., which implies the desired property (7.12). We thus derive that
Yy € H, and hence that Yy > ug.

Let us show the converse inequality. Let x € H. There exists ¢ € A(x) such that
VY > &, 0 <t <T as. Foreach 7 € T we thus have V*% > ¢ as. Let v € V.
By taking the £”-evaluation in the above inequality, using the monotonicity of £” and the
&’-martingale property of the wealth process V*%, we obtain z = & (V%) > & (). By
arbitrariness of 7 € T and v € V, we get x > sup(, ,ye7xy &, (§r) = Yo, which holds for all
x € H. By taking the infimum over x € H, we obtain uy > Yy. We derive that uy = Yj,
which completes the proof. O
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Proof of Theorem 3.27: The proof follows from the previous theorem 7.12 and from
Remark 4.9. Indeed, under an additional integrability condition ¢ € ﬂ,,ev]l-]%y on the process
¢ from Assumption (7.1), by Remark 4.9, the above dual representation of the superhedging
price can be written in terms of the f-martingale probability measures (characterized in
Proposition 3.11), that is

wo=sup &Ly (&),
(r,v)ET XV

which ends the proof of Theorem 3.27.

Remark 7.14. From a financial point of view, the process (h;) can be interpreted as the
cumulative amount the seller withdraws from the hedging portfolio up to time t. More pre-
cisely, for each time t, the seller can withdraw the amount dh, from his/her portfolio between
t and t+dt. In particular, at time ¥, the seller can withdraw the amount Ahy from his/her
portfolio, which, by equation (5.5), is equal to
Ahﬁ = 519051Z19 - AYﬁ a.s.

The term 619051219 = By represents the jump at the default time ¥ of the amount invested
in the risky asset S (which is equal to the jump of the value of the portfolio). Note that in

this case, the value of the hedging portfolio, denoted by (Vty‘)’“@*’h), taking into account these
withdrawals, satisfies

AV, = — (£, VO o)t 4 o (00dWy + Byd M) — dhy; Vo = Y.

Yo.p* Yo,0%,0
We thus have V;'@? =V, 0% 7.

7.4 Characterization of the seller’s superhedging price process as
the minimal supersolution of a constrained reflected BSDE
Definition 7.15. Let £ € S%. A process Y' € S? is said to be a supersolution of the con-

strained reflected BSDE with driver f and obstacle & if there exists a process (Z', K', A’,C") €
H? x H3 x A? x C? such that

LAY = f(t,Y!, Z))dt + dA, + dC! — ZldW, — KldM;; (7.15)
Yi=¢&r as. and Y/ >¢& forallt €[0,T] a.s.; (7.16)
(Y= &) (CL—CL) =0 a.s. for all T € To; (7.17)

A+ / (K! — B0, ' Z)\ds € A*> and (K| — B0, ' Z)N <0, t €[0,T], dP @ dt — a.e.;
0
(7.18)

Remark 7.16. This definition can be extended to the case of a general driver g (which maybe
depend also on k).

Equation (7.17) is referred to as Skorokhod condition for the process C'.

Remark 7.17. The process A’ can be uniquely decomposed as the sum of two nondecreasing
processes B’ and B belonging to A? with dB, L dB;,'* such that B’ satisfies the Skorokhod

12in the sense of Definition 2.3 from [13]
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condition, that is
t
/ (Y. — & )dB. =0 as. (7.19)
0

Note that the processes B' and B are given by B, = [} Ly —¢,_ydA; and B, =, Ly e ydA;
for all t € [0,T]. It follows that Y' € S? is a supersolution of the constrained reflected
BSDE with driver f and obstacle & if and only if there exists a process (Z',K',B',B,C") €
H? x Hi x A? x A? x C? such that

—dY; = f(t,Y], Z))dt + dB, + dB, + dC}_ — ZldW; — K|dMj; (7.20)
Y/ =¢&r as.  and Y/ >§& forallt€[0,T] a.s.; (7.21)
(Y —&)(CL—CL) =0 a.s. for all T € To; (7.22)
t
/ (Y. —&-)dB.=0 a.s. and dB, Ll dB, (7.23)
0

and such that the constraints (7.18) hold, with A’ replaced by B' + B.

In the particular case when B = 0, since B’ satisfies the Skorokhod condition, the process
(Y, Z',K', B',C") is thus a solution '* of the reflected BSDE (with irregular obstacle (&;)),
here with the additional constraints (7.18). Thus, when passing from the notion of a solution
of the reflected BSDE to the notion of a supersolution of the reflected BSDE, there appears
an additional nondecreasing predictable process B, which increases only when Y. > &

Theorem 7.18. The seller’s price process (Y;) is a supersolution of the constrained reflected
BSDE associated with driver f and obstacle & from Definition 7.15, that is, there exists a
unique process (Z, K, A,C) € H? x H3 x A? x C? such that (Y, Z, K, A, C) satisfies Definition
7.15. Moreover, it is the minimal one, that is, if (Y/) is another supersolution, then Y, >Y;
for allt € [0,T] a.s.

Moreover, the portfolio strateqy ©* := 07 is a superhedging strategy for the seller, that
is, p* € A(up).

Remark 7.19. Suppose here that there is no default in the market. In this case, the filtration
G 1s the one associated with the Brownian motion W, and in the dynamics of the price
process (S;) and of the wealth process (V;), M = 0 and § = 0. Hence, the market is
complete, and we have V = {0}. From this observation, we derive that for each S € T,
Vs =Yg = esssup, ey, £9.(&-) a.s. By Theorem 6.7 in [26], (Y;) is thus the solution of the
reflected BSDE associated with driver f and irreqular obstacle (&;). In other words, there
exists (Z, K, B, C) € H2 x H2 x A2 x C? such that equations (7.20) to (7.23) hold with B = 0.

Proof.  Since Y is the value process, we have Yy = {r a.s. and Y, > & for all t € [0,T] a.s.
Moreover, by Corollary 7.5, the value process Y is a strong £”-supermartingale for all v € V.
Hence, by Proposition 5.1, there exists a unique process (Z, K, A, C') € H?xH3 x A% x C? such

13in the sense from Definition 2.3 in [26], which, in the case of a right-continuous obstacle, corresponds to
the well-known notion of a solution of a reflected BSDE)
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that equation (5.1) and the conditions (5.2) hold. We now show that the process C satisfies
the Skorokhod condition (7.17). Let 7 € Ty. By Theorem 7.10 (iii), we have Y, = Y, V&, a.s..
Hence, ALY, = 1y, —¢ 1AL Y: a.s. On the other hand, since (Y, Z, K, A, C) satisfies equation
(5.1), we have AC, = —A,Y; a.s. We conclude that AC; = 1y, —¢AC; a.s. Hence, the
Skorokhod condition (7.17) is satisfied.

It remains to show that (Y;) is the minimal supersolution of the constrained reflected
BSDE from Definition 7.15. Let Y’ be another supersolution of this constrained reflected
BSDE and let (Z’, K, A, C") be the associated process (from the definition of a supersolu-
tion). We have Y/ > & for all t € [0,T] a.s. Let now v € V. Let A be the process defined
by

t
AY = Al — / (K. — Beo ' Z v Aeds, 0<t<T.
0

Since v € V, we have 1, +1 > 0 dP ® dt-a.s. This together with the second condition from
(7.18) imply that (K — B0, Z)M\(1 4+ 1) < 0 dP ® dt-a.s. Then, using the first condition
from (7.18) (and the definition of A™), we obtain that the process A" is nondecreasing. On
the other hand, since (Y', 7', K',; A’, C") satisfies the dynamics from Definition 7.15, we have

—dY;/ = (f(t, Y;/, Zz{) + (Kg - Bto-;lzé)yt)\t) dt + dA;l/ + dC’L - Zéth — K;th

Hence, by the £9-Mertens decomposition of strong £9-supermartingales (recalled in Theorem
9.1 of the Appendix) applied to the driver g := f¥, we derive that the process Y’ is a strong
EY- supermartingale. Since this holds for all v € V, we derive from Corollary 7.5 that
Y/ >V, forallt € [0,7] as. O

Remark 7.20. This result can be extended to any A-admissible driver (depending also on
Definition 7.21. Let £ € S?. A process Y' € S? is called a supersolution of the optional

reflected BSDE associated with driver f and obstacle & if there exist Z' € H?, C' € C? and
a nondecreasing optional RCLL process h', with hyy = 0 and E[(h/;)?] < oo such that

—dY! = f(t,Y/, Z))dt — Z]o; ' (0,dW, + B,dM,) + dC;- + dh};

Yi=¢& and Y/ >¢ forallt €[0,T] as.;

(Y- &) (CL—CL_) =0 a.s. forall T € T.
Remark 7.22. We call the above equation an optional reflected BSDE because the associated
non decreasing right-continuous process is optional but not necessarily predictable contrary
the reflected BSDEs considered in the literature.

Note also that when the obstacle & is right-continuous, the purely discontinuous non
decreasing process C' (corresponding to the right-jumps of Y') is equal to 0.

From Theorem 5.4 together with Proposition 5.6, we derive the following result:

Theorem 7.23. The seller’s superhedging price (Y;) of the American option is a supersolu-
tion of the optional reflected BSDE from Definition 7.21. Moreover, it is the minimal one,
that is, if (Y/) is another supersolution, then Y} >Y; for all t € [0,T] a.s.
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8 Buyer’s superhedging price for the American option:
proof of the duality result

We define f(t,w,y, z) = —f(t,w, —y, —2).
Let v € V. We denote by £ I or &¥ the nonlinear conditional expectation associated with
the A\-admissible driver f(t,y,2,k) == f(t,y,2) + vi\i(k — tht’l,z). Hence, for each 7" < T

and each 17 € L*(Grv), we have €% (1) = XV a.s., where (X, Z¥, K¥) be the unique solution

in S? x H? x H3 of the BSDE associated with driver f*, terminal time 7" and terminal
condition 7).

Remark 8.1. Let v € V and T' < T. Note that for alln € L*(Grr), we have
EVr(n) = =&V (=m), since fr(t,y,z, k) = —f"(t,—y, —2, —k).
Let n € L*(Gr) N Ly (Grr). By Remark 4.9, EVpi(n) = c‘,gy’,’T, (n). We thus have

() = =& (=)

For each S € T, we define the Fg-measurable random variable Y (S) as follows:

Y (S) :=ess inf ess sup é‘gﬁ(@) a.s. (8.1)

v€Vs TETs

8.1 First properties of the value family Y

Let us first show that Elesssup, . Y?(7)] < oc.

As 0 € V, we have Y(S) > ess sup,e7, £9,(&) = Y9 a.s., where (Y,?) is the first co-
ordinate of the solution of the reflected BSDE associated with driver f and lower obstacle
(&). Now, since |&] < V;"%, 0 <t < T a.s., we get that forall S € T, 7 € Tg and v € V,
5577(57) ==& (&) > =€, (|&]) = =&, (VF¥) = =V as. Hence, taking the essential
supremum over 7 € Tg and then the essential infimum over v € V in this inequality, we
obtain Y (S) > —V&¥ as.

Since Y° € S? and V*¥ € 52, it follows that Elesssupger Y (S)?] < 400.

Using the characterization of the solution of a reflected BSDE with lower obstacle in
terms of an optimal stopping problem with g-expectations (see Theorem 4.2 in [24] when
(&) is right-u.s.c. payoff ), we can rewrite the value function of our problem as follows

= i f 'Y = . YV :
Y (S) =ess mf Y =ess ilé]f) YY, (8.2)

where Y is the solution of the reflected BSDE associated with driver f, obstacle (&)o<t<T
and terminal condition &7.

Proposition 8.2. (Minimizing sequence) Let S € T. There exists a sequence of controls
(V" )nen with v™ € Vg, for all n, such that the sequence (f/é’n)neN 1S mon-increasing and
satisfies:

Y(S) = lim | YY" as. (8.3)
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Proof. Same proof as for Y. We show that the set {Y/S” ,v € Vg} is stable under pair-
wise maximization. The result of the proposition follows by a classical result on essential
suprema/infima (cf. Neveu (1975)). O

Proposition 8.3. (Aggregation) Let (§;) € S? (without any reqularity assumption). There
exists an r.u.s.c. process (Y;) € S* which aggregates the value family (Y (S)) of the problem
of control and stopping (8.1).

The proof of the proposition uses the following
Lemma 8.4. For all S € Ty,

E[Y(S)] = gggE[Ys]
Proof.  From the representation (8.2), we deduce E[Y (S)] = Eless inf e Y¥] < inf ey E[Y].
We now show the converse inequality. By Proposition 8.2, there exists a sequence of con-
trols (v,) = (¥(S)) in Vg such that Y(S) = lim, o } Y&*. We thus have E[Y(S)] =

Ellim, o 4 Ys"] = lim, oo | E[YE"], where we have used dom1nate~d convergence to ex-
change limit and expectation. For all n, we have E[Y"] > inf,cy E[Yg].We conclude that
E[Y (S)] > inf,ey E[Y¥]. The proposition is thus proved. O

We now prove Proposition 8.3.
Proof.  To prove the result, we first show that the family (Y (S)) is right-uppersemicontinuous
along stopping times in expectation. Let S € 7o, let (S,) be a non-increasing sequence of
stopping times in Tg with lim | S, = S a.s. By the previous Lemma 8.4, we have E[Y(S )] =
inf, ey E[YS ], for all n € N. Hence, lim supn_,ooE[Y(Sn)] = limsup,,_,, inf,cp E[YS ] <
inf, ey limsup,,_, ., E[YS | <inf,cp E[limsup,,_, YS |, where we have used Fatou’s lemma to
obtain the last inequality. Now, for all v € V, the process (Y}) right-uppersemicontinuous
along stopping times, so limsup,, . YS < YS Using this and the above computations,
we get lim supnﬁooE[}M/(Sn)] < inf,ep Eflimsup,_,., Y¥ ] < inf,cp E[Y¥] = E[Y(S)], where
the (last) equality is due to Lemma 8.4. We conclude that the family (Y(S)) is right-
uppersemicontinuous along stopping times in expectation. Hence, the family (Y/(S)) is
right-uppersemicontinuous along stopping times (cf. Theorem 12 in [10]). By Corollary
11 in [10], there exists a unique r.u.s.c. optional process (Yt) which aggregates the family.
The process (V;) is in S?, due to the fact that Elesssupger Y (S)?] < 4-00.

U

Remark 8.5. Due to the above aggregation result (Proposition 8.8), we can replace Y (9)
by Ys in the representation (8.2) and in Proposition 8.2.

8.2 Proof of the dual representation for the buyer’s superhedging
price

We now define the backward semigroup of operators Y9¢ = <Yf§“’)o <ieprop Associated with

a reflected BSDE with driver g and obstacle £ (see e.g. [4] and [14]). Recall that this notion
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of stochastic backward semigroup was first introduced by Peng [?] and applied to study the
dynamic programming principle for stochastic control problems.

Let g be a \-admissible driver. Let (&) € S2.
For each 7" € [0,T] and each n € L*(Fz), we define

Yi5(n) =Y, 0<t<T (8.4)

where (Y;)o<t<r corresponds to the first component of the solution of the reflected BSDE
associated with terminal time 7", driver g and (lower) obstacle (& 1,7 +nli—7/). Note that
(Y;) can be extended to the whole interval [0, 7] by setting Y; = n for all t € [T, T].

More generally, for each stopping time 6 € T and each n € L?(F), we define Yf’gg(n) =
Y., where Y. is the first component of the solution of the reflected BSDE associated with
terminal time 7', terminal condition 7, driver g1l;<y, and obstacle (§1:<p + nli>0).

For each v € V, we consider the backward semigroup of operators Y€ = (Yf ;,5) To
abbreviate the notation, we denote it by Y"¢ = (Yf 751,)
Note that Y}” = Yt””%(ﬁT), for all t € [0, 77, a.s.

Proposition 8.6. (Dynamic Programming Principle) Suppose that the payoff process (&;) is
right-uppersemicontinuous. The value process (Y;) satisfies the following Dynamic Program-
ming Principle: for all S, S’ in Ty such that S < S’ a.s., we have

Yy = ess inf Y (Yo as. (8.5)
veVg
Proof. Let S,S" € T be such that S < S a.s. By Proposition 8.2, there exists a sequence of
controls (V"),en, with v, in Vg for all n, such that Yo = lim, o | Y& a.s. Let v € Vs.
By the continuity property of Reflected BSDEs Wi~th respect to the terminal condition (cf.
Lemma 9.5), we have Y;:%/(YS/) =Yy S (lim,, o Ys' ) = lim,, 00 Ys % (Yér) as. For each
n, we set 171? = Vt1]57sl}(t) + V?]-}S’,T]( ) We have fV = f 1]5 51 + f ]-]S’ T) and YS/" = Yg,".
We deduce o .
Yy S(Yer) = Ygé(K;") =Yg" as.,

where the last equality follows the flow (or semi-group) property of reflected BSDEs. We

thus get
Y% (Ye) = lim Y455, (Yer) = lim Y2 > Yy as., where the (last) inequality follows from
’ n—00 ’ n—oo

(8.2). As v € Vg is arbitrary, we derive essinf, ey Yg’fg, (Yg) > Yg as.
We now prove the converse inequality. Let v € Vs. By the flow property of reflected
BSDEs, we have Y = Yg’gs/ (Y%) a.s. On the other hand, Y% > Y a.s. (cf. property (8.2)).

From this, by the comparison theorem for reflected BSDEs (cf. ), we deduce YS”%,(YS”,) >
Yg’,g,(f/s/) a.s. Hence, Y = Yg’fg, (Y&) > Yg’%, (Ysr) a.s. By taking the essential infimum
over v € Vg, we get essinf,cyg f/s’f > essinf,cpg YS’,ES'(Y/S’) a.s. But, Yy = ess inf, ey, ffé’ a.s.

14Recall that, by the flow property for reflected BSDEs, the family of operators Y9¢ = (Y 751 )
satisfies a semi-group property.

0<t<T’<T
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(cf. (8.2)). Hence, Yg > ess inf, ey, Yg’fg, (}75/) a.s., which is the desired inequality. As both
inequalities hold, we have the equality (8.5). The proof is complete. O

Proposition 8.7. (The case of a right-continuous pay-off process (&;)). Let (&) be a process
in S* assumed to be right-continuous. The value process (Y;) of the problem of control and
stopping (8.1) is right-continuous.

Proof. = We already know from Proposition 8.3 that the value process (f/t) is r.u.s.c. We
now show that (Y;) is right-lowersemicontinuous. Let S € Ty, let (S,) be a non-increasing
sequence of stopping times in 7g with lim, ,, S, = S a.s. and for all n € N, S, > §
a.s. on {S < T}, and such that lim,_, . Yg, exists a.s. Since 0 € Vg, by the dynamic
programming principle, we have Yy < Yg’gn (Ys,) a.s. Hence, by the continuity property of
Reflected BSDEs with respect to the pair terminal time-terminal condition'® (cf. Lemma
9.5 or [14, Lemma A.6]), we thus get

Vs < lim Yss (Ys,) = Yss(hm Y, )= lim Ys, as.

n—00 n—00 n—-+o0o

By Lemma 5 of Dellacherie and Lenglart [10] *°, the process Y is thus right-lowersemicontinuous.
The proof is thus complete. 0

Lemma 8.8. Let (&) be a process in S*. We define the following stopping times:
—inf{t € [0,T] : V; = &} (8.6)

For e >0, Foo=inf{t €[0,T]: Y, < & + ¢} (8.7)

We note that 7¢ < T a.s.

(i) If (&) is right-uppersemicontinuous and also left-uppersemicontinuous along stopping
times, then, for allv € V, the value process (Y;) is a strong E-submartingale on [0, 7).

(ii) If (&) is only right-uppersemicontinuous, then then, for all € > 0, for all v € V, the
value process (Y;) is a strong E”-submartingale on [0,7.].

Proof. ~ We show (). Let v € V. Let S, 7 in T be such that 0 < S <7 <7 a.s. We show
that £ sr( ) > Ys. By the representation (8.2) and Proposition 8.2, there exists a minimizing

sequence for YT, that is, there exists 1P := vP(7) € V; such that Y, = lim, o0 YT”p.
Hence, EST( 7)) = SST(hmp_>oo V') = limy e 5ST(Y” ), where we have used the continuity

property of the non-linear expectation £”(-) with respect to terminal condition. For all

15We note that the condition of applicability of the continuity property in the case of a right-continuous
obstacle £, namely the condition lim,, an > &g, is satisfied here: indeed, st > Eg, a.s. for all n; hence,
lim,, o0 st > lim,, o0 &g, = &g, where we have used the assumption of right-continuity of £ for the last
equality.

6The chronology © (in the vocabulary and notation of [10]) which we work with here is the chronology
of all stopping times, that is, ©® = Tg; hence [0] = © = Tj,.
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p € N, we set 1} := v} ]I{t>7} + Vt]l{t<7-} We have 7P € V. We thus get lim,,_, ggT(f/T”p) -
lim,,_ o Egi(Y”p) > essinf,cp ng (Y*). Putting together the above computations gives

gST( 7)) > ess;relf SgT(~“). (8.8)

For all € V, we set 7 := inf{t € [0,T] : Y}* = &}. We notice that, for all u € V, 7 < 7#

; this follows from the definitions of 7 and 7# and from the fact that & < Y, < Y for

all t a.s. By Lemma 4.2 in [24], for all ;1 € V, the process (Y}*) is a strong £*-martingale

n [0,7#]; hence, also a strong £F-martingale on [0,7] (as 7 < 7* a.s.). Hence, for all

peV ég (Y#) = Y& (recall that 0 < S < 7 < 7 a.s.) Using this and (8.8), we get

EST( ) > essinf,ey Y& = Y, where the (last) equality is due to the representation (8.2).

Property (i) is this proved.

Let us show (ii). Let Let € > 0. Let S,7 in T be such that 0 < § <7 < 7. a.s. By exactly

the same arguments as in part (i), we get

SST( 7) > ess inf 5“7 (YH). (8.9)

pney T
For all pn € V, we set 7# := inf{t € [0,T] : Y} < & +¢}. We note that, for all p € V, 7. < 7
a.s. By Lemma 4.1 in [24], for all u € V, the process (Y}) is a strong £-martingale on

[0, 7#]; hence, also a strong £F-martingale on [0,7.] (as 7. < 7/ a.s.). From this and (8.9),
we conclude as in part (i). O

We will now give a dual representation for the buyer’s superhedging price g in terms of
the value (at time 0) of the non-linear problem of control and stopping studied above. We
also give a super-hedge for the buyer. From this result, we will deduce the dual representation
(in terms of the f-martingale probability measures) stated in Theorem 3.29.

Theorem 8.9 (Buyer’s superhedging price of the American option). Let (&) € S®. Suppose
that (&) is right-continuous and left-uppersemicontinuous along stopping times. The buyer’s
price g of the American option satisfies

= Inf sup &+ (&) (8.10)

Let 7 = inf{t > 0: Y, = &}. There exists a portfolio strateqy ¢ € H? such that (7, () is a
super-hedge for the buyer, that is, such that (7,) € B(ty).

Proof.  In order to prove the results of the theorem, it is sufficient to show that @y = Y,
and that there exists (7, 3) € B(Yp).
Let S be the set of initial prices which allow the buyer to be “super-hedged”, that is S =
{r e R:3(7,¢) € B(z)}. Note that iy = sup S.

Let us first show that Yo < 1. To this aim, we prove that YO € S, that is, there exists a
portfolio strategy ¢ € H? such that

(7,¢) € B(Yy). (8.11)
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By the first assertion of Lemma 8.8, the process (Y/M;) is an strong £”-submartingale for
all v € V. This together with the first assertion from Remark 8.1 implies that (—f/t/\;) is an
strong £”-supermartingale for all v € V. Now, since £ is right-continuous, by Proposition
8.7, we derive that Y is right-continuous.

Hence, by the optional £/-decomposition of strong £”-supermartingale for each v € V
(cf. Theorem 5.4), there exists a unique pair (Z , C’) € H? x C? and a unique nondecreasing
optional RCLL process h, with hg = 0 and E[h%] < oo such that

t t
—Y, =Y, — / f(s,=Ys, Zy)ds + / 7,07 Y oudWy + BedM,) —hy — Cy—, 0 <t < 7 as.
0

’ (8.12)
Since £ is right-continuous, by Proposition 8.7, we derive that Y is right-continuous. Hence,
the process C' in the above decomposition is equal to 0. We now consider the portfolio
associated with the initial capital —Y; and the strategy

¢:=01Z. (8.13)

By (3.4)-(3.5), the value of the portfolio process (‘/[?0’@) satisfies:
o 3 ¢ o t
V0 = Y, — / F(s, V0% Z,)ds + / Zo oy dWs + BedM;), 0 <t <T. (8.14)
0 0

By (8.12) and (8.14) and the comparison result for forward differential equations, we get

-Y, < VTYO’@, 0 <t <7 as. Wethus have V{YO";’ +Y->0 as.
Hence, by the definition of 7 and the right-continuity of ¥ and &, we get Y = & a.s. We
thus conclude that o

VoYP 46 >0 as,

which implies the desired property (8.11). We thus have Yo < .

Let us show the converse inequality.

Let x € S. By definition of S, there exists (6, ) € B(x), that is, such that V, ™% > —¢&
a.s. Let v € V. By taking the £”-evaluation in the above inequality, using the monotonicity
of £¥ and the £”-martingale property of the process V%% we derive that —x = (’ig(Vgﬁ’W) >

0o(—&) = — ~& 0(&o), where the last equality follows from the first assertion of Remark 8.1.

We deduce x < sup,cr 5~6’ (& ). Since v € V is arbitrary, we get

v < inf sup & (&) = Yo,
veV reT

which holds for any x € S. By taking the supremum over z € §, we get ug < Yo. Tt follows
that @y = Yp. By (8.11), we get (7, ) € B(tp), which completes the proof. O

Remark 8.10. We emphasize that the superhedging portfolio strategy ¢ is given by (8.13)
via the optional decomposition (8.12) of Y on [0, 7].
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Proof of Theorem 3.29: The proof follows from the previous theorem 8.9 and from Remark
8.1. Indeed, under the additional integrability condition ¢ € ﬂ,,ev]l-]%y on the process ¢ from
Assumption (7.1), by Remark 8.1, the above dual representation can be written in terms of
the f-martingale probability measures, that is

ip = —sup inf &, , (=&, 8.15
flg = —sup inf € (=&;), (8.15)

which ends the proof of Theorem 3.29.

Remark 8.11. The above dual representations (8.10) and (8.15) still hold when (&) is only
right-continuous (without being left-uppersemicontinuous along stopping times). However,
in this case, there does not necessarily exist a super-hedge for the buyer.

9 Appendix

In this Appendix, we first recall the £9-Mertens decomposition of £9- supermartingales
proved in [24], and then provide some useful results.

Theorem 9.1 (£9-Mertens decomposition of £9-supermartingales). Let (Y;) be an optional
process in S®. Then (Y;) is a E9-submartingale if and only if there exists a mon decreasing
right continuous and predictable processes A in A2, a non decreasing adapted right continuous
and purely discontinuous processes C' in C* and (Z, K) € H? x H2 such that

—dYs = g(s,Ys, Zs, Ks)ds — ZdWs — KydM; + dAg + dCs-. (9.1)
Moreover, this decomposition is unique.

Remark 9.2. Using the above decomposition, we deduce that a £9-supermartingale admits
left and right limits.

Lemma 9.3. (Uniqueness of the canonical decomposition of a special optional semimartin-
gale) Let X be an optional semimartingale with decomposition'”

Xy = Xo+my —ay — by, forallt €[0,T] a.s. (9.2)

with (my) a (right-continuous) local martingale, (a;) a predictable right-continuous process of
finite variation, such that ag = 0, (b;) a predictable left-continuous process of finite variation,
purely discontinuous and such that bo_ = 0. Then, the decomposition (9.2) is unique and
will be called the canonical decomposition of a special optional semimartingale.

17 An optional semimartingale with a decomposition of this from (with (a;) and (b;) predictable processes)
can be seen as a generalisation of the notion of special semimartingale from the right-continuous to the
general case.
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Proof. Let X; = Xo+m} —a} —10), for all t € [0,T] a.s., be (another) decomposition with
(m}), (a}) and (b}) as in the lemma. From this decomposition, it follows that X, — X; =
— (b, — by) for all t a.s. From (9.2), it follows that X, — Xy = —(byy — by) for all ¢ as.
Hence, b;, — b, = b,y — b, for all ¢ a.s. As b and b" are purely discontinuous with the same
initial value, we get b, = by, for all ¢ a.s. and the uniqueness of b is proven. We now note
that (X; + b;): is a special right-continuous semimartingale (this follows from (9.2)). Hence,
by Theorem 30, Chapter III in [40] the processes (m;) and (a;) are unique. O

Lemma 9.4. Let h be a nondecreasing optional RCLL process h, with hg = 0 and E[h%] <
o0o. Then, h has at most one totally inaccessible jump and this jump is at ¥. All the other
Jgumps of h are predictable. Moreover, h can be uniquely decomposed as follows:

¢
hi = By + Ahyly>y = By +/ )sdNg,
0

where B is a (predictable) process in A? and v is a process in H3 such that vs > 0 a.s. on
{6 <T}.

Proof.  As h is a square-integrable nondecreasing optional RCLL process, h is a square-
integrable RCLL submartingale. So, by the classical Doob-Meyer decomposition, A can be
uniquely decomposed as h; = a; + my, with (a;) a (predictable) process in A% and (m;) a
square-integrable martingale such that my = 0. Now, by the martingale representation of
G-martingales and as dM, = dN, — \,ds, we get m, = fot 0 AWy — fot P Agds + fg ) od N,
where ¢ € H? and ¢ € H3. Hence, hy, = a; + my = B, + fg VsdNg = By + ¥pl>y, where
we have set B, = a; + f(f psdW, — fg sAsds. The process (By) is clearly predictable (as
the sum of three predictable processes). The equality h; = B; + yli>y, together with the
predictability of B and the non-decreasingness of h, implies that Ahy = ¥y > 0 a.s. on
{6 < T} and that B is non-decreasing. The proof is thus complete. ([l

We now show that the non-linear operator Y%¢ induced by the reflected BSDE with driver
g and obstacle (&)i<7, defined by (8.4), simply denoted by Y?Y, is continuous with respect
to terminal condition. Moreover, for each §# € Ty and each n € L?*(Gy), some additional
assumptions on (&) and 1, Y7 is continuous with respect to the pair terminal time-terminal
condition at the point (0, 7).

Lemma 9.5. Let g be a A-admissible driver satisfying Assumption 2.3. Let (&) € S?,
supposed to be right-u.s.c. Let (0"),en be a non increasing sequence of stopping times in Ty,
converging a.s. to 0. Let (n™)nen be a sequence of random variables such that E[sup,,(n™)?] <
+00, and for each n, n" is Ggn-measurable. Assume that the sequence (n™) converges a.s. to
an Gg-measurable random variable 7.

We assume the following condition: for all sequence (7"),en of stopping times in Ty, such
that 7 — 0 a.s. as n tends to oo, we have

limsupé&,, <n as. (9.3)

n—oo

38



Then, for each S € To, limy, 100 Y. (") = Y5 4(n) a.s.
When for each n, 0, = 6 a.s., the result still holds without any assumption on (&).

Proof.  In the particular case when for each n, 6, = 0 a.s., the result follows from the a
priori estimates for reflected BSDEs with irregular obstacles (cf. Theorem 5.5 in [25]), which
do not require any additional assumption on (&).

Let us now consider the general case. Using the same arguments as those used in the proof
of Lemma A.6 in [14], we show that liminf, .. Y7, (7") > n a.s. It thus remains to show
that limsup,,_,., Y, (") <n a.s.Let e > 0. By Theorem 4.2 in [24] (which holds since (&;)
is right-u.s.c.), there exists 75 € Ty such that

Yg,en (") < Epren, (Erelrzcp, + 1" Lienp,) + € as. (9.4)

Now, by condition (9.3), we have limsup,,_, ., &r<ng, < 7 a.s., which implies that

limsup,,_, oo (& 1re o, + 1" 1rc>0,) < 1 a.s. Hence, using the Fatou property for BSDEs both
with respect to the pair terminal time-terminal condition (cf. e.g. Lemma A.5 in [14])
together with (9.4), we derive that limsup,_,., Y7, (n") < n+e¢ as. The desired result
follows. 0

Remark 9.6. When the obstacle (&) is right-continuous, the condition (9.3) reduces to
& <n a.s. In this case, we thus recover the continuity result shown in [14] (cf. [14, Lemma
A.6]).

A result on reflected BSDEs with a non positive jump at the default time ¥:
Let V be the set of bounded predictable processes v such that v, > 0 dP ® dt-a.e.
Let g be a A-admissible driver and let (d;) be a bounded predictable process.

For each v € V, we define

g (w,t,y, 2, k) == g(w, t,y,z, k) + ut(w))\t(w)(k — 6t(w)z)

Note that ¢g” is a A-admissible driver. For each S € T, the value Y'(S5) at time S is defined
by

Y(S):=ess sup &g, (&), (9.5)
(T,v)ETs XV

where ¥ = £9°. By similar arguments as in the previous case (cf. the proof of Corollary 7.5),
there exists an r.u.s.c. process (V;) € S* which aggregates the value family (Y'(S)), which is
a strong E¥-supermartingale for all v € V and Y; >, for all ¢t € [0,T], a.s. Moreover, the
process (Y;) is the smallest process in S? satisfying these properties.

Now, by similar arguments as those used in the proof of Proposition 5.1, it can be shown
that

Proposition 9.7. Let (X;) € S*. If the process (X;) is a strong E¥-supermartingale for all
v €V, then there exists a unique process (Z, K, A,C) € H* x H3 x A* x C? such that

—dXt = g(t, Xt, Zt, Kt)dt — thWt - thMt + dAt + dth (96)
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and
(Kt — 5tZt)At S 0, t e [O,T], dP X dt — a.e. (97)
Moreover, the converse statement holds.

Note that when 6 = 0, the constraint (9.7) means that the jump of the process (X;) at
the default time ¢ is non positive.

Remark 9.8. The constraint (9.7) is equivalent to Ky < dy9Zy a.s. Note that this constraint
corresponds to the second constraint from (5.2). There is here only one constraint (9.7) while
in the previous case, we had two constraints (see (5.2)). This comes from the fact that here
V is the set of bounded predictable processes v with v, > 0 dP ® dt-a.e. (while in the previous
case, we had vy > —1 dP ® dt-a.e.).

By similar arguments as those used in the proof of Theorem 7.18, it can be shown that
the value process (Y;) is a supersolution of the constrained reflected BSDE from Definition
7.15 with f replaced by g and the constraints (5.2) replaced by the constraint (9.7). We thus
have the following result.

Proposition 9.9. There exists a unique process (Z, K, A,C) € H? x H3 x A? x C* such that

—dY, = g(t, Yy, Zo, ) dt + dA, + dC, — Z,dW, — K,dM; (9.8)
Yr =& as. and Y, > & forallt €]0,T] a.s.;

(Y, —&)(Cr — Cr2) =0 a.s. for all T € To;

(Ky— 6:Zi)M\ <0, t€[0,T], dP ® dt — a.e. (9.9)

In other words, the value process (Y;) is a supersolution of the above constrained reflected
BSDE. Moreover, it is the minimal one, that is, if (Y]) is another supersolution, then Y, >Y;
for allt € [0,7T] a.s.

Note that when 6 = 0 and the obstacle is right-continuous, our result gives the existence
of a minimal supersolution of the reflected BSDE with driver g, obstacle £ and with non
positive jumps, which correponds to a result shown in [5] by using a penalization approach.
Moreover, our result provides a dual representation (with non linear expectation) of this
minimal supersolution.
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