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CONVEX SEMIGROUPS ON BANACH LATTICES

ROBERT DENK, MICHAEL KUPPER, AND MAX NENDEL

ABSTRACT. In this paper, we investigate convex semigroups on Banach lattices.
First, we consider the case, where the Banach lattice is o-Dedekind complete and
satisfies a monotone convergence property, having LP-spaces in mind as a typical
application. Second, we consider monotone convex semigroups on a Banach lattice,
which is a Riesz subspace of a o-Dedekind complete Banach lattice, where we con-
sider the space of bounded uniformly continuous functions as a typical example. In
both cases, we prove the invariance of a suitable domain for the generator under
the semigroup. As a consequence, we obtain the uniqueness of the semigroup in
terms of the generator. The results are discussed in several examples such as semilin-
ear heat equations (g-expectation), nonlinear integro-differential equations (uncertain
compound Poisson processes), fully nonlinear partial differential equations (uncertain
shift semigroup and G-expectation).

Key words: Convex semigroup, nonlinear Cauchy problem, fully nonlinear PDE,
well-posedness and uniqueness, Hamilton-Jacobi-Bellman equations
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1. INTRODUCTION

Given a Cp-semigroup S = (5(t));e[0,00) Of linear operators on a Banach space X
with generator A: D(A) C X — X, it is well known that the domain D(A) is invariant
under S, i.e. S(t)z € D(A) for all € D(A) and t > 0. Moreover, it holds

AS(t)xr = S(t)Ax for all x € D(A) and t > 0. (1.1)

This relation is fundamental in order to prove that the semigroup S is uniquely deter-
mined through its generator. The aim of this paper is to establish a relation similar to
(1.1) for Cp-semigroups of convex operators on a Banach lattice X in order to prove
invariance of the domain and that the semigroup is uniquely specified via its generator.

Convex semigroups arise in a natural way, when considering convex differential equa-
tions such as the G-heat equation or more general HJB equations d,y— Ay = 0, u(0) = x
where Ay = sup, A,y. One classical approach to treat such fully nonlinear equations
uses the theory of maximal monotone or m-accretive operators (see, e.g., [3], [4], [5],
[14], [11] and the references therein). To show that an accretive operator is m-accretive,
one has to prove that 1 4+ hA is surjective for small h > 0. However, in many cases it
is hard to verify this condition (for instance, it fails for the uncertain shift semigroup
on BUC defined in Subsection 4.3). This was one of the reasons for the introduction of
viscosity solutions (see the discussion in [11], Section 4). Viscosity solutions are known
to exist in many cases (see, e.g., [6], [7], [13]), the proof of uniqueness is rather delicate.
In contrast to these classical approaches, we start with the nonlinear semigroup as our
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main object. We study convex Cyp-semigroups on Banach lattices, i.e. S = (S(t))tc[0,00)
is a family of bounded convex operators X — X, such that, for every x € X, it holds
S(0)z ==z, S(t+s)z = S(t)S(s)z for all s,t >0, and S(t)x — v ast ] 0. If X = LP(p)
for p € [1,00) and some measure u, or more generally if X is Dedekind o-complete and
x, — inf, x, for all decreasing sequences (x,), in X which are bounded below, we
show that the key results from linear semigroup theory extend to the present nonlinear
framework. More precisely, defining the generator A by

S(h)x —x

Az :=lim for x € D(A),

hl0
where D(A) := {z € X : limyo % exists}, we show that S leaves the domain
D(A) invariant. Moreover, the map [0,00) — X, ¢t — S(t)z is continuously differen-
tiable for all z € D(A), and the time derivative is given by

AS(t)x = S'(t,x) Az = }ILI;% S{t)(x + h;jx) — S(t):r.

Here, the right-hand side is the directional derivative or Gateaux derivative of the
convex operator S(t) at z in direction Az. In particular, if S(t) is linear, the Gateaux
derivative simplifies to S’(t, ) Az = S(t) Az, which is consistent with (1.1). We further
show that the generator A is always a closed operator, which uniquely determines the
semigroup S on the domain D(A). As a consequence, y(t) := S(t)z, for x € D(A),
defines the unique classical solution to the abstract Cauchy problem

y'(t) = Ay(t), forallt >0,
() {y(O) =

In the case of a nonlinear operator of the form Au = sup,cp Ayu, where, e.g., Ay is
the generator of a Lévy process for all A € A, we study the semigroup envelope S, i.e.
the smallest semigroup dominating the family of linear semigroups (Sy)aea. Following
[22], in [10] and [20] the existence of a semigroup envelope, under certain conditions,
has been shown for families of semigroups on BUC. Under a suitable boundedness con-
dition, this construction extends to LP(u), which makes our abstract results applicable
to the semigroup envelope of certain families of linear Cy-semigroups on LP(u). In gen-
eral, the obtained domain D(A) will be larger than the natural domain (,c, D(A)),
but we still have — under appropriate assumptions — classical differentiability of the
solution for initial values in D(A). We remark that for generators of Lévy processes in
BUC under uncertainty, recent results were obtained, e.g., in [10], [12], [18], [20], and
[21]. Fully nonlinear equations in the strong LP-setting were recently considered, e.g.,
by Krylov in [15], [16], [17].

There are examples of convex Cp-semigroups on the Banach lattice BUC which can-
not be extended to LP(u), see e.g. the uncertain shift semigroup in Example 3.14.
Since BUC is not Dedekind o-complete, we consider in the second part of this paper
the case, where X is a Riesz subspace of some Dedekind o-complete Riesz space X.
A typical example for X is BUC. Here, we focus on monotone semigroups that are
continuous from above, meaning that S(t)xz, | 0 for all ¢ > 0, whenever x,, | 0. This
additional continuity property allows to extend the semigroup to X5 := {z € X : z,, |
x for some bounded sequence (), in X}. In contrast to the o-Dedekind complete
case, the domain D(A) is, in general, not invariant under convex Cp-semigroups. How-
ever, for monotone convex semigroups, the invariance can be achieved by extending the
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generator. Inspired by the directional derivative, we define the domain D(As) of the
monotone generator As as the set of all z € X such that for every sequence (hy), in
(0,00) with hy, | 0 there exists an approximating sequence (Azy), in X such that

H S(hn)z —

Y x—Anx —0 and A,z ] y=: Aszx.

The main results state that a monotone convex Cy-semigroup leaves the domain D(As)
of its monotone generator invariant, and the semigroup is uniquely determined by Ajs
on D(As) if, in addition, the semigroup is continuous from above. As an example,
we consider the uncertain shift semigroup, which corresponds to the fully nonlinear
PDE 0uy(t) = Ay(t), y(0) = z, where Ay := |y/| and y' denotes the (weak) space
derivative. In that case, it holds BUC! ¢ D(4;) € W and W is invariant un-
der the corresponding semigroup. Similarly, for the second-order differential operator
Az = %max{gx” ,ox""}, where 0 < ¢ < &, we derive that W2 is invariant under the
respective semigroup which corresponds to the G-expectation.

The structure of the paper is as follows. In Section 2 we introduce the setting and
state basic results on convex Cpy-semigroups which can be derived from the uniform
boundedness principle. Section 3 includes the main results on convex Cy-semigroups
on o-Dedekind complete Banach lattices. In particular, we provide invariance of the
domain and uniqueness of the semigroup in terms of the generator. The non o-Dedekind
complete case is treated in Section 4. Finally, additional results on bounded convex
operators and directional derivatives of convex operators are collected in the appendix.

2. NOTATION AND PRELIMINARY RESULTS

Let X be a Banach lattice. For an operator S: X — X, we define

[S]lr == sup [|Sz|
z€B(0,r)
for all » > 0, where B(zg,7) := {x € X: ||x — x¢| < r} for xg € X. We say that
an operator S: X — X is convez if S(Az + (1 — A)y) < ASz + (1 — \)Sy for all
A € [0, 1], positive homogeneous if S(Ax) = ASx for all A > 0, sublinear if S is convex
and positive homogeneous, monotone if x < y implies Sx < Sy for all z,y € X, and
bounded if ||S||, < oo for all r > 0.

Definition 2.1. A family S = (5(t))c[0,00) of bounded operators X — X is called a
semigroup on X if

(S1) S(0)x =z for all x € X,
(S2) S(t+ s)z = S(t)S(s)z for all z € X and s,t € [0,00).
In this case, we say that S is a Cy-semigroup if, additionally,
(S3) S(t)r - x ast |0 forall z € X.
We say that S is monotone, convex or sublinear if S(t) is monotone, convex or sublinear

for all ¢t > 0, respectively.

Throughout this article, let S be a convex Cy-semigroup on X. Fort > 0 and x € X,
we define the convex operator S;(t): X — X by

Se(t)y = S(t)(x +y) — St)z.



4 ROBERT DENK, MICHAEL KUPPER, AND MAX NENDEL

Proposition 2.2. Let T > 0 and x¢g € X. Then, there exist L > 0 and r > 0 such that

sup [|Sz(t)yll < Lyl
te[0,7

for all x € B(xo,7) and y € B(0,r).
Proof. 1t suffices to show that

sup ||S(t)z| < o0 (2.1)
0<t<T

for all x € X. Indeed, under (2.1) it follows from Theorem A.8 b) that there exists
some 7 > 0 such that b := sup,cp(y, ) SUPo<i<7 [|Sz(t)||lr < 00. Since Sy(t) is convex
and S;(t)0 = 0, we obtain from Lemma A.1 that

1Syl < 2yl

for all t € [0,T], x € B(xzo,7) and y € B(0, 7).
In order to prove (2.1), let z € X. Since S(t)z — x as t | 0, there exists some n € N
such that

R:= sup [|S(h)z| < oo,
helo,0)

where § := % Since S(t) is bounded for all £ > 0, it holds

¢i= max |S(kd)||r < oo.

Now, let ¢ € [0,T]. Then, there exist k € {0,...,n} and h € [0,9) such that t = kd + h.
Since ||S(h)z|| < R, it follows that ||S(¢)z|| = ||S(k0)S(h)z|| < c¢. This proves (2.1) and
thus completes the proof. O
Remark 2.3. If S is sublinear, then there exist w € R and M > 1 such that

ISty < Me]a (22)
for all z € X and t € [0,00). Indeed, by Proposition 2.2 and sublinearity of the
semigroup S, one has sup;¢(o 1) [|S(t)z|| < M]|z| for all z € X and some M > 1. Set

w :=log M. Then, for all ¢ € [0, 00), there exists some m € N with t <m <t¢+ 1. By
the semigroup property, it follows that

IS@)2ll = [|S(5) || < M™||zll < M |z]| = Me™||]|
for all x € X.
Corollary 2.4. Let T > 0 and xo € X. Then, there exist L > 0 and r > 0 such that

sup |[[S(t)y —S(t)z]| < Llly — =||
t€[0,T7]

for all y,z € B(xo,r).
Proof. By Proposition 2.2, there exist L > 0 and r > 0 such that

sup |[Se(t)yll < Ly
t€[0,T]

for all x € B(xo,2r) and y € B(0,2r). Now, let y,z € B(xg,r). Then, y— 2z € B(0,2r),
and we thus obtain that

sup [|S(t)y — S(t)z|| = sup [[S:(t)(y — 2)|| < Ly — 2|,
t€[0,7] t€[0,7]

which shows the desired Lipschitz continuity. O
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Corollary 2.5. The map [0,00) — X, t — S(t)z is continuous for all x € X.

Proof. Let t > 0 and x € X. Then, by Corollary 2.4, there exist L > 0 and r > 0 such
that
sup [|S(s)y — S(s)z|| < Ly — ||
s€[0,t+1]

for all y € B(x,r). Moreover, there exists some § € (0, 1] such that ||S(h)z — | <r
for all h € [0,0]. For s > 0 with |s — ¢| < ¢ it follows that

1S(t)x = S(s)zl| = [|S(s AO)S([t = s[)x = S(s At)z|| < LISt — sz — 2] = 0
as s — t. g
Corollary 2.6. Let (zy), and (yn)n be two sequences in X with x,, — € X and
yn =y € X, and (hp)n be a sequence in (0,00) with h, | 0. Then, Sy, (hy)x, — .

Proof. We first show that S(hy,)z, — x. By Corollary 2.4, there exist L > 0 and r > 0
such that

sup ||S(t)z — S(t)z|| < L||z — x|

te(0,1]

for all z € B(x,r). Hence, for n € N sufficiently large, we obtain that
1S (hn)xn — x| < [[S(hn)zn — S(hn)|| + [|S(hn)z — ]

< Lllzn — zl| + [|S(hn)z — x|].

This shows that S(h,)r, — = as n — co. As a consequence,
Sy (hn)Tn = S(hp)(Tn +Yn) — S(hn)yn — (x+y) —y =2

as n — 0o. The proof is complete. Il
Proposition 2.7. Let x € X with
S(h)xr —x

N < oo for some hg > 0.

sup
hG(O,ho]

Then, the map [0,00) — X, t — S(t)x is locally Lipschitz continuous, i.e., for every
T > 0, there exists some Ly > 0 such that |S(t)z—S(s)x| < Ly|t—s| for all s, t € [0,T].

Proof. Since the map [0,00) — X, t — S(¢)z is continuous by Corollary 2.5, there
exists some constant Cr > 0 such that
S(t)x —
IS0z =3
te(0,T] t
By Corollary 2.4, there exist L > 0 and r > 0 such that

sup [[S(t)y — S(t)z|| < L|ly — 2| for all y,2 € B(x,r).
te[0,7]

<Cr.

Further, there exists some n € N such that suppcp 4 [[S(h)z — z|| < r, where ¢ := L
Now, let Ly := LCp and s,t € [0,T] with s <¢. If t — s € [0, d], we have that
|S(t)x — S(s)x|| < L||S(t — s)x — z|| < Lp(t — s).

In general, there exist k € {0,...,n— 1} and h € [0, ] such that ¢ —s = ké + h. Then,

k
ISt — S(s)z]| < IStz — S(s + kd)a| + > ||S(s + o)z — S(s + (j — 1)6) |
j=1
< Ly(t — (s + kb)) + Lrkd = Lyp(t — s).
The proof is complete. O
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3. CONVEX SEMIGROUPS ON ¢-DEDEKIND COMPLETE BANACH LATTICES

3.1. The generator and its domain. In this subsection, we assume that the Banach
lattice X is Dedekind o-complete, i.e. any countable non-empty subset of X, which
is bounded above, has a supremum. Moreover, we assume that X has the monotone
convergence property, i.e. for every increasing sequence (z,), which is bounded above
one has lim,_,« || SUP,,eny Tm — Tn|| = 0. A typical examples is given by X = LP(u) for
p € [1,00) and some measure u. Recall that S is a convex Cy-semigroup on X.

Definition 3.1. We define the generator A: D(A) C X — X of S by
S(h)x —x

D(A) := {xeX: .

is convergent for h | 0} (3.1)

and Az := limy, % for z € D(A).

In this subsection, we investigate properties of the generator A and its domain D(A).
A fundamental ingredient for the analysis is the directional derivative of a convex
operator, see also Appendix B. Fix ¢ > 0. Since S(t): X — X is a convex operator,
the function s , g

t —S(t
is increasing for all z,y € X. In particular,

() (—y) < 2O ﬁ'z) —St)r St hhy) SLIULIRRY

for x,y € X and h € (0,1]. Since for all z,y € X and every sequence (hy), in (0,0c0)
with A, — 0 one has

f St)(x+ hpy) — Stz €X and sup S(t)r — S(t)(z — hpy) c

X,

the operators

S(t hy) — S(t S(t hy) — S(t
S’ (t,z)y = inf )z + hy) )z and S’ (t,x)y := sup #)( + hy) (t)2
(3.2)
are well-defined with values in X. Due to the monotone convergence property one has
S(t)(xz £ hy) — S(t)z
h
If the left and right directional derivatives coincide, then the directional derivative
is continuous in time. More precisely, the following holds.

S\ (t,z)y F —0 ashl]O. (3.3)

Proposition 3.2. Suppose that S’ (t,z)y = S’ (t,x)y for some x,y € X and some
t > 0. Then, the maps [0,00) — X, s — S/ (s,x)y are continuous at t. In particular,

limg o S (s, 2)y = y.
Proof. Since S’ (s,x)y = =5 (s,x)(—y) for all s > 0, it suffices to prove the continuity
of the map [0,00) = X, s = 5/ (s,z)y at t. For all s >0 and h > 0, let
S(s)(x £ hy) — S(s)x
+h ’

By Corollary 2.5, the mapping [0,00) = X, s+ Dy, 1 (s, )y is continuous for all h > 0.
Let £ > 0. By (3.3), there exists some h, > 0 with

Dh,i<3; .%')y =

| Dot (b 2)y = S (ta)yl| < T and || Di. —(t2)y = S (1 2)y]| <
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Since the mapping [0,00) — X, s — Dy_ 1 (s, x)y is continuous, there exists some § > 0
such that

| D+ (s, 2)y — D+ (t,2)y|| < Z and || Dy, —(s,2)y — Dy, —(t,2)y|| < Z
for all s > 0 with |s — ¢| < §. Hence,
HDhE,Jr(Sﬂf)y (s x)y” < % and HDh&_(s,x)y — S'_(t,:v)yH < % (3.4)
for all s > 0 with |[s —t| < §. Since S’ (s,z)y < S’ (s,x)y, we obtain that
S (5,2)y — 8. (t, )y > S (s, 2)y — S (t,2)y > Dn.(5,2)y — S(t,2)y
for all s > 0. On the other hand,
S’ (s,2)y — S4(t,2)y < Di, 4 (s,2)y — S (t,2)y
for all s > 0. Now, since S, (t,z)y = S’ (t, )y, we obtain that
|S% (s, 2)y — Sy (t, 2)y| < [Dh 4 (s5,2)y — SL(t, 2)y| + | Da (s, 2)y — S_(t, 2)y]
for all s > 0 and therefore, by (3.4),
HSSF(t,J:)y -5 (s, :L‘)yH <e
for all s > 0 with |s —¢| < J. Since S(0) = idx is linear, it follows that
S/ (0,z) = S"(0,z) =idx
and therefore, lim; o S’ (¢, 2)y = S, (0,2)y = . O

It is a straightforward application of Proposition 2.7 that [0,00) — X, ¢t — S(t)z
is locally Lipschitz continuous for all x € D(A). The following first main result states
that it is even continuously differentiable on the domain.

Theorem 3.3. Let x € D(A) and t > 0.
(i) It holds S(t)x € D(A) with
AS(t)x = S’ (t,z)Ax.
If S(t) is linear, this results in the well-known relation AS(t)x = S(t)Ax.
(ii) Fort >0, one has
lim St = St = h) =5 (t,z)Ax.
hl0 h
(iii) It holds S, (t,x)Ax = S’ (t,x)Azx. The mapping [0,00) — X, s — S(s)x is
continuously differentiable and the derivative is given by

%S(s)x = AS(s)x = S (s,x)Ax  for s > 0.

(iv) It holds

t ¢ t
S(t)r —x = / AS(s)zds = / S (s,x)Azds = / S’ (s,z)Ax ds.
0 0 0

Proof. (i) Let t > 0 and (hy,), in (0,00) with h, | 0. Then,
S(t+hp)x—St)xr St)(z+ h,Ax) — St)x  S(t)S(hp)x — S(t)(x + h,Ax)
I, - I - I, ‘
By Corollary 2.4, there exist L > 0 and r > 0 such that

1Sy = St)zl] < Ly — 2|
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for all y,z € B(x,r). For n € N sufficiently large, we thus obtain that

H S(t)S(hy)x — S(t)(z + h,Az)

I — 0.

’ < LHS(hnizx T Az

Since, by (3.3),
S(t)(z + hpAz) — S(t)x
hn,

— S’ (t,z)Ax,
we obtain the assertion.
(ii) Let ¢t > 0 and (hy), in (0,t] with h, | 0. Then,
St)x =St —hn)z  St)x—St)(x — hpAz)  S(t)(x — hnAz) — St — hy)

hn hn hn
Again, by Corollary 2.4, there exist L > 0 and r > 0 such that

sup |[S(s)y — S(s)z|| < Ly — =||
s€[0,t]

for all y,z € B(x,r). By Corollary 2.6, we have S(h,)(x — h,Az) — x. Hence, for
n € N sufficiently large, it follows that
H S(t — hp)S(hy)(x — hpyAzx) — S(t — hy)z
b,

S(hp)(x — hpAz) — x
b, ’

<1

Using Corollary 2.6 and the convexity of S; and S,_p,, 4., we find that, for sufficiently
large n € N,

S(hp)(x — hpAx) —x  Sy(hp)(—hnAx) N S(hp)x —x

< Sz(hp)(—Az) +

and

z— S(hy)(x — hnAz)  Se—p,az(hn)(hnAz)  S(hy)z — 2

hn hn h'fl
< Sa:—hnA:B(hn) (Ax) -

This shows that H S(h")(m;:n’qm)_m H — 0, which implies that

I, I, — 0.

H S(t)r — S(t—hp)x  S(t)x — S(t)(x — hpAx)

Since, by (3.3),

we obtain the assertion.
(iii) By definition, it holds S, (t,z)Ax > S’ (t,x)Ax, and, for t = 0,

S (0,2) Az = S (0,z) Az = Ax.
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Therefore, let ¢ > 0 and 0 < h < ¢. Then, by convexity of Sg(;_p)s, for h sufficiently
small, it holds

S(t+h)z— Stz Sh)S(He — Sh)S(t — bz
h N h
_ Ss-ma (M) (S(t)z — S(t — h)x)
h
< Ss(t—nye(h) <S(t)x — ;j(t — h)x)

which implies that
S(t+h)xr —S(t)x

S’ (t,x)Az = AS(t)x = lim

R0 h
. S(t)x — St —h)x
<
< 1}3101 SS(t—h)ac(h)< N
=5 (t,r)Ax,

where we used Corollary 2.6 in the last step. Now, Proposition 3.2 yields that the
mapping [0,00) = X, s = S’ (s,x)Ax is continuous.
(iv) This follows directly from (iii) using the fundamental theorem of calculus. [

As in the linear case, the generator of a convex Cy-semigroup is closed.

Proposition 3.4. The generator A is closed, i.e. for every sequence (xy), in D(A)
with , = x € X and Az, —»y € X, one has x € D(A) and Az = y.

Proof. First, notice that
—Sa, () (—Axy) < S (s, 2n) Az, < S, (5) Ay,
By Corollary 2.4, there exist L > 0 and r > 0 such that

sup [|S(s)w — S(s)z|| < Lfjw — z
s€[0,1]

for all w,z € B(z £y,r). Hence, for n € N sufficiently large,
1Sz, (s) Az — Sz, (s)yl| < L||Azn —y|| and
1Sz, (8)(=Azn) — Sz, (s)(=y)|| < L[| Azy — yll,
so that
154 (5, 2n) Ay — yl| < 2L[| Ay — yl| + 1Sz, (s)y — yll + 1Sz, (s)(—y) + ]|
for all s € [0,1]. By Theorem 3.3,

h)xy, — 2y 1 [h
7S( ) Tn _ Yy = / (Sﬁr(s, Tn) Ay, — y) ds
h h Jo
for all A > 0. Hence, for fixed h € (0, 1], we find that
S(h)r —x . S(h)z, — xp . 1 [
Hh_yH :nh—%o — v gllgsogph/o HS;(s,a:n)A:cn—des

< lim 2L|[Azn —yll + sup (||Se,(s)y = yll + [|Se, () (—=v) + )
n—oo 0<s<h

= Su1<)h (||S’$(s)y —yll + ISz(s)(—y) + ZJH)
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This shows that

S(h)r —x
‘()h_yH < sup ([1Sz()y =yl + [1Sa(s)(=) +yl) =0 ashlo.
0<s<h
That is, z € D(A) with Az = y. 0

Theorem 3.3 shows that, for x € D(A), the function t — S(t)x is a Cl-solution of
the Cauchy problem
y(t) = Ay(t) (t>0), y(0) ==
The following theorem is the second main result of this section and shows uniqueness
of the solution.

Theorem 3.5. Let y: [0,00) — X be a continuous function with y(t) € D(A) for all
t>0 and

Hy(tmﬁ_y@ a0

Then, y(t) = S(t)z for all t > 0, where x := y(0).

—0 ashl0 forallt>O0.

Proof. Let t > 0 and g(s) := S(t — s)y(s) for all s € [0,¢]. Fix s € [0,t). For every
h > 0 with h <t — s, one has

gls+h)—g(s) _ St—s—hy(s+h) =5 —s)y(s)

h h
_ Sstue(t—s—h)(y(s +h) = S(h)y(s))
N .
By Proposition 2.2, there exist L > 0 and r > 0 such that
sup ||5z(7)z|| < L|2| (3.5)
T€[0,¢]

for all x € B(y(s),r) and z € B(0,r). Hence, for h sufficiently small, it follows that

H Sshyy(s)(t— s —h) (y(s + h) — S(h)y(s)) H - LH y(s +h) — S(h)y(s)
h - h

where we used that limp o y(s = y(s) = limp 0 S(h)y(s). Since y(s) € D(A),

+
y(s +h) = S(hy(s) _ y(s+h)—yls)  Shy(s) —yls) Ay(s) — Ay(s) = 0
h h h
as h | 0. This shows that M —0ashlO0.
We next show that the map g: [0,¢] — X is continuous. Since its right derivative
exists, it follows that limj g g(s + h) = g(s) for s € [0,¢). Now, let s € (0,¢] and h > 0
sufficiently small. Then,

9(s = h) —g(s) = S(t —5)S(h)y(s — h) = S(t = s)y(s)
= Sy(s)(t = 5)(S(h)y(s — h) —y(s)).
Since y(s — h) — y(s) as h | 0, it follows that S(h)y(s — h) — y(s) as h | 0 by
Corollary 2.6. Together with (3.5), we obtain that limp o g(s — h) = g(s).

Finally, fix g in the dual space X’. Since pg: [0,{] — R is continuous and its
right derivative vanishes on [0,?), it follows from [23, Lemma 1.1, Chapter 2] that
[0,t] = X, s — ug(s) is constant. In particular, py(t) = ug(t) = ng(0) = pS(t)x. This
shows that y(t) = S(t)z, as X’ separates the points of X. O

i
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Remark 3.6. With similar arguments as in the proof the previous theorem, one can show
the following statement: Let y: [0,00) — X be a continuous function with y(t) € D(A)
for all t > 0 and

Hyﬁf‘%t_h)AyQW»o as h 10 forallt>0.

Then, y(t) = S(t)x for all t > 0 with z := y(0).

Theorem 3.5 implies that convex semigroups are determined by their generators as
soon as the domain is dense.

Corollary 3.7. Let T be a convexr Cy-semigroup with generator B C A, i.e. D(B) C

D(A) and Alppy = B. If D(B) = X, then S(t) =T(t) for all t > 0.
Proof. For every x € D(B), the mapping [0,00) — X, t — T'(t)z satisfies the assump-
tions of Theorem 3.5. Indeed, [0,00) — X, ¢t — T'(t)x is continuous by Corollary 2.5,
and, by Theorem 3.3, T'(t)z € D(B) C D(A) for all ¢t > 0 with
lim T(t+ h)x —T(t)x — lim T(h)T(t)xr —T(t)x
h10 h h10 h
By Theorem 3.5, it follows that T'(t)z = S(t)x for all ¢ > 0. Finally, since, by Corollary

A4, the bounded convex functions T'(t) and S(t) are continuous and D(B) = X, it
follows that S(t) = T'(t) for all t > 0. O

= BT(t)z = AT(t)a.

Corollary 3.8. The abstract Cauchy problem

'(t) = >
(CP) y'(t) = Ay(t), for allt >0,
y(0) ==
is (classically) well-posed in the following sense:
(i) For all x € D(A), (CP) has a unique classical solution y € C*([0,00); X) with
y(t) € D(A) for allt > 0 and Ay € C([0,00); X).
(ii) For all zg € D(A) and T > 0, there exist L > 0 and r > 0 such that
sup |ly(t,x) —y(t, 2)[| < Lljz = 2| for all 2,z € D(A) N B(zo,7),
te[0,T7]
where y( -, x) denotes the unique solution to (CP) with initial value x € D(A).
(iii) For allt >0 and r > 0, there exists some constant C > 0 such that

ly(t,2)| < C  for all x € D(A) with ||lz|| <.

Proof. By Theorem 3.3 and Theorem 3.5, it follows that, for every x € D(A), the
Cauchy problem (CP) has a unique classical solution y € C([0,00); X) with y(t) €
D(A) for all t > 0 and Ay € C([0,00); X) which is given by y(¢) = S(t)z. By Corollary
2.4, we obtain (ii), and (iii) is the boundedness of the operator S(t). O

Remark 3.9. Assume that for some operator Ag: D(Ap) C X — X the abstract Cauchy
problem is well-posed in the sense of Corollary 3.8. Let the domain D(Ag) be a dense
linear subspace of X, and assume that the map D(Ag) — X, = — y(t,z) is convex
for all t > 0. Then, there exists a unique convex Co-semigroup S = (5(%));e[0,00) With
S(t)x = y(t,x) for all x € D(Ap). Moreover, Ay C A, where A is the generator of
S, and D(Ap) is S(t)-invariant for all ¢ > 0, i.e. S(t)z € D(Ap) for all t > 0 and
x € D(AU)

In fact, we can define the operator S(t)x := y(¢,z) for all £ > 0 and € D(Ay). As
S(t) is bounded by (iii) and convex, it is Lipschitz on bounded subsets of D(Ap) by
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Corollary A.4. Therefore, there exists a unique continuous extension S(t): X — X,
which again is bounded and convex. By the uniqueness in (i), the semigroup property
for the family S = (S(t))se[o,00) holds for all x € D(Ap), and therefore for all x € X.
Similarly, the strong continuity follows by y(-,z) € C([0,00); X) for x € D(Ap) and
(ii). Finally, as, for every x € D(Ay), the function y(-, x) is differentiable at zero with
derivative Az, we obtain D(Ag) C D(A) with A|p4,) = Ao as well as, by (i), the
invariance of D(Ap) under S(t).

In this way, we can construct a convex Cp-semigroup by solving the Cauchy problem
only for initial values x € D(Ag). In applications, one might have D(Ag) being much
smaller than D(A).

3.2. Semigroup envelopes. In this subsection, let X be a Banach lattice which is
Dedekind super complete, i.e. every non-empty subset which is bounded above has
a countable subset with identical supremum, and satisfies the monotone convergence
property (see beginning of this section). The typical example for X is L? for 1 < p < oo.
For two semigroups S and T on X, we write S < T if

S(t)r <T(t)x forallt>0and z e X.

Throughout this section, let (S))xea be a family of convex monotone semigroups on
X. We say that a semigroup S is an upper bound of (S))xea if S > S) for all A € A.

Definition 3.10. We call a semigroup S (if existent) the semigroup envelope of (Sx)xea
if it is the smallest upper bound of (S))xea, i-e. if S is an upper bound of (S))xea and
S < T for any other upper bound T of (S))aea-

Notice that the definition of a semigroup envelope already implies its uniqueness.
However, the existence of a semigroup envelope is not given in general. In [10] and
[20] the existence of a semigroup envelope, under certain conditions, has been shown
for families of semigroups on spaces of uniformly continuous functions. This is done
following an idea of Nisio [22], who was, to the best of our knowledge, the first to inves-
tigate the existence of semigroup envelopes. Moreover, it was shown (cf. [10],[20],[22])
that, for Cy-semigroups, there is a relation between the semigroup envelope, that is the
supremum, of a family of semigroups and the pointwise supremum of their generators.
In this subsection, we now want to show that the construction of Nisio, which is a
pointwise optimization on a finer and finer time-grid, can be realized on Dedekind su-
per complete Banach lattices. Moreover, we show that the ansatz proposed by Nisio is
in fact the only way to construct the supremum of a family of semigroups. We further
show that, under certain conditions, the semigroup envelope is strongly continuous and
a sublinear monotone Cy-semigroup, which makes the results from the previous subsec-
tion applicable to the semigroup envelope of certain families of linear Clp-semigroups. In
view of the examples in [10] and [20], this could be the starting point for LP-semigroup
theory for a large class of Hamilton-Jacobi-Bellman equations.

In the sequel, we consider finite partitions P := {m C [0,00) : 0 € 7, 7 finite}.
For a partition m = {to,t1,...,tm} € P with 0 = tg < t; < ... < ty, we define
|T|oo == max;—1__ m(t; —tj—1). The set of partitions with end-point ¢ is denoted by P,
ie. P :={m € P:maxm=t}.

Assume that the set {Sy(t)x: A € A} is bounded above for all z € X and all ¢ > 0.
Let x € X. Then, we set

Jpr :=sup Sy(h)z
AEA
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for all A > 0 and
Jﬂx = Jtl—to ce Jtm—tm,1$

for any partition m = {tg,t1,...,t;m} € P with 0 =tp < t; < ... < tp,.

Theorem 3.11. Assume that, for allt > 0, there is a bounded operator C(t): X — X
with Jzx < C(t)x for all m € P, and x € X. Then, the semigroup envelope S =
(S(t))efo,00) Of (Sx)aen exists, is a convex monotone semigroup, and is given by
S(t)x = sup Jrx (3.6)
TEP;
forallt >0 andx € X. If C(t)r - x ast | 0 for allz € X and Sy, is a Cy-semigroup
for some Ag € A, then S is strongly continuous. Moreover, if Sy is sublinear for all
A € A, then the semigroup envelope S sublinear.

Proof. Clearly, we have that Sy(h)x < Jpz for all A € A, h > 0 and all z € X.
Moreover, J, is monotone and convex for all h > 0 since S) is montone and convex for
all A € A. Consequently, J; is monotone and convex with Sy(t)z < Jrz < C(t)x for
all A € A, t >0, 7 € P, and z € X, showing that S = (S(t))>0, given by (3.6), is
well-defined, monotone, convex and an upper bound of the family (Sy)xea. Moreover,
one directly sees that .S is sublinear as soon as all Sy are sublinear. From

Sro()x < St)x < C(t)r and Sy,(t)r—zx<St)r —xz < C(t)r — =z,

it follows that
[S@)z| < [ISx, ()] + [1C#)]
and
1Stz — x| < |[Sx @)z — 2| + [[C(t)z — ]|
for all t > 0, z € X and some (arbitrary) A\g € A. This implies that S(¢) is bounded
for all ¢ > 0 and that lim;)o S(t)x = = as soon as C(t)r — x as t | 0 and S), is a
Co-semigroup for some \g € A. Next, we show that S = (5(¢))>0, defined by (3.6), is a
semigroup. Clearly, S(0)z = z for all x € X. In order to show that S(t+s) = S(t)S(s)
forall s,t >0, let s,£ > 0 and = € X. Then, it is easily seen that S(t+s)z < S(¢)S(s)z
since, for all T € Py,
Jrx < Jpodm @,

where mp:={u € m:u <t} U{t} and m :={u—t:u € mu>t}U{0}. On the other
hand, there exists a sequence (), in Ps with S(s)z = sup,cy Jr,z. Defining

n
Ty = U Tk
k=1

for all n € N, we obtain that Jxx — S(s)x, by the monotone convergence property.
Consequently,

JWS(S):U == h_>m J’]TJ’]T;;-%' S S(t + 3)1‘

for all # € P, where, in the first equality, we used the fact that J; is continuous since
it is convex and bounded (see Lemma A.2). Taking the supremum over all 7 € P;, we
obtain that S(¢)S(s)x < S(t + s)z.

Finally, let T' be an upper bound of (Sy)aea. Then, Jpz < T'(h)x for all h > 0 and
all x € X and consequently J,x < T'(t)z for all t > 0, 7 € P, and x € X, which shows
that S(t)xr <T(t)x for all t > 0 and z € X. O
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Corollary 3.12. Let the semigroup T be an upper bound of the family (Sx)xea. Then,
the semigroup envelope of (Sx)xea ezists and is given by (3.6). If T is a Cy-semigroup
and Sy, is a Cy-semigroup for some \g € A, then S is a Cy-semigroup.

Proof. As we saw in the proof of the previous theorem, Sy(t)z < Jrz < T'(t)x for all
A€ A t>0, 7€ P, and z € X. Therefore, the upper bound C(t) in the previous
theorem can be chosen to be T'(t). O

Corollary 3.13. Let S be the semigroup envelope of the family (Sx)xea. Then,

S(t)x = sup Jrx
TEP

forallt >0 and x € X.

3.3. Convolution semigroups on LP. Let d € N. In [10], the semigroup envelope,
discussed in the previous subsection, has been constructed for a wide class of Lévy
processes. In [10, Example 3.2], the authors consider families (S))xea of semigroups
on the space BUC = BUC(R?) of bounded uniformly continuous functions, which are
indexed by a Lévy triplet A\ = (b,3, u). Recall that a Lévy triplet (b, %, ) consists
of a vector b € R?, a symmetric positive semidefinite matrix ¥ € R%¢ and a Lévy
measure p on R%. For each Lévy triplet A, the semigroup Sy is the one generated by
the transition kernels of a Lévy process with Lévy triplet A. More precisely,

(Sx(t)z)(u) == E[z(u + L})] (3.7)

for t > 0, z € BUC and u € R?, where Lf‘ is a Lévy process on a probability space
(Q, F,P) with Lévy triplet A. In [10, Example 3.2], it was shown that, under the
condition
sup P15+ [ TalyPdudy) <o, (35)
(b,Z,n)eA R4\ {0}
the semigroup envelope Spyc for the family (Sy)aca exists and that in this case (cf.
[10, Lemma 5.10])

Spuc(h)z —z sup Ayz|| =0 for z € BUC? (3.9)
h AEA .

Here, BUC? = BUC?(R?) is the space of all twice differentiable functions with bounded
uniformly continuous derivatives up to order 2 and A is the generator of the semigroup
Sy for each A € A. Notice that the setup in [10] is not contained in the setup of the
previous subsection since BUC is not Dedekind super complete and does not satisfy the
monotone convergence property. Recall that, for each Lévy triplet A, (3.7) also gives
rise to a linear monotone Cp-semigroup on LP = LP(R?), which will again be denoted by
Sy (cf. [2, Theorem 3.4.2]). Therefore, the question arises if under a similar condition
as (3.8), the semigoup envelope of the family (Sy)xea can be constructed on LP. In
general, the answer to this question is negative as the following example shows.

lim
hl10

Example 3.14 (Uncertain shift semigroup). Let d = 1 and (S)(¢)x)(u) := z(u + tA)
for A € A :=[-1,1],t > 0, z € LP(R) and w € R. Then, for x € LP(R) given by
r(u) = |u|_1/2p1[—1,1} (u),
iuIX(SA(t)x)(u) =00 forallt>0and u e [—t,t]
€

Therefore, the set {S)(t)x: A € A} does not have a least upper bound in LP for all ¢ > 0.
In particular, the semigroup envelope of the family (Sy)xep does not exist although the
set A satisfies condition (3.8).
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In view of the previous example, additional conditions are required in order to guar-
antee the existence of the semigroup envelope on LP. In the sequel, let C2° denote the
space of all C*™-functions z: R? — R with compact support supp .

Theorem 3.15. Let A be a non-empty set of Lévy triplets that satisfies (3.8).
(i) Assume that, for each t > 0, there exists a bounded operator C(t): LP — LP

with
| x| < C(t)x for allt >0, m € P, and x € LP. (3.10)
Then, the semigroup envelope S of (Sx)xea exists, and is a monotone sublinear
semigroup.
(ii) In addition to (3.10), assume that
sup Ayx € LP  for all x € CF (3.11)
AEA

and that, for every x € C>° and every e > 0, there exists a compact set K C R?
with suppx C K and

C(h PP
lim sup (/ M du) <e. (3.12)
hl0 R\ K h

Then, the semigroup S is a Cy-semigroup, C° C D(A) and

Az =sup Axx
AEA

for all x € C2°, where A denotes the generator of S.

Proof. (i) By Theorem 3.11, it is clear that (3.10) implies the existence of the semigroup
envelope S and that the latter is monotone and sublinear.

(ii) Let = € C°. We show that x € D(A) with Az = supyep Axe =: Bx. Let € > 0.
By (3.11) and (3.12), there exists some compact set K C R? with suppz C K and

(/Rd\K |(Bx) (u)‘Pdu)l/P < g and (/Rd\K Wdu)l/p )

for h > 0 sufficiently small. Since z € C, ¢ BUC?NLP, it follows that S(t)z = Sguc(t)z
S(h)x —x

for all ¢ > 0. Hence, by (3.9),
) 1/p
+ / Bzx)(u du)
: R CEIE]

H S(h)z — z
([, Lol )

h
<e€

W ™

< vol(K)/P
p

— Bx — Bz

for h > 0 sufficiently small, where vol(K') denotes the Lebesgue measure of K.
In particular, ||S(h)z — x|, — 0 for all z € CZ°. Since C2° is dense in LP and
S(t): LP — LP is continuous, this implies the strong continuity of S. O

Notice that the semigroup envelope from the previous theorem is exactly the exten-
sion of the semigroup envelope on BUC, constructed in [10], to the space LP. More
precisely, for each ¢ > 0, the operator S(t) is the unique bounded monotone sublinear
operator LP — LP with S(t)z = Spyc(t)x for all x € BUC N LP. We will now give
two examples of Lévy semigroups (Sy)xea, where the semigroup envelope exists on LP.
The first one is a semilinear version of Example 3.14. The problem in Example 3.14
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arises due to shifting sufficiently integrable poles. In order to treat this problem, one
first has to smoothen a given function x € LP via a suitable normal distribution and
then shift the smooth version of x. This results in the following example.

Example 3.16 (g-expectation). Let d € N, p € [1,00), and

|z4+At]2

or(t, z) = (2mt)~¥2e™ "z for \,z e R®and t > 0.

For A € R%, we consider the linear Co-semigroup Sy = (Sx(t))te[0,00) in LP = LP(R?)
given by S)(0)x = z and

(Sa(t)x)(u) == /Rd z(v)er(t,u—v)dv = (zxpr(t, -))(u) = E[z(u+ Wi + At)]

forallt > 0, x € LP and u € R, where (Wi)te[0,00) 18 @ d-dimensional Brownian Motion
on a probability space (2, F,[P). For each A € A, the generator Ay of S, is given by
D(A)) = W?P and

Ayx = %Ax +\-Vz forxz e W?P,

where A denotes the Laplacian, ‘-’ is the scalar product in R%, and WP = W?2P (Rd)
stands for the LP-Sobolev space of order 2 (see also [19, Theorem 3.1.3] for the gen-
eration of a Cp-semigroup in LP and [25, Theorem 31.5] for the connection between
generator and Lévy triplet). Now, let A C R? be a bounded and non-empty, and define

(Jnz) (u) == sup (Sx(h)z)(u) for h >0, z € L and u € R, (3.13)
AEA

Notice that, for h > 0, Sy(h)xz € BUC for all z € LP, which is why the supremum in
(3.13) can be understood pointwise for h > 0.

We show that the conditions of Theorem 3.15 are satisfied. For the construction of
an upper bound, we use the relation

@A(ha U — U) = e_A.(u_v)_hl)\P/%OO(hv u = U)
for all A € R%, h > 0 and u,v € R%. With this and Holder’s inequality, it follows that

| Jpz|(u) = sup/ x(v)e_A'(“_”)_h‘)‘l2/2<p0(h,u—v)dv
AeA JR
= |supE [x(u + Wh)e_/\'wh_h"\|2/2]
AEA
1/ 1/
( [z (u+ Wp) |p> psup( —thF2g [ _q’\WhD !
AEA

1/p
( [|lz(u+ W) |p> supeq DRIA[/2

1
= (B[t + wi)]) a2 = (C(h)e) (),
where \ := sup,c, |A| and 1 5+ 5 =1. As
—2
[(C(R)a)(w)]” = e P [|af? « po(h, )] (u),
we obtain that C'(h1)C(h2) = C(h1 + hz) for hi, he > 0. Therefore,
|Jzx| < C(t1 —tog) - Ctm — tm—1)x = C(tm)x
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for any partition 7 = {to,t1,...,tm} € P with 0 = ¢ty < t; < ... < t;,. By Fubini’s
theorem,

<2 <2
ICtmaly =72 [ o= v)Pga(h ) dodu = Vol
R4 JR

for all h > 0 and = € LP, showing that C'(h): LP — LP is bounded.
Now, let x € CZ°. We consider

(Bx)(u) := sup(A z)(u) = 1Az(u) +sup A - Va(u) (3.14)
AEA AEA

for u € R%. As, for every A € A and u € R?,
d B d
A= V()] <Y N0z (w)] < XY [0 (u),
j=1 j=1

we obtain
|Ballr < C(I A2l + N Vel ogazey) < C max{L, X}|allwz.r, (3.15)

with a constant C' independent of z and A, which shows, in particular, that Bz € LP
for all x € Cg°.
It remains to verify (3.12). Let x € C2°, and choose a compact set K C R? with

{u+v:u €suppw, [v] <1} C K. For u € R\ K, we obtain z(u+W},) = 0if |W,| < 1,
and therefore,

(lz[”* o (R, ) (w) = E(|z(u+ Wi)[P) = E(Lgw, > 13|z (u + Wi)[P).
By Fubini’s theorem and Markov’s inequality, for any s > 2,

1 1
h/d E(1gw,>13 |z (u + Wp)[P) du = hE[l{Wh|>1}/ |2 (u + Wp)[P du
RI\ K RI\K

1 1 - s/2— s
< Zl2lp PAWa] > 1) = —l«llf (W] > A V2 < PTE[W] = 0

as h | 0. By definition of C(h), it follows that %fRd\K |(C(h)z)(u)|" du — 0 as h | 0.

We have seen that all conditions of Theorem 3.15 are satisfied, and therefore the
semigroup envelope S = (S(t))ic[0,00) Of (Sx)aea exists, and is a sublinear monotone
Co-semigroup.

AsthemapR? - R, z +— supyep A2 is Lipschitz (which follows, e.g., by Lemma A.7),
the same holds for the nonlinearity

F: WY — [Pz sup\- Vuz,
AEA

where WP = WHP(RY) denotes the LP-Sobolev space of order 1. In particular, the
operator B: WP — LP x s supycp Axz, is well-defined and Lipschitz. Now let
r € WP and let (z,,), be a sequence in C° with ||z — 2, ||y2» — 0. By the Lip-
schitz continuity of B, we see that (Bx,), is a Cauchy sequence in LP and therefore
convergent. By Theorem 3.15, we have Az = Bux for all x € C2°, and as the gener-
ator A of S is closed due to Proposition 3.4, we obtain z € D(A). Therefore, we see
that W2P C D(A). In particular, we obtain a unique classical solution to the Cauchy
problem in the sense of Corollary 3.8 for all initial values in D(A).

Notice that we did not use results from PDE theory in order to obtain the well-
posedness of the Cauchy problem. As the nonlinearity F' is Lipschitz continuous as a
map from WP to LP, it can be shown that all assumptions of [19, Prop. 7.1.10 (iii)]
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are satisfied. Therefore, for every & € W?P there exists a solution y € C([0, 00); LP)
with y(t) € WP for all ¢ > 0 that solves the Cauchy problem

y'(t) = By(t) forallt>0, y(0)=u=z.

By Theorem 3.5, it follows that y(t) = S(t)z for all ¢t > 0 and € W2P. In particular,
W?2P is S(t)-invariant for all ¢ > 0. Therefore, S is the unique continuous extension of
the solution operator z + y(-,x), which is defined on WP,

Remark 3.17. In the above examples, we consider the uncertain shift semigroup and
the uncertain shift with known volatility (g-expectation). For the case of an uncertain
volatility matrix A (G-expectation) and the corresponding fully nonlinear operator

d
1
(Az)(u) = 3 ilégtr()\VQx(u)) = ilelﬁ 5 le NijOijx(u),

the existence of the semigroup envelope in LP seems to be an open problem.

Example 3.18 (Compound Poisson processes). Let p: B(R?) — [0, 1] be a fixed prob-
ability measure. For A >0, ¢ >0, z € L? and u € R?, let

(Sx())(w) : *”Z M [ atut o ) duton) - daen)

Then, S is the semigroup corresponding to a compound Poisson process with intensity
A > 0 and jump distribution . Now, let A C [0,00) be bounded, A := inf A and
A:=supA. Let

Jpx :=sup Sy(h)r for h >0 and z € L*.
AEA

Then, by Jensen’s inequality,

1/p
|Jhm\<u>s(supe—*h2 L et et )P o) - duten)
AEA Rd
< IR ((5(m) ) () VP = (C(R)2) (u)
for all h > 0, z € L? and u € R?. As before, we see that C(hy)C/(hs) = C(hy + hs) for
all hy,hs > 0 and
’le’| S C(tl - t()) e C(tm - tm_l)x = C(tm)x
for any partition m = {tg,t1,...,tm} € P with 0 = tp < t; < ... < tp,. Again, by
Fubini’s theorem,
[C(h)a], = 2 el
for all h > 0 and = € LP, showing that C(h): LP — L” is bounded. Let x € C.

It remains to show that }l fRd\K }( h)z)(u) Pdu < e for b > 0 sufficiently small.
However, this follows from the fact that

L=

By Theorem 3.15, the semigroup envelope S = (5(1))tc(0,00) Of (Sx)ren exists, and is a
monotone, bounded and sublinear Cy-semigroup. Let B: LP — LP be given by

(Bx)(u) :== sup)\/ z(u+v) —z(v)du(v) for z € LP and u € RY.
XeA  JRC
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Then, we have A = B on C2° by Theorem 3.15. Since B is bounded and sublinear,
and thus globally Lipschitz (see Lemma A.7), A is closed by Proposition 3.4 and C2° is
dense in LP, it follows that D(A) = LP and therefore A = B. In particular, we obtain
a classical solution in the sense of Corollary 3.8 for all initial values x € LP.

Finally, we remark that due to the global Lipschitz continuity of B, we can also
apply the theorem of Picard-Lindel6f to obtain a unique solution y(-, z) to the abstract
initial value problem

y'(t) = By(t) fort>0, y(0)=uz,
for all x € LP. By Theorem 3.5, it follows that y(¢,z) = S(t)x for all ¢ > 0 and = € LP.

4. THE NON 0-DEDEKIND COMPLETE CASE

In this section, we consider convex semigroups on Banach lattices which are not o-
Dedekind complete. As we have seen in Example 3.14, the uncertain shift semigroup
cannot be defined on LP, but we will see below that it is a convex Cy-semigroup on the
space BUC of all bounded uniformly continuous functions. Another example, we are
going to discuss in this section, is the G-expectation, which is the solution to a fully
nonlinear version of the heat equation.

We assume that X is a Banach lattice which is a Riesz subspace of a Dedekind
o-complete Riesz space X. For a sequence (x,), in X, we write x,, | z if (2,), is
decreasing, bounded from below, and = = inf,, , € X. A typical example is the space
BUC as a subspace of the space £ of all bounded measurable functions. We define

X5 = {:c € X: x, | x for some sequence (Tn)n in X} .

Let M be the space of all positive linear functionals p: X — R which are continuous
from above, i.e. px, | 0 for every sequence (x, ), in X such that =, | 0. Every p € M
has a unique extension p: Xs — R which is continuous from above, i.e. uz, | px for
every sequence (zp,), in X5 such that x,, | * € X5, see e.g. [9, Lemma 3.9]. We assume
that M separates the points of Xy, i.e. for every x,y € X5 with & # y there exists some
uw € M with px # uy.

Definition 4.1. A monotone semigroup S is called continuous from above if S(t)z, |
S(t)0 for all ¢ € [0,00) and every sequence (zy,), in X with z, | 0.

4.1. Invariant domains. As before, let S be a convex semigroup on X. In contrast to

Section 3, where the Banach lattice X is Dedekind o-complete and has the monotone

convergence property, the domain

S(h)x —x
h

is in general not invariant under the semigroup. We therefore introduce the following
modified versions of the domain.

D(A) = {:1: € X: is convergent in X for A | 0}

Definition 4.2. The domain D(Aj) of the monotone generator As is defined as the

set of all z € X such that, for every (hy,), in (0,00) with h,, | 0, there exists a sequence

(Anx), in X and some y € X; such that

S(hp)r —x
b,

We define the monotone generator As: D(As) € X — X5 of S by Asx := y for

x € D(As), where y is the limit in (4.1), which is uniquely determined by Lemma B.1.

—Apz|| >0 and A,z ly. (4.1)
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Definition 4.3. The Lipschitz set of the semigroup S is defined as
S(h)x —x

DL::{HTEX: sup .

he(0,ho]

< oo for some hg > 0}. (4.2)

We further define the symmetric Lipschitz set of the semigroup S by
D ={zeX:z,—z €D}
Then the following holds.

Lemma 4.4. One has D(A) C D(As) C Dy, and As|pay = A. If X is Dedekind
o-complete and has the monotone convergence property, then D(A) = D(Ay).

Proof. We first assume that € D(A). Then, for every h, | 0 and A,z := Az for all
n € N, one has

HSW@x—x_AM

hn
which shows that =z € D(As) with Asx = Ax.
We next assume that € D(Ag). Then, there exists some hy > 0 such that
S(h)x —x
h

— 0,

sup < 00.

he(0,ho)

Otherwise, there exists a sequence h,, | 0 such that H S(h;‘lizf_x H > n for all n. Since x €
D(Ajs) there exists a bounded decreasing sequence (A,x), in X such that A,z | Asz
and

HﬂMWI_AM 0.
But then,
hn)a — hn)z =
sup |22 <o | S ]| s o < o

which is a contradiction. This shows that x € Dy. If, in addition, X is o-Dedekind
complete and has the monotone convergence property, then Asz € X and ||A,z —

Aszx|| — 0, so that S(h’;liszx — Agsx which shows that D(As) = D(A). O

For every z € X and y € Xj, the directional derivative is defined as
S(t)(x + hy) — S(t)z
h
For further details on the directional derivative we refer to Appendix B. The main result

of this subsection is that both, D(As) and Dy, are invariant under the semigroup, and
states regularity properties in the time variable t.

S (t = inf e X;.
L (t )y inf 5

Theorem 4.5. For every x € Dy, one has
(i) S(t)x € Dy, for all t € [0, 00),
(ii) for every u € M there is a locally bounded measurable function f,: [0,00) = R
with pS(t)r = px + fg fu(s)ds for all x € D(As) and t > 0.
For every x € D(A) it holds
(iii) S(t)z € D(As) for all t > 0 with AsS(t)x = S’ (t,x)Asx,
(iv) uS(t)r = ,ux—i—fg wS' (s, x)Asx ds for every p € M and allt > 0. In particular,
fu(s) = pS’ (s, x)Asz for almost every s € [0,00).
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Moreover, (iii) and (iv) hold for all x € D(As) if, in addition, the semigroup is mono-
tone and continuous from above.

Proof. (i) Fix t > 0. By Corollary 2.4 there exist L > 0 and r > 0 such that
1) (y +2) = S@)z| < Lyl
for all y € B(x,r). Since S(h)x — x as h | 0, it follows that

H S(hS(t)x — Sty || _ H S(t)S(h)z — S(t)z
h h

for all h € (0, hy] and some hy, > 0.

(ii) Since z € Dy, it follows from Proposition 2.7 that the map [0, 00) — X, t — S(t)x
is locally Lipschitz continuous. Fix p € M. Since p is continuous on X, see e.g. [1,
Theorem 9.6, the map [0,00) — R, t — uS(t)x is also locally Lipschitz continuous
and is therefore in VVIECOo ([O, oo)) by Lebesgue’s theorem. That is, there exists a locally
bounded measurable function f,: [0,00) — R with uS(t)r = px + fg fu(s)ds.

(iii) Fix t > 0, let (hy), be a sequence in (0,00) with hy, | 0, and z € D(A). By
Corollary 2.4, there exists some L > 0 such that

H S(t+hp)z =Sz S(t)(x + hpAx) = S(H)x
hn hn
_ LHS(hn)J:
h

< S(h)x —x

o]

_ H S(t)S(hy)z — S(t)(z + hyAz)
hn

S(hp)x — v — hpAx
b,

—x
— Ax
n

gLH —0 asn — oo.

Moreover, the sequence
S(t)(x + hpAz) — S(t)x
hy,
is decreasing and satisfies A,(S(t)z) | S’ (t,z)Azx. This shows that S(t)z € D(As)
with A5S5(t)x = S/ (t,z)Az. Recall that Az = Aszx for all € D(A) by Lemma 4.4.

If in addition, S is monotone, continuous from above, and z € D(Ay), then there
exists a bounded decreasing sequence (A4,z), in X such that

By Corollary 2.4, there exists some L > 0 such that
H S(t+hp)z =Sz S(t)(x + hnAnz) — S(t)z

An(S(t)z) =

—0 and A,z | Asx.

S(hn]zx -t Apz|| =0

b, hn,

n

g

as n — oco. By Lemma B.4, the sequence (A,S(t)z) given by

S(t)(x + hpAnz) — S(t)x
hay,
is decreasing and satisfies A, S(t)x | S, (t,x)Asz. This shows that S(t)x € D(A;) with
AsS(t)x = S (t,z)Asz.
(iv) Since = € D(Ay), it follows from Lemma 4.4 that x € Dy. Fix p € M. By (ii)
one has

Ap,S(t)x =

wuS(t)x = px —I—/O fu(s)ds
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for all ¢ > 0. In particular, ¢ — pS(t)z is differentiable almost everywhere. Since p
is continuous from above it follows from the previous step (iii) that the derivative is
a.e. given by

uS(t+ h)x — pS(t)x

fult) = 1}518 . = pAsS(t)z = pS’ (t, ) Asx.
The proof is complete. O

For the symmetric Lipschitz set of a sublinear monotone semigroup, we have the
following proposition.

Proposition 4.6. Let S be sublinear and monotone. Then, the symmetric Lipschitz
set Dj 1is a linear subspace of X. If

—S(s)( = S(t)z) = S(t)(— S(s)(—z)) for all s,t >0 and x € X, (4.3)
then S(t)x € D} for allt >0 and x € Dj .
Proof. The sublinearity of S implies that

St)(z+ Ay) — (@ + Ay) < St)z —z+ A(S(H)y — y)
and
=S (z+Ay) + 2+ Ay < SE)(—z) + 2+ A(SE)(—y) + v)

for all x,y € X and A > 0. Consequently,
1S(t)(z+Ay) = (z+Ay)[| < [[S()z—z]|+]|S(t) (=) +a | +A([S )y —yll+[S () (—y)+yl])

for all z,y € X and A > 0, which shows that x + Ay € D for all z,y € D} and A > 0.
Since —x € Df for all x € DF, it follows that D7 is a linear subspace of X.

Now, let € D} and t > 0. Since S(t) is sublinear and bounded, it is globally
Lipschitz with some Lipschitz constant L > 0 (see Lemma A.7). Therefore,

IS(h)S(t)e — Szl < LIS(h)e - all,
i.e. S(t)x € Dr. It remains to show that —S(t)x € Dy. First, observe that
—S(t)x — S(h)(— St)z) < —=St)z + S(h)S(t)z < S(t)(S(h)x — =)
and, by (4.3),
S(h)(—=St)x) + St)zr < =S(t)(— SEt)(—x)) + S(t)z < S(t)(S(h)(—z) + z).

Therefore,

[S() (= $®)z) + S®e| < L(IS(R)e - 2l + | (SB)(=2) + )] ),
which shows that —S(t)xz € Dy. O

Example 4.7. Let S be a translation-invariant sublinear monotone semigroup on the
space BUC = BUC(G), where G is an abelian group with a translation invariant metric
d such that (G, d) is separable and complete. Here, translation invariant means that

(St)z(u+-))(0) = (S(t)x)(u) for all z € BUC, u € G and t > 0.

The space BUC of all bounded uniformly continuous functions x: G — R is endowed
with the supremum norm ||z||« := sup,eq |2(v)|. Under mild continuity assumptions,
the semigroup has a dual representation

(S(t)z)(u) = sup / z(u~+v)dp(v) for all z € BUC, w € G and t > 0. (4.4)
neP: JG
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where P; is a convex set of Borel measures on G for all ¢ > 0. For further details on
dual representations we refer to [9]. For instance, such a dual representation holds if the
semigroup is continuous from above. An example, where the semigroup S satisfies (4.4),
is the semigroup envelope Spyc of a family (Sy)aea of linear convolution semigroups
of the form (3.7) satisfying (3.8) (see Section 3.3). For further examples, we refer to
[10]. Notice that, under (4.4),

—(S®)(—2))(u) = ing / z(u~+v)dp(v) for all z € BUC, w € G and ¢t > 0.
rEPL JG

Then, for x € BUC, u € G, ut € Py and pus € Ps, it follows from (4.4) and Fubini’s
theorem that

/G(S() ) (u+v) dps(v // (u+ v+ w) dp(w) dpus(v)
= [ [t vt w) i) dtw)
> [ =(56) (=)t w) dpo).

Taking the infimum over all pus € Py and supremum over all p; € Py yields
—=S(s)( = S(t)z) = S(t)(— S(s)(x)).
By Proposition 4.6, we thus find that D7 is S(t)-invariant for all ¢ > 0.

Remark 4.8. Consider the setup of the previous example. Given C' > 0 and hg > 0, let
D3 (C, hg) denote the set of all z € D7 such that ||S(h)x —z||e < Ch and ||S(h)(—z)+
z||ooc < Ch for all h € [0, ho]. Let z € D} (C, ho) and 1/ be a Borel probability measure
on G. Then, one has z, € Dj(C, ho), where z,(u) := [,z(u + v)v(dv). In fact,
by a Banach space valued version of Jensen’s inequahty (see e.g. [10] or [20]) and the
translation invariane of S,

S(h)xy, —x, = S(h)(/Ga:( + ) dV(U)) —x, < /G (S(h)z)(- +v)dv(v) — z,
_ /G (S(W)2)(- +v) — (- +v)dv(v) < Ch

for all A > 0. In a similar way, it follows that
S(h) (=) + 20 < / (S (—2)) (- +v) + (- +v) dv(v) < Ch
G
for all h € [0, hy]. Combining these two estimates yields that
|S(h)z, — :EVHOO <Ch and |S(h)(-=,) —l—:vl,Hoo <Ch
for all h € [0, hol, i.e. z, € Dj(C, hy).

4.2. Uniqueness. Now, we are ready to state the main result of this paper. We show
that a convex semigroup is uniquely determined on D(As) through its generator As if
the semigroup is, in addition, monotone and continuous from above.

Theorem 4.9. Let S be a convex monotone Cy-semigroup on X which is continuous
from above with monotone generator As. Let y: [0,00) — X be a continuous function
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with y(t) € D(As) for all t > 0, and assume that, for all t > 0 and (hy), in (0,00)
with hy, | 0, there exists a bounded decreasing sequence (Bpy(t)), in X such that

H y(t+ hgi —y(t)

Then, y(t) = S(t)x for all t > 0, where x := y(0).

- B0 >0 wnd B0 4 An)

Proof. Let t > 0 and g(s) := S(t — s)y(s) for all s € [0,t]. Fix s € (0,t). For every
h >0 with h <t — s one has

g(s+h) —g(s) _ SUt—=s=hy(s+h) =5 =s)y(s)

h h
_ S(t—s—h)y(s+h)—S(t—s—h)y(s)
h
B S(t—s—h)S(h)y(s) — S(t—s—h)y(s)
3 :

Let (hyn)pn in (0,00) with hy, | 0 and g € M. By assumption, for y := y(s) € D(Ay),
there exists a bounded decreasing sequence (Bpy), with

H y(s + hn) —y(s)

- B
h nY

‘ —0 and B,y Asy. (4.5)

Define

t—s—h, hnz) — t—s—hy, :
Upz i= pS(t — s )y + . z) —pS(t—s )Y and vz :=limsup v,z
n n— o0

for every z € X and all n for which ¢t —s— h,, > 0, where we take the unique extension
of S to Xs given by Lemma B.2. By Corollary 2.4, there exists some L > 0 such that

- — Iin n) — o 7 lin an n) —
S(t—s—hn)y(s+hn) — St — 5 — hy) (y + hnBny)) <L y(s + hy) v 550
hn hn
as n — oo. Therefore, we conclude that
lim sup,u(s(t — 85— hn)y(s+ hm) = St — 5 - h">y> = limsup v, Bny. (4.6)
n—o0 hn n—oo
We next show that
lim sup v, Bry = vAsy. (4.7)
n—o0
To that end, we first show
h>0 h

for all z € X. Indeed, for every € > 0, there exists some hg > 0 and, by Corollary 2.5
there exists some mg € N such that
pS(t = 8)(y + hoz) — pS(t — s)y

it uS(t—S)(erhz)—/~t5(15—<5’)yJFQEZ b
h>0 h ho

S uS(t—8s—hm)(y+ hoz) — puS(t—s—hp)y

> o
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for all m > mg. Hence, for all n > mg which satisfy h, < hg one has

ing P = 8)(y +hz) —pSt—s)y
>0 h
5 WS =5 = n)(y + hn2) = pS(t =5 —ha)y _ =

> I
which shows (4.8) by taking the limit superior as n — oo and letting £ | 0. As a
consequence of (4.8), it follows that v is continuous from above. Indeed, for every
zn 4 0 one has

0 <infrz, < inf inf pS(t — 8)(y + hzy) — pS(t — s)y
n h>0 n h

so that vz, | 0. Hence, for every € > 0 there exist ng, mg € N such that

=0

VAsy + 2 > vBp,y +¢€ > v By > vm By

for all m > mg V ng, where the last inequality follows by monotonicity of v,,. This
shows that
vAsy > limsup v, Bry.

n—oo
Further, vAsy = limsup,,_,, VnAsy < limsup,,_,, »nBry by monotonicity of v, which
proves (4.7).
Since y = y(s) € D(As), it follows from (4.1) that there exists a bounded decreasing
sequence (Apy), with

S(hn)y —y
— <A
ho,
By the same arguments as before we get,
<S(t — 85— hn)S(hn)y — S(t — 85— hn)?/)
hy,

Hence, in combination with (4.6) and (4.7) we get

2yl =0 and Apyl Asy.

= limsup v, A,y = vAsy. (4.9)

n—oo

lim sup p
n—oo

liinjzp,u(s(t —s—hp)y(s+ h;z: —S(t—s— hn)y(s)>
_liﬂs;ip/i(S(t — 8= hn)S(hn)yng) - S(t — 8= hn)y(s)) (4.10)

for every sequence (hy), in (0,00) with h, | 0 and all u € M. As a consequence, we
conclude that
1g(s + hn) — pg(s)
hn
for every sequence (hy,), in (0,00) with h, | 0 and all 4 € M. Indeed, by passing to a
subsequence (ng)i, we may assume that

Jim sup pg(s +ha) —pg(s) _ . 19(s + hny) — pg(s)

-0 (4.11)

By passing to another subsequence, which we still denote by (ny)x, we can further
assume that

o S(t — s = hn)S(hn, )y(s) — S — s — hny )y(s)

hﬁiﬁ“( Fon, )

— limsu S(t—s—hp)S(hn,)y(s) — St —s— hp,)y(s)

= hirioop,u< - ) (4.12)



26 ROBERT DENK, MICHAEL KUPPER, AND MAX NENDEL

Then, by applying the equality (4.10) to the subsequence (hy, )r wWe obtain

1g(s + hy) — pg(s) 1g(s + hp, ) — pg(s)

li =1

TSP hn, Foo Fon,

< s (S8 ot ) =505 b u19))
k—o0 hnk

B hminf,u(s(t — 5 —hp, )S(hn,)y(s) — St —s — hnk)y(s)> o,
k—o0 hnk
where the last equality follows from (4.10) and (4.12). With similar arguments, we also
obtain lim inf,,_ oo %W > 0, which shows (4.11).

Since p is continuous on X, see e.g. [1, Theorem 9.6], it follows by the same arguments
as in the proof of Theorem 3.5 that s — pug(s) is continuous on [0,t]. By [23, Lemma
1.1, Chapter 2] we conclude that the map s +— pug(s) is constant on [0,¢], since it is
continuous and its right derivative vanishes on [0,¢). In particular, py(t) = pg(t) =

1g(0) = puS(t)y(0) for all u € M. This shows that y(t) = S(t)y(0) as M separates the
points of X. 0

Corollary 4.10. Let S be a convex monotone Cy-semigroup on X which is continuous
from above with monotone generator As, and let T be a convexr Cy-semigroup on X
with generator B and monotone generator By such that Bs C As. If D(B) = X, then
S(t) =1T(t) for allt > 0.

Proof. For every © € D(B), the mapping y: [0,00) — X, y(t) := T'(t)z satisfies the
assumptions of Theorem 4.9. Indeed, y(0) = = by definition, ¢ — y(t) is continuous by
Corollary 2.5, and y(t) € D(Bs) C D(As) by Theorem 4.5 with

ity Bnyu)H L0 and Buy(t) 4 Byy(t) = Asy(t)

where B,y(t) := T(t)(ﬁh’,;Bz)_T(t)x for all n € N. Hence, by Theorem 4.9, it follows

that T'(t)x = y(t) = S(t)q:nfor all t > 0. Since, by Corollary A.4, the bounded convex

functions T'(t) and S(t) are continuous, and D(B) = X, it holds S(t) = T'(¢) for all
t>0. g

4.3. The uncertain shift semigroup on BUC. Let G be a convex set endowed with
a metric d: G x G — [0,00). We assume that, for every u,v € G and A € (0,1),
there exists some A\(u,v) € G such that d(u, A(u,v)) = Ad(u,v) and d(A(u,v),v) = (1 —
A)d(u,v). The space of all bounded uniformly continuous functions z: G — R is denoted
by BUC = BUC(G) and endowed with the supremum norm |[|z|« = sup,cq |z(u)|.
Notice that BUC is a Riesz subspace of the Dedekind o-complete Riesz space £ of all
bounded Borel measurable functions z: G — R. On £°°, we consider the partial order
x <y whenever z(u) < y(u) for all u € G.
The uncertain shift semigroup S on BUC is defined by

(S(t)z)(u) :== sup =z(v) forallz € BUC, u€ G andt>0.
d(u,w)<t

Lemma 4.11. S is a sublinear monotone Cy-semigroup on BUC. Moreover,
Dy, = Dj = Lipy,

where Lip, = Lip,(G) is the space of all bounded Lipschitz continuous functions G — R.
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Proof. We first show that S(¢): BUC — BUC is well-defined and bounded. To this
end, fix x € BUC. Since

|S(t)z(u)] < sup |z(v)| = ||z]w forallue G,

d(u,v)<t

it follows that ||S(t)z||cc < ||Z]|cc- Fix € > 0 and 6 > 0 such that |z(u) — z(v)| <e for
all u,v € G with d(u,v) <4. Let u,v € G with d(u,v) < § and w € G with d(u, w) <
Then, for A\ := one has

d(v, Mo, w)) = M(v,w) < A(t+6) =t

_t
t+4°

and
d(w,A\(v,w)) = (1 = N)d(v,w) < (1 =A)(t+0) =46
Hence,
z(w) — (St)z)(v) < z(w) — z(AMv,w)) <e.

Taking the supremum over all w € G with d(u,w) < t, it follows that

(S(t)z)(u) — (S(t)z)(v) <e.
By a symmetry argument, we obtain that |S(t)x(u) — S(t)x(v)| < e, showing that
S(t)z is uniformly continuous with the same modulus of continuity as . We thus have
shown that S(¢): BUC — BUC is well-defined and bounded. By definition, each S(t)
is sublinear and monotone, and S(0)z = x for all z € BUC. Moreover, for ¢t < §, one
has
(S(t)2) (w) — 2(w)] < sup |a(v) — x(w)] <
d(u,w)<t

for all u € G, ie. ||S(t)r — x|loc < € for all ¢ < §, which shows that S is strongly
continuous. It remains to show that S satisfies the semigroup property Let s,t > 0.
Further, let u € G and w € G with d(u,w) < s+ t. Then, for A := - it holds

=g
d(w, A(u,w)) = (1 = Nd(u,w) < s

and
d(u, AM(u, w)) = Md(u, w) <t.
Hence,
z(w) < sup  z(v) = (S(s)z) (Mu,w)) < sup (S(s)z)(v) = (S(t)S(s)x)(u).

d(Mu,w),w)<s d(u,v)<t
Taking the supremum over all w € G with d(u,w) < s+ ¢, it follows that
(S(s + 1)) (1) < (S()S(5)2) (w).

Now, let w € G with d(u, w) < t. Then, there exists a sequence (wy), in G with
d(w, wn) < s and z(wyp) — (S(s)x)(w). Then,
(S(s)z)(w) = hm z(wp) < sup  z(v) = (S(s+t)x)(u).
d(u,v)<s+t

Taking the supremum over all w € G with d(u,w) < ¢, yields that

(S()S(s)z)(u) < (S(s+t)x)(u).
Altogether, we have shown that S is a sublinear monotone Cy-semigroup on BUC.
Now, let © € Dy,.. Then, there exist hy > 0 and C' > 0 such that ||S(h)z — 2|l < Ch
for all h € [0, ho]. Hence, for all u,v € G with d(u,v) =: h < hy,

z(u) — z(v) < (S(h)z)(v) —x(v) and z(v) — z(u) < (S(h)z)(u) — z(u).
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This implies that |x(u) — z(v)| < ||S(h)r — 2||ec < Ch = Cd(u,v). Since z € BUC
is bounded, it follows that x € Lip,. On the other hand, if z € Lip, C BUC with
Lipschitz constant C' > 0, it follows that

I(S(h)x)(u) —z(u)| < sup |z(v) — 2(u)| < Cd(u,v) < Ch
d(u,w)<h

for all w € G and h > 0. Therefore x € Dy,. Since —x € Lip, for all z € Lip,, it follows
that Lip, C Dj. Since, by definition, D C Dy, the assertion follows. O

We now specialize on the case, where G = R with the Euclidian distance d(u,v) =
|u — v|. In this case, the uncertain shift semigroup is given by

(S(t)z)(u) = sup z(u +v)

v]<t

for all w € R and ¢ € [0,00). By Lemma 4.11, it follows that S is a sublinear monotone
Co-semigroup on BUC. In addition, by Dini’s lemma, it is continuous from above.
Denote by As: D(As) € BUC — BUC;s the monotone generator of S. Notice that
BUC; is the space of all bounded upper semicontinuous functions R — R. Moreover,
by Lemma 4.11, we have that D;, = Dj = W12 Recall that the space of all Lipschitz
continuous functions coincides with the space W1 = W1°(R) of all functions with
weak derivative 2/ € L™ = L*®°(R) (w.r.t. the Lebesgue measure). As usual, we denote
by BUC! = BUC!(R) the set of all € BUC which are differentiable with 2/ € BUC.

Proposition 4.12. Let G = R. Then, BUC' C D(A) C D(As) C Dy, = D = Whee,
In particular, S(t)x € WH* for every x € WH* and allt > 0. Further, for x € D(As),
one has Asx = |2'| almost everywhere.

Proof. If x € BUC!, it follows from Taylor’s theorem that

Hs(h)z_x—kﬂ —0 ashlO.

oo

Hence, by Lemma 4.4 and Lemma 4.11,
BUC! ¢ D(A) ¢ D(As) € D, = Dj = Wh™,

In particular, W1 is invariant under the uncertain shift semigroup by Theorem 4.5.
Let € WhH*, By Rademacher’s theorem the function z is differentiable almost
everywhere. If z is differentiable at u, then

S(h - - -
- (S(h)z)(u) — z(u) ~ i sup x(u+v) — x(u) ~ Jim sup r(u+v) — z(u)
hl0 h hi0 [y|<h h hl0 [y|=h h

— |2/(u)].

Since, for x € D(As), one has

(450) () = L (S(h)z) (,f) — a(u)

for all u € R, we conclude that Asz = |2/| almost everywhere. Here, 2’ is understood
as the weak derivative in L°. O
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4.4. The symmetric Lipschitz set of the G-expectation. We consider the G-
expectation on BUC = BUC(R), which corresponds to the sublinear semigroup

t
(S(t)z)(u) :== sup E[w(u —|—/ Os dWS)] for x € BUC, u € G and t > 0,
0<0o<T 0
where W is a Brownian motion on a filtered probability space (2, F, (F:),P) and the
supremum is taken over all progressively measurable processes with values in [0, 7], see
e.g. [8] and [24] for an overview on G-expectations. We assume that 0 < g < 7. One
can verify that S is a translation invariant sublinear Cp-semigroup on BUC which is
continuous from above. Moreover, an application of Itd’s formula shows that
S(h)x — 1
1}}1101 ()Zx =5 max {gx”, Em”}

for all z € BUC? = BUC%(R).

Fix x € Dj. By definition of the symmetric Lipschitz set, there exist C' > 0 and
ho > 0 such that € Dj (C, hg). For every § > 0, define z5(u) := [p z(u + v) vs(dv),
where vg is the normal distribution N (0,4) with mean zero and variance 6. Then,
x5 € BUC? for all 6 > 0, and ||x5 — 2||c — 0 as 6 | 0. In view of Remark 4.8, one has

S(h)zs —xs <Ch and — S(h)(—xzs5) —xs > —Ch
for all h € [0, ho] and 6 > 0. Hence, letting A | 0, it follows that

1_ 1

This shows that || Hoo is uniformly bounded in § > 0. Hence, there exists a sequence
6n 4 0 such that [} (2) —y(z)dz — 0 for all u,v € R with u < v and some y € L
w.r.t. the Lebesgue measure. By the dominated convergence theorem, we get

2(u+h) — z(u) = lim <x5n (u+h) — x5, (u)>

n—oo

u+h
= lim <hx5 / / dzdv)
n—oo
u+h
= < lim ha (u / / z)dz dv
n—o0

for all w € R and h > 0. In particular, z is differentiable with 2'(t) = lim, e 5 (t)
and second weak derivative 2"/ = y, i.e. ¥ € W%, This shows that Dj = W2,
As an application of Proposition 4.6, it follows that S(t)z € W2 for all t > 0 and
x € W2, Notice that we do not assume that ¢ > 0, which is a standard assumption
in PDE theory for obtaining regularity results in Holder spaces (cf. [24, Appendix C,
§4] for a short survey).

APPENDIX A. BOUNDED CONVEX OPERATORS

Let X and Y be Banach lattices. For an operator S: X — Y, we define S;: X - Y
by Syy := S(x +y) — Sz for all z,y € X. Recall that S: X — Y is bounded, if
ISl < oo for all » > 0, where

18]y == sup || Sz|.
z€B(0,r)

Here, B(zg,r) :=={z € X: ||z — x| < r} for o € X and r > 0.
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Lemma A.1. Let S: X — Y be convexr with SO =0 and r > 0 with b := ||S||, < co.
Then,

ISz < 32|
for all x € B(0,r).

Proof. Let x € B(0,r). For = 0, the statement holds by assumption. For = # 0, the
convexity of S implies that

Sz < ”%”S(LJO and Sz > —-S(-z) > —MS( — ||TT||3U>’

|z r

and therefore,

Isell < BL(s (o)l + 1= o)) < 2 all

[Ed]

O

The following two lemmas aim to clarify the difference between convex continuous
and convex bounded operators.

Lemma A.2. Let S: X — Y be convex. Then, the following statements are equivalent:

(i) S is continuous.
(ii) For all x € X, there exists some r > 0 such that ||Sz|, < oo.

Proof. Let x € X and r > 0 with b := [|Sz||» < oo. Then, since S; is convex with
Sz(0) = 0, we obtain from Lemma A.1 that

1Syl < 2llyl| for all y € B(0, 7).

This shows that S, is continuous at 0, i.e. S is continuous at x.

Now, assume that there exists some z € X such that ||Sz|l, = oo for all » > 0.
Then, there exists a sequence (yp)n in X with y,, — 0 and ||Sgyn|| > n. Therefore, the
sequence (Szyn)n in Y is unbounded, and thus not convergent. This shows that S, is
not continuous at 0, i.e. .S is not continuous at x. O

Lemma A.3. Let S: X — Y. Then, the following statements are equivalent:

(i) S is bounded.
(ii) For allx € X and all v > 0, it holds ||Sz||, < co.

Proof. Clearly, (ii) implies (i) by considering = = 0 in (ii). Therefore, assume that S is
bounded. Then, for every z € X and r > 0, one has [|Sz||» < 2|[S]]jjz4r < 0. O

Corollary A.4. Let S: X — Y be bounded and convex. Then, S is Lipschitz on
bounded subsets, i.e. for every r > 0, there exists some L > 0 such that ||Sx — Sy|| <
L|z —y|| for all x,y € B(0,r).

Proof. Let x,y € B(0,7), so that x —y € B(0,2r). As in the proof of Lemma A.3, it
follows that

1Szll2r < 2[5 ljzf+2r < 2[IS]l3r =: b.

Hence, it follows from Lemma A.1 that ||Sy — Sz|| = [|S.(y — 2)|| < 2[ly — z|. O

In the previous two lemmas, we have seen that, for a convex operator S: X —
Y, boundedness implies continuity. The following example shows that a convex and
continuous operator S: X — Y is not necessarily bounded.
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Example A.5. Let X = ¢ := {(xn) inR:z, - 0asn — oo} be endowed with the
supremum norm | - || and ¥ = R. Then, X and Y are two Banach lattices. We define

S: X =Y by

Sz = sup |z,|".
neN

Notice that S is well-defined, since for every x € X, there exists some ng € N such
that |z,| <1 for all n € N with n > ng. We first show that S: X — Y is convex. For
A €[0,1] and z,y € X, one has

P‘xn + (1 — )\)yn‘n < Az + (1= A)|ynl”
for all n € N, which implies that

S(Az+ (1= N)y) = sup [Azn + (1 = N)yn|" < ASz+ (1 — A)Sy.
neN

Next, we show that S is continuous. Let x € X and € € (0,1]. Then, there exists ng € N
such that |z,| < § for all n € N with n > ng. Now, let y € X with ||z — y[[oc < § and
|z — y||oo is sufficiently small such that

|[zn|™ = |yn|"| <€ for all n € N with n < ng.
For n € N with n > ng, one has
|[nl + [ynl < 2Jzn| + llz - yllo <e.
Hence, for all n € N with n > ng,
[z ]™ = yn["[ < |zn]™ + yn]™ < laal + |yal < e.
Altogether,
Sz — Sy| < sup ||za|” — [yn|"| < e.
neN

So far, we have shown that S: X — Y is convex and continuous. However, S is not
bounded. To that end, let e, denote the k-th unit vector. Then, 2e; € B(0,2) for all
k € N, but S(2e;) = 2% — 0.

In the sublinear case, the notions of continuity and boundedness are equivalent.

Lemma A.6. Let S: X — Y be sublinear. Then, S is bounded if and only if it is
continuous if and only if it is continuous at 0.

Proof. We have already seen that boundedness implies continuity. Therefore, assume
that S is continuous at 0. Then, there exists some r > 0 such that [|.S]|, < co. Since S
is positive homogeneous, it follows that ||S||, < oo for all » > 0. O

Lemma A.7. Let S: X — Y be sublinear and continuous. Then S is Lipschitz,
i.e. there exists some L > 0 such that ||Sx — Sy|| < L||z — y|| for all z,y € X.

Proof. Let L := 2||S||; which is finite by Lemma A.6. Fix z,y € X. By sublinearity, it
holds
Se— Sy < S(x—y) <[S(x—y)[+[Sy — )l
By a symmetry argument, it follows that
Sz — Syl < [S(z —y)| + [S(y — ).

Hence,
1Sz = Syl < [|S(z =)l + IS(y — =)|| < Lz —y]|.
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The results in Section 2 strongly rely on the following uniform boundedness principle
for convex continuous operators.

Theorem A.8. Let S be a family of convex continuous operators X — Y. Assume
that supgegs ||Sz|| < oo for all x € X.

(i) There exists some r > 0 such that

sup ||S]|» < 0.
Ses

(ii) For every xo € X, there exists some r > 0 such that

sup  sup || Szl < 0.
z€B(zo,r) SES

Proof. (i) By the uniform boundedness principle, there exist ¢ > 0, 27 € X and r > 0
such that
ISz] < %
for all S € S and = € B(x1,4r). If 1 = 0, the proof is finished. Hence, assume that
x1 # 0 and define
o = (1 - %)xl

Since ||zg — z1|| < 2r, it follows that B(zg,2r) C B(z1,4r). By assumption,
d = sup %HS(—%)H + 2‘}5(%0) H < 0.
Ses

Now, let x € B(0,7) and S € S. Then,
Sz = S(w — %0) < %(S(a:o + 2x) + S(—xg))
and
25(%) — S(zo —z) = QS(W) — S(zg —x) < Sz.
We thus obtain that
1Sz|| < 3[|S(wo + 22) + S(—z0)]| + [|25(%) — S(zo — 2)||
< 5118 (@o + 22| + [1S(zo — ) + 311 (—0)l| + 2[5 (%) |
<c+d.

(ii) Let zp € X. Then, supgegs [|Szz|| < oo for all z € X. By part a), there exist
b> 0 and r > 0 such that

Sup || Sy |2 < 5.
SeSs
Now, let S € S, z € B(zg,r) and y € B(0,r). Then, = +y € B(zg, 2r) and

Szy = Szo(x +y — x0) — Sz (T — T0)-
Therefore, [|S;y| < [|Sz,(x +y — x0)|| + || Sz (x — z0)|| < b. O

APPENDIX B. DIRECTIONAL DERIVATIVES OF CONVEX OPERATORS

We are in the setting of Section 4, i.e. X is a Banach lattice which is a Riesz subspace
of a Dedekind o-complete Riesz space X. Let M be the space of all positive linear
functionals p: X5 — R which are continuous from above. We assume that M separates
the points of Xj.

Lemma B.1. Let (z,), be a sequence in X. If (yn)n and (z,)n are decreasing sequences
in X which are bounded from below such that ||z, — yn|| = 0 and ||z, — 2| — 0, then
inf,, y,, = inf,, z,.
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Proof. Fix p € M. Since u is continuous on X, see e.g. [1, Theorem 9.6], one has

N(yn - Zn) = M(yn - xn) + M(l‘n - Zn) — 0,
which shows that
(i) = i+ Ji ) = Jin = (i)
Since inf,, y,,inf, z, € X5 and M separates the points of Xy, it follows that inf,, y, =
inf,, z,. Il

Lemma B.2. Let S: X — X be a convex monotone operator which is continuous
from above. Then, it has a unique monotone convexr extension S: X5 — Xs which is
continuous from above.

Proof. For each u € M, the convex monotone functional pS: X — R is continuous
from above. Thus, by [9, Lemma 3.9], it has a unique extension to a convex monotone
functional pS: X5 — R which is continuous from above.

Fix z € X;s. For (zy), and (yn)n in X with x,, | x and y,, | =, one has

,u(i%f Sazn) = i%f wSx, = uS(i%f mn> = ,uS(iI)lf yn> = i%f wSY, = u(i%f Syn>7

so that Sz := inf,, Sz, is well defined as M separates the points of X5. Then, S is
convex and continuous from above as

,u(i%f an) = irﬁf wSxy, = puSx

for every (), in X5 with x,, | © € X5. Moreover, if S is another extension which is
continuous from above, then Sz = lim,,_, Sz, = lim, oo Sz, = Sz for every (z,)n
in X with z,, | z € X, which shows that such an extension is unique. U

Let S: X — X be a convex operator. Then, the function

R\ {0} - X, hHS(x+hhy)—Sx
is increasing for all z,y € X. Hence, for all z € X, the operators
. S(x+hy)— Sz S(x + hy) — Sz
! := inf ! = B.1
Sy (z)y := nf > and  S_(2)y sup . (B.1)
for y € X are well-defined with values in X since
hny) — — — hy,
S’ (z)y = inf S+ hny) = Su € X5 and S (z)y=sup Sz = S y) € —Xs
neN hn neN hn

for every sequence (hy,)y, in (0, 00) with h,, — 0. The following properties follow directly
from the definition.

Remark B.3. For all z,y € X one has
(i) SZ(x)y = =5 (z)(—y),
(ii) S_(z)y < S (2)y,

(iii) S’ (z)y = S" (z)y = Sy, if S is linear.

If S: X — X is a convex monotone operator which is continuous from above, then
by Lemma B.2 it has a unique convex monotone extension S: Xs — Xs which is
continuous from above. Therefore, S(x + hy) € X; for all y € X5 and h > 0. Hence,
S’ (x) extends to
S(z + hy) — Sx

h

S(x): X5 = X5, yr— }13;%
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for all z € X.

Lemma B.4. Let S: X — X be a convexr monotone operator which is continuous from
above. For every x € X, the mapping S’ (x) has the following properties:

(i) 4 (2)y < Sy for ally € X5,

(ii) S (x): X5 — X5 is convex and positive homogeneous,

(iii) S’ () is continuous from above,
)

w 1S (z)y, for all sequences (hy) in (0,00) and (yn) in Xs which
satzsfy h J0 and yn +y € Xs.

Proof. (i) For every y € X, one has S’ (z)y < S(z +y) — S(z) = Sz(y).

(ii) For € > 0, p € M, and X € [0, 1] there exists some h > 0 such that
B, @)+ (1 - NS (2)ye) + e

o M5+ hyr) — pS(@)

(iv

pS(x + hya) — pS(x)

. +(1-N) -
S(z+h(Ayr + (1 — A — uS(x
This shows that S, (x) is convex on Xs5. Moreoever, for A > 0 and y € X; it holds
S(z + Ahy) — Sz . S(z + Ahy) — Sz
! . o /
Sy (@)y) = fnf h = Akl < ) = A5 @)y

(iii) For every v, | y one has

) e S+ hyy)—S) . .S+ hy)—S(x)
! _ .
inf 5 (x)yn = Inf inf h = h

= S ()y.

(iv) Fix € > 0, and p € M. By definition of S, and continuity from above of S,
there exist ng, mg € N such that

S hnoy) — pS
S (2)y + 2 > P (@ + hnoy) — T L.
Png
> MS($+hnoymo) — MS:C > ,U/S(x'i‘hnﬂynl) — MS'T

- Pong - P,

for ny := ng V mg. This shows that %ﬁ”)_&t 1S (z)y. O
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