A note on quadratic forms of
stationary functional time
series under mild conditions

Anne van Delft

Nr.18/2019

SFB
823

o
%
O
-
»
Ly
O
-
=
Q)
=
@
-







arXiv:1905.13186v1 [math.ST] 30 May 2019

A note on quadratic forms of stationary functional time
series under mild conditions

Anne van Delft”

Ruhr-Universitat Bochum
Fakultat fiir Mathematik
44780 Bochum, Germany

May 31, 2019

Abstract

We study the distributional properties of a quadratic form of a stationary functional time
series under mild moment conditions. As an important application, we obtain consistency
rates of estimators of spectral density operators and prove joint weak convergence to a vector
of complex Gaussian random operators. Weak convergence is established based on an ap-
proximation of the form via transforms of Hilbert-valued martingale difference sequences.
As a side-result, the distributional properties of the long-run covariance operator are estab-
lished.
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1 Introduction

The subject of this paper are quadratic forms of a stationary time series (X; : t € Z) with paths in
some function space H. From a technical perspective, we shall adhere to existing literature and
assume H is a separable Hilbert space. Each realization is therefore a function. Such Functional
time series are of growing interest due to the fact that many processes are almost continuously
measured on their domain of definition. Consequently, the number of realizations can be sub-
stantially smaller than the intrinsic variation of the process and inference methods must take
this into account. While quadratic forms of Euclidean-valued random variables have received
considerable attention and have been studied under various dependence conditions [see i.a.
18, 124,120, 11,130, 21, and references therein], this is not so much the case for quadratic forms of
functional-valued random variables. Yet, they do arise naturally in a variety of inference prob-
lems. A quadratic form statistic of a functional time series can be given by

T
2r=) Op(X;2X,) (1)
s, t=1

where (@71 s}1,se1,..., 73 defines a sequence of bounded linear operators which will vary depend-
ing on the application. Important applications in which statistics of the form (I) arise, are those
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that concern the consistent estimation of the second-order characteristics of the process (or re-
lated operators). This is especially relevant in functional data because the smoothness proper-
ties of the random functions are encoded in the second-order structure and are key in obtaining
optimal finite-dimensional representations. For example, if we denote I;¢p the identity opera-
tor on the tensor product space H ® H, then the specification @7 = %1 s=tIgep trivially yields
the sample covariance operator. In the case of i.i.d. functional data, this object captures the full
second-order structure and its eigen decomposition plays a central role in the extraction to finite
dimension of the process’s properties, e.g., via the Karhunen-Loéve representation if H = L?. Not
surprisingly, the sample covariance operator received considerable attention in the correspond-
ing line of literature [e.g.,[11,/7,[28] but also in case of linear processes [see among others|3, 8,15,
and references therein]. However, when there is serial correlation between observations the co-
variance operator clearly does not capture the full dynamics. For dependent functional data, a
more meaningful object is therefore the spectral density operator

1 .
FW = D Che ™M e (-m, 7 )
hez

where C, is the h-lag covariance operator of the process X. As an estimator of ™ for a process

X with mean function g, one can consider

. 1 & ;
FW=— % wbr-)e"" (X;-we (X, —w), Ae(-m,m]
277"Ts,t:1‘ V g

Pims

which simply corresponds to the quadratic form in (I) with <D(TMt =271 Tgb(TMt_ JHen. Here w(-)
is an even, bounded function on R that is continuous at zero and by is a bandwidth parameter
converging to zero at a rate such that by T — oo as the sample size T tends to infinity. The prop-
erties of this estimator and its relation to the smoothed periodogram operator are discussed in
detail in Section 4l For A = 0, 27.%© is an estimator of the long-run covariance operator. Be-
cause it arises as the limiting covariance operator of the sample mean function, properties of
the long-run covariance operator have been studied in several contexts within the framework of
Lh -approximability [see e.g.,!16,13].

Frequency domain analysis of functional time series, i.e., the case A # 0, has received con-
siderably less attention than time domain analysis. Yet, not only does frequency domain anal-
ysis and hence the spectral density operator arise in various applications in a natural manner
such as in high-resolution medical data or biology, it captures moreover the full second order
dynamics of dependent functional data. It can therefore be seen to take on a similar role for de-
pendent functional data as the covariance operator takes on in the case of i.i.d. functional data.
In fact, it allows to extract the uncountably infinite variation to a countably infinite space in
an optimal manner via a dynamic Karhunen-Loéve representation provided the function space
is sufficiently smooth. Moreover, frequency domain based inference methods enable powerful
nonparametric tools for hypothesis testing. Because of its relevance for dependent functional
data, estimators of Z™W in the context of L}, -dependence as well as under functional cumulant-
mixing conditions were introduced earlier this decade. Under L}, approximability, [12] consid-
ered dynamic principal components for stationary functional time series and obtained a consis-
tency result for a lag window estimator. Under cumulant-mixing conditions, [25] derived con-
sistency and asymptotic normality of a smoothed periodogram operator estimator. Estimation
and distributional properties of an estimator for a time-varying spectral density operator were
derived in [9], who introduced a framework for locally stationary functional time series. Note



that all of the aforementioned estimators can be written in the form (I). It is worth mentioning
that these works have paved the way for frequency domain-based inference of functional time
series, leading to an upsurge in the available literature in the past few years [see e.g.114,122,[27,/10,
for some recent works and references therein].

Cumulant tensors and spectral cumulant tensors can be shown to form Fourier pairs, pro-
vided appropriate summability conditions are satisfied. The consideration of functional cumu-
lant mixing conditions as in [25] can therefore to some extent be seen to provide a natural frame-
work for the derivation of sampling properties. Yet, the central limit theorem and consistency
result as derived in [25] rely on existence of all moments and summability conditions of the
cumulant tensors. In certain applications such required summability conditions might be too
strong and worthwhile to be relaxed. To the author’s knowledge, there is currently no CLT avail-
able under L?,-dependence and the consistency rate available in this setting [12] is sub-optimal
compared to the one derived under cumulant mixing conditions in [25].

Broadly speaking, the aim of this paper is therefore twofold. We wish to derive a general cen-
tral limit theorem for quadratic forms of stationary functional time series under sharp moment
conditions. At the same time, we aim to obtain the best possible convergence and consistency
rates for the aforementioned applications. It is worth mentioning that our conditions on the
dependence structure are also weaker than those considered within the L},-dependence frame-
work. Underlying our approach is an approximation of the quadratic form with a Hilbertian-
valued martingale process. To construct this process, we shall use a martingale approximation
of the quadratic form. The idea to approximate a normalized partial sum process via a related
martingale process was first put forward by [17]. [31] introduced this approach to derive distri-
butional properties of the Discrete Fourier transform (DFT) of a Euclidean-valued ergodic time
series. The latter has since then been applied in a variety of problems [see e.g., 126,30, 23]. In
[6], the result of [31] and [26] was generalized to a CLT of the discrete Fourier transform of a
Hilbertian-valued time series.

The structure of this note is as follows. In we introduce necessary notation and
conditions. In[Section 3| we explain the approach in more detail and provide a joint central limit
theorem for a set of quadratic forms as in (I). In we focus on the estimation of the
spectral density operator and long-run covariance as particular applications. More specifically,
a consistency rate and distributional properties are established. Various technical results and
proofs are relegated to the Appendix.

2 Framework

Let (O, «/,P) be a probability space and (T, %8, 1) a o-finite measure space. For a separable Ba-
nach space (B, | - || g) with dual B’ we denote the space LZ(T , 98, 1) the space of p-th integrable
B-valued functions equiped with norm |- ||z, = (/|- |Pdu(t)'P. We call a function f:Q — B
o/ -measurable if, for all E € %(T), f~'(E) € «. A function is strongly «/-measurable if and
only if for all x’' € B/, the function (f,x’) is «/-measurable, i.e., if it is the pointwise limit of -
measurable simple functions. A B-valued random element X over (2, «/,P) is then a strongly
measurable function X : (Q,</,P) — B. We denote X € ffg if | Xlp,p := ([EIIXllg)”p < oo . For
Xe€ xé (Q,«/,P) and «, a sub-algebra of </, we define the conditional expectation E[-|</,] :
L Q, o, P) — L5(Q, ,,P) to be the mapping such that

f[E[deo]d[P’:fXd[P A€o,
A A



where the expectations should all be understood in the sense of a Bochner integral. Note that
classical properties of conditional expectation remain valid in the context of separable Banach
spaces. Observe that ,%g is a Banach space w.r.t. the norm || X||g,, and for p = 2 it is a Hilbert
space consisting of B-valued random variables X with finite second moment. Troughout this
paper, we will focus on Hilbert-valued random variables and denote the corresponding space by
xfl and its norm by || X[y . For elements of H, we shall denote the inner product by -, -) and the
induced norm by || - [|z. We let H; ® H, denote the Hilbert tensor product of the Hilbert spaces
(Hj, (%) j) j=1,2. This Hilbert space can be constructed from the algebraic tensor product H; ® ;¢
H together with a bilinear map vy : Hy x Hy — Hj ® 4y H> that satisfies (y(x1, x2), w(y1,y2)) =
(X1, X2)1{¥1, ¥2)2 for x1,y1 € Hy and x», y» € H, and then taking the completion with respect to
the induced norm [see e.g., (19, for details].

Furthermore, we require some terminology for operators acting on H. Firstly, denote by
Seo(H) the Banach space of bounded linear operators A: H — H equipped with the operator
norm |[|Allee = SUP| g <1 lAgllz, g € H. Let {y;}i>1 be an arbitrary orthonormal basis of H and At
denote the adjoint of A. An operator A is called self-adjoint if (Af, g) = (f,ATg) = (f, Ag) for
all f, g € H and non-negative definite if (Ag, g) = 0 for all g€ H. For A, B,C € So(H) we define
the kronecker product as (A®B)C = ACB', while the transpose Kronecker product is given by
(A&1B)C = (ABB)C .

A compact operator A: H — H belongs to the class of Hilbert-Schmidt operators, denoted by
S»(H), if it has finite Hilbert-schmidt norm which is defined as [IAll, := (X2, lA(x)15)1/2. If A
has finite-trass class norm, where the norm is given by [All; = ¥, ((AAN ) (x:), x:), we say A
is trace-class and denote A € S;(H). The space (S2(H), [Ill2) is a Hilbert space with inner product
(A,B)g = Tr(ABT) = 22 (A(xi), B(xi)), A, B € So(H). For f,g,v € H, define the tensor product
f®g: H® H— H as the bounded linear operator (f ® g)v =(v,g)f. The mapping 9 : H® H —
S2(H) defined by the linear extension of 7 (f ® g) = f ® g is an isometric isomorphism. For two
zero-mean elements X, Y € fffl, the cross- covariance operator is given by Cov(X,Y) =E(X®Y)
and belongs to S;(H). We note in particular that || X ”ﬁn,z = Tr(var(X ® X)). For a filtration {¥;} of
sub o-algebras of ¢, we shall make extensive use of projection operators defined by

Py =E[|9k] —E[|9k-1], keZ
which are linear operators on ff}{ and are strongly orthogonal elements in £2, i.e.,
Cov(Pi(X1),Pj(X2)) = Oy VX1, Xo€ L5and k# jeZ.

Finally, we let =y indicate convergence in distribution as N — co, where N € N.

3 Main result

Throughout this article, we are interested in weakly stationary functional time series {X;: t € Z}
taking values in ffé. In particular this means that the mean EX; = u and the k-lag covariance
operator Cj, are invariant under translations in time, i.e, Cj, = E(X}, — p) ® (Xo — ). Without loss
of generality, we shall assume throughout this article that the data are centered. When the mean
is unknown one can consider centering the data by subtracting the sample mean function (see
Remark[4.T). Furthermore, we assume the process admits a representation of the form

Xt:g(etret—lr---r)

where {€; : t € Z} is ani.i.d. sequence of elements in some normed vector space Sand g: S — H
ismeasurable. Functional processes with such representation are widely applicable and allow for



example for nonlinear dynamics[e.g.,[13]. It is clear from this representation that X is stationary
and ergodic and we can consider the filtration ¢; = o (€;,€;-1,...). Moreover, it is straightforward
to show that a stationary ergodic process can be written as

h
Xp= ), Pj(Xp) 3)

j=—o0

where the equality holds in ,%12{. Note that {P;(X)} form a martingale difference sequence with
respect to the backward filtration of o-algebras {¢_; : j > 0}. In order to formulate conditions on
the dependence structure we consider a generalized version of the physical dependence mea-
sure of [32]. More specifically, let {¢/, : ¢ € Z} be an independent copy of {¢; : t € Z} defined on
(Q,of,P). Foraset Ic Z,let9, ;=0 1,€1-1,1,...) Wheree, ;=€,if te Tand e;; =€, if t ¢  and
as a measure of dependence define

Vi, p(Xe) = 1 X — E[X¢ |9, 0] I, p
Additionally we define the m-dependent process
Xt(m) =P -mX: =E[Xilo(€r,€0-1,. .. €0—m)].
The following summarizes the assumption on the dependence structure made throughout this
paper.
Assumption 3.1. Let{X;: t € Z} be a centered stationary functional time series in xfl such that
(e,
Y v p(Xj) <oco @)
j=0
with p = 4.

Observe that[Assumption 3.1]is weaker than L} -dependence. More specifically, L} -dependence
would correspond to the condition Z"nj’zo 1 X;— X;m) l,p < co. Additionally, note that by Jensen’s
inequality and the contraction property of the conditional expectation that

IPo(X) Ml = NELX; — ELX¢ 1%, 1011%G0] st p < Vi p (Xo).

Hence, under condition (4) we have Z‘]?O o 1Po(X ) lIp,p < oo

The assumption {X;: t € Z} € x;%, ensures a finite second-order structure of a random ele-
ment of the form X; ® X;. Note that the latter can be viewed as a random element of S, (H), i.e.,
it is a measurable mapping from (Q, &) into (S2(H),28) and thus X; ® X € 2822 - Existence of
a limit of the quadratic form in (I) requires conditions on both the weight sequence as well as
on the dependence structure. To elaborate on the latter, the condition in (4) has two implica-
tions (Proposition [3.1]and Proposition [3.2] resp.), which we shall require in order to derive dis-
tributional properties of the quadratic form. Denote the functional Discrete Fourier Transform

(fDFT) of the stationary process X by

1 & :
@(/D - X e—lAl" (5)
T vanT ;’1 !

The second-order structure of this object —if well-defined— provides information on how the vari-
ation that is contained in the process is distributed over frequencies and can be viewed as an es-
timator of a Hilbertian-valued orthogonal increment process|see (10, for necessary conditions].
Provided the memory of the process decays fast enough, its limiting variance is given by the spec-
tral density operator in 2). Assumption[3.Ilwith p = 2 provides sufficiently fast decay in memory
for this to be the case.



Proposition 3.1. Under Assumption31lwithp =2, Y ;<7 |IChll2 < oo and

lim Var@W) = 7Y

T—o0
exists as a non-negative definite Hermitian element of Sy (H).

Proof of Proposition[3.1l. We obtain by orthogonality of the projections, stationarity and Jensen’s
inequality

0 h
chhmz P3PS tE|||Po(Xh per || =X 3 VEIRKpIZEIP I
=0j h=0 j=-o00
(Z IPo(X)llu-uz) <(ZV[H]2(XI)) <00
j=0 j=0

and similarly for # < 0. Hence, &, = % Y hez Che‘ih’l converges in norm || ||, for all A € (-, 7].
It follows that W is a non-negative definite, Hermitian S (H)-valued density function over fre-
quencies that satisfies C, = [*, FW el d [e.g.,[10, Thm 3.7]. Moreover, from the dominated

convergence theorem one obtains

lim Var@W) = lim Y a- —)[E(Xh ®Xp)e M=gW Le(-xnl. (6)

T—oo
O

Hence, (@) exists as a limit of Césaro averages of {Cy, e " [ e 7} in S, (H). Without stronger
assumptions, such as summability conditions, the derivation of several distributional properties
of the quadratic form in (I) do not appear obvious. Yet[Assumption 3.1]allows to proceed via an
approximating Sy (H)-valued random process. Underlying this approximation is the following
process

1 L .
W . Z (m)y —itA
Dm,k,T'_ Tn- a Pk(Xt+k)e . (7)

The second-order structure of (7) is closely related to that of 92 X but moreover has several useful
properties that we shall make extensive use of.

Proposition 3.2. Under the conditions of[Assumption 3.1 with p = 4, we have for all A € (—m, 7],

(i) The process Diﬁ?k = Diﬁ?km forms a m-dependent stationary martingale difference sequence
with respect to the filtration {9y} in fffl.

(i) The process {Dg?O,T}Tzl is Cauchy in fffl with limit
D(/U Z P (X )e—ltﬂ,
=0

and the process {DM 01 ® DOo o,r}r=1) is Cauchy in £ s (mp) With limitD(()M ® DW.
(i) 1im 0 im 7o Tr (T jia(Var(DSy)y )&Var(Din 1)) = lim o Tr (i jua (75 8757 |
=Tr (H,’jkl(gm)@g(m)) < oo0.



Here, I1; jx; denote the permutation operator on ®;¥:1H that permutes the components of
a tensor product of simple tensors according to the permutation (1,2,3,4) — (i, j, k, 1), that is,
IT; k(X1 ® - ® x4) = (x; ® - ® x;). The details of the proof can be found in[Appendix Al For fixed
m and p = 2, the first statement is almost immediate from the properties of the projection op-
erators which form martingale difference sequences with respect to {¢4;} and the fact that the
process {X;m)} is m-dependent. For p = 4, the proof of the above statements require extensions
of inequalities such as Burkholder’s inequality for linear transforms of Hilbert-valued martina-
gles; see The Cauchy property will be necessary to verify several aspects of the dis-
tributional properties, including verification of tightness on the function space of the quadratic
form. Proposition [B.2[iii) shows in particular that the iterated limit in T and m, resp, of a cer-
tain functional of the variance operators of the family of martingale processes {D%,)O,T}Tzl’ m=1
converge to that of the corresponding functional of ZW, i.e. of the limiting variance operators
of the fDFT, and that this functional is finite.

Next, we require the following conditions on the sequence of weight operators. We assume
that we have a representation @7 ; = (¢r15,,® ), where ¢r ¢ € Soo(H) such that @p g, = (DTT’ st
Observe that this is an operator in S, (S2 (H)) with the property

(@151 (Xs® Xp) = P50 (Xs) ® Iip(Xy) = (P50 1) (X5 ® Xp) = [(Xy) ® (,b-;’s’t(Xt) (8)

Note that the identity operator can be replaced with any arbitrary bounded linear operator By €
Seo(H). Additionally, we require a few technical conditions ensuring that the the weights are
“well-behaved”, i.e., the quadratic form exists as a well-defined random element of S,(H) for
which no degenerate (non-Gaussian) limiting distributions can arise.

Assumption 3.2 (Conditions on ¢ : Z x Z — So(H)). Let T e N and A € (—m,n]. Let Aty :Z —

Seo(H) be a continuous mapping such that At = Ar—;,Vte€ Z and setd)(fut = AreM. Denote

T T T
D7 =Y Y lpr,—sliZ and 0% := Y lipr, .
t=1

t=1s=1

We assume,
@) T4 = O(IPrlIZ);
(ii) max;<;=7llPr,lZ, = maxi<;<7llAz I3, = 0(0%);

(i) ¥\ WAz — Ar,i-1l1Z, = 0(0%);

(i) TITINEL , brs @ dlIZ, = o(lDrII%).

Note that the first condition simply ensures a balance in order, i.e., the left-hand side of the
same order as the total sum of weights operator when the latter is a functional-valued opera-
tor on Z x Z. Together with the second, this means the norm of none of the individual weight
contributions dominates the order of the variance. The third condition ensures a “smooth” con-
tribution of each component @7 ;(X; ® X7) to the total mass of the quadratic form. The fourth
condition is required to ensure that, as the overlap of the two bivariate operator-valued functions
over Z x Z gets smaller, the contribution to the total mass must become negligible. Observe that
for the examples mentioned in the introduction where gb(TMt are scalar-valued, the norms |||l
can be replaced by | -|. Condition (iv) on the kernel then simply means a bandwidth parame-
ter br << 1 must ensure a local smoothing occurs. As will become clear in the next section, it



predictably excludes that the periodogram operator without smoothing can provide an asymp-
totically Gaussian consistent estimator of the spectral density operator. Many different weight
functions used for the consistent estimation of %" will satisfy the above conditions, including
the common choice of a bounded piecewise continous lag window function with compact sup-
port, provided the bandwidth parameter ensures condition (iv) holds true (see[Section 4).

In order to derive the properties of the quadratic form, a natural and common approach is to
decompose 27 into off-diagonal elements and diagonal elements as follows

T t-1 T t— +
ZZ@?H(Xs@XtH(Z Z@?N(wat)) + Y Or(X ®X). ©)
t=2s=1 t=2s=1 1<t<T

The main ingredient to the proof is to use that the off-diagonal elements, after centering around
their mean, can be approximated by the process

=y Z off) (D @ DLL) (10
1=2s=

where the functionals D%?t are defined via (7) in Proposition B.2[(i). The intuition is therefore
similar in spirit to the strategy applied in the Euclidean setting [see e.g.,[23,30]. We emphasize
that the aim of this paper is not the same nor can the weak convergence result in our paper be
seen as a trivial extension of these works. We aim to derive consistency rates and joint distri-
butional convergence of a set of operators where the quadratic form is very general, consisting
of operator-valued weight operators of a Hilbertian-valued stochastic process. The derivation of
the operator approximations and of the distributional properties, including the verification of
tightness on the function space, are therefore far more involved. The convenient properties of
) are given in the next statement.

Proposition 3.3. Letﬂ -+, as defined in (I0). Under[Assumption 3.1 with p = 4 and fixed m, the

process
1,
{loriz'a )

is a martingale process in $S (i) With respect to the ﬁltratzon {91} for all fixed A € (—m, ).

Proof of Proposition[3.3. Itis immediate that .4 ;Ar)n is adapted to the filtation ¢47. Secondly, from
the properties of the operators {® 1 ;}, we can write

T t— t—1
A _ A W) A A 1) )
'/%T,m_tZZZ(DTst(D ®D ) ZD (Zi¢TstD )
=2s=1 S=

From Proposition [3.2(i), D%?t forms a stationary martingale difference sequence in £}, with re-
spect to ;. Hence, using orthogonality of the increments and by

B, 13 < Z o5 ®( ?ﬁ,tD%?s)

A A A
< IDY 12 L IDW 1, Z Z|||¢(T;tn|§o

Noting thatZ Z; }III(/)TS t|||2 ~ 1/2|||<I>T|||F , we obtain |||<DT|||F1[E||L/% |||2 < oo. Finally, observe
that

e[, ®( > o DD, | <[ D19, ] o Z(p” D)= 0n

where we used that Zt (:;2 th,’}?s is ¢¥;_;-measurable and that D%?t is a H-valued martingale

with respect to ;. The result now follows. O



The following theorem states the distributional properties of the quadratic form.

Theorem 3.1 (asymptotic normality of Q’Tl). Let{X;} be a random sequence with paths in a sepa-
rable Hilbert space H for which assumption 3.1) holds with p = 4 and suppose that the sequence

(@1} satisfies[Assumption 3.2 Then the quadratic form in (I) satisfies
~1/2 57 57
(orlE) (27 —E27) 1,

a= (Q/lj)jzl,...,d

yeory

where, 24, j =1,...,d are jointly complex Gaussian elements of So(H)

R(2M) o On) 1
s@ (S xS (H) || 0, ) 2

RT+2) %(—F+Z)))
ST+%) RT-3)))

The (i, j)-th element of the covariance operator is given by

Ty =i £ 472 (FNEF N 410, F W8 7™)
and of the pseudocovariance operator by

i =1 £ A))4n? (1{0,,,}9“]')59%) + FM) éTfJW),
and wheren(x) =1 for x =2nz,z € Z and zero otherwise.

In particular,for distinct frequencies A11,...,44 € [0,7], T and X are d x d diagonal matrices
with S;(H ® H)-valued components and hence for such choice of frequencies, the components
of (2%) j=1,..,q are asymptically independent.

Proof ofiTheorem 3.1 We consider the sequence of processes {¢%: T € N} where

-1/2 - A
&L= (k2 (2L k2.

Observe that {¢ % : T e N} is a measurable stochastic processes with sample paths in the Hilbert
space S (H). We shall verify the following two conditions to show weak convergence on S, (H)
[seee.g., 2]

Lemma 3.1 (weak convergence). Let {{1: T € N} be a stochastic process with sample paths in a
separable Hilbert space. If the following two conditions are satisfied
i) The finite dimensional distributions of £ T converge to those of ¢ a.e.;

ii) The family of laws & := (Pr)ren of {1 : T € N} is tight.
then, {r=>7¢.

First we derive that, forall m =1, {1, =1 &, where ¢, defines a zero-mean Gaussian ele-
ment of S»(H) and where the double indexed process is given by

-1/2
&b = (0l ™ ), + )R

with ./%;/1’11 as in (I0). By Proposition B.3] for every fixed m, .4 D s a martingale process in

T,m
ffi ) (Q, of,P) with respect to the filtration {¢7}. Note the same holds for '/%;(31) Let (x;);>1 be
an orthonormal basis of H. Then (x; ), := (x; ® x1);,r defines an orthonormal basis of H® H
and denote
1m0 = o 1)

for any H ® H. The result below shows that, for a finite set of frequencies, the finite-dimensional
distributions of ¢ % , for fixed m converge jointly to those of ¢ %1 as T — oo, where these are
asymptotically independent at distinct frequencies.



Theorem 3.2. Suppose the conditions of|Theorem 3.1| hold. Then, for a finite set of distinct fre-
quencies Ay,...,Aq € [0,7], forallNm =1 and any xi,i, € H® H, we have

where
Aj ;) (A5 A1) A5
Tt Oy) =472 (0 Q1) Fon” ) + Vo (T’ i) Fn” () (an

and
A 7h) ) () 7h)
Zm Q) 24”2(1{0,7:}(9;11] W) Fm” Q1)) +Fn” Q) F’ (lel}))

whereff ) () = ([E(Dmo ®Dm0))()(l r)-

The proof is tedious and relegated to[Appendix B} Next, we show that Vm = 1, (¢}, T = 1}
is tight. In order to verify tightness we shall use the following result, which is a particular case
of [29, Theorem 3] who considers tightness criteria for more general Schauder decomposable
Banach spaces.

Lemma 3.2 (tightness on a separable Hilbert space). Let (y;) be an orthonormal basis of H® H.
A family of probability measures 2 := (P) ren 0n So(H) is tight if and only if

) Vk=1: limh_,oosupTlPT{xESg(H):Zl,lr<k|(x,)(”r>|2>h}):
ii) Ve >0: Timg_oosupyPr({xe So(H): Ty pprsi 6 x> e} =

In order to verify the first condition, note that, since k is fixed,

hm sup[P’( Z I(me,)(lmI >h) Z lim sup[P’(I(ETm,XII/)I >h)
h—oo 7 72k 1<k —o

and hence the first condition is implied by

VLI'z1: lim suplP(Kme,Xllr)l >h)=0 (12)

for which we moreover have
P(16e o 21 > 1) < P(REE, o 1 ))? > 112) + P(SUET, 0 2002 > B12).

Since the real and imaginary part of the random variables (g"}'m, X1y converge to real-valued
random variables by Theorem 3.2} the corresponding sequence of probability measures is tight
on (R,%). (I8) therefore follows from the continuous mapping theorem. In order to verify the
second condition of[Lemma 3.2 note that by Markov’s inequality it suffices to prove that

lim sup Y EI&), p)* =0. (13)
k=co 1y pivrsk

Firstly, observe that [Elfﬁ”(l//ll'ﬂz =0 and (Var(g‘%)(w”r),(w”r» > 0. Note then from (I1),
that, forany y;p e H® H,as T — oo

Lim EIE5, 7 ran)l? =T, (var) = Var(@, (i) < oo, (14)

10



Together with Parseval’s identity the monotone convergence and by definition of the (transpose)
Kronecker tensor product, Theorem 3.2limplies

[&°]
Lim (€7, I13] = 2 Jim E[1§7, W) P?]

Mg =

4m? (9,(,’}) (Wll)g;%) (Wpp)+1pom (9,%) (Wll’)g,%) (Wll’)))
1

4

:
=am? e (ZP8F) )+ Tr (Lio.m (F P ETFY) ) = Bl 13

m

~

From Proposition [3.2(iii.) we obtain immediately that
EIE 7,15 = Tr(Var(&;,) < oo. (15)

Consequently, we can choose an € > 0 such that for all k = kg

I Tr(Var@Ep) = Y. ((Var@r)) ), win))l <e.

I+1'<ky

From the pointwise convergence (I4) and from the sequence convergence in (I5), we obtain

lim [E|£Am,T(w”r)|2:Tlim(Z EIEh, c 2= Y EIEh, pyun) )

T=00y 15 1=ky —oo N T 1+T <k

=Tr(Var€p) - Y. (VarE ) @), wi)).

l+l’<k0

In other words, there must exist a Ty such that for all T = T, and k = kg

EI D, 7115 = Y EIEN rpu)lPl<e.
+1l'<k

Moreover, we can choose a k = kg such thatforall 1 < T < Ty,

EIES, 75— Y EIEh pw)l <e.
I+I'<k

(I3) now follows by taking max(k, k). Therefore, we have established both conditions of Lemma 3.1}
and thus ¢ % m =TS % Next, we will show that ¢ % =, 91 where 2 denotes the limiting pro-
cess given in[Theorem 3.1l We again verify the conditions of[Lemma 3.1l From[Theorem 3.2land
Proposition[B.2[iii.), we find

. A2 . 2 N = (A )= A
lim Elle, 113 = lim 47 Tr(FP8F) + 1o (F 81F))
=422 Tr(FVBFD + 19,1 (F V815 D)) = ENSMI3 < co. (16)

Recall then that [Theorem 3.2 shows that for fixed m, &2, (y), for any y € H® H is a zero mean
complex-valued Gaussian random variable. Hence &2, (y) =, 2*(y) if we can show that the
covariance structure satisfies

Jim T () = C0r) an
n%i_)ngozm()(ll’) =Z(xw)

11



where T' and X are the covariance and pseudocovariance operator given in [Theorem 3.1l This
however follows immediately from (I6). Hence, &, (y;11) = m 2 (x;1) showing the finite-dimensional
distributions converge. Similar to (I8) this implies that

VLI'=1: Jim supP(|&h, x> h) =o. (18)

h—oco m

Hence, condition[Lemma 3.2[(i) is satisfied. The tightness condition [Lemma 3.2lii) is satisfied if

lim sup Y Elép(ywu)?=0. (19)
k—oo m 1{i>k
From the pointwise convergence (I7) and the convergence of as m — oo, this now however
follows similarly to the proof of (I9). Altogether, this establishes ¢} =1 &} =, 2%, Finally, it

remains to show & % =1 9 for which we make use of the following lemma.

Lemma 3.3. Under the conditions of(Theorem 3.1

=0. (20)

lim limsup 60"
2

m—oo r_ [I[®rllF

The proof can be found in Since S»(H) is a complete metric space, let F be a
closed set of S, (H) and fixe > 0. Then,

A S ) t(A)
”‘QT - [E‘QT _‘/%T,m _‘/%T,m

P} € F) sP(IEY, — Xl =€) + P(¢,, € (x:lix—yll2 <€,y € F})
and since by the weak convergence of ¢ %m =>7é Am =, 24 we have

lim limsupP(¢7,, € (x:llx—yllz se,y € F}) <P(2" € {x:llx— yll2 <,y € F}).

T—o0
Using then[Lemma 3.3] Markov’s inequality yields

limsupP(Er e F) <P(@1 e (x:llx—ylla <€,y € F}),

T—o0

so that taking € — 0, completes the proof. O

4 Estimation of the spectral density operator

In this section we focus on the application of the above theorem to estimate the spectral density
operator

1 .
g(/l) - Z Che—l/lh.
2m heZ

Proofs of the statements in this section are postponed to It is well-known that un-
der various conditions [see e.g., [12, [25] an asymptotically unbiased estimator is given by the
periodogram operator

It =20 D)
where QZ% are the fDFT of X given in[Section 2] Note that, by construction, this operator is her-
mitian, non-negative definite and 1 — f{} is 2m-periodic. From (6), we can immediately con-
clude that, under the stated conditions, the periodogram operator is indeed an asymptotically

12



unbiased estimator of ™. It can however never be consistent because it is based upon one fre-
quency observation. A consistent estimator of the spectral density operator can be obtained via
smoothing the operator-valued function A — J:,@ over neighboring frequency ordinates, i.e., via
convolving the periodogram operator with a window function K. For example, it is very common
to consider an estimator of the form

(o8} —
ﬁ*%if k(2 Mot eztan, (21)
br J- br

where K : R — R, is assumed to be an even, non-negative weight function that is integrable. Un-
der[Assumption 3.IJwith p = 4, itisimmediate from an application of Cauchy-Schwarz inequality
and[LemmaA.2(i) that sup, [.#7]ls, 2 = O(1) uniformly in T. By Holder’s inequality, @) therefore
exists as en element of ||-||s,,2. In order to exploit the results from the previous section, we how-
ever require the estimator can be formulated in terms of a quadratic form. As remarked in the
introduction, we consider

4 1 I )
——T Z ((Xs— & (Xe — ) wibr(t—s))e® = (22)

Note that ¢ = ;1> 2% with @7, = =% sy e = wbr(t - $))e?=9 [0 1 thus yields the rep-
resentation in terms of the quadratic form introduced in the previous section. Provided w(-) and
K () form Fourier pairs, there is a clear connection between and (2I). Namely, a change of
variables gives

A

o0
fﬁ‘”_if K(
—00

T .
f K(x) —1(w+be)(s—t) (Xs ® Xt) dx

“’b )2t 0 DAdA = f K022 dx
T

. o0 i
2 T Z (XS®Xt)e—1w(s—t)f K(x)elbe(t—s)dx
n s, t=1 —

1
X X b t 1w l’ S
ZHT”ZI( ® X )w(br(t—s))e

where the equality is with respect to ||-||s, 2. In order to verify consistency and asymptotic nor-
mality, we shall require the following assumptions on the weight function w(-) in 22).

Assumption 4.1. Let w be an even, bounded function on R withlim,_o w(x) = 1 that is contin-
uous except at a finite number of points. Furthermore, suppose thatlimy_obY .7 w?(bh) = x
wherex := [ w?(x)dx < oo such that supy <1 b ¥ j= 1 w>(bh) — 0 as M — oo.

Observe that these are rather mild conditions for window functions and includes a wide
range of common choices [see e.g.|5]. Under these conditions we can obtain consistency in
mean square of the spectral density operator.

Theorem 4.1. Suppose[Assumption 3.1 with p = 4 and[Assumption 4.1 are satisfied. Then,
(i) supjeo.n [EIILOJA?% —gllllg — 0 ifbr — 0as T — oo such that by T — co.

(i) If, in addition, Y pe7 hllPo(Xp) llj,2 < oo andlimy_g|w(x) — 1| = O(x), then
o 1
A A2 2
EllFs —F 5 = O(—bTT +b7)

uniformlyin A € [0, ].
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Note that Theorem 4.1] does not rely on a martingale approximation to exist but relies on
the ergodicity properties of the underlying process. Without loss of generality, we can restrict
to the interval [0, 7] since the mappings A — 9:"% and 1 — 9:,4 are even and 2r-periodic. Under
[Assumption 3.T|with p = 4 and[Assumption 4.1|we in fact obtain that sup ¢ (g » [EIIIFJ'AT%1 ~Eg? |||§ =
O(FIT)- It is however often of importance to obtain a specific rate of consistency and hence
additionally to be able to control the order of the bias in norm. As given in the second part of the
statement, this requires mild additional conditions on the smoothness of the process as well as
a smoothness condition of the weight function around 0.

Remark 4.1 (If the function p is unknown). In case the mean function p is unknown, we can
instead consider the estimator

FW = > (X - e (X — @) wbr(t - 5)et (23)

1 T
277"Ts,t:1

where (1 = %Z]TZI Xt denotes the sample mean function and which defines a random element
of H. We obtain the following error bound with the estimator in (22), which shows the results in
this section are not affected by centering the data using the sample mean.

Lemma 4.1. Suppose[Assumption 3.1\ with p = 4 is satisfied and[Assumption 4.1 holds. Then

sup ENFM —ZW)2 = 0((brT)7?).
A€[0,7]

More generally, if X € £%P, then | F™ — G0 Is,p=O0(brT)™ Y, p=1.

The next result is the joint distributional convergence of a set of estimators at distinct fre-
quencies to uncorrelated Gaussian elements of S, (H).

Theorem 4.2. Suppose[Assumption 3.1jwith p = 4 and[Assumption 4.1|are satisfied. Let A1,...,Aq €

[0, ] be distinct. Then, for by — 0 such thatbrT — oo as T — oo
VbrT(FY —EFY),_,

where FY,j = 1,...,d are zero-mean jointly independent complex Gaussian elements of S,(H),
with covariance operator

..........

Cov(gij,g/lj) _ ZHKz(gmj)@gmj) " l{oyn}gmj)ngmj))
and with pseudocovariance operator
Cov(§Y,54) =21 (1p  FVEF N + F WG 7).
If the conditions of[Theorem 4.1(ii) are also satisfied, then
Vbr T(FY _gij)j:h..,d =T (3/1j)j:1,...,d

Observe thatif A; € {0, 7}, then &V is real Gaussian. Finally, we obtain the following corollary
on the distributional properties of the estimator of the long run covariance operator.

Corollary 4.1. Under the conditions of(Theorem 4.2,
brT27(F - FO) =1 N5, 1m)(0,47°T?)

whereT'® = 27x? (g(o)ég(m +9(0)®79(0)).
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A Inequalities for H-valued martingales and linear transforms

Let H be a Hilbert space. For a probability space (Q, o/, %, P) and ¢ = {¥4,},>0 a nondecreasing
sequence of sub-o-fields of ¥, let {M;} € fffl be a martingale with respect to ¢4 and note that
we can write My, = }.7'_, D¢, where {D;} denotes its difference sequence. Additionally denote the
variable
Va(M) = 3 IDel3p'?)
k

which we call the square function of M. It was shown [4, theorem 3.1] that for H-valued martin-
gales, we have for1 < p <oo

(p* =D EIVODIMYP < ©IMIT)YP < (p* - DEIVM)IN)P (24)

where p* = max(p, %).
As a consequence we have the following lemma, which extends lemma 1 of [30].

.....

sequence and let {A k=1, n € Soo(H). Then, for g = min(2, p),

q n
<Ky Y AN Dl ,
H,p k=1

Y Ax(Dy)
k=1

where K, = (p* - 1)29P~V'P with p* = max(p, 557

Proof ofiLemuma A1l By Burkholder’s inequality (24)

(e )" < - 1)([E|(kf1 1acooiz) )"
P =

q

n n p
Y Ax(Dy) Y Ar(Dp)
k=1 k=1 H

and therefore by Minkowski’s inequality on the l; norm and consequently using that | Y || D || g|P <
2P Y L IDgN Y, for p > 1

2 p)q/p

(p*—l)([Ej(é1 1acooiz) )" < - (e

n /
Y ||Ak(Dk)||H'p)q ’
k=1
n
<t - l)zq(p—lw(m > 1Ak (Dx) IIZ)W
k=1

* dp-Dip( v P p\4'P
<(p*-1)2 (2 WAcNEEIDkI)
k=1

< (p* = D297 VP Y NAE I Dl ,
k

where the one before last inequality follows from Holder’s inequality for operators and where the
last inequality follows from subadditivity of the function (-)?/7 in case g/p < 1. O

Lemma A.2. Fort=1,...,n, let {X;} be a zero-mean stationary ergodic process in ffz and{A;} €
Soo(H). Then,

®

n n
q q q -- m |9 q q
3 AKX, = KINANT, Bpqor |2 XL < KEWAM By,

(iii)

n

q
> A= XM < KA Apgmen.
t=1 H.p 7

where Ap,qm =52, 5; , ; and lAnll] =TI AN
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Proof. Using (B) and[Lemma ATl (i) directly follows. For (ii), by stationarity

1P (XY, p = NELX (= j = Xo— 101D, t—myjor) I, p < Vi p (Xi— )

and therefore (ii) follows from (i). Finally, we can write X;— X" = ] Lem ELX G 1 -B[X¢ G j+1]
and we note that Dy, j := E[ X9, ;- j] —E[ X9} 1 j+1] for t=mn,...,1 defines a martingale with re-
spect to the backward filtration ¥(e;,...,€;), i = 0,— . (iii) now follows from noting by the

contraction property and stationarity

D¢, jlln,p = NEI(Xe = Xo ge- j)19e, - jlIm,p < (X = X - i) I p (25)
= 1(Xj = Xj 0Dl p = v, p (X)). (26)
O

Proof of Proposition[3.2 (i) It is clear that, since the process {X ;m)} is m-dependent, the D, \ are
m-dependent. Hence, we may write Dﬁw =Y Po(X"™)e "M, By orthogonality, Ell Dy, icll3; <
Y2, EllPo (XI5, < co. Next, observe that

t+k t+k

1 (e8]
ELD, k1] = —= Y EELXTDIG ~ELX IS 1G-le ™ =0
=0

by the properties of the conditional expectation.
(ii) Under[Assumption 3.1|with p = 4, we obtain from[Lemma A.T]

o0
ENDYY, ® DY I3 =EIDG 15, < (X I1Po(X"™) Iy )
=0
o0 o0 2
< (X IPo (X)) li5y.0)" = (X (v 4(Xp)" < oo
=0 =0

Secondly, observe that for all n;, n, € N such that n, = n;, we have using

) 1/2
-DW, AP =(IDY, DM ) = Z 1Po (X115 )

t=m+1

D(

EIDY o =

(€1DY

m,k,ny m,k,ny

from which it is clear that {D(/1 }{T>1} is Cauchy in ££4 Trivially, {D Yr=1; is therefore

m,k,T
Cauchy in £}, uniformly in m. To ease notation, let Y, := Dm Now observe that for all

niy,np € N,

k,n’

EllYy, ® Y, = Y, ® Yoy, 13 < 2El(Y, — Yir,) ® Vi, I3 + 2ENY3, @ (Vi — Y )I3
< 2E[| (Y, = Yo )51 Yoy 15 + 20 Yo, 15711 (Y, — Yo )15,
< 2N (Yn, = Y ) I HEN Y, 1130 + 2(EN Yoy 1HE (Y, — Y7 M2
<4(eN)'?

where we used, that since{Y}} is Cauchy in %% foralle > 0 there exist an N such that for ny, ny =
N, Ell(Yn, — Y|}, < € and E|| Y;,[|3, < N. Next we prove (iii). First we need to prove that

lim lim Tr(Var(D}), ;) =Tr(F ™) < oo (27)

m—o0 T—oo
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Recall that Tr(Var(D(’UO )= [EIID(MO T I2,, where the latter is finite uniformly in m and T since the

limit satisfies [EIID(()A II% < oo by property (ii). We shall therefore proceed similar to [26, [6]. By
stationarity and the integral of the complex exponential yielding the constraint t —s=h

i 1
f [E”D(wo T||291hwdw = gf [E(Z PO(X(m ), Z PO(X(m )ye it=s= no 7.,
- - t=0 s=0

= Z (Po(X™), Po(X{™))).
t=h

Since ¥_; € 9_;Vt = h, we remark that, for any m = 1, we have by the properties of the con-
32
ditional expectation that E[E[X{"|9_,9_,] = E[X;"™|9-,],Vt = h. Morevover, X" is ¢4_-

measurable. Therefore, we obtain by orthogonality of the projection operators and stationarity
that

[EZ<P0(X’")) Po(x™ )>—[E<ZP0(X“” ZPO(XS )
t=h =h s=h

= [E<Z P, EIX™ 191, Z P_gEX"19_ )
t=h s=h

. . . A) . . 2 . T (m) %12{
By ergodicity and from (ii), {D m.o, rhr=1is Cauchyin £5. Thus, limy_.oo ). ,_, P-(E[X; " 19-p]) =
2
[E[Xo(m)lié_h]) and limTﬁooZ;r _s(E[X m)l(ﬁ D¢ m) . Therefore, continuity of the inner prod-
uct yields

lim [ ZP (ELX™ G 0), Z P_EIX") 19 )

T—o0
— s=h

= [E<[E[X(§””|<§_h1), XUy = E(x§™, X"y = Te(C)),
where we used the tower property. Hence, lim7_o 5 /7, [EIID%,)O'TllfqeiMd/l = Tr(C;lm)). But this
holds in particular for m = oo, i.e., for the process lim,,_., X;" = X;. Now observe that the con-
ditions of the classical Féjer-Lebesgue theorem are satisfied and therefore

li¥1TrWar(@ N=lim ) 1- —)[E(Xh, Xpye " =g DY 12, = Tr(F W) < oo, (28)
h<T
where we used again property (ii) in order to obtain the finite trace. Let 2;, ;- denotes the func-
tional DFT of Xgm). Clearly, we have immediately from the above as well that

lim_lim Tr(Var(@y, ;) = lim EID)) I3 = lim ToF ) =Tr(FY) (29)

m—oo T—oo

where 27:9,(,’}) = Yin=mEX ;lm) ® X(()m))e‘ih’1 and where we applied the dominated convergence
theorem which is justified by (28). This proves (7). Consequently, non-negative definiteness
allows us to conclude that %, W ¢ Sy (H) forall m=1and any A € (—m, ]. Then, using the permu-
tation operator is a unitary operator, Holders’ inequality for operators yields

H

i (FPoF )| <Mkl @ 87 Vil <hF V1 = @IS 13)? <EIDIV I, < 00, (30)
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where we applied in the equality and Jensen’s inequality together with property (ii) in the
last inequality. From continuity of ®, IT and the dominated convergence theorem together with
(29), we obtain

lim lim Tr (I jVar(DYY) )@Var(DY) 1)) = Tr(ll; . F V87 M) < oo,

m—00 T—o00

B Joint convergence of finite-dimensional distributions of { % m

Proof oflTheorem 3.2 We recall that

-1/2

Epon = URTIE) ™ + 1),

.,¢7" ) are converging jointly to complex Gaussian elements of
S, (H). From Proposition 3.3} we know that ¢ /;jm define martingales in $§2 (@, P) with re-
spect to the filtration {¢47}. Below we shall prove convergence of the finite-dimensional distri-
butions via a martingale central limit theorem on the linear combinations. To make this pre-
cise, let U = {u,,...,uq,v1,...,vg € H}. For any u,v € H note that we can define the natural
filtration of the process {{(X;, u)}; over (Q, /,P) by {¢;(u)}. In the following, we let {4, (u;, v;)} =
o ({{Xs, uj), (X5, Vjd}t,5:25) to be the natural filtration over (Q, </, P) of the projected process pro-
cess {(X; ® X, Uj® Vj)s}y,5:=5. Correspondingly, denote P( D =E[|%o(uj, v —E[19_1(uj, v})]
the projection operator. More generally, let 4, (U) = a((th,u1>, oAXe Ua), .. »(Xtd_1»1/1> (X W)
forallt=#=...2t,5and Pé] the corresponding projection operator. Observe then that

We want to show that {&! T

1 @A) )
T (atrp, vy + iyl wp,vp).
defines a well-defined martingale process in ffé (Q, o/, P) with respect to the filtration {47 (u;, v;)}.
In order to derive joint convergence of the finite-dimensional distributions, it suffices to show,

using the Cramér-Wold device that, for any ay,...,a;€ Rand 1; + 1; #0 mod 27, the process

3 (A
”l(DTI” Z’ (<J%Tm(uf) Vi) + (M, ](uj),l/ﬂ)

converges to a zero-mean complex normal random variable with covariance

S 4T li), v = a1 Z a;(«F " W, v, F W+ Lom (F i’ W), v} T’ ), v)
j=1

and pseudocovariance

d d ) ) ) )
Zlaj<zm(uj); vj)=4n’ Zl aj(l{o,n}«g;(n/l])(uj)» uj><gr(n/1])(l}j); Vj))+(9;(13])(uj), Vj><9r(r/}])(uj), Vj))-
]: ]:

Note that this process is adapted to the filtration 7(U). We start with decomposing the func-
tional processes J%;Ar’n) as follows.

W _ v =
‘/%m:';D (Z(?stt Z ¢Tst )

s=t—4m+1v1

The following lemma shows the second sum is of lower order in norm.
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Lemma B.1. Under the conditions oflTheorem 3.1

T -1
[E e Y o o)

s=t—-4m+1v1l

52 o(llo 7l ).

This implies in turn that we can focus on the distributional properties of the projections of
the operators

T T +
A A (@) D)
Y DWeNy, and Y DY eNy) (31)
t=4m+1 t=4m+1

where

Z ¢ _ DY (32)

From Proposition[3.3] it is immediate that both terms in (3I) constitute well-defined martingales

in ££S (@7, 97,P). Consequently, projecting these on fixed u, v € H, we obtain the following

two martingale processes with pathsin C

T -
(> Dby ®N(Mt,v®u> Z (DD, vy(ND, uy (33)
t=4m+1 r=4m+1
Lo o ) . %y 7
(X pRend) veu) = Y (DY, uy NP, v (34)
t=4m+1 S y=tm+1

In order to apply a martingale central limit theorem on the sum of (33) and and over j =

.,d, We must verify the Lindeberg condition is satisfied. Without loss of generality we do this
for (33) and for fixed u, v as the result is immediate to carry over to a finite sum over j. To ease
notation in the following, we set (D;’Bt, x):= D%?t(x) and (Nﬁi)t, X):= Ng’l) (x) for any x € H. Recall
the inequality E{|| Y ||§{1|\ Yig > €< ELZ[EII Y II‘}{ which holds forany Y € ffl‘f[. Hence applying this for
H =C, we have

1 —
<= Y EDP, NPt

T -
Y E{IDY NP
€% t=1+4m

t=1+4m ID(,Q?,(U)N}“(u)be}

The Lindeberg condition is therefore satisfied if we can show that the term on the right hand
side is of order O(II(PTll‘}:) Since the {D(Mt} are m-dependent and by definition of [t—s|=4m,

(M . and N; are uncorrelated. Therefore, by[Lemma A.Tlwith H=C

T [ T -
> EDY, NPt < IDolf vy Y NP @ )?

t=1+4m t=1+4m
T
<IDolifg llvlyy Y. KZIOTIZ, Il Dol 1)
t=1+4m
=0(Tp7) = o(l®rll}), (35)

and similarly for (34) showing that the Lindeberg condition is satisfied. It therefore remains to
verify the that the conditional variance satisfies

1 T d . ' ' |
Y, (| X a0 N )+ Dy wi N w) )| |
j=

D% =1Fam
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and that the conditional pseudocovariance satisfies

1 T d 2
—— Y E(( L a0 wpN wp + D wp g w)))
IPrlE =1Fam \j=1

g L Za] . @)

Moreover, observe that we can write [E(~|£4§_Ui) = ka 1 k( ) +EC|94,Z u ) We shall show that the
sum of projections are of lower order. Applying this to (1371) one finds using the orthogonality of
the P;m (-) and the contraction property of the expectation

| 3 3 P15 as(ol N D v wp) )

t=1+4mk=1 j=1 ez
m r d ) ) 2P (A 2 2
(Y] ¥ PO( L a0 epn? wp+ D wpn o)) )
k=1"t=1+4m j=1 ’
m T d - X 4 1/2,\2
=(( 2 (Eawhiwn w0 upnop)l; )"
k=1 "t=1+am" " j=1 ’
T
=o(m?* Y. max| DY) wplld NG @)l ,)
t=1+4m J '
= o(|||<I>T|||‘,£).

where we used again that D%?t and Np) are uncorrelated for any A and where the order follows
in a similar manner to (35). Furthermore, for any x € U and any A, observe that N, t(’l) (x) is %;2 m
and D%?t(x) is Sﬁt(lt])_ ,, measurable, the left-hand side of equals

1 T

d
(/l) 1) 5 1)
—H@T'”% Py (ﬂj; aj(D,,;wpN,"(uj)+ D, (wj)N," (v)) ' gV 1)+o(1)
d

T _— -
(/1') (A7) A7) Ai)

Y Y @(IN @plPEID,, wp P +ING wpPEID, P

”I(DTHIFt 1+4m j=1

+ N wp N wpED D) () + N NG wpED, (up Dy w))

+ Y aia;(NM ) N wpEDG ) ) Dy 01+ N o) N (DS (i) DYy ()
i#]

+ N N ) ED (0 D) ) + N (0 N (0 EIDD () DY ()

while 37) becomes

1 I d @) ) )
—|||(DT|||2 t 12:4 ((Zia] mt( ])N (u j)+Dmyjt(u]‘)Nt j (Vj))) |‘§t(U)m 1)+0(1)
F t=1+4m j=

T _ -
|||<I>T||| X Zl (N w)2EDY) ()2 + (N () PEDY) (u))y?
F mj

Ai) A7) A7) A7)
+2N, N, wpEDY) (0 Dy ()
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Ap) . A7) ; (A7)
+ Y a;a;(NY @ N @pEDE) ) DY (01 + NV 0 NP () EID) () DY) (w))]
i£]
A1)

— 4 - A —
+ NY )N w)EIDA 0 DY) ()l + NY () N () ED) () DY) (u)1).
We shall make use of the following lemma.

Lemma B.2. Let {Dg}:t} € fffl be a H-valued martingale difference process. Then, provided that

conditions (i) and (iv) offAssumption 3.2 are satisfied

(/11) (A2) ) o 772
72 Z o M,” —EM," ® M

Iz ol
[ sz gl

) -1 (D)
where M :=3 ¢ l(st Dimls-
Since norm convergence implies convergence in the weak operator topology we obtain for
any u,ve€ H,
1 T
|— ¥ NM@nN® - wN w) ||C ,=o().

DTN 1=154m

Therefore, we may replace them with their expectation in and (37) in order to obtain for

T d _— -
F 1+4m j=1
+EIN, )Ny wIELDY, ) DY i + BN N DY) ) DY) )
+ Y aia (EING )N, @ IELD ) v Dy ) + EINE ) Ny IED} ) ) Dyl (w))
i#]
FEIND @ "B () Dl (w1 + EIN® ) Ny 0 D IEID ) () DL ()
(38)
and for (37)
1 T d

IR BN ) A
or1E t:§4m,-z a2 (BN, wp)?ED),) 0y + BN, ) PED,) )

Aj) ) 1)) 1))
+2BN @ N wED, ) D w)))

+ ; a;a;[EINY ) N @ EID) (0 DY) (0] + EINY () N (u ) JEIDS) () DY) ()
7]

+EINM ) N wIEIDE) () DG () + EINY (0 N (0 IEIDD) () DY) ().
(39)

Next, we make use of the following auxiliary result.
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Lemma B.3. Let {D(’Ut} € $2 be a H-valued martingale difference process and let conditions (ii)
and (iii) in[Assumption 3.2 be satisfied. Furthermore assume, A1 + A, #0 mod 2r. Then, for any
u,ve H,

T

Y. EN N )] = o(l0rli),

t=1+4m
where N;M is as defined in (32).
Suppose first that d = 1. Then, if A # 0, 7, it follows from this lemma that the third and fourth

term of (38) and the first two terms of (39)) will be of lower order if A # 0,7. Hence, from Propo-
sition[3.2]

EDY, uy DY, vy="Y (W), uwe M =21(FP W), u).
lkl=m
IfA =0 mod 7, we also have [E(Dm oW (Dm p V)= 2m(F Y (v), (). Note that the latter is real for

v = u. Hence, we obtain for (38)and (39)

1 I ., . . .
TR EINY wPEIDSY, () + EIND (0)PEIDY,), (W)
F t=1+4m

+ENP ()N (u)[EDWt(u)Dgﬁ}t(u) +ENM 0)NP WEDY, (WD}, (v) =

- 4m
87[ Zt 1+4mZ s t

o7 117
— 472 ((ZS0 ), V) (W, FP ) + Lo (F P @), (F S @), ),

(L@, 0w FP W) + 1o (F iy W), un(F P @), )

and

1

T -
) 2 A 2 ) (12 ) 2 ) ) A B
oI tzl;m[E(Nﬁ (w)*E(DY, ()% + EINY (0)*E(DY, (w)* + 2EN () NP ()EDYY, () DY, (w)

~ 4n2(1{0,n}(<9,53)(u), up(FD (), 1)) +(FP (W), WFP (W), v>),

respectively as T — oo, which completes the proof for d = 1. Next suppose thatd > 1. If 1;+1; # 0
mod 27, then by the cross terms are of lower order and from the case d = 1, we
therefore obtain the convergence in and (37). O

B.1 Proofs auxiliary statements

Proof of LemmaB2 Let Yr_1 =Y, M™ & MM o7 |2EM{™ © M{*?. Observe that from the

properties of {M ﬁ 1}, the process Yr_1 is 97— measurable, stationary and ergodic. Therefore, by
ergodicity of the underlying process a telescoping argument allows us to write

2
ENlY7- 1|||2—[E||| Z ZM”%M%)WZ

(M) g p g2 2 Lo A\ |II?
- [Emp, ZM oM+ X IS M e, w0
Jj= =

where we used orthogonality of the projection operators {P;}. We first consider the first term on
the right hand side for which we have j < ¢. Since {Dﬁ,’}?s} has uncorrelated increments

Py o M%) = Y P(%‘épm 0 DY »—ZP@%&DW ) D)
s,8'=
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) = (Ao ) m
Z 75,08 T.th)P](D ® D))

where we used that linear operators and expecation operators commute, i.e., E(AX ® AX) =
E(A®A)(X ® X)) = (ARAE((X ® X)) for A€ Soo(H), X € ,%I‘fl. Consequently, by linearity and or-
thogonality of the projections, Minkowsk’s inequality and stationarity of {D%?s}

2 0 2
2, (£ v Mifzf)Hf,-;oo(;HPf(Mﬁ?@Mifzf) )
i (Z( Y 0 52 1Py (DD o DY )2
Ts,t m,s—j m,s—j
j=—o0 t=2
-2 (1% 1||¢ S N LG N
. Ts,t Tst m,s—j m,s—j
j=—o00 t=2s=1
0 T-1 T 2
= Z ( Z ”|¢Tst OOHP (Dms ]®Dn/1)s J 82,2)

j=—o0 s=1lt=s

From an application of Cauchy Schwarz’ inequality, we obtain under[Assumption 3.1]

y Z”P DY gpW

Pl Yo m,s—j m,s— ]

0) 2
) anbmoo)
22 4 25

2

LIRS )]

t=s+1

o (P LECHIELE
m,s—j m,s— ]

I/\

;‘( » W0 ) y Z [eo0®,_ @0 |

t=s j=—o0 s= 52,2
= o(lo7 3.

For the second term of (40), i.e.,

.

we have to distinguish cases since 1 < j < T — 1. Firstly observe thatif 1 < ¢ < j, then P;(M, (Al)

M(AZ)) = Oy since M(/m ®M(A2) is ¢%;_1 measurable and hence [E[Mﬁll) ®M§’121) 1G] = Mﬁll) ®M§’121).
(/1)

T-1 T
el (3 o)

We can focus on ¢ > j. To ease notation, denote Dy,
tor commute, we obtain for the various cases:

:= D;. Since expectation and tensor opera-

o ifSlﬁj—li

- s3> J, E[Dy, ® Dy,1%;] = Dy, ® E[Dy,|%;] = Oy and similarly E[Ds, ® Ds,|9;-1] = Oy
and therefore P;(Ds, ® Ds,) = Op.

- s = j: Wehave E[Dy, ® Dy, |9,] = Dy, ®E[Dy,|9;] = Dy, ® Dy, while E[Dy, ® Dy, |9;_1] =
Op. Hence, Pj(Ds, ® Ds,) = Ds, ® Dy,

- $2 > j—1: We have again P; (D, ® Ds,) = Op.

e If 51 > s» = j: using the tower property, we have

E[Ds, ® Dy,|9;] = E[E[Dy, ® Dy, 195,119;] = E[E[Dy, [%;,] ® Dy, 19,1 = Opy
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Hence,

ji-1 i1
Pi(Mi-1® M) = Y (¢15,:8¢P7,j,6)(Ds, D))+ Y (¢7,/,:8P1;5,,¢)(Dj ® D))
51:1 so=1

t—1
+ Y (5.8 Pi(Di @ DY) = U + U+ V;
s=j+1

and therefore

S el eI = el 32 evema)| = Xel] 3 vieopw)f;

For the first term, orthogonal increments and stationarity of {D%?s}, the properties of ® and

LemmaAlyield

|5 o) Sel 5 S vnasonan,om);

t=j+1 t= ]+1$1 1

=Y E Z Z (¢Ts1,t®¢TJt)(DSI®D)“|

=1 s1=lt=j+1

-TET 3 pna0eom. )|

=1 s1=1t= ]+1

J

(S el 2 2 2
=Y KB Y| S orno]_EIDg lkpr 2 END; 1,

j:l 31:1 t:]+1

2
2 = 2 2
Y Y| % bradon Dol 1000,

=o(llorll})

which follows from[Assumption 3.2{iv). The same order applies to the second term. For the third
term we find

-1, T 1T
1,2 vl MZ Y @rs80rs) POl o) )
j=1 =g+ H1i=5+1 j 7N18,,2

o)
'y W15l [ POy, @ DY
s=j+1t=s+1
For convenience denote Ag = z{:s+l|||¢T,s,t|||§o and 95 = ||P0(D£i)s_j ® D;ﬁ?s_j”Sz,Z- Then we
split the sum over j in a sum with terms 1,...T — 1 — k and with terms T - k,..., T — 1 where
k = | T%25]. Additionally, we split the inner sum of the first. We then find via tedious calculations

T-1, T-1 2 T —1-k j+k-1 2  T-1-k, T-1 2
(5 a0 s 5 (5 a2 21 (5 a0 f 2 T 5 an)
j=1 "s=j+1 j=T-k s=j+1 j=1 “s=j+1 j=1 “s=j+k
T-1 ) 1-kj+k-1 2]+k 1 T—l—k T-1 ) T-1 )
= 2 Y &Y & +ZZ DI DS 2D DD M D D
j=T—-ks=j+1  s= j+1 j=1 s=j+1 s=j+1 j=1 s=j+k s=j+k
T-1 T-1 T- T-1-kj+k-1 - T-1-k T-1 T-1-j
ST RY Y ey Y Ay e 2y o
s=j+1  j=T-k s= j=1 s=j+1 s=1 Jj=1 s=j+k s=k
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T-1-kj+k-1 - T-1-k T-1

TZIA2k2192+2 sy A22192+2 5y Azzaz

j=1 s=j+1 s=1 j=1 s=j+k s=k
T-1 T-1-kj+k-1 - T-1-k T-1
ZAsz192+2 Yoy AZZ192+2 )Y AZZaZ

j=1 s=j+1 s=1 Jj=1 s=j+k s=k

COT Y A+ OT(Y. AD05) 4 OT S A s = oI II4).

s=1 s=1 s=1

O

Proof ofiLemma B.1. By orthogonality of the martingale processes, [Lemma A.1l and Jensen’s in-
equality, we obtain for fixed m,

-1 =1
(@] (@] (/1) (@) ) (@3]
HZD ® Z T,s— t < Z[E”D t”H[E Z T,s—tDmyS

s=t—-4m+1v1l s=t—-4m+1vl

2 A A A) 2
<KD} )OHHZZ Z b 2 DG
t=2s=t—4m+1vl1

—2k2ID%, ||H4(ZZ|||¢>§Q, FY Y )

r=2s=1 t=4m+1s=t—-4m+1

H

< 221D I, 40( 4l + Tam(maxllAz, %) = oI 113) + To(3) = oo I).
O

Proof oflLemuma B.3. Denote A = A + A, and recall that N,%) Zt am Ts tD% s- Since the in-
crements of {D%?s} are uncorrelated, we have

T t—4m
|[E<N§312, Uy NG, v)| = DR (A, (DY), u)(Ar- (D2, v)|
t=1+4m t=1+4m" s=1
T t—4m iAls N 7( ]
=y O VE( Ape (D) © A i (D), ueT) |
t=1+4m  s=1
_ L Mt ils (/11) (/12)
= ) Z (A7,s-18 A7 )ED,, ') ®D,2), uev
t:1+4m N
T t—4m

I\

Y Iy e”~‘<(AT,s_t[E(D(’“))®D“ YAy, ), u® v>S|

r=1+4m  s=1

To ease notation, set W;_; = <(AT5 1®Ars_)EDY, ’11)) ® DMZ)) ue® v> and write B; = Z e
Summation by parts, and Holder’s inequality for bounded operators yield

T t—4m t—4m-1
Y | Y Wb B = Y WeanBant Y Y B(Wei-Wii)
t=1+4m  s=1 t=1+4m t=1+4m s=1
T T —4m-1 o . R
< Y WeamBroaml+ Y. ) (Ags-8(Ars—; — Ars—-1)ED} ) ® DY
t=1+4m t=1+4m s=1
t—4m-1 A0 (l
Ly > I||(CAzs-s = Ars-r -8 AL 1) EDSD @ DYD|| e 0T
t=1+4m s=1
T T t—4m-1

< Y WeamBiaml+ Y Y IBIALs- looliArs-i = ATt loolEDLD) @ DOl el 111 1

t=1+4m t=1+4m s=1
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T t—4m-1
A /1
+ Y Y IBllAgs-t — Ars— -1 llooliATs— -1 lloo IEDS ) @ DY)z el IVl 2
r=1+44m s=1

Then, using Jensen’s inequality and the Cauchy Schwarz inequality twice, we obtain

T T t—4m-1 . .
<C1||DUL ||[I-l]2||D IIHzII/sm(MZ)I( Yo Meamlli+ Y. Y WAns—tllcoliAT,s—r — Ars—t-1llloo
t=1+4m t=1+4m s=1

T t—4m-1 _
+ ) > |||AT,s—t_AT,s—t—l|||oo|||AT,s—t—1|”oo)

t=1+4m s=1

T t—4m-1 t—-4m-1 _ ) 1/2
<CGsnA2I[ Y MAramliZ + Y (X MAredi Y lAne:—Ars il
t=1+4m t=1+4m s=1 s=1
T t—4m-1 ) t-4m-1 ) 1/2
£ Y (X Mre—Ane el Y Al )
t=1+4m s=1 s=1

< 0(11/sin(A/2))(0(e3) + O(T)o(er) Oler) + O(TOlprI0er)) = o(lId7II),

where we used that maxj<;<71|B;| <|1/(sin(A/2))]. O

C Operator approximations

Proof of[Lemma 3.3 We can decompose the quadratic form

Q%:VTA"'V;A"‘ Z G180 (Xe ® Xy)
1<t<T

Set CET = Zthl X ® X;. Then, using linearity of the operator @1 ;

|

For the last term, Holder’s inequality for linear operators

”Q% 24|

<+ -et|,
2

5 5 VT
0] ér—E€ — 6r—-LE€ =0 0 =o0(1),
|||<I>T|||F |on.cér-eén], “Toriy redleo| €1 ~E8r] = oten Gzt = o0
For the first term, we find using[Lemma C.2land[Lemma C.3] respectively
1
VAV < yA_EVr — A A
I® 7l “ S22 |IPrllg ” g T T 52,2
1 ”7/(m) A £y, A J%(A
|||(DT|||F S2,2
=Ky Yy m Z Vi,4(X¢)
=0
,m 2 e 1/2
+vi,4(Xo) (max|||ATt|” +m Y WA= — Ars—+nlIZ)'2).
D7l 7 s=1
Therefore, under[Assumption 3.2|the results follows. O
Lemma C.1. Let X; satisfy[Assumption 3.1 with p = 4. Then
Y (X, X;) - TE(X ®Xo)“ =0T Z Vi (X)) = OWT).

1=<t<T
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Proof of (C1). By stationarity and ergodicity and orthogonality of the projection operators

2
Y XeX)-TEXeX)| =| ¥
1<t<T S22 ;27

ZP](Xth)

T T
=Y [T
S22 j=—oo t=1

Then, by Minkowski’s inequality Cauchy Schwarz’s inequality and stationarity

T
PP LESTE I

2
+ ” (Xi—j — Xi—j01) ® Xi—j 03 ” s
2

IA
I MH

”Xt_j ® (Xt—j - Xt—j,{O})
t=1

[EnXt YA ENX = j = X jo) I + @1 X o) M @IV (X — X jop 130

IA
M’\]

~
I

< 2[| Xo .4 Z Viga (Xe— ).
t=1

Consequently,
H Z Pi(X;® Xt)H <4 X013, 5 ( S viga (X D) < 41X, TCY vega(X)2.
_ j=—o0 =1 j=0
The result follows by taking the square root. O

Lemma C.2 (M-dependence approximation). Suppose with 2p is satisfied for some p = 2.
Then

A A (m),A (m),A
IVE—EV) - A B,
VTlprlle, £ Viazp(X0)

p
= KpYZp,m
whereY p 1, = 2332 ymin(v 2, (Xy), Azp,2 m+1) and

AF “) (A _ W -
r —ZZtZQT”(Xth) and V" Zz;q’rst(Xém)@Xt’")
$ S=

Proof of[Lemma C2 Let Ny = Y- }(/)Ts t(Xs(m)) and Nps = Y1~ ngs ,(X5) and observe this
these are ¥;-measurable. By orthogonality of the projections and minkowski’s inequality

T
197 — BV = B IE, ,<2 Y IR0 =TI, , 1 0 =S,

j==o0

where 77T(m)’/l = Zstz X;® N(T’?. We shall focus on bounding the first term as the second is similar
and has the same upperbound. A similar trick as in shows

E = VNG 01 = B0 = TG ) = By — 77T(,r{r})}|‘5ﬂ»
so that by the contraction property of the conditional expectation

A )/1
Jpog

”7//1 m) A (VT,{j} _ 7/7(1’?;)})

Ser
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- Xs,{j}) ® (NTS N(m))

S2,p

(m) (m)
_NT,S —NT,s,{j}‘f‘Ns lT{]})H =1+,

where we added and subtracted X j; ® (N7,s — IV (m)) and applied Minkowski’s inequality. From
[Lemma A.2l(iii)
INTs = Ny lla2p < (K PTG, Aop,gme)?.

and || Xs— X jlln,2p < VH,2p(Xs- j). Then, by Cauchy-schwarz inequality and that g = min(2,2p) =
2

T T

T 2
Y B Y (X viap o) ((KEMSTIZ, Ao men) ')

j=—o0 j=—o0 s=2

IA

< K llprlz, A, ) m+1Z Z Vi2p (Xs- ])ZVH 2p(Xs—)
2 12

§=2 j=—00

2
< TKGIp7lIG, A5y 1 1A% p10

where we used that Ay m+1 < A%p,l,m+1 and X1, vig2p(Xs-j) < Ap 1. Secondly, noting that
from and Minkowski’s inequality

(m) (m)
1Xs = X5+ X0y = X, lm2p

< min(lX; = X l2p + 1X]7) = X linzp, 1Xs = X loazp + 12X = X lsa.2p)

[e.]
s2min( Y IDgjlluzp vizp(Xs—j)).
j=m+1
Hence, changing the order of summation and from property (8) of (ID(T’PM
T, T s-1 ) : )
m m

> s Z ZZXS j}®¢Tt s( + X, —Xz,{j})“S

Jj=—00 j=—o0 s=21= 2,P

:; (i

2
( (m
Z ¢Ts ¢ Xs ) ® (X = Xm +Xf Uy t’{j})”Sg,p)

t=1 "s=t+1
, T-1
= (K, lprl7, Azp,2,0)2 Azp,lo Y min (Azp, a1, Vinzp (Xi—j))
2 =1
j=-o00

< (K375, A2p20)2T Agp,1,0Y 2p,m

Noting again that Ap,» 41 < Agp 1 ms1 and that Yo, = Agpy 1 me1, We obtain

T
” A > A A
> PR =TONE, , IR =Y,

j=—00
< 2(TKI9 117,031 082 2.m01 +2TKGIPrIF, Azp20 210V 2pm
< 2K, oI, TAS, 1 050 m-
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Lemma C.3 (martingale approximation to m dependent process). Let J%}Ar)n as defined in (10)

and 7/;’"M as inlLemma C2. Under[Assumption 3.1 with p = 4, then

A WA /l
5 < maxllAz 5, +m ) NATs—r = Ars—enlig) .
m \F ||Xo||H,4 i Pt

Proof ofiLemma C.3 By construction DY) e £” defines an m-dependent martingale difference
m,k H

and therefore we can write D(rﬁ)k =X Pk(XETIi) e~ since the terms ¢ > m are zero. We decom-

; (m),A (D)
pose the difference ;.77 — 4 as follows

-1
ZX(m) ® Z (p(/l) X(m) D(/U ) + Z (X(m) D%,)t) ® Z (l)(M D(M
s=1

T,s— t T,s—t
=2 =2
m o N s m) _ (D) = W m) _ (D)
m m m
:ZXt ®( Z Grs—(Xs =Dy ) + > bro(Xs _Dm,s))
=2 s=1 s=t—4m+1
s VR = A
+Y (XM -Dyye Y ¢ D=3 M +Yi+ 2 41)
t=2 s=1 t

Note that V(m)’A - [E7/(mM —JZW =Y M};+Y,-EY,+ Z,—EZ,;. We treat the above terms sepa-

rately. Firstly, we consider M} := X" @y (Z4" (T’li (X5 ¢ _pP,), for which the process { M

is itself a martingale in ,%2 Let W =X", [E[X (m I%k] e 14 and observe that

t+4mk}k€|\|

m .
(m) — I;)[E[XIETkrgk] e—ltl Z [E[XIET]C ]e—lt/l
m -
— Z [E XIET]C'% ]e—ltl Z [E XiTk_'_llg ]e—l(t+1)A Wk [Wk.{_llgk]e_l/l
=0 =0

and that D;’Bk = Wi — E[W|%k_1]. Therefore

t—4m /1 t—4m . A i1

Y P xi™ - pPy Y. Ag-re O EIW, |G 1] W 1Gsle ™) |

s=1 ©lIH2 =1 H,2
t—4m . .
Y Ao T EW I ] - DR 19 |
s=1 )

Set V; = el'=9E[W;|%;_,]. Summation by parts, Holder’s inequality for operators and[Lemma A.1]
together yield

t—4m t—4m+1
[vi-v, )” s”A (Vi ” +” Arer—Ars DV,
( s s+1 H2 T,t 4m( t 4m) H2 5;1 ( T,s—t T,s—t 1) s H.2
t—4m+1 m
< maxllAz, llool Vi-amllina + | Y (Arsi= Are- (X PV
s=1 I=1 ’
m t—4m+1
< maxllA7; lloo | Vi-amllm2 + HZ > (Arsi—Ars )PV, s
s=1 >
A 2\1/2 32
5zm”XO”H,thaXmAT,tmOO+( Y MATs—t — Azs—-1ll5) “Cm %11 X0l 2
s=1
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Hence, some constant C,

t—4m
I M7 Iz < Cll Xollfg o (maxllAzlloo + € 3 WALs—r = Ars-r-1llzom)''?)
s=1
where we used that, the contraction property and stationarity to find | Vi—amlln2 < 21 Wlly,2 <
2ml| Xollu2 and that, since P;(-) form martingale differences, we have (X", | P—; Vpllp2)%)'? <
™ N P_ VolZ )Y2 < v/m2m| Xolli2. Consequently, using a martingale decomposition of the
I=1 H,2 ) q Y g 8 p
sum

[T—t/(4m)]

= Z || Z Ms+4thH’2
t—4m

< 4m* T2 CI Xo Iy o (maxllA T, lloo + ( 3 WATs—r = Aps—i-1llzom)''?)

s=1

T
| w2,
=1

For Y;, we note that Zt i 4m+1¢TS A X(m D%?s) is ¢¥;_; measurable and that Y; is t — 5m-
dependent. Therefore, via the Minkow’ski’s inequality, the Cauchy Schwarz inequality and a
similar decomposition as above shows

—4m

|2 vi-evi], = CVTmXol tmashar oo+ 3. AT = Ar- -1 i m'
s=1

and similarly for || Y, Z; —EZllp 2. O

D Proofs of

Proof oflTheorem 4.1 We first prove part (i) and consider the following bias variance decompo-
sition

5 (A A 5 (A s (A (A A
WD - F Vs, p <hFP —EFDPlls, 2 HIEFY — F P,

We shall first focus on the first term. We decompose the error as

Fi)-EF = — ZX ® N —[EZX o N +(ZX ® N - [E(ZX s N @2

§=2
+ Y AroX;®X)-E ) Aro(X; ®Xt)) 43)
1<t=T 1<t=T
where N(TAS) = Tt th We shall first derive the order of (#2) in £ S (- BY ergodicity and

othogonality of the projection operator
T W T w2 -1 9
DRI TIP3 LIP3 AT |

By the contraction property of the conditional expectation and Cauchy Schwarz inequality

|2 Z o Ko X[ = ”ZZ¢m((xt®xs)—(Xt,{j}®Xs,m))HSzz

2s t=2s=
t_

=
”é; 0 (xe® = X+ X - Xt,{j}mxs,{j})”

‘—‘II

S,,2
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T t-1 w
33 ;%”(Xt@(xs )|, ,

s L ol o )

t=2s= 52,2

T —

A A
< || > P Xie (X~ ) 2+§ H§ (p(T,)t's((Xt—Xt,{j})oaxs'{j}]ns )
+1 2y t=2"s=1 2

Wy |2 2 12 W
(” Z (prrSXt”H4”XS ~ Xsi) ”[H] 4) t), ”((X’ ~Xpe ) (pT'SJXS'U})”s 2
' ' =2 s=1 2
2 2 \1/2 T t—1 5
(@] 2 n 1/2
Z (” Z R X X~ Xatny ) X (1= Xt Z o Xoun )
=1 i , =2 s=1 ’

Hence, using[Lemma A.2lwe obtain

L5 | So o)

r=2s=

e

1

2
=7 Z (K| max |||¢3T|||z2A}J§OZvH4(Xs ,)+ZVH4(Xt Ka max e, lle, Aj'5)

j=—o0 s=1
1 T-1
< 5 Ki(max ipe,rlle,)*As 20 Z (3 vinalXs- ])+ZVH4(Xt ]))
j=—o0 s=2
2 2 4 _ -1
_24K4 (1I<rltiXT|||¢t,T|||£2) TA4’()) =0((brT)™).

From it is immediate that is of order O(T™!) in 55822. It therefore follows by
Minkowski’s inequality that

150 —EF M5, = 0(br ) 7).

Let us then consider the bias. Observe that from [22), stationarity yields

R 1 Z , 1 1 Th ;
EF}=—— Y EXs@ X)wbr(t-)e*™V=— Y wbrh)— Y Cov(Xyp®X)e M
27TT5H T R=T ris
=— Z w(bh)(l—u)Che_W‘.
|h|<T
Hence, using Minkowski’s inequality we can bound the error by
EF® ~F M <||== Y wbrh)-1)Che M — Y Cpe™ M
I 5, 11y 2, e
——
Ro,/l Ria
1 Al . ian
+ “ g |h|Z<"T LU(bTh)7Ch€ “|2 (44)

~ v

~
R

It is immediate that, since }_;[ICy Il < oo,

SUpliRiallz = 3 ICll2 — 0as T —cx.
|hl=T

For the final term, note that }_ .z w(bA)|ICyll2 < sup, |w(x)| X pezIIChl2 < cosince w(-) is bounded.
Hence by Kronecker’s lemma sup (IR, 5l — 0 as T — oo. Finally, provided that by — 0as T — oo
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and since lim,_.o w(x) = w(0), we obtain w(brh) — w(0) =1 as T — co. Hence sup, [IRo 1l — 0,
from which asymptotic unbiasedness follows. Next we prove part (ii), for which it remain to
derive the order of the bias under the additional conditions. Firstly, from Proposition B.1] the
condition }_ ez hllPo(Xp)lln2 < oo implies that Y ez RIICylIn,2 < co. Now, observe that we can
decompose the bias as follows.

S - 5, < | . (w(brh) - 1Cre M| + 2n|h|21/bTChe_Mh“|2
) R:A l l R‘;A l
oz, 5, oo,

Rop
For the final term, the fact that sup, |w(x)| = O(1) and ¥, | AllICyll < oo, yield
|h
supllfzllz= |7 ¥ iG], <swiwwi ¥ Sicul: =0,
T \hi<1/br |hl<1/by
while moreover sup, IR 4 llz2 = O(br). Finally, since |w(x) — 1| = O(x) as x — 0 and }_, | AllICy I <

oo, we find for the first term

1 )
sup|lRo alll2 =ll=— Z (w(brh) - 1)C|h|e_wl|||z < Z ObrMIICxIl2 = O(br).
A 27\ <TIby h

O

Proof of Theorem 4.2 From (22) we have F* = (2xT)"' 2% with ([)T(t_s) = w(by(t - s))el=9,
Note that in thls case @75 := X[, X, w?(br(r - 5)) and that % = ¥ [, w?(brs). Moreover,
under[Assumption 4.1|

T T
Z Z |¢T(t s)| Z Z '—w(bT(t s))e iw(t— s)

r=1s=1 r=1s=1

Z Z w?(br(t-s))

r=1s=

T
- b_Tf w?(x)dx = b—TKZ. (45)
Therefore it suffices to verify the conditions ofTheorem 3.1} which is given here for completeness
but follows a standard argument [see e.g., 23]. From [Assumption 4.1} it is obvious that (ii) of
[Assumption 3.2 holds. Additionally, from (@T), it is immediate that % = xO(b;!) and |07 [I% =
o(T Q%) so that (i) is also satisfied. For (iii), observe that we can write

M/br T
Y lwbrt) - wbhr-1)F+ Y, |wbr)—wbr(t—1)P
t=1 t=M/br

By assumption, the function w is bounded and continuous except on a set of measure zero.
Oserve that there must exist € > 0 such that |w(brt) — w(br(t —1))| <€, for some constant € > 0
uniformly for |¢| = M/br, except for a finite number of points, €/b7. Noting that w(-) is bounded,
the first term will thus be of order o(1/b7). For the second term, the length of the interval Iy,
converges to zero for fixed by, T as M — oco. Since the summand is at most of order b}l under
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the stated conditions the second term is of order O(Ip;/bt) = O(QZT). To verify (iv), we decompose
again

-1j-M/b T T-1 j-1 T
Z Z (Z wbrs—0wbrG-02+Y Y (Y wbrs-)whr(-)°
j=1 s=1 t=j+1 j=1s=1vj-MIbr t=j+1

For the first term Cauchy-Schwarz’ inequality and the condition supy<j<; b=/ w?(bh) — 0
as M — ocoyield

T-1j-M/br T T
Yoy Y wibr(s—0) Y, wfbr(j-1)
j=1 s=1 t=j+1 t=j+1
-1 T j-Mlbr T
Z Y wibr(-0) Y. Y. wibr(s—1)
j=lt=j+1 s=1  t=M/br

O(Tb;! Iyb7Y) = o(IlO 71 3).

Secondly,
- j-1 T
Z Y Y wibr(s—1) Z w?(br(j - 1) = O(Th; 07) = O(Tb7) = o(ll@7 I}
=1s=1vj-M/brt=j+1 t=j+1
where we used that 1/br = o(T). O

Proof oflLemma 4.1l Note that we can write the spectral density operator as

2nTFW = Z O} ((Xs—p+p—p e X, —p+p—Mm)
s, t=1

T T
=21TFV + Y @} cu-peX—w+ Y, O} (X—pweu—p  (46)

s, t=1 s,t=1

+ Z @tsT((p e Wu—Q. (47)
s,t=1
hence we shall show that the last two terms in and the term @7) are of lower order. For the
second term of {@6), a change of variables, the properties of the tensor product and the Cauchy-
Schwarz inequality yield

H Y Z w(br(h)e ™ (u-p e (X, - H Y wbr))eMpu-pe Z(Xt ,u)”

|hlsT t=1 |hl=T
— 2 \1/2
< 2 wbrt)|lp-plg| X Xe—w
WE s (=] 3, -,
o 1/2 1
< Y wbrm)(0rHom) =00,
|hI<T T

where we used[Cemma A.2|(i) in order to obtain || — m@m =+ X, (X, —EX7) ||u2-n,4 < % TAy20=

2
O(%) and to obtain ”Zfz_lh (Xy—p) ” e O(T). The third term in is similar. For (@7), Holder’s
inequality and CemmaA.2i) yield

T T
Y Phorlu-@eu-pf = 3 107 il Ellu - )@ (u- 1)
S, = ’ S, t=
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d ) 1 1
< 2 g rlleollpe = il 4 = O(Th7! ) = 0(z-)

s, t=1

where we used that thzl lp? , lloo = Z§t=1 w(br(t—s)) = O(Tb;"). Hence, IEN — g0 lls,2 =
O(T~'b;1) and the exact argument shows that [| W) — FW s, 2 = O(T~'b;!) for p = 2 provided
the process is in fffl. O
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