Prediction in regression
models with continuous
observations

o
%
O
-
»
Ly
O
-
=
Q)
=
@
-

Holger Dette, Andrey Pepelyshev,
Anatoly Zhigljavsky

Nr.15/2019

SFB
823






Prediction in regression models with
continuous observations

Holger Dette'*, Andrey Pepelyshev?, Anatoly Zhigljavsky?
August 12, 2019

Abstract

We consider the problem of predicting values of a random process
or field satisfying a linear model y(z) = 67 f(z) + &(z), where errors
e(x) are correlated. This is a common problem in kriging, where the
case of discrete observations is standard. By focussing on the case
of continuous observations, we derive expressions for the best linear
unbiased predictors and their mean squared error. Our results are
also applicable in the case where the derivatives of the process y are
available, and either a response or one of its derivatives need to be
predicted. The theoretical results are illustrated by several examples
in particular for the popular Matérn 3/2 kernel.
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1 Introduction

A common problem, which occurs in many different areas, most notably geo-
statistics (Ripley, 1991; Cressie, 1993), computer experiments (Sacks et al.,
1989; Stein, 1999; Santner et al., 2003; Leatherman et al., 2017) and machine
learning (Rasmussen and Williams, 2006), is to predict the response y(to) at a
point ¢y € R? from given responses y(¢1), ..., y(ty) at points t1,...,ty € RY
where ty # t; for all ¢ = 1,..., N. Making the prediction assuming that
responses are observations of a random field is called kriging (Stein, 1999).
In classical kriging, it is assumed that y is a random field of the form

y(t) = f1 ()0 + €(t), (1.1)

where f(t) € R™ is a vector of known regression functions, § € R™ is a
vector of unknown parameters and € is a random field with zero mean and
existing covariance kernel, say K (t,s) = E[e(t)e(s)]. The components of the
vector-function f(¢) are assumed to be linearly independent on the set of
points where the observations have been made.

It is well-known, see e.g. Sacks et al. (1989), that in the case of discrete
observations the best linear unbiased predictor (BLUP) of y(#,) has the form

g(to) — fT(t())éBLUE —|- K;Z_l(Y - XéBLUE); (12)

N . : T
where ¥ = (K (¢, t]-))m.:l is an NxN-matrix, K;, = (K (to, t1), ..., K(to, tn))
is a vector in RV, X = (f(t1),..., f(ty))" isan Nxm-matrix, Y = (y(t1), ...,
y(tn))" € RY is a vector of observations and

OpLue = (X '27'X)"' X To Yy

is the best linear unbiased estimator (BLUE) of #. The BLUP satisfies the
unbiased condition E[g(to)] = Ely(to)] and minimizes the mean squared error
MSE(§(to)) = E (y(to) — §(to))” in the class of all linear unbiased predictors
g(to); its mean squared error is

MSE((to)) = K(to, o) — {fl((i:)r [)0( );T] B {fl((ioq :

In the present paper, we generalize the predictor (1.2) to the case of continu-
ous observations of the response including possibly derivatives and prediction
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of derivatives and weighted averages of y(¢). We shall separately consider the
cases where the observation region is an interval or a product set (in partic-
ular, square).

An important observation concerning construction of the BLUPs at different
points is the fact that there is a considerable common part related to the
use of the same BLUE. This could lead to significant computational savings
relative to independent construction of the BLUPs. This observation extend
to the cases when the observations are taken in R? and when derivatives are
also used for predictions.

The remaining part of this paper is organized as follows. In Section 2 we
consider the BLUPs when we observe the process or field only. In Section 3
we study the BLUPs for either process values or one of its derivatives when
we observe the process (or field) with derivatives. In Section 4 we provide
proofs of the main results and in an Appendix we give more illustrating
examples of the BLUPs for particular kernels.

2 Prediction without derivatives

2.1 Prediction at a point

Assume 7 C R? and consider prediction at a point t, € 7 for a response
given by the model (1.1), where the observations for all t € T are available.
The vector-function f:7 —R™ is assumed to contain functions which are
bounded, integrable, smooth enough and linearly independent on 7T ; the
covariance kernel K(t,s) = Ele(t)e(s)] is assumed strictly positive definite.
A general linear predictor of y(ty) can be defined as

Jolte) = /T y(0Q(dr),

where () is a signed measure defined on the Borel field of 7. This predictor
is unbiased if E[yq(to)] = E[y(to)], which is equivalent to the condition

| 100t = o)
The mean squared error (MSE) of (o) is given by
MSE(go(to)) = E (y(to) — dia(to))” -
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The best linear unbiased predictor (BLUP) gq.,(¢9) of y(ty) minimizes the
mean squared error MSE(gqg (%)) in the set of all linear unbiased predictors.
The corresponding signed measure ), will be called BLUP measure through-
out this paper. Unlike the case of discrete observations, the BLUP measure
does not have to exist for continuous observations.

Assumption A.

(1) The best linear unbiased estimator (BLUE) O yp = J7-y()G(dt) exists
in the model (1.1), where G(dt) is some signed vector-measure on T,

(2) There ezists a signed measure G, (dt) which satisfies the equation

/ K(t, $)Go (dF) = K(to, ), ¥s €T, (2.1)
;

Assumption A will be discussed in Section 2.2 below. We continue with a
general statement establishing the existence and explicit form of the BLUP.

Theorem 2.1. If Assumption A holds then the BLUP measure (), exists and
15 given by

Q.(dt) = ¢y (dt) + T G(dt), (2.2)

where the signed measure (;, (dt) satisfies (2.1) and ¢ = )= [+ f(t) e (dt) .
The MSE of the corresponding BLUP g, (to) is given by

MSE(jo. (to)) = K (to, to) + ¢ Df(to) — [r K(tt)Q.(dt),  (2.3)

where D = [ [ K(t,s)G(dt)G' (ds) is the covariance matriz of fsLuE =

ny(t)G dt

This theorem is a particular case of a more general Theorem 2.2, which con-
siders the problem of predicting an integral of the response. A few examples
illustrating applications of Theorem 2.1 for particular kernels are given in
the Appendix.

We can interpret the construction of the BLUP at t; in model (1.1) as
the following two-stage algorithm. At stage 1, we use the BLUE OpLur =
ny G(dt) for estimating 0. At stage 2, we compute the BLUP in the
model

§(t) = y(t) = [T (1)0prum = =(1) — fT(t)/TE(t’)G(dt’) :
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which is a model with new error process and no trend. Straightforwardly,
the covariance function of the process g(t) is calculated as

K(t,s) = K(t,s) = [T ()Df(s).

It then follows from Theorem 2.1 applied to the new model that the signed
measure Q,(dt) satisfies the equation

/ K(t,5)Q.(dt) = K(s,ty), VseT.
-

From (2.3) in the new model, we obtain an alternative representation for the
MSE of the BLUP gq, (to); that is,

MSE (i, (f0)) = K (fo. o) — /T R(t, t0)Qu(dr)

2.2 Validity of Assumption A

If T is a discrete set then Assumption A is satisfied for any strictly positive
definite covariance kernel.

In general, the main part of Assumption A is the existence of the BLUE of
the parameter 6, which has been clarified by Dette et al. (2019). According
to their Theorem 2.2, the BLUE of # exists if and only if there exists a
signed vector-measure G = (Gy,...,G,,)" on T, such that the mxm-matrix
fT (t)GT(dt) is the identity matrix and

[r K(t, )G (dt) = Df(s) (2.4)

holds for all s € 7 and some m X m-matrix D In this case, §BLUE =
fT G(dt) and D is the covariance matrix of 0 pruE; this matrix does not
have to be non-degenerate.

Let Hx be the reproducing kernel Hilbert space (RKHS) associated with
kernel K. If the function K(tg,s) belongs to Hy, then the second part of
Assumption A is also satisfied; that is, there exists a measure (;, (dt) satisfying
the equation (2.1). This follows from results of Parzen (1961). Note that the
function K (to, s) does not automatically belong to H since in general to ¢ T .
If all components of f belong to Hy then Assumption A holds and the matrix
D in (2.4) is non-degenerate; see Dette et al. (2019) and Parzen (1961).
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If the matrix D in Theorem 2.1 is non-degenerate then this theorem can be
reformulated in the following form which is practically more convenient as
there is no unbiasedness condition to check.

Proposition 2.1. Assume that there exists a signed measure (g, (dt) satisfy-
ing (2.1) and a signed vector-measure ((dt) satisfying equation

/T K(t,$)C(dt) = f(s), ¥s €T, (2.5)

If additionally the matriz C' = fo(t)CT(dt) is mon-degenerate, then the
BLUP measure exists and is given by (2.2) with D = C~'. Its MSE is given
by (2.3).

Clearly, if the conditions of Proposition 2.1 are satisfied then the BLUE
measure G(dt) is expressed via the measure ((dt) by G(dt) = C~¢(dt).
Explicit forms of the BLUP for some kernels are given in the Appendix.

2.3 Matching expressions in the case of discrete obser-
vations

Let us show that in the case of discrete observations the form of the BLUP
of Proposition 2.1 coincides with the standard form (1.2). Assume that T
is finite, say, 7 = {t1,...,tx}. In this case, equation (2.5) has the form
3¢ = X, where ( is and N xm-matrix. Since the kernel K is strictly positive
definite, this gives ( = X 7'X, and we also obtain C = X'¥7'X, GT =
C~1¢". A general linear predictor is of form §(tg) = Q'Y and the BLUP is
Q.Y with Q] = ¢! +¢"GT, where ¢, = © 71K, satisfies equation (2.1) and
c= f(ty) — X "¢,. Expanding the expression for Q] we obtain

Q. = (B7'Ky) +c'CTH(ETX)T
= K S+ (f(to) - XS 'Ky)'CTIX TR, (2.6)
The classical form of the BLUP is given by (1.2), which can be written as

Q'Y with QT = fT(t)C' XS+ K%' — KX ' XC'S7'X T, and
coincides with (2.6).



2.4 Predicting an average with respect to a measure

Assume that we have a realization of a random field (1.1) observed for all
t € T C R% Consider the prediction problem of Z = [¢y(t)v(dt), where
v(dt) is some (signed) measure on the Borel field of R? with support S.
Assume that S\ T # 0 (otherwise, if S C T, the problem is trivial as we
observe the full trajectory {y(t) | t € T}). We interpret Z as a weighted
average of the true process values on S. The general linear predictor can be
defined as

ZQZ/Ty(t)Q(dt), (2.7)

where @ is a signed measure on the Borel field of 7. The estimator Z is
unbiased if and only if

[ s = [ s, (2.8)
T S
The BLUP signed measure (), minimizes

MSE(Zo) =E(Z — Zg)®

among all signed measure () satisfying the unbiasedness condition (2.8). As-
sumption A and Theorem 2.1 generalize to the following.

Assumption A’. The BLUE éBLUE exists and there exists a signed measure
¢, (dt) which satisfies the equation

/ K (t, 5)C,(dt) = / K(s,w)v(du), VseT. (2.9)
T S

Theorem 2.2. Suppose that Assumption A" holds and let D be the covariance
matriz of Oprue = [+ y(t)G(dt). Then the BLUP measure exists and is given

by
Q.(dt) = ¢, (dt) + cTG(dt), (2.10)

where G, (dt) is the signed measure satisfying (2.9) and ¢ = [ f(s)v(ds) —
[ F(t)¢,(dt) . The MSE of the BLUP Zq, is given by

MSE(Zg. )= /8 /S K (s, u)vds)vidi)+c"D /S F(8)v(ds)— /S [r K (1, u)v(dn) Q. ().
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The proof of Theorem 2.2 is given in Section 4 and contains the proof of
Theorem 2.1 as a special case. Note also that the BLUP Z, is simply the
average (with respect to the measure v) of the BLUPs at points s € S.

2.5 Location scale model on a product set

In this section we consider the location scale model
y(t) =0 +e(t), wheret = (t1,t2) € T (2.11)
and assume that the kernel K of the random field £(¢) is given by
K(t,t") = Ele(t)e(t)] = Ki(t1,t]) Ka(t2, t5) , (2.12)

for t = (t1,t2),t = (t),ty) € T. We also assume that the set 7 C R? is
a product-set of the form 7 = T; x 75, where 77 and 7, are Borel subsets
of R (in particular, these sets could be discrete or continuous). The kernel
K of the product form (2.12) is called separable; such kernels are frequently
used in modelling of spatial-temporal structures because they offer enormous
computational benefits, including rapid fitting and simple extensions of many
techniques from time series and classical geostatistics [see Gneiting et al.
(2007) or Fuentes (2006) among many others].

Assume that Assumption A’ holds for two one-dimensional models

yoy(u) =0+ep(u), veTi (i=1,2) (2.13)

with K;(u,u') = Eley(w)ew(v)] , u,v’ € T; (i = 1,2). Let the measures
Gi(du) define the BLUE [ y(;)(u)Gi(du) in these two models. Then the

BLUE of 6 in the model (2.11) is given by 6 = J7y(t)G(dt), where G is a
product-measure G(dt) = G1(dt,)Ga(dty), Assume we want to predict y(t) at
a point T'= (T, T») ¢ T. Note that equation (2.9) can be rewritten as

/ K(t, s)(r(dt) = K(s,T), VseT.
-

A solution of the above equation has the form (r(dty, dts) = Cr, (dt1)(r, (dts) ,
where (7, (dt) (i = 1,2) satisfies the equation

/ K;(u,v)(r,(du) = K;(v, T;), Yv € T,. (2.14)
Ti
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Finally, the BLUP at the point T'= (11, T3) is [ y(t)Q.(dt), where

Q.(dt) = Cr(dt) + cG(dt) with c=1— /F Cr(dt).

The measure G(dt) is the BLUE measure and does not depend on 77, 75. On
the other hand, the measure (r(dt) and constant ¢ do depend on T3, T,. The
MSE of the BLUP is MSE(jq.,(T)) = 1 + ¢ — [ K(t,T)Q.(dt) .

Example 2.1. Consider the case of T = [0,1]> and the exponential kernel
K1) = Ele(t)e(t)] = exp {=A[lts = 1] + [t2 = t5]]},
where A > 0 and t = (¢, 62),t = (t;,t,) € [0,1]%. Define the measure

G(du) = 2% (6o(du) + 61(du) + M), u € [0, 1].

In view of (Dette et al., 2019, Sect 3.4), fol y(u)G(du) is the BLUE in the

model y(u) = 6 +(u) with kernel K (u,v') = Ele(u)e(u')] = e N1, u /€
[0,1]. The equation (2.14) can be rewritten as

1
/ e e (du) = e vy € [0, 1.
0

It follows from (Dette et al., 2019, Sect 3.4) that this equation is satisfied by
the measure

e M5y (du), if T, <0,
(r,(du) = ¢ Or,(du), if 0<T, <1,
e MG (du), if T; > 1.

For T} < 0 we obtain Q. (dt) = {1, m)(dt) + cG(dt) in the following form

67/\‘T1|50(dt1)5T2 (dtg) + (1 — 67)\|T1‘) G(dt), if 0<Ty < 1,
e*)\‘Tl|*)\|T2|60(dt1)60(dt2) + (1 _ 67/\|T1|7>\|T2\) G(dt),
e TN 5 (d1)6 (dby) + (1 — e NT-NT11) G(d),

if Ty, > 1.

Similar formulas can be obtained for 0 < 7T} < 1 and 177 > 1.



In Table 1 we show the square root of the MSE of the BLUP for the equidis-
tant design supported at points (i/(N —1),j/(N—1)),4,7=0,1,...,N — 1.
We can see that the MSE for the design with N = 4 is already rather close
to the MSE for the design with large N and the design with continuous
observations.

Table 1: The square root of the MSE of the BLUP at several points for the
NxXN-point equidistant design in the location scale model on the square [0,1]?
and the exponential kernel with A = 2. In the case N = oo we provide the
MSE for continuous observations.

N 2 3 4 8 16 32 00
T =1(2,2) |1.1446[1.1225|1.1177|1.1145|1.11398 | 1.11386 | 1.11383
T =(0.5,2)]1.1242|1.0879|1.0884 | 1.0831 | 1.08177 | 1.08133 | 1.08117

In Figure 1 we show the plot of the square root of the MSE as a function
of a prediction point for points (77, 7Ts) € [0.5,2] x [0.5,2]. As the design is
symmetric with respect to the point (0.5,0.5), the plot of the MSE is also
symmetric with respect to this point. Consequently only the upper quadrant
is depicted in the figure.

We observe that the MSE tends to zero when the prediction point tends to
one of design points and the MSE is almost constant if the prediction point
is far enough from the observation domain.

Remark 2.1. The results of this section can be easily generalized to the case
of d > 2 variables and, moreover, to the model y(t) = 0f(t) +¢&(t), where t =
(t1y...yta) € Ti X .. x T, K(t, t') = Ele(t)e(t')] = Ki(ty, 1)) - - - Ka(tg, t);) and
f(t) = fay(t1) - -~ fiay(ta), where fq) are some functions on 7; ; i =1,...,d.

3 Prediction with derivatives

In this section we consider prediction problems, where the trajectory y in
model (1.1) is differentiable (in the mean-square sense) and derivatives of the
process (or field) y are available. In Section 3.1 we discuss the discrete case of
a once-differentiable process and in Section 3.2 we consider the general case
of a ¢ times differentiable (in the mean-square sense) process y satisfying the
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Figure 1: The square root of the MSE of the BLUP for the N x N-point
equidistant design with N = 3 (left) and N = 4 (right) and the exponential
kernel with \ = 2.

model (1.1). For the process y to be ¢ times differentiable, the covariance
kernel K and vector-function f in (1.1) have to be ¢ times differentiable,
which is one of the assumptions in Section 3.2. In Section 3.3 we consider
the prediction problem for the location scale model on a two-dimensional
product set in the case where the kernel K of the random field ¢ has the
product form (2.12). The results of this section can be easily generalized to
the case of d > 2 variables.

3.1 Discrete case

Consider the model (1.1), where the kernel K and vector-function f are
differentiable and one can observe the process y and its derivative at N
different points ¢y, ...,ty € R. In this case, the BLUP of y(ty) has the form

y(to) = fT(to)éBLUE,zN + K;,gszl(YzN — X2NéBLUE,2N)a (3.1)
where Yoy = (y(t1),...,y(tn), v (t1),..., v (ty)) " € R?V,

Y (EOO 2il—o)
210 211

9 N 82 N
Yoo = (K(tz‘,tj))N X0 = (%K(ti’tjw j=1 2= (qutmtj))jl
i i,j= 1% bLI=

is a block matrix,

i,j=1’ .
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are IN x N-matrices,

0 0 T
K on = (K(tm t1), ..., K(to, tn), 8_K(t0’ t1),..., = K(to, tN))
to Oty
is a vector in R?N, Xon = (f(t1), ..., f(tn), f'(t1), ..., f'(ty)) 7 is an 2N xm-
matrix and R
OpLuany = (Xon 2y ' Xon) T X NS, Yoy

is the BLUE of 0. The MSE of the BLUP (3.1) is given by

wse() = Koo~ [109] [0 5] [0

For more general cases of prediction of processes and fields with derivatives
observed at a finite number of points, see (Morris et al., 1993; Nather and
Simdk, 2003).

3.2 Continuous observations on an interval

Consider the continuous-time model (1.1), where the error process € has a
q times differentiable covariance kernel K(t,s). We also assume that the
vector-function f is g times differentiable and therefore the response y is g
times differentiable as well.

Suppose we observe realization y(t) = y(©(t) for t € Ty C R and assume that
observations of the derivatives y((t) are also available for all ¢ € T;, where
T, CR;i=1,...,q. Thesets T; (: =0,1,...,q) do not have to be the
same; some of these sets (but not all) can even be empty. If at least one of
the sets T; contains an interval then we speak of a problem with continuous
observations.

Consider the problem of prediction of 3 (ty), the p-th derivative of y at a
point ¢y & T, where 0 < p <gq.

A general linear predictor of the p-th derivative y® (ty) can be defined as

natte) = [YT0QUN =Y [ a0, 32)

where Y(¢) = (y(t),yM(¢),...,y@ (t))T is a vector with observations of
the process and its derivatives, Q(dt) = (Qo(dt),...,Q,(dt))" is a vec-
tor of length (¢ + 1) and Qq(dt),...,Q,(dt) are signed measures defined
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on Ty,..., T,, respectively. The covariance matrix of Y (t) is

K(t,s) = E[Y(t) — EY®)][Y(t) — EY(t)]" = 8—(,3)
oti0s’ ij=0

which is a non-negative definite matrix of size (¢ + 1) x (¢ + 1).

The estimator §, o (t) is unbiased if E[g, o(t0)] = E[y® (ty)], which is equiv-

alent to
P = 17 w)
where F(t) = (f(t), fO(t), ..., f(9(t)) is a mx (¢ + 1)-matrix.

Assumption A”.

(1) The best linear unbiased estimator (BLUE) OgLug = [ G(dt)Y (t) exists
in the model (1.1), where G(dt) is some signed m x (q + 1)-matriz measure
(that is, the j-th column of G(dt) is a signed vector measure defined on T;);
(2) There exists a signed vector-measure (4, (dt) (of size q+1) which satisfies
the equation

P K
/ KT (1, 5)Cy 0 (dE) = %, Vs e T, (3.3)
0

where K(t,s) = (%)ZZO is a (¢ + 1)-dimensional vector.
The problem of existence and construction of the BLUE in the continuous
model with derivatives is discussed in (Dette et al., 2019). A general state-

ment establishing the existence and explicit form of the BLUP is as follows.
The proof is given in Section 4.

Theorem 3.1. If Assumption A" holds, then the BLUP measure Q. exists
and 1s given by

Q..(dt) = Gy (dt) + G (dt)cy, (3.4)
where the signed measure (4, (dt) satisfies (3.3) and

& = f(to) — / F(1)Cy. (d).

The MSE of the BLUP 9, . (to) is given by

O K(t,s)

MSE(Qp,Q* (to)) - OtPOsP

LD (1) - / K (1,1)Qu(dF)

t=tp
s=tg

13



where

D= / / G(dt)K(t, s)G " (ds)
is the covariance matriz of OpLup = [ G(dt)Y (1).

Example 3.1. As a particular case of prediction in the model (1.1), in this
example we consider the problem of predicting a value of a process (so that
p = 0) with Matérn 3/2 covariance kernel K(t,s) = (1 + |t — s|)e ¢l
this kernel is once differentiable and is very popular in practice, see e.g.
(Rasmussen and Williams, 2006). We assume that the vector-function f
in the model (1.1) is 4 times differentiable and that the process y and its
derivative y' are observed on an interval [A, B] (so that Ty = T; = [A, B] in
the general statements). As shown in (Dette et al., 2019), for this kernel the
BLUE measure G(dt) can be expressed in terms of the signed matrix-measure

C(dt) = (Coldt), i (dt)) with

Co(dt) = zada(dt) + zpdp(dt) + z(t)dt,
Cl(dt) = ZLA(SA(dt) + ZLB(SB(dt),

where
o = 4%( FO(A) = 3A2FD(A) + 203 7(A)),
fa = (= FOA) +270(4) — XF(4)),
oy = &(— FO(B) +3X2FD(B) + 223 £(B)),
2B = ﬁ(f‘”(B)HAf(”(B)+A2f<B>),
A0) = 15 0 - 220D + £90).

Then using (Dette et al., 2019, Sect. 3.4) we obtain (o, (dt) = (Co.4.0(d2),
CO,t0,1<dt)) with

Coto0(dt) = 24y.404(dt) + 2, OB (dE) + 24, (t)dt,
Coto.1(dt) = z451,404(dt) + 241 505(dE),

where for ¢y > B we have 2, 4 = 0, 2514 = 0, 24, () =0,

28 = (14 Ato — B))e M0 2y 15 = (tg — B)e M5
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We also obtain the matrix

c / G () + / Gl £ ()

defined in (Dette et al., 2019, Lem. 2.1) from the condition of unbiasedness.
If D, the covariance matrix of the BLUE is non-degenerate, then D = C~1.
In the present case,

¢ = glrr @+ s @]+ gl @ rmre)] +
—ﬁ [f/(A>fT(A) + FA)FT(A) + f(B) f(B) + f(B)f’T(B)} n
1 B

fo [ OS2 @) + £ )]
A
o = (f (to) — [2t0,8S (B) + 2101, f’(B)]).

The BLUE-defining measure G(dt) is expressed through the measures ((dt)
and the matrix C' by G(dt) = C~'((dt). The BLUP measure for process
prediction is given by

Q.(dt) = Cogo(dt) + G (dt)cy
.
= (Goano(dt) + e C™Go(dt), Gopor (A1) + 6] CTC1(d1))

where
o = flto) = | Bt ().

For the location scale model with f(¢) = 1, we obtain C' =1+ A(B — A)/4,
co = (1 — 2y, p) and, therefore, a BLUP measure for this model is given by

Q.(dt) = 0.5¢004(dt)/C + (0.5¢0/C + z4y.5)05(dt) + 0.25coAdt/C
—0.25¢0/(CN)da(dt) + (21918 + 0.25¢0/(CN))dp(dt)

Therefore, the corresponding BLUP is given

B

Joo.(t) = 0.5c0y(A)/C + (0.5c0/C + 20 5)y(B) + 0.25¢o\ / y(t)dt/C
A

—02560/(0/\)y/(A) (dt) + (Zto,LB + 02560/(0)\))?/(3)
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Table 2 gives values of the square root of the MSE of the BLUP in the
location scale model at the point ¢ty = 2 for three families of designs, where
[A, B] = [0, 1]. We observe that observations of derivatives inside the interval
do not bring any improvement to the BLUP which can be explained by the
fact that the weights of the continuous BLUP at derivatives at points in the
interior of the interval [A, B] are 0.

Table 2: The square root of the MSE of the BLUP at the point ty = 2 for
different designs. (i) the design &n observing the process at N-point equidis-
tant points, (ii) the design En o observing the process at N-point equidistant
points and the derivative at two boundary points. (iii) the design En N observ-
ing the process and derivative at N-point equidistant points. The model is
the location scale model on the interval [0, 1] and the covariance kernel of the

error process is given by the Matérn 3/2 kernel with X\ = 2. For continuous
observations the square root of the BLUB is given by v MSE = 0.9985569896.

N 2 4 8 16

Eno [1.059339 | 1.038152 1.019244 1.009052
En2 10.999276 | 0.9985675343 | 0.9985573516 | 0.9985570068
Env.n 10.999276 | 0.9985675343 | 0.9985573516 | 0.9985570068

3.3 Location scale model on a product set

Similarly to Section 2.5, we consider the location scale model (2.11) defined
on the product set T = T; X T3 (where T; and 7 are Borel sets in R) with the
kernel K of the random field € having the product form (2.12). The results of
this section (as of Section 2.5) can be easily generalized to the case of d > 2
variables.

Assume that Assumption A” with ¢ = 1 is satisfied for two one-dimensional
models (2.13). For this assumption to hold, the process {y(t1,t2) | (t1,t2) €
7T} has to be once differentiable with respect to t; and t5. Let the measures
Goi(du) and Gy ;(du) define the BLUE

/Tiy(i)<U)GO,k(dU)+/ y((il))(u)Gl,i(dU)

Ti
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in the univariate models (2.13); ¢ = 1,2. In this case, results of (Dette
et al., 2019) imply that the BLUE of ¢ in the model (2.11) has the form
0 = [ Y'(t) G(dt), where

YT(1) = (y<t>, o), (), afato(t))

and
G(dt) = (Goo(dt), Gio(dt), G (dt), Gi1(dt)) "

with Gij (dt) = Gi7k(dt1)Gj7k<dt2).
Assume we want to predict y(7') at a point 7' = (T3, T,) ¢ T. The analogue
of the equation (2.9) is given by

/ KT (t,¢)Zp(dt') = K(t,T), VteT, (3.5)
i

where

fg1(t1781)K2(t2,52)
=K (t1, s1)Ka(tg, s2)
o ot1 1\t1, 21 2\L2, 92
K((t1:12), (s1,52)) = K1(t1,31)8%K2(t2,82)
%Kl<t1731)%[(2(t2>32)

Observing the product-form of expressions, we directly obtain that a solution
of (3.5) has the form

Co,ry (dty)Co,m, (di2)

_ | Gun(dti)Com,(dtz)

Ze(dt ) = | o (dts) |
Gy (dt) Gy (dt2)

where measures (o1, (dt) and (1, (dt) for i = 1,2 satisfy the equation
0
/ Kl<t, S)CO,TZ' (dt) +/ —Kl@, S)CLTZ.(dt) = Ki<S,T'Z‘), VS € 7:

T 7. Ot
Finally, the BLUP at the point T = (7,T%) is [ Y '(t)Q.(dt), where
Q*(dt) = ZT(dt) + Coc(dt) with Co = 1— fT(l’ 0, 0, O)ZT(dt)
The MSE of the BLUP is given by

MSE(joq. (T)) = 1+ coD — / K (t, T)Qu(d),
T

where D is the variance of the BLUE.
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Example 3.2. Consider a location scale model on a square [0,1]* with a
product covariance Matérn 3/2 kernel, that is

K(t, 1) = Ele(t)e(t)] = K(tr, 1) K (t2, 15),
where
K(u,u') = (1 + Mu —u'|)e =], (3.6)

Define the measures

Go(du) = [200(du) + 201 (du) + Adu]

+ A

and
1

4+ M)A [
In view of (Dette et al., 2019, Sect. 3.4),

Gi(du) = 01 (du) — do(du)], w € [0,1].

[ v + [0

defines a BLUE in the model y(u) = 6 4 ¢(u) with v € [0, 1] and covariance
kernel (3.6). Additionally, from (Dette et al., 2019, Sect. 3.4) we have

14+ AT e Ml 5o (du), T; <0,

(

Cory(du) = < o7, (du), 0<T;, <1,
(14 AT, — 1) 005, (du), T, > 1,

and

—|T3|e T 5o (du), T, <0,
Gr(du) = ¢ 0, 0< T, <1,
(T; — 1)e M= (du), T; > 1.

Finally, Co = fofo 1 0 0 0 T(dt =1- fO Co T (dt1)f01 QQ,T2 (dtz) and the
BLUP measure is given by Q.(dt) = Zr(dt) + ¢yG(dt); that is,

tQ) + C()G()(dtl)
2) + CoGl (dt )
ta) + coGo(dty)

) (dty)

tQ +C()G1 d

1 CO Ty

)Z

(d

)Co.1 (d
t1)Co,1,(d
)Ci7, (d
)Ci1, (d

o (dt
@ =| ¢
i

G

1 Cl Th
tl Cl T

We now investigate the performance of five discrete designs:
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(i) the design &n2 0,00, Where we observe process y on an N x N grid;

(ii) the design &2 444, Wwhere we observe process y on an N X N grid and
oy 9y 9%
Ot17 Oty? Ot10ts

additionally derivatives at 4 corners of [0, 1]?;

. . . oy

(iii) the design {y2 2 n20, Where we observe process y and derivatives T
Oy
51, on an N XN grid;

(iv) the design &n2 y2 n2 0, Where we observe process y on an Nx/N grid and

Oy 8y

ot1? Ot atlatg

derivatives at 4N — 4 equidistant points on the boundary

of [0,1]%;

(v) the design En2 N2 v2 N2, Where we observe process y and derivatives (’?Tyl’

Oy

55 8t16t2 at N X N equidistant points on an N x N grid.

Table 3: The square root of the MSE of the BLUP at the point (2,2) (upper
part) and the point (0.5,2) (lower part) for several designs in the location
scale model on the square [0,1]* with Matérn 3/2 product-kernel (A = 2).
The square root of the MSE of the continuous BLUP equals 1.119510 at the
point (2,2) and 0.958494 at the point (0.5, 2).

N 2 3 1 8 16
82000 1.16139 | 1.15344 | 1.14972 | 1.13548 | 1.12764
N2 1.121205 | 1.119682 | 1.119582 | 1.119543 | 1.119528
N2 N2 N2 1.124401 | 1.121576 | 1.120913 | 1.119893 | 1.119609
EN2AN—1AN—1AN—4| 1.121205 | 1.119632 | 1.119535 | 1.119511 | 1.119510
EN2.000 1.03152 | 1.00413 | 0.99900 | 0.97862 | 0.96862
N4 0.979953 |0.962754 | 0.963426 | 0.960604 | 0.959550
EN2 N2 N2 0.982184 |0.958732 | 0.959663 | 0.958606 | 0.958511
EN2AN—4aN—1.aN—4 | 0.979953 |0.958566 | 0.959314 | 0.958556 | 0.958500

The results are depicted in Table 3, which shows the square root of the MSE
of predictions at the point (2,2) and (0.5,2) for different sample sizes. For
any given N > 2, the MSE for prediction outside the square [0,1]? for the
designs §nz2 2 vz v2 and En2an_4an—a4nv—4 are exactly the same. This is
related to the fact that the BLUP weights associated with all derivatives at
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interior points in [0, 1]? of the designs &yz y2 y2 n2 are all 0. This means that
for optimal prediction of y(ty) at a point ¢ outside the observation region
one needs the design guaranteeing the optimal BLUE plus the observations
of y(t) and y/(t) at points ¢ closest to to. Note that the results of (Dette
et al., 2019, Sect. 3.4) imply that the continuous optimal design for the
BLUE does not use values of any derivatives of the process (or field for the
product-covariance model) in the interior of 7.

The observation above is consistent with our other numerical experience
which have shown that the BLUP at a point ¢y € (0,1) x (0, 1) constructed
from the design {n2 ny2 y2 2 has vanishing weights at all derivatives of inte-
rior points of [0,1]? with five exceptions: the center 0 and the four points
which are closest to ¢y in the Lo, (Manhattan) metric.

2.0 2.0

18 10 18 1.0

16 16

0.8

14 1.4

0.6 0.6

1.2 1.2

1.0 04 1.0 0.4

0.8 0.8

0.2 0.2

0.6 0.6

0.0
06 08 10 12 14 16 18 20 06 08 10 12 14 16 18 20

0.0

Figure 2: Square root of the MSE of the BLUP for the design {nz20.00 with
N = 3 (left) and N = 4 (right), and the Matérn 3/2 product-kernel with
A=2.

Figures 2 and 3 compare the MSE for some designs. As Figure 3 illus-
trates, additionally to Table 3, the MSE for designs {ny2 4n—44n—44n—4 and
Ene ven2ne is exactly the same for all points outside [0, 1]? and almost the
same at all interior points of [0, 1]%.
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Figure 3:  Square root of the MSE of the BLUP for the design
EN2AN—aaN—a4N—a (left) and Enz y2 n2 N2 (Tight) with N = 3 and the Matérn
3/2 product-kernel with A = 2.

4 Proofs

4.1 Proof of Theorem 2.2

To start, we proof the following lemma.

Lemma 4.1. The mean squared error [relative to the true process value] of
any unbiased estimator Zg = [ y(t)Q(dt) is given by

MSE(Zg) = E (7 - ZQ)2 —

/S /8 K (t, s)v(dty(ds)—2 /S /T K (t, s)v(dt)Q(ds) + /r [r QDK (¢, )Q(ds).
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Proof. Straightforward calculation gives

MSE(Zg) = E <Z - ZQ)2 =F (Z - /Ty(t)Q(dt)>2
= E (/S[QTf(t) + e(t)]v(dt) —/T[9Tf(t) G(t)]Q(dt))2

o o e

wmm
:/S/SKt,SydtVIdS_/S/TKtsydt -
3Amewwwmx

as required. O

Let us now prove the main result. We will show that MSE(Z) > MSE(Zo.),
where ZQ is any linear unbiased estimator of the from (2.7) and ZAQ* is defined
by the measure (2.10). Define R(dt) = Q(dt) — Q. (dt) From the condition
of unbiasedness for Q(dt) and Q.(dt), we have [ f(t)R(dt) = Oy

We obtain

MSE(Zo)= MSE(Zo.+r)

//Kts (dt) ds—Q//Kts (d1)[Q. + R)(ds)
//@+Rm<mm+mw>

= MSE(Q //Kts (dt)R(ds)+ //Rdt (t,s)R(ds)
+2//Q (d0)K(t, 5)R(ds)

> MSE(Q //Kts (dt)R ds+2//c2 (dt) K

= MSE(Q //th (t, s) /Kts dt R(ds)

:MSE(Q)+2/ ¢"Df(s)R(ds) = MSE(Q

T
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where the inequality follows from nonnegative definiteness of the covari-
ance kernel and the last equality follows from the unbiasedness condition

[ f(t)R(dt) = 0. O
4.2 Proof of Theorem 3.1

For simplicity, assume p = 0; the case p > 0 can be dealt with analogously.
First, we derive the following lemma.

Lemma 4.2. The mean squared error of any unbiased estimator yq(to) of
the form (3.2) is given by

MSE(o(to)) = E (y(to) — Jo(to))

— K(to,to) —2/K (to, 5) (ds)+/T/TQT(dt)K(t,s)Q(ds).

Proof. Straightforward calculation gives

e OHIK(t,s
+ZZ//TW@(CZUQJ'(CZS),

as required. O
Now we will prove the main result. We will show that MSE(yq(ty)) >
MSE(9q. (o)), where gg(to) is any linear unbiased estimator of the form (3.2)
and 9o, (to) is defined by (3.4). Define R(dt) = Q(dt)— Q*(dt) From the con-
dition of unbiasedness for Q(dt) and Q.(dt), we have [ F(t)R(dt) = Opx1,
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where F(t) = (f(t), fM(t),..., f@(t)). Therefore we obtain

MSE(gq(to))= MSE(Jq.+r(to))
— Klto.to) — 2 [r K7 (f0.5)Q. + R)(ds)

+ [ [ 1@+ Ry @K Q. + Ras)
= MSE(jq, (to)) / K (to, s)R(ds)+ /T /r R'(dt)K(t, s)R(ds)
w2 [ [ Qranx s
> MSE(9q. (t)) / K (to, s)R(ds)+2 /F /T Q. (d)K(t, s)R(ds)
= MSE(io. (1) +2 | [ [ QIK(t.s) ~K (10, 5)|Rias)
= MSE(jo. (1) +2 | ] DF(9)R(ds) = MSE(Go, ()

where the inequality follows from nonnegative definiteness of the covari-
ance kernel and the last equality follows from the unbiasedness condition

[F(t) — 0. 0

5 Appendix: more examples of predicting pro-
cess values

In the appendix, we give further examples of prediction of values of specific
random processes y(t), which follows the model (1.1) and observed for all
t € T = [A, B|. In Section 5.1, we illustrate application of Proposition 2.1
and in Sectlon .2 we give an example of application of Theorem 3.1. In the
example of Section 5.2 we consider the integrated Brownian motion process,
which is a once differentiable random process, and we assume that in addition
to values of y(t), the values of the derivative of y(t) are also available. As in
the main body of the paper, the components of the vector-function f(t) in
(1.1) are assumed to be smooth enough (for all formulas to make sense) and
linearly independent on 7.
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5.1 Prediction for Markovian error processes
5.1.1 General Markovian process

Consider the prediction of the random process (1.1) with 7 = [A, B] and the
Markovian kernel K (t,s) = u(t)v(s) for t < s, where u(-) and v(-) are twice
differentiable positive functions such that ¢(t) = u(t)/v(t) is monotonically
increasing. As shown in (Dette et al., 2019, Sect. 2.6), a solution of the
equation ff K(t,s)((dt) = f(s) holding for all s € T is the signed vector-
measure ((dt) = za04(dt) + zdp(dt) + z(t)dt with

L[ )

)Y 1(B)
O = ~lew) - = mem

where ¢/’ denotes a derivative of a function 1, the vector-function h(-) is
defined by h(t) = f(t)/v(t).
Then we obtain (;,(dt) = 29404 (dt) + zopdp(dt) with

——1_UI(A)'U 2 :qu
o= gy e = gy

o : B (10 oYL o)) T
C‘wmmmﬁ““(M+A 0) o
and
c=Cle=C"1 (f(to) — [%v(to)f@l) + (;)v(to)f(B)})

The BLUP measure is given by
Qu(dt) = G (dt) + ¢ G(dt) = (i (dt) + &7 ¢(dt)

and the MSE of the BLUP is

MSE(gq. (to)) = ulto)v(to) +¢" f(to) —/A K (t,0)Qu(dt)
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5.1.2 Prediction when the error process is Brownian motion

The covariance kernel K (t,s) = min(¢, s) of Brownian motion is a particular
case of the Markovian kernel with w(t) =t and v(s) = 1, t < s. Further we
present the BLUP for few choices of f().

For the location-scale model with f(¢) = 1, we obtain ¢ = 0 and, therefore,
the BLUP measure is given by Q.(dt) = dp(dt). The BLUP is gq, (to) = y(B)
and it has MSE(yq., (t0)) = to — B.

For the model with f(t) = ¢, we obtain ¢ = B~!(t, — B) and, thus, the BLUP
measure is given by

Qu(dt) = dg(dr) + 2

Sidt) = 2 ().

The BLUP is §q, (to) = %y(B) and it has MSE(jq, (to)) = 4(to — B).
For the model with f(t) = t?, we obtain ¢ = (A% +4/3(B* — A%))"1(t2 — B?)
and, thus, the BLUP measure is given by

2 — B2

Q*(dt) = 5B(dt) + A3 1 4/3(33 _ A3)

<2363(dt) — ASa(dt) — 2dt>.

The BLUP is

B

o (0) = U(B) + 5o (2B0(B) — Ayl 2 [ utoy)

A

and it has the mean squared error

B

MSE(jo. (to)) = to + ¢ - £2 —/A £ O, (dh).

5.1.3 Prediction for an OU error process

The covariance kernel K (¢, s) = exp(—A|t—s|) of the OU error process is also
a particular case of the Markovian kernel with u(t) = e* and v(s) = e,
t <s.

For the location-scale model f(t) = 1, we obtain ¢ = (14 (B — A)3)7*(1 —
e~ Mto=Bly and, therefore, the BLUP measure is given by

Q.(dt) = ¢/204(dt) + (e~ MN0=Bl 1 ¢/2)65(dt) + &N /2dt.
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The BLUP is gq. (t) = &/2y(A) + (e o~ Bl 4-¢/2)y(B) +&\/2 [ y(t)dt and
it has MSE(jig. (to)) = 1 + & — [ e Mi=tolQ, (dt).

In Table 4 we give values of the square root of the MSE of the BLUP at the
point ty = 2 for the N-point equidistant design in the location scale model
on the interval [0, 1] and the OU kernel with A = 2. From this table, we can
see that one does not need many points to get almost optimal prediction:
indeed, the MSE for designs with N > 4 is very close to the MSE for the
continuous design. Similar results have been observed for other points ¢y, and
other Markovian kernels.

Table 4: The square root of the MSE of the BLUP at the point ¢ty = 2 for the
N-point equidistant design in the location scale model on the interval [0, 1]
and the OU kernel with A = 2; for the continuous design vVMSE = 1.164262.

N 2 4 8 16 32
VMSE [1.18579 | 1.167157 | 1.164806 | 1.164381 | 1.16429

5.2 Prediction when the error process is integrated
Brownian motion
Consider the prediction of the random process (1.1) with 7 = [A, B], the 4

times differentiable vector of regression functions f(¢) and the kernel of the
integrated Brownian motion defined by

K(t,s) = min(t, s)*(3 max(t, s) — min(t, s)) /6.

From (Dette et al., 2019, Sect. 3.2) we have that the signed matrix-measure
¢(dt) = (Co(dt), ¢1(dt)) has components (o(dt) = za0a(dt) + zpdp(dt) + z(t)dt
and ¢y (dt) = z1,404(dt) + 21, 50p(dt), where

2 = FOA) — () + S f(A),
fa = —FOA) + TIO(A) — 7 (A),

zp = —fO(B), zp=fPB), 2(t)= D).
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Then we obtain (y, o(dt) = 2, 404(dt) + 2, BOB(dt) + 24, (t)dt and G, 1(dt) =
241,404 (dt) + 241 g0 (dt) with (for ¢y > B)

6

12
zoa = KO (A tg) — ﬁKﬂ)(A, to) + FK(A, to) =0,

4 6
Zo0a = —KP(A ) + AK J(A,to) — EK(A ty) = 0,
2o = —K®(B,tg) =1, 2,18 =KP(B,t) =t,— B,

and 2z, (t) = KW(t,ty) = 0. This 1mphes Ctoo(dt) = 0p(dt) and G, 1(dt) =
(to ~ B)dp(dt). Also we obtain C = 2 7(A)f7(4) = £ (/(A)f7(4) +

(A)FT(A))+4 S (AT (A)+ [} f (2 fﬂT( )t and &) =C e =C1( f(to)~
[<> (to— B)'(B)]).

For the location-scale model with f(¢) = 1, we obtain ¢ = 0 and, therefore,
the BLUP measure is given by Q.(dt) = (dg(dt), (to — B)dg(dt))". The
BLUP is 4q. (to) = y(B) + (to — B)y'(B) and it has MSE(4q. (t0)) = t3/3 —
toB(to — B/2).
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