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Abstract

For independent exponentially distributed random variables X;, i € N
with distinct rates A; we consider sums ), 4 X; for A € N which follow
generalized exponential mixture (GEM) distributions. We provide novel
explicit results on the conditional distribution of the total sum >, \ X;
given that a subset sum ) | jea X exceeds a certain threshold value t > 0,
and vice versa. Moreover, we investigate the characteristic tail behavior
of these conditional distributions for ¢ — oo. Finally, we illustrate how
our probabilistic results can be applied in practice by providing examples
from both reliability theory and risk management.
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1 Introduction

Stochastic properties of sums of independent exponentially distributed random vari-
ables X; for i € N, where N C N is some finite set, are both of high theoreti-
cal and practical relevance. Under the assumption that the rate parameters A\; >
0 are pairwise distinct, the distribution of the sum Sy = ;.\ X; can be rep-
resented as a generalized exponential mixture (GEM)! with distribution function
Fs(z) =1 =3, me % x> 0, with real-valued mixing proportions m; which
satisfy » .o mi = 1.

The early theoretical literature on exponential mixtures is mainly focused on
necessary or sufficient conditions for the mixing proportions m; to ensure that for
x > 0 the expression 1 — ),/ m; e % defines a valid distribution function; see e.g.
Bartholomew [6], Harris et al. [12], Steutel [23]. More recently, research has been more
concentrated on probabilistic or statistical properties of exponential mixture distri-
butions; see e.g. Amari and Misra [2], Favaro and Walker [11], Jewell [14], Kochar
and Xu [16], Navarro et al. [22]. Mixtures and convolutions of exponential distribu-
tions constitute important subclasses of so-called phase-type distributions which are
defined in terms of an underlying Markov jump process. Phase-type distributions
attract much attention in the current literature (see e.g. Albrecher and Bladt [1]);
an excellent review of recent results on phase-type distributions can be found in the
book of Bladt and Nielsen [9].

Convolutions of exponential distributions have been proved to be relevant in var-
ious application fields: in management science Bekker and Koeleman [7] provide
results on admission scheduling in a clinic with respect to stable bed demand where
patient stay lengths follow GEM distributions; in reliability theory Kordecki [17]
provides bounds for the probability that a system of independent components will
completely operate when the component failure probabilities are exponentially dis-
tributed with pairwise distinct rates, while Yin et al. [25] derive results on finding the
optimal rate of preventive maintenance in Markov systems with GEM time-to-failure
distribution; further applications are elaborated by Asmussen [4] in renewal theory,
by Bergel and Egidio dos Reis [8] and Willmot and Woo [24] in actuarial science,
and by Anjum and Perros [3] in network science; Dufresne [10] shows how to apply
GEMs for approximating arbitrary distribution functions with positive half-line sup-
port. Kliippelberg and Seifert [15] investigate financial risk measures for a system of

asymptotically exponentially distributed losses, however, they show that summation

IThis distribution class is known in the literature under various names, e.g. generalized Erlang
(cf. Bergel and Egidio dos Reis [8]), hypoexponential as its coefficient of variation is smaller than
one as by the exponential distribution (cf. Li and Li [18]), as well as generalized hyperezponential
distribution (cf. Harris et al. [12]).



of such losses does not lead to GEM distributions.

Although the above-mentioned literature on unconditional GEM distributions is
rather substantial, to the best of our knowledge results on conditional distributions
for sums of independent exponentially distributed random variables are not yet avail-
able. In this paper we close this gap and deduce explicit results on conditional dis-
tributions for such sums. The assumption of pairwise distinct rate parameters makes
the analysis more challenging compared to those for the sum of independent iden-
tically exponentially distributed random variables which follows an Erlang distribu-
tion. Nevertheless, we also handle the case where we relax the restriction that the
rate parameters are all pairwise distinct.

In the present paper we consider the total sum Sy = Y ..\ X; as well as subset
sums Sq4 = Y ;4 X; based on subsets A C N of independent exponentially dis-
tributed X;, and deduce the conditional distributions for both P(Sy > s | Sa > t)
and P(Sq >t | Sy > s) for s,t > 0. Hence, we quantify interdependence between
the total sum Sjs and subset sums S 4 of independent exponential random variables.
Besides providing results for finite thresholds s,¢ > 0, we also present statements
quantifying the tail behavior when conditioning on extreme events {Sy > s} for
s — oo and {S4 > t} for ¢ — co. Our novel probabilistic results are essential when
only partial information on a subset is available, but the quantity of interest is the
total sum Sy, or, vice versa, when there is information about the total sum Sxr but
the distribution of some subset sum S 4 is of interest.

This paper is organized as follows. In section 2 we give expressions for the dis-
tribution of sums Sy = 3", Xi of independent exponentially distributed random
variables X;, and deduce the characteristic tail behavior of their survival functions.
In section 3 we investigate the conditional distributions for the sum Sy given that
some X, j € N exceeds a certain threshold value, as well as, conversely, those of X;
given that Sy exceeds some threshold. Next, in section 4 we generalize these results
by providing the conditional distributions for the total sum S and subset sums
Sq = Zje 14X for some A C N. In section 5 we illustrate our theoretical results
by presenting relevant examples where our results may provide support for decision
making in practice. The proofs are placed in section 6.

Notations and conventions: Two functions f and g are said to be (i) asymp-
totically equivalent f ~ g if f(z)/g(x) — 1 for x — oo and (ii) proportional f x g
if f(z)/g(x) = ¢ for all z and some constant ¢ > 0. For some [N| € {2,3,4,...}
we use the notation N := {1,2,...,|N|} and denote by |A| the cardinality of a
set A C N. Further, we write fx, for the density of the random variable X;. We
denote by Exp()\;) the class of exponentially distributed random variables with rate
parameter \; > 0, such that X; € Exp()\;) has the density fx,(z) = \; e T for



r > 0, and the expectation E[X;] = 1/A;. Given the rate parameters A1, ..., A
with A\; # A for i # j, the minimal rates for the sets A" and A C N are denoted as:

An =min{); [ i € N}, Ao =min{}); |j e A}, (1)

where n (or a) denotes the index of the random variable X, (or X,) with minimal
rate parameter in set N’ (or A). As the usual convention, we set [[;c 4 ¢; := 1 for

arbitrary ¢; when A is the empty set.

2 Generalized exponential mixtures

Throughout this paper we consider distributions of sums Sxs:= > ;.\ X; and Sy :=
Y ica Xi with some A C N for random variables X; which satisfy the following
Assumption (A): The random variables X; € Exp(\;), i € N, are stochastically
independent with pairwise distinct rate parameters A\; # \; for all 7 # j.

Note that the setting with A\; = A > 0 for all i € N would result in an Erlang
distribution for the sum of independent random variables. Assumption (A) with
pairwise distinct A\; makes our analysis more challenging; it is posed in the current
literature by e.g. Bergel and Egidio dos Reis [8], Kordecki [17], McLachlan [20] and
Steutel [23]. In Remark 3(ii) at the end of this section we indicate how to handle the
case where the restriction for pairwise distinct parameters is relaxed; i.e., when some

(or even all) rate parameters coincide.

Remark 1. Note that all results on sums Sy would be also valid for linear combi-
nations ) ..\ 6;Y; of independent Y; € Exp(j\i) and coefficients 6; > 0, i € N, when
:\iﬁj * 5\]02- for all ¢ # j. The statements on linear combinations can be obtained by

the linear transformation X; := 6;Y; € Exp(\;) with \; := i /0;. O

Before we present our findings, we summarize the established results on the con-

volution of exponentially distributed random variables.

Proposition 1 (Jasiulewicz and Kordecki [13], Theorem 1). Under Assumption (A)
the sum Sy = ) .\ Xi has density:

fop(@) =D mundie ™7, x>0, 2)
ieN

with mizing proportions

A.
i) = H )\‘_J)\A € (—o0,00), iEN. (3)
jem\iy 7



The sum Sy with density (2) follows a generalized exponential mizture (GEM)
distribution as it allows — in contrast to a classical mixture — for mixing proportions of
both positive and negative signs. As the mixing proportions depend on the underlying
set N’ we denote them by ;). Note that a change of the underlying set could lead

to a change of all mixing proportions; i.e., in general we have m;w) # ;4 for all

iec ACN.

Remark 2. Due to the density representation in (2) it follows that the mixing
proportions sum up to one:

Z miw) =1, (4)

ieEN

where exactly ||A]/2] of the mixing proportions ;) are negative. More precisely,
the mixing proportions alternate in sign when the rate parameters are ordered (which
can be done without loss of generality) as A\ < Ay < ... < /\‘ N> then ;) is positive
for odd and negative for even indices i € N, as there are exactly (i — 1) negative

denominators in (3). &

After providing results for finite z > 0, we establish the characteristic tail behavior
of GEM distributions for £ — oco. In the next corollary we show that the random

variable with the smallest parameter A\, cf. (1), determines the asymptotics:

Corollary 1. Under Assumption (A), the survival function of Sy = .o\ Xi sal-

isfies:

P(Sy>=x) = Zmo\/) e >0,
ieN
~ ThN) e M P(Xy,>x) for © — 0.

The statements of Proposition 1 and Corollary 1 are illustrated in Figure 1 where
we show, first, the different shapes of the GEM and exponential survival functions
for non-asymptotic regions and, second, how good the exponential distribution with
the smallest tail parameter A, is for the asymptotic approximation of GEM.
Similarly to the established result that phase-type distributions have asymptotic
tails of Erlang distributions (cf. Asmussen et al. [5, sect. 5.7]), our result in Corollary 1
states that the subclass of GEM distributions leads to asymptotic tails of exponential
distributions. However, if we allow the tail parameters to coincide for different indices,
then the distribution of Sxr has the asymptotic tail of an Erlang distribution, as we

discuss it in the following remark.



1.0

0.8

0.6

0.4

0.2

0.0

| N |
- = Exp: P( X >x) 3
° — GEM: P(Sy>x) g
N . e o APProx: Thy EXP(-AnX)
[ ]
o S
_ P
o 3
_ .
?
Q
wn
<
o
- (!I) —
T T T T T T o T T T T T T
0 20 40 60 80 100 x 0 20 40 60 80 100 x
(a) (b)

Figure 1: (a): Survival functions of exponentially distributed X;, ¢ = 1,...,10 with distinct rate
parameters A1 = 0.1, 2 = 0.2,...,A10 = 1.0 (dashed lines), and the function msw) e Mn? (dotted
line) with n =1 as approximation of P(Sxr > x) (solid line); cf. Corollary 1.

(b): Same functions as in (a) on a logarithmic vertical axis to illustrate that the approximating

function (dotted line) has the same slope as the function of dominant X, (bold dashed line), both

determined by rate parameter \n.

Remark 3. Here we comment on the case of possibly equal rate parameters \; for

some (or all) random variables X;, i € N, where the following results hold:

(i)

If the parameters \; coincide for different values of ¢, then the distribution of
SN = Y ien Xi is not GEM any longer. If — as a special case — it holds that
Xi = A for all i € NV, then Sy is Erlang distributed. In general, if only some \;
coincide, Syr follows a generalized Erlang mizture distribution, cf. Mathai [19]

and Moschopoulos [21].

The corresponding results of Proposition 1 if A\; = A; for some j # ¢ can be
obtained as limits for A\; — A;. Consider e.g. the case of two variables X; and

Xy where taking such limit leads to an Erlang distribution as follows:

)\2 e_)‘lx — )\1 e_>‘2x

lim P(X;+ X = i

i Pt Xo > ) = Jim =

= lim (e ™M 4 \ze ™) = (1+M\z)e ™M, 2>0. (5)
)\2—>)\1

The asymptotic results in Corollary 1 for £ — oo give asymptotic tails of
Erlang distribution with shape parameter ¢ = |@Q|, where the set Q := {i €
N | A\i = mingen \g} contains the indices of all variables with the smallest
rate parameter. Hence, the value ¢ is the number of asymptotically dominant

random variables X; with the smallest rate parameter. &



3 Conditional distributions for GEM sums and a se-

lected exponential random variable

Now we provide our novel results on the conditional distribution for the sum Sy =
Y ien Xi given that some element X; exceeds a certain threshold value, as well as,
conversely, on the conditional distribution for X; given that Sy exceeds some thresh-
old. In the next theorem we deduce the conditional probabilities which illustrate both

finite and asymptotic influence of X; on the sum Sy .

Theorem 1. Under Assumption (A), the conditional probabilities for Sy = > ;v Xi
satisfy given that X; > x > 0 for some j € N:

(i) for finite s > x:

P(Sy>s|X;>2) = P(Sy>s—1x) = » moe 6,
ieN

(ii) asymptotically for v — oo and some positive function s(x) with s(x)—x—o00:
P(Sy > s(x) | Xj > ) ~ maw M@)o P(X, > s(z) — ),
with w as in (1).

Throughout this paper, we exclude trivial cases where the corresponding condi-
tional probability is equal to 1. For example, in Theorem 1 we only consider s > .
Note also that the asymptotically dominant random variable X, has the largest ex-
pectation of all X; for i € N.

Note that in Theorem 1(ii) one can use any function s(x) which increases faster
than the identity function s(z) = z. E.g., for the important case of a linear function

we obtain asymptotically for £ — co and some a > 1 that:
P(Sy > ax | X; > x) ~ mon e @D o P(X, > (a—1)z).

Remark 4. The results of Theorem 1(i) reveal the following interesting features:

The conditional distribution of the sum Sy = ", \r X; given some X, j € N
(a) is equal to the shifted unconditional distribution of Sp;
(b) is independent of the specific index j of the variable we condition on;
(c) depends only on the difference s — x of the threshold values.

In particular, points (a) and (c) display a certain “no-memory” property of the GEM

distributions by conditioning on a single exponential random variable. &



Next we present the complementary result to Theorem 1 with conditioning on the

sum Sy > s.

Proposition 2. Under Assumption (A), the conditional probabilities for X;, j € N
satisfy given that Sy =Y, Xi > 5 > 0:

(1) for finite s > x > 0:
P(X; >x)P(Sy > s—x)
P(Sy > s)
iz Zie_/\[ﬂ'i(-’\/') e
e J
S T €A

P(X;>x|Sy>s) =

Ai(s—x)

and for finite x > s:

P(X; > ) e N
P(X;>xz|Sy>s) = 2 = ;
(Xj >z | Sy >s) P(Sy > s) Doien M) e s

(ii) asymptotically for s — oo and some positive function z(s) with x(s) — oo it
holds:

“if s —x(s) — oo
P(X; > a(s) | Sy >s) ~ e RimAnzls) —

“if s —x(s) — —oo:

e~ (X(s)=Ans) o~ P(X; > z(s))
T (V) P(X,>s) ’

P(X;>x(s)| Sy >s) ~

“if s —x(s) = c € (—00,00):

P(X] >S)

. ~ —(Aj—An)s
P(X; > x(s) | Sy > 9) K.e '\ x Py s

with K, = e)‘ic/ﬂn(m for ¢ <0 and K. := ;o p T e_(’\i_’\f)c/ﬂ'n(/\/) for
c >0 and with n as in (1).

In Proposition 2 we show that P(X; > « | Sy > s) depends (even asymptot-
ically) on the distribution of the particular random variable X; in contrast to the
counterpart P(Sy > s | X; > z) investigated in Theorem 1.

For the special case of linear functional dependence between the lower thresholds
for sum Sy and variable X; we obtain asymptotically for s —+ oo and 0 < 8 < 1:

P(X; > Bs| Sy >s) ~ e~ Ni—An)Bs — m,

and for g > 1:

e (BA—M)s P(X; > Bs)
X .
T(\) P(X, > s)

P(X; > ps| Sy >s) ~



Remark 5. Theorem 1 and Proposition 2 point out the following characteristic
properties of the conditional distributions under consideration:

* The distribution of Sxr contains all information to quantify the influence of the

random variables X; on the sum. This holds not only asymptotically for large

X, but also exactly for all s,z > 0as P(Sy >s| X; >z) =P(Sy >s—x).

* The above-mentioned “no-memory” property allows for a simple quantification
of the influence of a single random variable on the aggregated sum, as it is given
immediately by the distribution of the sum. Thereby, it is irrelevant which par-

ticular random variable X; we condition on.

* By conditioning on {Sx > s}, Proposition 2 states that

P(Sy >s—=

Hence, this statement involves only marginal distributions of Sy and X; but

, s>x>0. (6)

not their joint distribution.

* The qualitative difference between the probability P(Sy > s | X; > z) and
its counterpart P(X; > x | Sy > s) is based on the following intuition: the
event {Sy > s} does not specify which random variables X; cause a threshold
exceedance. Such events may comprise very different scenarios for possible re-
alizations of random variables X7, ..., Xy, for example scenarios with a few
large realizations as well as scenarios where none of realizations is large but the

sum Sy exceeds a high threshold merely by a cumulation effect. o

4 Conditional distributions for GEM sums

We generalize the results from the previous section by providing expressions for
conditional distributions of the total sum Sy = > ..\ X; and the subset sum S4 =
> jeaX; for some A CN.

Theorem 2. Under Assumption (A), for each subset A C N the conditional prob-
abilities for the total sum Sy = > ;-\ Xi satisfy given that the subset sum Sp =
djeaX;>t>0:
(i) for finite s > t:
djeaTiw P(X; > t)P(ZkeA; X > s—t)
ZjeAﬂj(A)P(Xj > t)

P(SN>5\SA>2€) =

—(\i— t—
Y jen Loneas T Ty e iR As

. —A,t )
ZJG.A 7T](.A) ($ J




with A% == (N'\ A) U {j};
(ii) asymptotically for t — oo and some positive function s(t) with s(t)—t—oo:

P(X, > s(t))

~ £ e~ An(s(t)—1)
P(Sy > s(t) | Sa>t) ~ maan e x PXast)

with A% := (N'\ A) U {j} and n as in (1).

In the results of Theorem 2 we use mixing proportions 7j) or T (A%) based on
subsets A C N or .AJ* C N, respectively. They are defined analogously to those in
(3) based on N. Moreover, these mixing proportions based on two sets with a single

element in common are related to each other as stated in the next remark.

Remark 6. Let A;, Ay C N such that A; N Ay = {j} for some j € M. Then it

follows:

Tj(A1) * Tj(Ag) = Tj(A1UAg) - (7)

In particular, for the mixing proportions in Theorem 2 it holds that:

TjA) - TjAN) = T - Tinauih = T forall j € A. (8)

The complementary result to Theorem 2 is as follows:

Proposition 3. Under Assumption (A), for each A C N the conditional probabilities
for the subset sum S = ZjeA X satisfy given that the total sum Sy =) ;o\ Xi >
s> 0:

(i) for finite s >t > 0:

DjeaTiw P (X; >t) P (ZkeAJ*- X >s— t)
ZiEN T3 (N) P(XZ > 8)
Y jea Lneas T Treap e~ i Ai=As

D oien i) e

P(Sy>t|Sv>s) =

and for finite t > s:

DjeaTi P (X5 >1) 3 4w e it
Sien T P(X; > 8) Yo mion e his

P(Sy>t|Sy>s) =

with A% == (N'\ A) U {j};

10



(ii) asymptotically for s — oo and some positive function t(s) with t(s) — oo it
holds:
“if s — t(s) — oo

Me =M —amant(s) o £ (Xa > ()

M — A x P(X, > t(s))’

P(Sa>t(s)| Sy >s) ~ H
ke A\{a}

which reduces in the special case a =n to P(S4 > t(s) | Sy >s) — 1;
“if s —t(s) — —oo:

P(Sa > t(s) | Sy > s) ~ 2 o=Qatle)=2ns) o P(Xo > t(s))

Th(N) P(X,>s) ’
“if s —t(s) = ¢ € (—00,00):
O P(X, > )
~ (Aa—An)s a
P(Sq>t(s)| Sy >s) ~ Kce x Xy >5)

with K. := T ¢ /Ty fore <0 and K. := Tq() ZkeAg T (AS) e_()‘k_)‘“)c/wnw)
for ¢ >0 and with A% := (N'\ A) U {j}, n, a as in (1).

For the special case that A = A/, the results in Theorem 2 can be simplified by

applying the no-memory property of the exponential distribution as follows:
Corollary 2. Under Assumption (A), it holds that:

(i) for finite s >t > 0:

ZieNWi(N)P(Xi > t)P()(Z > 8 — t)
ZieNTF@'(N’)P(Xi > t)
ZiEN miw) P(X; > s) B Zie/\f i) e s

Dien T P(Xi > 1) D p mion e it

P(SN>5|SN>75) =

(ii) asymptotically for t — oo and some positive function s(t) with s(t)—t—oo:

P(X, > s(t))

P ~ e An(s(t)-1)
(Sy > s(t) | Sy >t) ~ e x PXa > 1)

Differently to Theorem 1(i) where given that a single component exceeds some
threshold the no-memory property for GEM holds for finite thresholds, in Corol-
lary 2(ii) the no-memory feature holds only asymptotically.

Our results on conditional distributions for sums and subset sums of exponential
variables might also be of interest for the analysis of phase-type distributions as they

are important representatives of this class.

11



5 Illustrative examples

Now we illustrate the practical relevance of the results presented in the previous sec-
tions. In the following we concentrate on the total average Sy := (1/|N]) 3 ;cn Xi
taken over all elements in the system A, and the subset average S4 := (1/|A|) > jeaX;
taken over some subset A C N. Our setting is determined by the cardinality |A| of
the subset compared to the total number |N| of system elements, as well as by the
rate parameters \; for j € A and A; for ¢ € V. In particular, the smallest rate pa-
rameter \, in the subset is of interest, more precisely, whether a = n or a # n, with
a and n defined in (1). First we show how the statements in Theorems 1 and 2 help

to gain interesting results concerning conditional distributions of these averages.

Proposition 4. Under Assumption (A), the conditional probabilities of the total

average given the subset average are asymptotically proportional for all subsets ACN :
P(Sy > at | Sq > 1) ~ C(A) e @WVIAI=DAE por o S JA|/IN], ¢ — o0,

with positive constants C(A) = [[,c 1 M/ (A —An), where A= (M\A)U{a})\{n}.
Moreover, for Ay C Az we have C( A1) > C(A3z). Hence, the constants C(A) decrease
strictly monotone from the value C({j}) = mav) > 1 for one-element subsets down
to C(N) =1 for the total system average.

The asymptotic result in Proposition 4 applies, for instance, in a situation where
only partial information is available. Let a manufacturing company exploit [N dif-
ferent machines with (yearly) preventive maintenance times X; for i = 1,...,|N|,
so that these maintenance times can be modeled as independent Exp(A;)-random
variables with \; # \; for i # j. Assume that in some subsidiary with |.4| machines
the subset average maintenance time (1/[A|) >, 4 X; exceeds a high threshold ¢ in
the current year. The statement in Proposition 4 allows us to quantify the condi-
tional probability whether the total average maintenance time (1/|N]) > ;o\ Xi for
the whole company exceeds the value at. Such statements are important for opti-
mizing the maintenance schedule with respect to the most efficient allocation of the
company’s resources.

The asymptotic statements in the next theorem allow us to compare probabilities
that either the total system average or a subset average exceed a high threshold s,
given that the total system average Sy exceeds threshold s. This is the complemen-
tary result to Proposition 4. In particular, we contrast the conditional probabilities
for averages based either on a concentrated (C) subset A C N or on the diversi-
fied (D) total set A/, and establish conditions when one of these probabilities is of

smaller asymptotic order than the other one.

12



Theorem 3. Under Assumption (A), the conditional probabilities for concentrated (C)
and diversified (D) subset averages given that the total average Sy > s, namely

Po(s) :=P(Sy > Bs| Sy >s) and Pp(s):= P(Sy > Bs| Sy > s)
for some A C N andn, a as in (1) fulfill for s — oo the following statements:

PC(S) = O(PD(S)) - )\a/)\n > Rﬁ,
PC(S) ~ kﬁPD(S) ~ )\a/>\n = Rﬁ,
Po(s) = o(Pe(s)) & /A < Rp,

with
1, if0< <1,
R =91+ (B -DIN|/(BIA]), if1 < B < |NI/IA],
IVT/A| if B> [N/A|

and with constant kg :=1 for 0 < f < 1, kg := [[rca (o} (M — Aa)/(Ax = An) for
1 < B < |NV/|A| and kg := mav) [Ty for B> |N|/|A].

Theorem 3 quantifies in terms of the ratio Aq/An whether the asymptotic condi-
tional probability for a subset average becomes negligible compared to that for the
total average. More precisely, concentration on subset A leads to a conditional prob-
ability of a smaller order compared to taking the average over all random variables
if and only if the corresponding conditions in Theorem 3 are satisfied.

E.g., this result proves to be useful in a system with [\ risky investments, where
the investor should decide whether to build a diversified (D) portfolio with a large
number of investments included, or to concentrate (C) on a portfolio based on subset
A C N of carefully selected investment opportunities. The relations between the con-
ditional probabilities for the average concentrated (C) and diversified (D) portfolio
losses in a financial stress situation with a large system loss are stated in Theorem 3.

The results of Theorem 3 indicate that a construction of a diversified portfolio
should be preferred for investments X; from similar risk classes characterized by
numerically similar rate parameters )\;, i € N. However, in a system where the
investments X; have strongly heterogeneous rate parameters, concentrating on a few
objects identified by the criterion in Theorem 3 is advantageous in view of minimizing
the probability of a large portfolio loss given a high system loss. We demonstrate this

effect in the following example which is visualized in Figure 2.

Example 1. For independent exponential risk variables X;, i € N = {1,...,15}, we

compare the conditional survival functions based on the 15 one-element risks and

13



Weakly heterogeneous parameters: Strongly heterogeneous parameters:

Diversification benefit Concentration benefit
o o
o o
+ + -
[ (]
— —
o o
T T 4
(] (]
— —
> e
N N
z < z <
w9 w9
a 3 a 3
A A
< <
o ln
~ © ~ ©
o ? _ o ? _
L] [
— —
o) o)
T 4 T 4
3 2 R \ \ N \
Asy v v v v v N v (A \
T T T T T T T T T T
10 20 30 40 50 s 10 20 30 40 50 s
(@) (b)

Figure 2: Log-log-plot: comparison of conditional probabilities for 15 totally concentrated subsets
based on single elements A € {{1},...,{15}} (dashed lines) and for the system average based
on set N' = {1,...,15} (solid line) with 8 = 9: plot (a) for scenario with weakly heterogeneous
rate parameters A\; and plot (b) for scenario with strongly heterogeneous rate parameters A;; cf.

Example 1.

that for the total risk average Sy for two different scenarios:
(a) weakly heterogeneous rate parameters: (A1, Ag, ..., A15) = (0.05,0.075,...0.4),
(b) strongly heterogeneous rate parameters: (A1, g, ..., A15) = (0.05,0.25,...2.85).

Both scenarios are comparable as the asymptotically dominant (i.e. the smallest)
rate parameter takes the same value A, = 0.05 in (a) and (b).

In Figure 2 we plot for 8 = 9 the survival functions P(S4 > Bz | Sy > z) for
15 concentrated single object subsets Sy = X; for A = {j}, j = 1,...,15 (dashed
lines) and for the system average Su = (1/|N]) Y;cp Xi for A = N (solid line).
It illustrates the criterion given in Theorem 3: in scenario (a) the ratio is A;/Ay <
1+ (8 —1)|N|/B =43/3 for all j € N, which shows that the whole system average
is most beneficial here. In contrast, in scenario (b) it holds A;/Aq < 43/3 only for
j < 4, which implies that concentration on single objects j € {5,6,...,15} is more

advantageous compared to holding all objects in the system. &

Remark 7. The criterion presented in Theorem 3 leads to qualitatively different
recommendations with respect to concentration or diversification strategies compared
to those for unconditional probabilities. In the latter case, the criterion to minimize
the probability of large subset average value S 4 is as follows: Concentration on subset
A is beneficial in contrast to diversification on the whole system N in the sense that

P(Sy4 > s) = o(P(Sy > s)) as s — oo if and only if the ratio of the smallest rate
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parameters satisfies Aq/Aq > |NV|/|A|. These differences should be taken into account
e.g. by comparing results on Value-at-Risk and Conditional Value-at-Risk. &

6 Proofs

Proof of Theorem 1 and Proposition 2. Due to the “no-memory” property of the
exponential distribution we have that the shifted random variable X; — = given
X; > x follows an Exp()\;) distribution for j € N, i.e. for the conditional den-
sity it holds that fix, sx;>2) = fx,;. We further partition the sum Sy as follows:
SN =2 ien Xi = 222 Xi + (X; — 2) + 2. Using that the variables X; for i # j are
independent from X, we obtain for the conditional density of Syr — x given X; > x
that:

fsy—alx;>2)(2) = /f(z#jxngn)(z—u)f(xjxxj>z)(u)du
0
= /fz#jxi(z—u)ij(u)du = fou(2)-
0

This implies that:
P(Sy>s|Xj>z) = PSy—xz>s—a|X;>x) = P(Sy >s—x),

which proves statement (i) of Theorem 1.

Asymptotically for  — oo and s(z) —x — oo it holds that in P(Sy > s(x)—x) =
S i i) e~ i(s(z)—x)
determines the asymptotics (cf. Corollary 1). Hence, we obtain that:

the summand for ¢ = n with the smallest rate parameter A\,

P( Z X; > s(x) | X; > ) ~ T e ME@=T) — 1y P(Xy > s(z) — ), (9)
ieN

which gives statement (ii) of Theorem 1.

The statements in Proposition 2 follow from Bayes’ theorem. O

Proof of Theorem 2 and Proposition 3. To analyze the joint probability of the sums
SN = D ienXi and Sy = ZjeA X; we partition the sum Sy into the subset
sum jeaX; and its complement sum D oke A A Xk and use that these sums fol-
low stochastically independent GEM distributions with parameters A\;, 7w, j € A
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or \g, T4y, k € N\ A, respectively. For s > ¢ we obtain that:

P(SN>5,SA>t) = P(ZXi>S’ZXj>t)

ieN JjeA
= /P Z Xk>3—ufZ€A ()du+P(ZXj>s)
L keM\A jEA
- Z Z AJTGA) Wk(N\A)e/\kS/ eMnm Ay, 4 Zﬂjw e N*
JEAkeN\A t JEA

Y Aj Wi\M) TR(A\A) [e—xjs B e—()xjt+>\k(s—t))] S e e
-

JEAKEN\A jeA
> i {(1 - Z TRURD ThONA) €7
jeA keN\A

— Oyt An (st
+ ) meomn Teana e AR ))}.

keN\A

Next, we use the properties from Eqs. (4) and (7) which together imply that

> mwommena = 1= ) menaosn = mienacey  (10)
keNM\A keN\ A

and obtain that:

P(> Xi>sY X;>t)

ieN jeA
= D mw eV {WJ«(N\A)U{J'})e*/\j(S%) + D 7Tk<<N\A>u{j}>e*A’“(s’t)]
jeA kEN\A
- Z”ﬂ/‘) o Z Trnaugy e e
jeA KeW\AU{}
= Zﬂ'j(A)P(Xj>t)P( Z Xp>s—1t). (11)
jeA ke(M\A)U{j}

Consequently, this gives:

M P(X;>t) P 3 Xp>s—t
P(ZX1>S‘ZXj>t):Z]EA 0 PG>0 P weonannXe>71) (12)
iEN JEA > jeaTin P(X;>1)

Asymptotically for ¢ — oo and s(t) —t — oo the summands in (12) with j = a and

k = n dominate which implies that:

P(Y Xi>s(t)[ D X;>1t) ~ mnaoEpe »E0O70, (13)
ieEN jeEA
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Hence, statements (i) and (ii) in Theorem 2 for s > t are proven. For s < t we
obtain the trivial case that P(3 ;o Xi > 8,3 ;4 Xj > 1) = P(3_;c4 X; > t) and,
consequently, P(3 ;e Xi > s |3 e4 Xj > 1) = 1.

The results in Proposition 3 follow by Bayes’ theorem. O

Proof of Proposition 4. The statement (ii) in Theorem 2 gives that
P((l/]./\f\) ZXi > at \ (1/|A]) ZX]- > t) ~ C(A) e~ (@NI/IAI =Dt
ieN jEA
for t — oo with constants

C(A) := mnauiay = H A/ (A — An) - (14)

ke(M\A)U{a}

k#n
This form of C(A) implies that by removing some element [ from set A, then for
A = A\ {I} it holds that C(A) = C(A) - \i/(Ai — \a) > C(A) with i := a =
argmin{\; | j € A} if I =nori:=1ifl #n.

O

Proof of Theorem 3. Proposition 3(ii) with t(s) = [A|8s/|N| and Corollary 2(ii)
imply that for Po(s) :== P(S4 > Bs | Sy > s) and Pp(s) := P(Sy > Bs | Sy > s)
it holds asymptotically for s — oo that:

e~ (Xa=An)|A|Bs/|N] k1 for 0 < B <|N|/|A

Po(s) ~ (15)
e~ (MAIBX/INT=A)s [ |y for B> |N|/| A
1 for0<p<1

Pp(s) ~ (16)
e~ (B=DXns  for B> 1,

with constants k1 = JTje .4 1o} (A = Aa)/(Ax — An) and kg = T /Taca) .

Consequently, we obtain for s — oo:
“for 0<pB <1t

Po(s) =0(Pp(s)) & a#n, ie A/ Ay > 1, and Po(x) ~ Pp(z) & a=nw

s for 1< 8 < |N/|A]:

Po(s) =o(Pp(s)) & (Aa—M)AIB/IN|> (8- 1)\
& Aa/da > 14 (B-DINVI/(BIA]);

* for B> |N|/JA|:
Po(s) = o(Pp(s)) & BIANSIN| =X > (B—1)A & Aa/Xn > [N]|/]A].
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