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Abstract

This paper investigates the effects of total factor productivity and energy price
shocks in a real business cycle (RBC) model with heterogeneous agents. It extends
standard RBC models by including the distinction between durable goods and
non-durable goods but also including energy in production of non-durable goods.
Furthermore, we combine two sources of heterogeneity using idiosyncratic shocks in
labor supply and limited asset market participation by a fixed proportion of agents.
We study to what degree the empirically observed inequality in income and wealth
can be explained by the provided framework. The model can predict the evolution
of inequality in income and wealth, unlike traditional homogeneous macroeconomic
models with a representative agent. We show that the distinction between non-
durable and durable goods leads to a significant improvement in predicting most of
the moments close to the one in observational data from Germany. Furthermore,
we find that energy price shocks lead to decreasing inequalities, with respect to
both income and wealth. In a brief policy analysis, we give an outlook about the
effects of redistribution of income between classes of agents.
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1 Introduction

This paper investigates the effects of total factor productivity and energy price shocks
in a real business cycle (RBC) model with heterogeneous agents. It extends the model
by Dhawan & Jeske (2008), including the distinction between durable goods and non-
durable goods, by an incomplete market similar to Preston & Roca (2007). Furthermore,
in our model a fixed proportion of agents has limited asset market participation as in Gali
et al. (2003). As a result, this model can predict the evolution of inequality in income
and wealth, unlike traditional homogeneous macroeconomic models with a representative
agent.

Basic dynamic general equilibrium models with a single consumption good produced
by a production sector predict a consumption volatility that is significantly lower than
the one in observational data. Dhawan & Jeske (2008) have extended the RBC model by
[.-M. Kim & Loungani (1992) which includes energy, with the opportunity to gain utility
from the consumption of accumulated durable goods. Although energy has smaller ef-
fects on output fluctuations compared to I.-M. Kim & Loungani, enlarging the flexibility
to re-balance an agent’s portfolio improves the prediction of consumption volatility. By
impacting consumption of durable goods and improving the prediction of consumption
volatility significantly, the factor energy shows that it is not negligible in analyzing eco-
nomic activities. Huynh (2016) goes beyond this by endogenizing the production process
of durable goods and energy, bringing energy volatility closer to its empirical target val-
ues. Representative for other, but similar, homogeneous frameworks, both models ignore
the existence of heterogeneity in human beings and their decision making. As a result,
they are neither able to describe how inequality arises nor how it affects economic activ-
ity. However, such explanations become important, in particular when considering the
role of government intervention to effectively correct market imperfections.

In this paper, we provide a theoretical framework to demonstrate the consequences
of agents’ heterogeneous labor supply and limited market participation. The framework
explicitly models the consumption of durable and non-durable goods. Just as in Dhawan
& Jeske (2008), we assume complementarity between energy and the usage of durable
goods (in the utility function) and capital (in the goods production function). We use
explicit aggregation as done by Den Haan & Rendahl (2010) in order to solve the cross-
section capital distribution among Ricardian households and, consequently, the policy
function for capital on the macro level of the model.

The aim of this work is to investigate the transmission mechanisms and characteristics
of total-factor productivity (TFP) and energy price shocks, but also of external shocks of
heterogeneity though labor supply. Moreover, we study to what degree the empirically
observed inequality in income and wealth can be explained by the provided framework.

Therefore, we calibrate the model to match the German economy. Furthermore, we con-



sider not only how policy intervention through redistribution affects individuals’ income
and wealth, but also the inequality on the macro level of the economy.

We show that the distinction between non-durable and durable goods leads to a sig-
nificant improvement in predicting most of the moments close to the one in observational
data from Germany. Here, energy price shocks have a contractionary effect on economic
activity, as they cause disruptions in particular in durable goods, as is similarly shown in
Dhawan & Jeske (2008). Nevertheless, TFP is still the driving force of output volatility.
The provided framework is able to match income inequality indices quite well, whereas
inequality of wealth remains underestimated. This is justified given that we assume ho-
mogeneity in individuals’ productivity as well as the exogenous process of labor supply.
Furthermore, we find that energy price shocks lead to decreasing inequalities, with re-
spect to both income and wealth. This happens due to the complementary relationship
between durable goods and energy and sunk costs, which arise along with adjustments in
the durable goods stock. We conclude that it is not the low-income agent who benefits
from volatility in energy prices, but the high-income agent who looses in income and
wealth due to higher absolute sunk costs.

Policy intervention in the form of redistribution of income decreases income inequality
on the macro level, between both classes of agents, and within the class of rule-of-thumb
agents, but leads to a slight increase among Ricardian agents. For wealth inequality, we
notice a slight increase in overall inequality. This is due to decreasing saving rates, which
widen the gap between savers. Accordingly, we conclude that policy instruments have to
be evaluated carefully in order to successfully combat inequality.

The remainder of this paper is structured as follows: After a brief discussion of several
sources of heterogeneity in Section 2, Section 3 describes the model economy. Section 4
specifies the market equilibrium and examines theoretical literature in order to solve the
aggregate capital stock. Section 5 presents the calibrated and estimated parameters. Sec-
tion 6 presents the results of the model. In Sections 7 and 8, we conduct accuracy checks
and a sensitivity analysis. Section 9 discusses the policy implication of redistribution

through income taxation. Section 10 concludes.

2 Theoretical Literature on Inequality

Many traditional neoclassical economic models often assume an economy populated by a
representative consumer who operates in a perfectly competitive good, factor, and asset
market. Aggregated shocks, e.g. in TFP, can cause uncertainty in the market, which
affects the behavior of consumers in maximizing their utility. Even in models in which
heterogeneous agents face idiosyncratic shocks, such as in labor supply or income, the
assumption of a representative household can hold through aggregation of heterogeneous

agents, when complete markets are present (e.g. in standard Arrow-Debreu economies).



The reason is that idiosyncratic risk can fully be diversified away (e.g. by borrowing
and saving) and hence become irrelevant for equilibrium outcomes. The market is self-
regulating and volatility in aggregate economic activity in an efficient response to shocks
(Christiano et al., 2018), while government interference is inefficient and worsen the state
of the economy. However, when agents cannot fully insure against idiosyncratic risk,
e.g. due to incomplete capital markets, inequality in the evolution of wealth occurs.
Incomplete capital markets may for example exist when there is a borrowing constraint,
preventing agents from holding debt, so that they cannot borrow against their future
earnings. When markets fail, government intervention can be efficient for correcting
market failures.

To understand how inequality occurs and evolves in macroeconomic models, we briefly
focus on several sources of heterogeneity and how they are mapped in economic models.
For an extended discussion of approaches on modeling heterogeneity, we refer to Heath-
cote et al. (2009) and Guvenen (2011). It is common to distinguish between fundamental
inequality or inequality of opportunity and inequality of outcome, when analyzing in-
equality in general. The latter is usually the result of the former, economically often
resulting in inequality in income, wealth, consumption, utility, or leisure time. While in-
dividual utility is the ultimate object of interest, this is difficult to measure and quantify.
Therefore, attraction is mostly turned to the remaining variables that play an interme-
diate role, particularly income and wealth.

Fundamental inequality describes the heterogeneous nature of individuals such as
health, education, social status, gender, preference or age. When considering these types
of inequality from the economic modeling perspective, fundamental inequality influences
the model selection, the formation of assumption about the model, and its ingredients such
as variables or functions. The model just acts as an intermediate transmission system.
Consequently, a model without fundamental inequality cannot explain inequality on the
output side. There are several sources of heterogeneity that cause fundamental inequality
within a society. In the following, we look at three of them: namely, capabilities, external
shocks, and preferences.

The assumption of different capabilities among human beings has a significant impact
on inequality. In traditional models including homogeneous agents, individuals do not
differ in their decision making. However, in real life this homogeneity is not very likely,
because human beings differ in their behavior or their individual skills and abilities. This
has an influence on their levels of productivity, and hence also on earnings, which in turn
impacts income and wealth. In models that include education, agents can increase their
productivity by choosing different amounts of schooling. However, that decision depends
on several factors, such as the ability to learn, the starting level of human capital, access
to educational institutions, or simply the choice of studying or entering the labor market
(e.g. Huggett et al., 2011).



A further variation in capability comes from the restricted access to further key insti-
tutions, such as financial markets. Under ”limited asset market participation”, there is
a distinction between two classes of agents: Ricardian agents who have free access to the
capital market, and rule-of-thumb agents who are excluded from this market. Economi-
cally, this means that the latter cannot insure against income disruption to smooth their
consumption. Other models describe heterogeneity in capability by including choice of
occupation, in which an individual decides about becoming an entrepreneur or a worker
because of its individual risk aversion (e.g. Lucas Jr, 1978; Kanbur, 1979; Clemens, 2006).

Considering heterogeneity in external shocks has become popular with standard in-
complete market models (SIM), also called Bewley models (Bewley, 1976). In the SIM
approach, individuals are identical ex-ante but differ ex-post due to idiosyncratic shocks
which are uninsurable. These shocks are unexpected or unpredictable events and follow
a stochastic process. In contrast to aggregate shocks in traditional RBC models, which
generally affect the entire economy including several sectors, these idiosyncratic shocks
affect households individually. Initial models incorporate uninsurable idiosyncratic earn-
ing shocks (e.g. Imrohoroglu, 1989; Huggett, 1993; Aiyagari, 1994) which translate into
inequality of income and wealth through different saving decisions. Storesletten et al.
(2004) and Shimer (2010) model heterogeneity in the labor market by including idiosyn-
cratic shocks in labor supply to replicate job fluctuation. Next to a job loss, further
idiosyncratic shocks can affect health and family (e.g. Hubbard et al., 1995; Greenwood
& Guner, 2008). An individual’s health status can become dramatically worse through
a sudden disease. The family composition can change through marriage, divorce, the
birth of a child, or death. Although these types of heterogeneity can involve some de-
cision making and can be modeled endogenously, they also incorporate an exogenous
component (risk).

Heterogeneity in preferences is closely connected to heterogeneity in capabilities, as
various abilities, such as learning abilities and human capital, might subsequently influ-
ence individual behavior. Many models assume that once set, preferences remain constant
throughout the entire lifetime. Alternatively, in models that feature discrete groups of
agents, such as overlapping generation models, different preferences can be assigned to
different stages of life (e.g. Persson & Tabellini, 1994; Benabou, 2000). Furthermore,
preferences may vary at the individual level after introducing a statistical distribution

over parameters such as time preference, risk aversion, or elasticity of substitution.

In this paper, we combine two sources of heterogeneity. We first introduce heterogene-
ity by using idiosyncratic shocks in labor supply that allow for income fluctuation among
all agents and result in an incomplete market model. However, this type of model would
not allow for dichotomy in the access to selected institutions. Consequently, households

at the extreme ends of income and wealth distribution would not yet be different in any



relevant way. Moreover, taxation policy would become complicated, as there would be
no groups that can individually be taxed progressively, as is evident from real-life obser-
vations. Therefore, we also introduce limited asset market participation, by excluding
a fixed proportion of agents from the capital market. We acknowledge that this may
violate the permanent income hypothesis by Friedman (2018), stating that agents save
in anticipation of possible future declines. However, the violation would only be partial,
thanks to the presence of a further (durable) consumption goods that can be accumulated

over time.

3 Model

The model consists of two sectors: a household sector and a sector with goods-producing
firms. Moreover, the model is characterized by incomplete markets, aggregate uncertainty,
as well as an infinite number of agents. The specific structure of heterogeneity comes
from the household sector which faces a partly uninsurable idiosyncratic labor supply
and hence labor shocks similar to Aiyagari (1994). Since employers cannot discriminate
between agents by assumption, a shock on the demand side would not affect agents
individually, but aggregately. As a result, the introduction of idiosyncratic shocks on the
supply side allows introducing heterogeneity among agents.

In addition, we distinguish between two types of households which differ by their access
to the capital market. Ricardian households can intertemporally allocate capital while
rule-of-thumb households are excluded from this activity.! Besides that, both classes do
not differ; hence, they face the same elasticities of substitution in the utility function, the
same time discount rate, and the same depreciation rate for durable goods.

As a result, we combine two approaches of inequality described before, namely ’in-
complete market models’ and ’'limited asset market participation models’. By this, we
create inequality within and between different groups which offers possibilities to model
inequality more realistically. The infinity-lived households, indexed by 7, are defined over
an interval ¢ € [0, 1] while Ricardian and rule-of-thumb households account for [0, \] and
(A, 1] respectively. For a better differentiation, households are further indexed with their
respective type, namely, Ricardian households {R} and rule-of-thumb households {N}.
Figure A.1 in the Appendix depicts a graphical description of the model. Hereafter, the

model is described in more detail.

In fact, rule-of-thumb households can use durable goods to slightly intertemporally smooth con-
sumption. However, using the durable goods stock is not as efficient as using the capital stock, due to
additional adjustment costs, and hence it can be described as partly-illiquid wealth. Therefore, these
household are considered as a light version of non-Ricardian households as we elaborate later.



3.1 Ricardian households

In the model, all households maximize their utility by choosing the optimal demand for
consumption goods and energy given the budget constraints. Households can consume
three type of goods: non-durable goods C'N which are provided by the goods production
sector, durable goods CD in which agents can invest and which is accumulated over
time, and energy Ey which is provided exogenously.? The utility function is assumed to
have constant elasticity of substitution (CES) between durable goods and energy which
are nested within a Cobb-Douglas function with non-durable goods.® Furthermore, it
includes a separate additive penalty function to fulfill the transversality condition which
otherwise might be violated due to occasionally-binding inequality constraints. Ricardian

households consider the following utility function:

Ungs =t | N (BCDfu s+ (1= 0) (Bnlir) © | = 0P(Sni) (1)
1

where P(SR,i,t> = m with SR,i,t > b (2)
,4,t

where 6 € (0, 1) determines the consumption share of the durable goods. Furthermore, to
fulfill a complementary relationship between durable goods and energy, the inverse of the
elasticity of substitution ¢ < 0 must hold while the substitutionary relationship between
this consumption bundle and non-durable goods imply v € (0,1). ¢ > 0 is a penalty
parameter.

The asset market is incomplete because of having a heterogeneous agent model with
idiosyncratic shocks. Hence, employment risks are only partially insurable and the budget
constraint includes occasionally-binding inequality. By adding the penalty function (2)
to agent’s utility, this allows us to deal with the problem of non-negative constraints
by formulating the optimization problem as an unconstrained one. Here, we take the
penalty specification suggested by Preston & Roca (2007).* The idea is that any amount
of consumption and asset holding is feasible but the objective function faces undesired
outcome when the constraint is violated. When individual asset holding S5;; approaches
the borrowing limit b, the penalty function approaches infinity. For small ¢, the borrowing
constraint becomes similar to S; ;4+b > 0 as in Aiyagari (1994). b > 0 describes the natural

borrowing limit which avoids Ponzi-schemes.

2Hereafter, we omit the time index when describing variables.

3The elasticity of substitution between durable and non-durable goods is often set close to unity in
empirical literature (e.g. Ogaki & Reinhart, 1998).

4For further penalty approaches, see Den Haan & Ocaktan (2009).



Lemma 1. Strict concavity of utility

The partial derivatives for the utility function Ug are:

Uen > 0,Ugp > 0,Up, >0,Ug. >0

1 " " 1
Uenen <0,Ucpep <0, UEHEH <0, USR’SR <0

11 T 1 T " o
Uecnep = Ucpen > 0,Ucpry, = Ugyep > 0, Ucngy, = Ugyon > 0.

Utility function Uy is overall strictly concave in CN, CD, Ey iff all the following conditions
hold:

¢ >0
0<y<l1
¢,0<1.

Proof: Analogously to H.1.1 in Bergmann (2018).

According to Lemma 1, a rise in consumption of all three consumption goods in-
creases utility but with a diminishing rate. The complementary relationship between
durable goods and energy implies the expenses for a certain amount of energy which is
require to consume the accumulated durable goods. Hence, energy can be considered to
be consumed to enhance the consumption of durable goods in a non-perfect substitutable
manner. Alternatively, the presence of energy is required to consume durable goods.

Overall concavity of utility function U is guaranteed if Proposition 1 holds.

The maximization problem of Ricardian households is restricted by the budget con-

straint below.

CNris + (pu)(Eu) Rt + ([C’D)R,i,t + ([Y)Rﬂ-’t =wiLpriy +reSrip—1+m (3)

According to that, Ricardian households gain wage income w; from the supply of
labor and capital rents r, from their accumulated savings.® On the expenditure side are
non-durable consumption goods and energy as well as investments in the capital stock

and durable goods described by the following equations:

<[Y)R,i,t = SRt — (1 - 5Y) SRit—1 (4)

5Under the assumption of perfect competition in the goods market, goods-producing firms gain zero
profits, hence © = 0.




(Iep) gy =CDris — (1 — 5CD) CDpjit—1+I1C(CDRit, CDRt—1)

Wied (CDR,i,t — CDR,i,t1)1+w2Cd (5)
1+ wacq CDRit—1

where IC (CDpit, CDpgjit—1) =

Both investments are each diminished by a fixed depreciation rate while durable goods
investments also contain adjustment costs (1C').® These costs are assumed to be quadratic
in nature, hence, investment in durable goods goes along with an increasing and convex
cost of net investment. In other words, the costs of adjusting investments increase pro-
portionally faster than the amount of durable goods which is adjusted. On the one side,
adjustment costs help to lower the correlation between investments and economic activ-
ity (Hayashi, 1982). On the other side, it captures the fact that building up or changing
durable goods is costly and takes time. So, it avoids excessive changes in investments in
the short run. In the long run, households do not face much of adjustment cost when
they keep investments infinity small. As a result, households will respond by adjusting
their investment decision continuously and smoothly.

In this model, labor supply is determined exogenously by an idiosyncratic compo-
nent following an autoregressive process proposed by Preston & Roca (2007). This is
in contrast to Dhawan & Jeske (2008) and Bergmann (2018) who assume labor to be
endogenously determined. Hence, individual agents cannot choose the amount of work
they are likely to provide. Because the supply of labor is set exogenously, it does not
depend on the wage rate. This might describe a situation where an employee is demanded
to work short-time or over-time which is not compensated. The stochastic autoregressive

term for individual ¢ follows:

Lrit= (1= pr)Lr + prLrit1 + €r.rit (6)

comprising the steady state L, adjustment coefficient py,, labor opportunity of the previ-
ous period, and a normally distributed variable €7, g ; SN (0, a%, R) describing a bounded
i.i.d. disturbance. This shock is not insurable and hence, it leads to a variation in the
income of the individuals, which has an impact on consumption. However, by accumulat-
ing primary capital but also durable goods, the effect of disturbances can be mitigated.
Under the assumption of p; < 1, (6) describing labor supply is stationary distributed.
Opposite to traditional neoclassical models with homogeneous agents, the heteroge-
neous structure of the model allows us to examine the evolution of inequality of outcomes

such as income or wealth. As explained before, Ricardian households can gain income

6By reason of the cross-sectional distribution of capital and the way to deal with it through approxi-
mate aggregation, we do not consider adjustment costs along with investments in the capital stock which
holds the model simple.



from labor and capital supply. The (net-)income equation corresponds to the income

approach of an agent’s budget constraint (3) after depreciation and is described by:
INCRrit = wiLpt +1eSrit—1 + reSrit—1 + T (7)

Agent’s wealth consists of income in the current period, equal to equation 13 and the
stock of accumulated assets. A further share of wealth is the stock of accumulated durable
goods, in contrast to Gali et al. (2003); H. Kim et al. (2005); Preston & Roca (2007);
Den Haan & Ocaktan (2009). Both net-portfolios (after depreciation) increase wealth
which is denoted by:

WLTHR’i,t = thR,i,t + TtSR,i,tfl -+ (1 - 5Y) SR,i,tfl —+ (1 — (SCD) CDR,i,t71 —+ T¢. (8)

3.2 Rule-of-thumb households

Rule-of-thumb households share the same utility function like Ricardian households by
maximizing their consumption of non-durable goods, durable goods, and energy, denoted

by the following equation:
1_7»\/
Unaa =In | OV (CDS 0+ (10 (Bi,,) | ()

The definitions and properties of all parameters comply with those from (1). Conse-
quently, overall strict concavity is satisfied as in Lemma 1. Theoretically, the utility
function also includes the penalty function (2) as described before. However, because
rule-of-thumb agents are excluded from the financial asset market, their asset holding is
zero. Hence, they are not affected by it. The maximization problem is confronted with

the budget constraint:

CN e+ (pn)(Eu)nig + (Iop) gy = weln i (10)

where rule-of-thumb households solely gain income from their labor supply. They are
barred from any access to the capital market and hence the possibility of intertemporal
substitution. However, in contrast to Krusell & Smith (1998); Gali et al. (2003); Den Haan
& Ocaktan (2009); Troch (2014), the possibility to invest in durable goods yields in an

opportunity to smooth their consumption behavior according to

(ICD)N7Z~¢ =CDyir — (1 — 5CD) CDNit—1+ 1C(CDnit, CDNjy—1)

1+wacq
Wicd <CDN,z‘,t — CDN,i,t—l) ¢
1+ woeq CDn it

where IC ( CDN,i,ta CDN,i,tfl) =
(11)



Concerning rule-of-thumb agents, adjustment costs in durable investments also fulfill a
further role. By construction, these households can use the durable goods stock to in-
tertemporally smooth consumption despite the exclusion from the financial asset market.
This is not only natural and legitimate but also reflects conditions from reality. However,
in this theoretical framework, the lack of access to the capital market will cause excess
volatility in durable goods investments. Hence, additional costs makes it less efficient to
use this investment possibility.” In addition, because rule-of-thumb agents can accumu-
lated durable goods over time, this also means that they are not equal to non-Ricardian
agents which by definition consume their current disposable income and are not able to
smooth consumption. As a result, rule-of-thumb agents are assumed to be a light version
of non-Ricardian agents because their smoothing capability is clearly limited, having no
access to the asset market and facing adjustment costs when using the durable goods
stock.

There is a further difference between Ricardian and rule-of-thumb households in the
determination of the idiosyncratic employment opportunity equation following Preston
& Roca (2007) and Troch (2014). Unlike Ricardian households, the latter do not only
responds to the employment opportunity from the previous period but also on variation

in the productivity of the goods-producing sector.

Lyit= 1 —pr)Ly +prLyit 1+ pra (At — A) +ELNt (12)

Steady-state labor supply Ly is equal to its counterpart of Ricardian households, p;, indi-
cates the variation coefficients, A is steady state productivity and ey, y;; a bounded i.i.d.
disturbance with mean and variance (0, 0'%7 ~)- From the specification of the idiosyncratic
employment opportunity, it holds that Cov(ep v A:) > 0 although the disturbances
of this idiosyncratic shock and the productivity equation are uncorrelated, such that
Cov(ern,it,eat) = 0. Hence, opposite to Preston & Roca (2007) and Troch (2014), rule-
of-thumb households’ income shocks are only partly uninsurable due to the existence of
durable goods. But variation in their income stream are still more volatile than those of
Ricardian households.

Rule-of-thumb households gain income from labor supply only according to:
]NCN,i,t = thN,i,t- (13)

In contrast to pure non-Ricardian households, who consume all their current disposable
income and do not hold any wealth, in this model, rule-of-thumb agents can hold wealth

by accumulating a durable goods stock. However, adjustments of this stock go along

7 Alternatively, durable goods can be described to be a less-liquid factor stock.
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with additional costs, which is why it can also be described as partly-illiquid. The wealth

equation follows:

WLTH n;0 = (1 —69P) CDy 1. (14)

3.3 Production sector

The production sector produces goods that are consumed by all households as non-durable
goods CN. Following I.-M. Kim & Loungani (1992) and Dhawan & Jeske (2008), the

production function in a perfect competitive market is given by:
Y, = A [UKtVA + (1 - 77) (EY)?] v Lg_a (15)

where A defines Hicks-neutral productivity, n € (0,1) measures the share of capital
in terms of energy and v the elasticity of the substitution between capital and energy.
As v < 0, there is a complementary relationship between both input factors similar to
(Dhawan & Jeske, 2008). Thus, the efficient use of capital K to produce output requires
some energy Fy. In addition, the company employs people supplied by households L.
a € (0,1) indicates the elasticity of substitution of the capital-energy bundle. As the
elasticity of substitution between labor and the composition of physical capital and energy
is one, non-durable goods are produced with constant returns to scale, characterizing a

Cobb-Douglas production function.

Lemma 2. Concavity of final production

The partial derivatives for the final production function are:

Y >0,Yg, >0,Y] >0,
"

Yir <0,Yg, g, <0,Y, <0,

" " " " " "
YKEY - YEYK > 07YKL - YLK > O, YEYL - YLEY > O

The production function Y; is overall concave in AY , K, Ey,L > 0 iff all the following

conditions hold:

vn<lorv>1ln>lorv=1n>1

a < 1.

Proof: See H.1.1 in Bergmann (2018)

According to Lemma 2, final output increases with installed physical capital, energy
and labor but at a decreasing rate. Moreover, overall concavity of the production function

is satisfied. Actual alteration of investments in real capital takes place with a one-period

11



delay, which is analogous to fixed investment. However, capital is only supplied by
Ricardian households.

Firms producing non-durable goods face the following profit function:
=Y, — 1 —wly — (pY)t(EY)t- (16)

The price of non-durable goods is normalized to one. Hence, revenues of firms are equal
to Y. On the expenditure side, the input factors capital, labor, and energy are paid
off with their respective marginal products w, ry, and pr. As the production sector is
modeled by consisting of infinitely small firms, the market participants act under perfect
competition. Rents of the input factors labor and capital (wage and interest rate) are
determined by the labor and capital market, while energy prices are determined by an

exogenous process. Hence, the profit of the production sector is m = 0.

3.4 Market clearing

The model is in equilibrium when all markets clear. For the goods market, this means that
production equals the aggregated demand of households for non-durable consumption,
investment as well as exogenous expenditures that are made for energy consumption.

Hence, the aggregate resource constraint follows:

Yy = (pv)o(Ex)e = ONi + (pu)y(En): + (Iep), + (Iv),- (17)

By assumption, energy prices, which are exogeneously determined, are the same for
households and firms. Hence, (pg): = (pu), = (py), holds. Furthermore, the simplifica-
tion of the exogenous setting of energy prices is based on the assumption that Germany
is a small country in terms of energy consumption.® Hence, it has little market power to
affect the world price of energy.

Next to the goods market, all factor markets have to clear. Consequently, the labor
market is in equilibrium when demand for labor by goods-producing firms equals the
labor supplied by households at the market wage rate. In the presence of Ricardian
and rule-of-thumb households, aggregate labor supplied is described by the weighted sum
of labor supply of both types which is exogenously determined by idiosyncratic labor

A 1
L, :/ Lpit +/ Lyt (18)
0 A

To ensure an equal wage rate for Ricardian and rule-of-thumb households and con-

opportunity:

sequently the same labor productivity, labor market equilibrium is characterized by

8 According to BP (2017), Germany’s share of total primary energy consumption is 2.4%.
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L; = Lry = Ly;. Coenen & Straub (2005) illustrate this as a consequence of unions
which pool the wage income of both groups of households.
Similarly, the aggregate demand for non-durable and durable goods is determined by

their weighted sum of consumption:

A 1
eNi= [ ONniat [ OV (19)
0 A

A 1
CDt == / CDR,i,t + / CDN,i,t- (20)
0 A

The market clearing condition for energy is satisfied when the sum of energy demand
by the goods-producing sector and weighted sum of the household sector equal energy

supply where the latter is determined by an exogenous price formation:

B = [ s+ [ B+ (B (1)

The physical capital market is in equilibrium when Ricardian households’ supply of

capital equals the demand of capital by goods-producing firms at the market rental rate:

A
Kt - / SR,i,t' (22)
0

Next to idiosyncratic labor supply shocks, there are two further shocks affecting ag-
gregate TFP in a firm’s production function and energy prices for all energy consuming
entities. Both, Hicks-neutral TFP and the price of energy are assumed to be exogenous
and follow stochastic AR(1) processes. The laws of motion are described by the following

log-functions:

In At = pPA In At—l + EA (23)

In (pE)t = ppln (pE)tq +Epy (24)

where pa, pp € (0,1) measures the sensitivity coefficients of persistence and e4,ep the

disturbance which is independent and identically distributed with zero mean and variance
o?,i € (A, P).
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4 Competitive Equilibrium

4.1 Households

In the following, the dynamic optimization problem is solved by maximizing each actor’s
maximization problem. The equations are derived in detail in Appendix C.1. All house-
holds decide about their consumption of non-durable goods, durable goods, and energy
to optimize their expected lifetime utility. In contrast to Dhawan & Jeske (2008) and
Bergmann (2018), households cannot choose their supply of labor in this model as it
is fixed and only affected by an exogenously determined variation of labor opportunity.
Furthermore, this economy contains a continuum of individuals who are ex-ante identical
but ex-post different in their asset holding S;; and employment opportunity Lg;; and
Ly ;. This leads to heterogeneity due to incomplete insurance markets.

From this, the Ricardian households face the following optimization problem:

oo 1—v
< 1
maxUpo = E t{ln[CN’f (90D<._+1—9 EHC.)C}— S
CNR,i,tvaZ;S,i,tv 0;5 Ryt R,it—1 ( )( )R,Z,t ¢(SR,i,t+b)2
(BH)R,i,tSR,i,t

+AM{CN Ry + 0 (Bn)ris + 1foie + Tiiy — wilriy — eSpie—1 — T} }

(25)
while the rule-of-thumb households’ optimization problem is given by:
0 1y
maxUnio=  Eoy p {ln |:CN7V,i,t <QCD§\M¢71 +(1-0) (EH)§V,i,t) : ]
CNN,i,t,CD Nt (EH)N,i ¢ t=0 (26)
AMN{CN Nt + 0 (Bu)n,ic + Iﬁﬁt —wiLne}t}-
According to this, the corresponding first order conditions are written as:
6(1— CDi i ON R N,
1 — /B ( ’Y)E : Ri,t Ryt : _'_ /BE{ C Rt (1 _ 5CD)}
Y 0CDG,, .+ (1—0) (Bn)g, e CN Ryt (27)
for c € (R, N)
1—9)(1—6 CN rit(En)%,
(o), = L2020 e E ) forc e (RN) (29)
i (6 CD%,’i,t + (1 - 0) (EH)%M)
CNR it Y
1=p0ES —— (1 ite1 — 0 29
0 {CNR,i,t+1 (1 Thie ) (29)
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Equation (27) describes the intertemporal substitution of durable goods. Due to
its complementary relationship, it depends positively on energy consumption while it is
negatively affected by an increase in non-durable consumption. Equation (28) determines
the demand for energy and (29) equals the Euler equation describing the intertemporal
substitution of non-durable goods. The latter implies that current marginal utility of non-
durable goods is equal to the discounted utility of future consumption. While (27) and
(28) are the same for both types of households, rule-of-thumb households are excluded
from the possibility to use the capital market for intertemporal substitution of non-
durable goods. Hence, (29) is only valid for Ricardian households.

Aggregate supply of labor by the household sector can be derived with (74) in com-
bination with equations (6) and (12). As a result, it is determined by

(1= B
P S VX VR ) (30)
1_pL

Due to the properties of the variances oy ;,i € (R, N) of zero mean, idiosyncratic em-
ployment opportunity shocks are canceled out according to the law of large numbers.?
This leaves aggregate labor supply to the steady state of labor supply plus the adjusted

business cycle fluctuation of productivity. As a result, labor supply behaves pro-cyclically.

4.2 Production sector

Goods production is maximized by optimizing over the employment of input factors phys-
ical capital, labor, and energy whose prices equal their respective marginal productivities.
As the price of the aggregated (non-durable) goods is normalized to one, all prices in the

economy are real prices.

v v %_1 —a V—
re = anA; K7+ (1 —n) (By)/]” LK/~ (31)
v v %*1 —a v—
(pv), = anAy [nKy + (1 =) (By)y]" Ly (By)y ™ (32)

TR

wi = (1—a) A [nKY, + (1—n) (By)}]¥ L (33)

While the prices for capital and labor are regulated by the market to match demand and

supply, energy prices are exogenously determined by (24). As commonly assumed, all

90bserving a large number of agents, the average of ¢ obtained from a large number of trials should
be close to the expected value, which is the mean of the variance.

15



factor rents are putting negative pressure on the respective demand.

To derive the equilibrium of the model, agents must forecast future prices of capi-
tal and labor to solve the optimization problem. Labor L;, productivity A;, and energy
prices P;, are exogenous stochastic processes, while demand for durable goods depends on
the difference of households’ incomes, consumption of non-durable goods, and energy. In
contrast to that, the process that describes the evolution of capital still has to be deter-
mined. Additionally, due to heterogeneity among households, the stochastic properties
of the stock of capital also depend on the distribution of capital wealth. As a result, the
cross-sectional capital distribution becomes a state variable by its own which is described
by:

Pt—‘,—l =H (Ft, CDy, At, (pE)t) (34)

where H(-) is the law of motion, including all state variables except labor. According to
(30), the latter is excluded, as aggregate labor supply is only dependent on productivity
fluctuations while all idiosyncratic labor shocks for households, as well as lagged labor
supply, are canceled out. Opposite to Den Haan & Ocaktan (2009), in this model,
capital distribution only concerns Ricardian households, as the remaining agents do not
intertemporally transfer physical capital.

In equilibrium, the economy is determined by a set of allocation and price paths that

satisfy the following conditions, where i € (R, N):
i) solving the households’ problems { CN;, CD;, S;, (En);} given the prices {r, w, (pg)}.

ii) solving the firm’s demand of {K, L, Fy} maximizing the profit given the prices

{Tv w, (pE>}

iii) rents of input factors are equal to marginal productivity {r, w, (pg)} of each factor,
determined by (31),(33),(32).

iv) all markets clear according to (17),(74),(71),(72),(21). This includes the aggregation
of input factors for all agents j with K = [ Sg;dj and L = [ L;dj.

v) the distribution of (S;_1, CDy, Ay, (pr):) and hence, the probability distribution func-
tion (34) as well as the aggregated and idiosyncratic shock processes (23), (24), (6),

and (12) are stationary.

Next to uncertainty, this model includes non-linear and stochastic properties, which
is why it is not possible to obtain analytical solutions. The equilibrium can alternatively
be obtained using numerical methods. Unfortunately, the law of motion for the capital

distribution (equation 34) is a high-dimensional object, and leads to a large state space.
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4.3 Solution methods for capital stock

To deal with non-linear and stochastic properties of capital distribution, Krusell & Smith
(1998) propose a simplification by relying on a finite and discrete set, as described in
the following. Under the assumption of bounded rational agents, they show that the
distribution can also be summarized by a few moments only. As described before, solving
a macroeconomic model for an equilibrium is more difficult since heterogeneous agents
have to be taken into account. In a simple framework, considering heterogeneity in the
accumulation of capital, Krusell & Smith (1998) notice that approzimate aggregation is
a helpful tool to determine all aggregated variables, such as consumption and wealth. In
their work, they notice that higher-order moments of wealth distribution do not affect the
evaluation of total capital. The authors argue that the correlation between the marginal
propensity to consume out of wealth and levels of households’ wealth is close to zero.
Only for very poor households does this not hold. But as the fraction of wealth stemming
from very poor households is relatively small, a higher order of moments describing the
wealth distribution does not significantly improve the determination of the accumulation
of capital. In equilibrium, the agents’ decisions of how to accumulate capital is almost
independent of the distribution of aggregated wealth. With respect to the model at hand,
future prices only depend on the moments of the physical capital stock but not on its
distribution. As a result, it is sufficient to know the evolution of the total capital stock
to forecast its price.

Accordingly, the corresponding general transition law of aggregate capital can also be

described as:

1

Ky = 0o(s) + Z 0i(8)M (i) + 02 A1 + 03(PE)i—1 + 04C DR 1, (35)
i=0

where M (i) describes the cross-sectional average of assets of individual i, while s rep-
resents a vector of aggregate state variables. In this paper, there are two more state
variables, in comparison to the general models by Den Haan & Rendahl (2010). These
variables are durable goods and energy prices which enter the law of motion.

Given this extended and more precise law of motion, each individual household can
compute its optimal choice of consumption. There are several approaches to solve for ag-
gregate capital, of which we will present simplified summaries. For a detailed description,
we refer to Algan et al. (2014). But besides these approaches, the remaining procedure is
always similar and consists of the following five steps: (1) selecting the order of moments
by determining the approximation methodology, (2) choosing the functional form of law
of motion of aggregate capital, (3) calculating individual policy functions by solving the
decision problem, (4) updating the law of motion of aggregate capital, (5) iterating steps

(2)-(5) until convergence.
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The order of moments is closely linked to the selection of algorithm to obtain the
aggregate law of motion. Above, it was pointed out that a few moments are sufficient
to numerically approximate the equilibrium of a macroeconomic model with heteroge-
neous agents. Even the first moment of the wealth distribution (mean), along with the
aggregated productivity shock, can be sufficient to describe all aggregated variables very
accurately, as first shown by Krusell & Smith (1998). According to them, it is disputable
that the model’s approximate equilibrium is significantly less accurate in comparison to
the true theoretical equilibrium given agents’ irrationality.

Alternatively, Preston & Roca (2007) investigate the approximation using the second
order of moments. They confirm the accurate determination of endogenous variables
by using first-order dynamics only. Furthermore, they show that aggregate variation
is less affected by second order moments compared to first order moments because of
the virtually linear saving decision of agents. Nevertheless, the second order moments
can contribute to the determination of individual mean consumption and saving when
considering non-linear properties in the solution. In Preston & Roca (2007)’s work, a
comparison improves accuracy by 2%. On the downside, when using second order mo-
ments in combination with the perturbation method, we need auxiliary policy rules and
new aggregate state variables, which complicates the model by increasing its dimension-
ality. Therefore, because in our model the propensity to save out of wealth is almost
equal across all agents, first order moments will be used in the model at hand.

As the law of motion of aggregate capital is derived from the individual policy func-
tion, we will first focus on the determination of the latter. Numerically, there are two
methods to solve the policy functions: using the projection technique or the perturbation
technique. The first generally consists of three steps: defining a grid in the state variables,
calculating the conditional expectation of the optimized decision equations such as the
Euler equation by applying quadratic methods, followed by solving the equation to find
the coefficients of the approximating function for which the errors on the grid are min-
imized. This procedure has a few advantages, especially with respect to heterogeneous
agents, because it captures the distributional aspect. Furthermore, it can be applied
to non-linear equations. However, the more state variables there are in the model, the
more difficult it becomes to solve the policy function. The main difference between the
projection and perturbation methods is that the projection method is designed to derive
a global approximation, while perturbation techniques are designed to be a local method.
Still the latter can also give very close global approximations.

Perturbation techniques approximate policy functions around their steady state val-
ues. Concurrent with that, there can be only one steady state, limiting the result to a
local optimum. Furthermore, it can only be applied to sufficiently linear equations, oth-
erwise the results may be less robust and explosive. Technically, perturbation methods

use the Taylor expansion, whose order is also determined by the number of moments.
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In general, a higher-order approximation reduces the error of a Taylor series, bringing
it closer to the analytic function. First order perturbation methods are widely used in
economics as they are fast to compute and simple to apply. While the order is primarily
a technical issue for calculating the Taylor approximation, the number of moments also
describes the degree of rationality of an agent. In the present paper, the first order per-
turbation approach will be used, similar as in Troch (2014), and based on the findings of
Krusell & Smith (1998). On the one side, there is only a low contribution by an extension
to second order. On the other side, although using second moments increases the agents’
degree of rationality, it also goes along with considering the evolution of cross-products,
increasing the complexity of determining the aggregate capital stock. Hence, it is ques-
tionable whether agents consider such higher moments in their decision making about
optimizing their asset accumulation.

Given the individual policy functions, we can derive the aggregate law of motion of
capital (35). Next to limiting the set of moments, Krusell & Smith (1998) were also among
the first to develop an approach to obtain the aggregate policy function from a simulation
procedure. After each step they solve for the individual policy rule, they construct a time
series of the cross-sectional moments. By applying least squares, new coefficients for the
law of motion = can be estimated from it. This process is iterated until convergence. On
the downside, this approach is very computational and introduces sampling noise due to
the long-run simulations. Subsequent to the approaches described so far, further ones
have been developed by Den Haan (1996), Den Haan (1997), and Algan et al. (2008,
2010), all building on Krusell & Smith (1998). The former Den Haan (1996) simulates
the individual and aggregated policy function of capital, using parameterization of the
conditional expectation to avoid the approximation of law of motion of the finite set
of moments. The other two, instead of using simulations, use projection techniques.
However, this requires knowledge of either the aggregate capital stock K, or the actual
distribution, which again increases the number of state variables and the complexity.

In this paper, we apply the approach of explicit aggregation by Den Haan & Rendahl
(2010). Compared to the simulation and projecting approaches, this approach is less
computational. Moreover, with respect to the model at hand, it is much simpler, as we
use first order moments only. In general, the idea is to derive the aggregated law of motion
by integrating the individual policy functions. Along with that, further information on
the cross-sectional distribution does not have to be considered.

The parameterized individual policy function of agent i is given by:

Skt =0+ w1SRit—1 + wa K1 + w3Ai_1 + wa(pr)i—1

(36)
+wsLRii—1 +w@weCDRit—1 + Wrepi—1-
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This function expresses the policy function of the individual capital stock (and hence,
its physical capital wealth) at the end of period t, after any realization of shocks through
labor participation, technological progress, and energy prices. Furthermore, the function
holds for both types of households, whereby the state variable for all rule-of-thumb house-
holds is S; = 0. With respect to the market clearing, we can transcribe the heterogeneous
law of motion to the law of motion of aggregated capital by integrating (36):

/SR,i,t = wp + /w1SR,z,t1+w2Kt1 + w3Ai—1 + wa(PE)i—1
(37)
+ /W5LR,z‘,t—1 + /WG CDRit—1 + wrepi—1-

Subsequently, the integrated terms can be substituted by the market clearing conditions

(73), (72), and (30). Solving the equation for aggregated capital K, leads to:

Ky = X (wo + wsLr) + (w1 + Aw2) K1 + Awg A1 + Awy(pE)i—1 + Awe CDR,it—1 + Awrepy—1.
—~~ —~ ~~ —~—

1 =2 =3 =4 =5

[1]

o

(38)

Since physical capital can only be accumulated by Ricardian households and considering
the fact that idiosyncratic employment opportunity shocks are canceled out in equilib-
rium according to the law of large numbers, it holds that [ Lg;; 1 = L. By suppressing
the constant coefficients, we derive the aggregated policy function for capital in a straight-

forward manner.
Ky =204+ 1K1 +Z2Ai1 + Z3(pe)i—1 + Z4CDRry1 + Zsepi (39)

Hereby, we have taken advantage of being faced with a linear policy function including
first moments only. Considering higher order moments, further laws of motion, who
determines those variables, needs to be added as pointed out by Den Haan & Rendahl
(2010). Concurrent, this means that without any modification of the approximation
process, an infinite set of moments is required to find a solution for those policy functions.

In accordance with the procedure to compute the optimal choice of consumers with
respect to the correct aggregated in equilibrium, the previous steps are iterated until

there is convergence within the coefficients of (39) (see Section 5.2).

5 Calibration & Determination of Law of Motion of

Aggregated Capital

In the following, we determine the parameters for the model. To do so, we either calibrate
the values by calculating the values from the model in steady state condition, by using

empirical data to fit the model with plausible real data, or by obtaining the values from
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existing literature. A derivation from the steady states can be found in Appendix C.1.
The respective structural parameters which characterize the properties of the model are
summarized in Table 7?7, while Table ?? summarizes the shock-related parameters.

The steady state condition of the model corresponds to the model with respect to
its long run historical averages from data. Only for labor supply do we set its long-run
steady state value to L = 0.3 as it is also standard in the literature. This follows from
the assumption that 30% of the available time of an agent is used for working. Although
this goes along with Dhawan & Jeske (2008), it is also similar to the value assumed for
Germany (see Hristov, 2016).

According to Dhawan & Jeske (2008), we set the time discount factor and the elasticity
of substitution of the durable good/energy consumption bundle and non-durable goods in
the utility function of households equal to f = 0.99 and ( = —2.8748. For the elasticity

of substitution within the non-durable goods production function, we choose v = —0.15
as in Kemfert & Welsch (2000). While Dhawan & Jeske (2008) follow I.-M. Kim &
Loungani (1992) by choosing v = —0.7 and performing a sensitivity analysis for other

values, Kemfert & Welsch (2000) estimate the elasticity of substitution specifically for
Germany using alternative nesting structures. As (, v < 0, this leads to a complementary
relationship between these factors in the household and firm sectors. The capital income
share in goods production is set to a = 0.36, similar to Kydland & Prescott (1982);
Hansen (1985); Maufiner (1994). Inversely, this corresponds to a labor income share of
64% and accounts for the average of the capital income parameter set by Marto (2014)
and Flor (2014) for Germany. Compared to lower values in earlier literature, the reduction
of labor income shares considers a more capital-intensive production which goes along
with Schmalwasser & Schidlowski (2006) who argue that capital shock grows faster than
production as labor is increasingly replaced with capital in recent time. The elasticity of
substitution between the energy-durable bundle and non-durable goods is equal (unity),
similar to Fernandez-Villaverde & Krueger (2011). According to the derivation of the
model in steady state using targeted ratios from empirical data (see Appendix C.1), 7 is
set to 0.781 which puts a higher weight on non-durable goods. In comparison to Dhawan
& Jeske (2008) who use target moments of the US for calibration, the value is slightly
lower for Germany.

Due to an initial value problem, the parameters ¢ and 6 in the utility function and the
production function cannot be simultaneously calibrated. Hence, either of those must be
predetermined, in our case the elasticities in these functions. Subsequently, the particular
share parameters are calculated to match empirical data. Furthermore, we take the same
depreciation rate of durable goods from Dhawan & Jeske (2008) due to the assumption
that the behavior of US households with respect to durable goods does not distinguish

from German consumers significantly. Accordingly, §°7 is set to 0.0683.
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The cost function of accumulation of durable goods is assumed to be quadratic ac-
cording to Bruno & Portier (1995) and Dhawan & Jeske (2008). As the proportional part
of the adjustment costs wyy does not affect the steady state condition of the model, it is
calibrated in order to closely match volatility of total fixed investment to that from data.
The benchmark model does not involve any taxes, hence 7 = 0 holds.

Regarding the motion of the capital stock, used in the production sector, its depreci-
ation rate is calculated from the time preference rate and the steady state interest rate
while the latter is calculated from the long-run first order condition of the production
function. The sensitivity parameter of the borrowing constraint is set to ¢ = 0.5. Ac-
cording to Preston & Roca (2007), theory does not restrict the setting of this parameter
with respect to its magnitude. Hence, it is chosen to ensure no essential violation of the
borrowing constraint. By setting the natural borrowing limit to b = 0, a household’s
utility is negatively affected by any negative asset holding.

Considering the fraction of rule-of-thumb consumers, Mayer & Stahler (2013) assume
its share to be 0.33 which satisfies a moderate crowding out of private consumption for
Germany in 2011.1% Stihler & Thomas (2012) surmise a higher share of 0.4 in Germany
for the post-financial crisis period after 2008. For models covering the EU area as a whole,
Coenen & Straub (2005) set the fraction of liquidity-constraint agents to 0.25 which is
in line with Coenen et al. (2008) while others assume a significant higher fraction of
0.37 (Forni et al., 2009). In our model, the fraction of rule-of-thumb consumers is set to
1 — A = 0.35 which is between these two ranges. Such a sizable fraction of rule-of-thumb
consumers helps to reconcile the model with empirical evidence, in particular with respect
to inequality measurements. It is worth to mention that existing literature often assumes
a balanced weight between Ricardian and rule-of-thumb households, frequently referred to
the models by Gali et al. (2003) and Campbell & Mankiw (1989), while the latter mainly
relate this share to the pre-1990 period in the USA. An equal weight distribution is usually
taken as an initial value for further estimations. Hereby, the USA is often observed as
the underlying economy which reasonably differs from the German economy in terms of
capital and income distribution. For instance, Colciago (2011) reports a higher fraction
of 0.5 which is also consistent with Mankiw (2000); Bilbiie & Straub (2013); Callegari
(2007); Muscatelli et al. (2004); and Amato & Laubach (2003). Considering the estimates
based on Markov-chain Monte Carlo methods by Di Bartolomeo et al. (2011), the fraction
of rule-of-thumb consumers in the USA indeed are at the higher end of the G7 countries,
only surpassed by France and the UK. Overall, as Gali et al. (2003) notify that the
introduction of liquidity constraint consumers can alter the equilibrium dynamics of the

model, we further do some sensitivity checks for several values of A in Section 7.

10Di Bartolomeo et al. (2011) estimate a fraction of rule-of-thumb consumers which is at the lower end
with 0.075. Finding similar results for Japan, they explain these findings with psychological and cultural
factors of the countries as well as higher saving rates compared to other G7 countries. However, they
also do not rule out measuring errors.
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Table 1: Parameter values

Parameter Value Description
15} 0.990 discount factor
¢ -2.875 elas. of substitution between durable goods and energy in households
0 0.999 share of durable goods in consumption good bundle
v 0.781 elas. of substitution of consumption
A 0.650 Ricardian household share
10 0.050 sensitivity of penalty constraint
« 0.365 final output elas. of VA
n 0.949 share of capital in capital-energy bundle
v -0.150 elas. of substitution between capital and energy in production
dcp 0.068 depreciation rate of durable goods
Oy 0.018 depreciation rate of physical capital
w1d 2.410 parameter adjustment costs
wad 1.000 parameter adjustment costs (proportional part)
T 0.000 tax rate
o -0.664 coefficient of constant in aggregate capital accumulation
=1 0.963 coefficient of K;_1 in aggregate capital accumulation
= 0.988 coefficient of A;_; constant in aggregate capital accumulation
=3 0.007 coefficient of P,_; constant in aggregate capital accumulation
Ey 0.084 coefficient of C'Dp ;1 constant in aggregate capital accumulation
=5 0.003 coefficient of ep;_; constant in aggregate capital accumulation

5.1 Calibration of shocks

The parameters for the shock process are summarized in Table ?7. Technological progress
follows an AR(1) process. It is a common practice to assume a persistent parameter of
0.95 as considered by Kydland & Prescott (1982) and Hansen (1985). With respect to
that, Kydland & Prescott (1982) suggest a standard deviation of 0.007 for the growth
rate of the Solow residual. But there is little formal analysis of that specific derivation.
Gomme & Rupert (2007) re-estimate the Solow residual process using three different
regressions with varying numbers of capital stocks, by also taking durable goods into
account. The results are fairly similar, amongst others, to those of Kydland & Prescott
(1982) or Hansen (1985) and confirm that a first order process provides a good rendering
of the data. Furthermore, Gomme & Rupert (2007) argue that the results are not sensitive
to the number of capital stocks.!! Their autoregressive coefficient of 0.9641 and volatility
of the shock of 0.0082 are somewhat larger than the usual values. For the present model,
we choose a persistent coefficient of ps = 0.964 for the technological process and a shock
volatility of o4 = 0.0086 which is in line with Flor (2014) for the German economy and
only slightly differs from Gomme & Rupert (2007) who based their analysis on US data.

UTn fact, when calculating the Solow residual, Kydland & Prescott (1982) omit the capital stock
completely. They justify that capital series has a smooth process and hence less effect on the Solow
residuals.
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The structure of energy market and hence the price formation processes differ signifi-
cantly among countries. Therefore, we cannot use the estimates from studies like Dhawan
& Jeske (2008) who consider the US economy. Alternatively, we do a separate estimation
to derive the energy price function based on German data. Since the mid-1990s, Germany
has imported more than 60% of its energy use (The World Bank, 2019). To trace energy
prices, we consider the evolution of monthly import prices of energy between 2005 and
2018. Next to a conservative AR(1) process, we estimate an ARMA(1,1) process such as
Dhawan & Jeske (2008) and I.-M. Kim & Loungani (1992). The results are summarized

in Table 2 together with the log-likelihood and Bayesian information criterion.

Table 2: Estimation of energy price function

AR(1) ARMA(1,1)
constant 110.300%** 112.8%**
(6.40) (7.68)
AR(1) 0,984+ 0.974%%*
(73.09) (54.52)
MA(1) 0.355%%*
(5.00)
sigma 5.340%** 4.905%**
(24.07) (22.69)
LL? -512.2475 -498.3773
BIC 1039.813 1017.178

@ Log-likelihood (LL) and Bayesian Information Criterion (BIC) are
used as estimators of the relative quality of the statistical model-based.
level of significance: *p < 0.1, ¥**p < 0.05, ***p < 0.01.

According to the two-quality estimators, ARMA(1,1) is preferred over AR(1), al-
though the dominance is only weak. Nevertheless, we continue with an ARMA(1,1)
energy price function despite the increase of complexity, due to an additional state vari-
able (in form of the moving average of the variance of energy prices). It is thoroughly
reasonable to assume that agents consider the price fluctuation of energy as one of their
essential products in their utility function to predict future prices and consequently make
a decision about their saving behavior.

Similar to TFP, labor supply or more precisely the employment shock follows an
AR(1) process. While Preston & Roca (2007) set a employment persistence of 0.93 and
for thumb-to-rule agents a persistence rate of current aggregate market conditions of 0.7,
most literature assume a higher persistence rate of individual employment between 0.95
and 0.97 (e.g. Storesletten et al., 2004; Den Haan & Ocaktan, 2009; Lopez, 2010; Lee &
Mukoyama, 2015). In our model, we set p;, = 0.96 for both groups of agents. For the
variance, we follow general literature with a variance of ogyp = 0.05 as in Den Haan &
Ocaktan (2009) and Preston & Roca (2007). Lopez assumes a significantly higher variance

of 0.12 in the base state and during recession an even greater variance to include a cyclical
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variation of the risk-premium. In our model, this fact is covered by the aggregate market

condition term which has a persistence of p;, o = 0.04 for rule-of-thumb households.!?

Table 3: Parameter values of shocks

Parameter Value Description

PA 0.964 persistence technology shock of A

P 0.974 persistence energy price shock of P

PP, 0.355 persistence energy price shock of op

oL 0.960 persistence labor opportunity shock of L
PL.A 0.040 persistence technology shock in labor opportunity L
OA 0.0086 volatility shock of technological progress

op 0.049 volatility shock of energy prices
OLR 0.050 volatility shock of labor (Ricardian agents)
OL,N 0.050 volatility shock of labor (rule-of-thumb agents)

5.2 Law of motion of aggregated capital

The law of motion of aggregated capital is derived by the iteration algorithm described
in Section 4.3. The initial function contains arbitrary values which respects the steady
state values of capital and ensures a stable condition of the model. In principle, the
initial distribution should not influence the convergence of coefficients. This is because
the stationary density of the probability distribution function (34) should be independent
of the starting state variables as long as the steady state values are respected. After each
optimization process, the law of motion and its coefficients are updated according to (38).
We set the convergence speed of the updating process of 10% to avoid explosive structures
and instability. This means that the former aggregated policy function of capital is
updated by only 10% of the new estimated coefficients. The number of simulations should
be sufficiently large to guarantee convergence to the stationary distribution. Altogether,
the iteration process is run over 150 periods. Figure 1 depicts the convergence of each
coefficient in the policy function of aggregate capital

Clearly, convergence is reached after half of the iteration process. The same value is
approached regardless of the selected initial starting points. As a result, the final law of
motion of aggregate capital in consideration of the individual optimization behavior of

households is given by:

K; = —0.6549 + 0.9630K,_1 + 0.97824,_; + 0.0067(pg);—1 + 0.0833CDp 1 + 0.0024ep, ;.
(40)

12Tt seems reasonable to assume a slightly higher persistence and lower cyclical behavior due to higher
restrictions in the German labor market than in the USA.
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Figure 1: Coefficients of law of motion of aggregated capital
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The derivation of the coefficient of the final law of motion of aggregate capital is based on an iteration process about the
decision making of agents. As long as the initial starting points respect the steady state value of capital, Z; converge to
stable values.

6 Results

The analysis of results is separated into three parts. First, we look at the simulated
moments of selected endogenous variables after running the model for several times.
By comparing the results with observations from the German economy, we are able to
validate and analyze the predictive power of the model. Because the relevant statistics for
capturing business cycles is the standard deviation, we focus on 2"¢ moments to cover the
volatility of variables. Second, we present some impulse response functions (IRFs) that
show the expected propagated path of standard deviation of the endogenous variables,
conditional on a one-time shock in the initial period. We focus on both aggregate shocks,
namely a temporary increase in TFP and energy prices, and the direction and shape of
the response of selected model variables. Studying IRFs is a handy tool to evaluate the
responses to aggregate exogenous shocks, which means that we can check the coherency
with respect to economic theory. However, studying IRFs to evaluate consequences of
idiosyncratic labor supply shocks does not work because of heterogeneous responses of
agents. Hence, the third part concentrates on the analysis of the evolution of the income

and wealth distributions, by inspecting several inequality metrics.
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6.1 Simulated moments

Table 4: Volatility of simulated variables (2°¢ moments)

(1) @ 6 (4) (5) (6) (7)

Variable data simple baseline no IC diff wages |only €4 only ep only €,
Output 1.62 0.97 1.58 1.59 1.24 1.57 0.16 0.02
‘Non-durable goods ~ 0.81 4.05 2.82 320 228 | 012 003 277
CNg 2.40 3.76 2.35 0.05 0.03 2.44
CNn 6.45 5.36 4.54 0.33 0.06 6.26
‘Durable goods 3.01 328 333 753 260 | 016 077  3.07
CDgr 2.90 10.24 2.99 0.20 0.90 2.74
CDn 7.38 9.48 4.46 0.20 0.55 6.80
‘Total energy 176 3.00 295 297 260 | 074  3.08 009
E, 2.92 2.86 2.86 2.52 0.74 2.98 0.01
Enr 0.14 0.13 0.28 0.14 0.00 0.10 0.08
En N 0.23 0.26 0.15 0.01 0.08 0.20
‘Labor supply 1.31 452 346 346 346 | 0.02 0.00 348
Lgr 4.61 4.61 4.61 0.00 0.00 4.70
Ly 4.44 4.44 4.44 0.06 0.00 4.33
‘Labor demand 1.31 452 028 028 019 | 028 000 000
Wage 1.07  2.06 1.15 1.28 1.32 1.13 0.33 0.04
Fix capital formation 4.01 4.68 4.54 5.04 4.59 0.83 0.15 4.53
Energy price 5.28 5.42 5.30 5.30 5.30 0.00 5.56 0.00

Data is based on observations from Germany between 1991-2012 using an HP-filter to detrend.

All simulation results denote the percentage standard deviation (2nd moment) over 1000 periods using an HP-filter.
(1) includes Ricardian agents only (all agents have access to the asset market)

(2) shows results of baseline model

(3) shows results of model without adjustment costs in durable goods investments

(4) shows results under the assumption of different productivities for both classes of agents

(5-7) shows results of the baseline model with one specific shock only

Table ?? displays the simulated percent standard deviation of selected variables of var-
ious simulations of the model and the corresponding observations from Germany between
1991-2012 using an HP-filter to detrend the data. Next to the baseline model discussed
so far, which includes all shocks (column 2), we show the moments of a simplified version
of the model including Ricardian agents only (column 1) as well as the moments of the
model without adjustment costs in durable goods investments (column 3). In addition,
we look at the volatility or variables when the model is affected by each shock separately
(column 5-7).

The model with one class of agents, namely Ricardian agents (column 1), corresponds
to the baseline model with adjustment costs and durable goods by Dhawan & Jeske
(2008), but with one exception. In contrast to Dhawan & Jeske (2008), labor supply is
based on an idiosyncratic process and is determined exogenously in this model. While
output volatility explains 60% of its empirical target, agents fail to smooth consumption
because volatility of durable above all non-durable goods are higher than the data values.

This is due to the high volatility in the supply of labor, which leads to fluctuation in
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income. All households have to choose between consumption and asset allocation in order
to smooth consumption expenditures which are otherwise volatile due to the inconsistency
of income because of the presence of shocks in TFP and energy prices. However, agents
cannot fully insure against employment shocks, due to incomplete capital markets. This
leads to income variations and affects those expenditures from which they can directly
get utility, namely non-durable consumption goods.

Investigating the baseline model (column 2), the volatility of output is in line with
historical values from Germany. The same applies to the standard deviation of aggregated
durable goods which is only slightly higher. Here, fluctuations are significantly reduced
due to the presence of adjustment costs. This is apparent in comparison with the model
without those costs on doing investments in durable goods (column 3) in which volatility
is more than twice as high. In contrast to that, volatility of total non-durable goods is far
above their empirical targets which is mainly driven by the consumption fluctuation of
rule-to-thumb agents. Similarly, volatility of durable goods of rule-of-thumb households
is clearly above those of Ricardian households. However, its effect on the volatility of
total durable goods is relatively low.

The reason for the high volatility of total non-durable goods is the missing possi-
bility of intertemporal asset allocation to smooth consumption because rule-of-thumb
households are hindered to postpone income to later periods considering their budget
constraint (equation 10). The alternative of intertemporal income allocation via durable
goods is constrained by adjustment costs but has also a lower attractiveness as it is linked
to higher energy expenditures due to its complementary relationship. In cases where ad-
justments in durable goods are not constrained, fluctuations are significantly higher for
durable goods whose consumption is easier to be experienced by households as it is only
constrained with additional energy expenditures. But opposite to non-durable consump-
tion goods, there is no production process that might limit the supply of durable goods.
This is in line with Dhawan & Jeske (2008) who also find excess volatility for durable
goods without the presence of adjustment costs. However, this does not apply to non-
durable goods, due to endogenous labor supply in their model. Although volatility in
idiosyncratic and exogenous labor supply is significantly lower in the present baseline
model in comparison to the model without rule-of-thumb agents, volatility is still above
its empirical target. As a result, the higher fluctuation of labor income is transmitted to
consumption expenditures and physical capital investments (Ricardian agents). In sum,
matching the fluctuation of durable goods comes at the expense of overestimating the
fluctuation of non-durable goods similar to Alvarez-Parra et al. (2012).

The standard deviation of total (fixed) investment is close to that of the data as
we choose wy.q to target the moments of durable goods and physical capital investments.
Similarly, the volatility of energy prices matches its empirical target as we have estimated
the energy price function by an ARMA(1,1) process. Similar to Dhawan & Jeske (2008),
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labor demand volatility is well below the empirical value, accounting for only 22% of its
fluctuation.

Although we do not distinguish between Ricardian and rule-of-thumb agents in terms
of wages, it is visible that the volatility of consumption goods differs significantly due
to the missing possibility to smooth expenditures by the latter group. Therefore, we
also check how the moments are affected by changing the labor productivity of rule-of-
thumb agents and hence the labor income relative to wages of Ricardian households. The
standard deviation of lowering wages of rule-of-thumb households by 1/3 are displayed
in column 4. Of particular interest are the values of those variables that directly affect
the agent’s utility. Volatility of both the total durable and non-durable consumption
goods, are far below those of the baseline model. The available income of rule-of-thumb
agents decreases and hence leads to lower fluctuation values to impact the volatility
of consumption goods. Hence, it is apparent that a different productiveness of labor

improves the performance of the model to match empirical targets.

Next, we look at the degree of influence of the variables due to different shocks
(columns 5-7). Unexpected shocks in TFP account for the origin of output volatility
as energy price shocks can explain only 10% of fluctuation in GDP (see column 5). This
is in line with the literature claiming that TFP is the main driver for business cycle
fluctuation despite the presence of energy price or more specifically oil price shocks (I.-
M. Kim & Loungani, 1992; Rotemberg & Woodford, 1996; Finn, 2000; Dhawan & Jeske,
2008). Opposed to that, consumption is hardly affected by TFP shocks. Here, volatility
in the supply of labor is the main driving force for durable goods which can almost fully
explain volatility in comparison to 24% by energy price shocks. It is worth mentioning
that the influence of TFP on consumption goods is also held down due to an exogenous
labor supply. According to Dhawan & Jeske (2008), productivity shocks can attribute
almost half to the volatility of non-durable goods by fully endogenizing the labor stock.

The energy price shock (column 6) plays a prevailing indirect role in influencing the
utility function as well as the production process by increasing their costs. Furthermore,
the energy share in producing output and generating utility for households is relatively
small compared to capital, labor or consumption goods. But unsurprisingly, energy has a
larger effect on durable goods in the utility function in comparison to capital investment
in the production function as energy consumption has a larger share in the former. This
is in line with Dhawan & Jeske (2008) who find the same results in a fully homogeneous
economy model. In total, our results confirm the limited direct role of energy price
fluctuation to output volatility. TFP is still the main driver of business cycles. However,
they are not negligible in particular by explaining volatility in the consumption behavior

of durable goods. Hence, as proposed by Hamilton (2008), energy price shocks affect the
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economy through other transmission channels such as postponing the purchase of durable

goods.

6.2 Impulse response functions

In the following, we analyze the impulse response function to changes in the productivity
process A and changes in the price of energy P. Responses are shown by their deviation
from the balanced growth paths. As we use log-differences, fluctuations are mapped in
percentages. The dynamic results are based on the calibrated values, hence the shocks are
not normalized but correspond to the individual standard deviations of positive shocks
o4 and op as described in Table ??7. The graphs aim to explain two questions: Firstly,
how do the endogenous variables respond to each shock. Secondly, to what extent do
the responses differ with respect to different types of agents. For better comparability,
we partly include the dynamics of both agents in the same graphs. Ricardian agents
are marked by a dashed line, rule-of-thumb agents are marked by a dotted line, the
production sector is marked by a dot-dashed line, while a solid line represents the overall

dynamics of a respective variable.

6.2.1 Shock to TFP in the (non-durable) goods production sector

In this section, we investigate a positive productivity shock to the (non-durable) goods
production sector as depicted in Figure ?7. Higher TFP lowers the marginal costs of
goods producers and shifts up the supply of output. Along with a more productive
production sector, marginal productivity of input factors increases as the same unit of
all input factors becomes more productive, other things equal. For Ricardian agents, this
has a positive income effect as wages increase in combination with a stable supply of
labor. As the latter is exogenous, there is no substitution effect leading to a net increase
in income. For rule-of-thumb agents, income also rises. However, labor supply positively
responds to boom phases in business cycles, which additionally has a positive effect on
their incomes. This stimulation is lagged progressively expanding, hence the persistent
effects lead to an inverse u-shaped dynamic of labor supply. But opposite to Ricardian
agents, they do not have access to the capital market. Hence, all income is split into
expenditures in durable goods, in non-durable goods, and due to the complementary link
in energy, which all share the same expanding dynamics as income.

Next to consumption expenditures, Ricardian households use the additional channel
to enhance their asset investments because of the increase demand in capital due to
lower marginal costs and an increase in the factor price. As an immediate response, a
higher return on assets makes durable goods less attractive than capital. Consequently,
Ricardian agents shift more of their investment portfolio towards capital investments,

causing crowding out of durable goods investment in the short-term. Along with decaying

30



0.15F 0.02
0.05! 0.01}
o 0.005f
0 80 , , ,
0 20 40 60 80
CD 3 CN
0.03 : : : 10210

0.027

0.011

15
\\\ ________ 015' ///—“\\\\\
101 \ k / ~
2 S 01 7/ il
5} I e OO B S
L L L i O L L L
0 20 40 60 80 0 20 40 60 80
«102  Energy «10% Interests «103  Wages
10
4 12
3 10
2 8
1
6
0

0 20 40 60 80 0 20 40 60 80

«10-3Labor demand A %1078 | | ILabor Isupplyl | |
al |
2 ol |
1 i ]
ofF———— - - - — — — — — — — — — — —

0 1 : : . ' :

0 20 40 60 80 0 5 10 15 20 25 30 35 40

All subfigures depict the deviations for each respective variable from the deterministic steady state in percentage. The
solid lines display the respective aggregate variables, the dashed lines display the respective variables for Ricardian agents,
the dotted lines display the respective variables for rule-of-thumb agents, and the dotted-dashed lines display the variables
for firms (in the energy graph only).

31



productivity, the increase in capital stock eventually puts downwards pressure on the
interest rate in the midterm, which diminishes the advantage of capital investments.
Hence, durable purchases increase. After 30 periods, the capital market is saturated
and households reduce their saving efforts. By reason of asset savings, the volatility of
expenditures for consumption goods and energy for Ricardian households are relatively
lower with respect to those of rule-to-thumb agents. Furthermore, as the former do not
face increases in labor supply and positive income volatility declines until it returns to
its balanced growth path.

As producers and households use more physical capital and durable goods, the overall
demand for energy increases which is mainly traced back to the production sector due to
their lower marginal costs. The price of energy which is equivalent to the world market
price is inelastic and hence stays constant over the time. In total, we notice a significantly
positive business cycle in the economy where all actors are positively affected. By reason
of different earning channels; the income of Ricardian and rule-of-thumb agents evolves
differently.

6.2.2 Shock to energy prices

Energy prices react inelastically to a change in the demand of energy as we have seen
in the previous scenario in Section 6.2.1. Hence, they behave like world market prices
which do not vary significantly with changes in the demand of a small country. As a
result, a positive energy price shock acts as an energy supply crunch in this framework.
Similarly, this goes along with a decline in productivity in the energy generation process
as in Bergmann (2018) or the traditional oil price setting by the OPEC.!3

Figure 7?7 shows the responses to a temporary exogenous increase in the energy price.
The instantaneous response of all economic entities leads to a reduction of the demand for
energy, which leads to a drop in the quantity of energy used by households and producers.
Note that according to the structure of the exogenous process of price determination, the
same stochastic shock affects the energy price for two periods. Hence, in the second
period, the quantity of energy continues to drop before converging back to its balanced
growth path in the long term.

The producer faces higher marginal costs in energy leading to a reduction of output
and consequently a fall in capital returns and wages. Due to the complementarity of
capital and energy, there is less demand for assets. But opposite to Dhawan & Jeske
(2008) and Huynh (2016), labor supply is exogenously determined (whose price formation
process is not affected by energy price changes), whereas labor demand stays constant

and wages clearly fall relative to interests to balance the market equilibrium. However,

13The Organization of the Petroleum Exporting Countries (OPEC) includes 15 countries accounting
for 44% of global oil extraction and owning more than 80% of oil reserves.
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this also means that labor cannot be substituted for the loss in the capital-energy bundle
which puts additional downward pressure on production.

For both groups of households, an increase in energy prices has impacts on both, the
expense and the income sides of the budget constraint. On the one side, purchases of
energy become more expensive which increase costs. On the other side, lower returns
for production factors decrease the income. However, the negative income effect distin-
guishes between both types of agents. While rule-of-thumb households only suffer from
lower wages, Ricardian households also face a decline in capital income, leading to income
losses, which are about twice as large. As a consequence, consumption of durable and
non-durable goods is cut by all agents which happens with a delay due to the lagged
structure of durables within the utility function. Furthermore, the decline of the former
is significantly higher given the high complementarity of energy and durables. Moreover,
non-durable consumption goods can partly substitute the energy-consumption bundle
which further increases the differences. Concerning Ricardian households, the combi-
nation of a lower interest rate and lower income budget also results in a reduction in
its alternative investment, namely financial assets. This contraction is persistent which
leads to a decline in the negative impact of the interest rate. When the rental rate of
capital exceeds its steady state values, which happens after 40 periods, the change in the
reduction of physical capital investments turns around.

Figure 7?7 also depicts the various impacts on the demand of energy when comparing
the household and the production sectors. Although both sectors use energy in their
utility or production process and hence, are directly affected by price changes, the latter
has the predominant share in the decline of total energy demand. This is essentially due
to the weight of energy in the capital-energy bundle, which is clearly higher in comparison
to the equivalent bundle in the utility function.

In sum, the response dynamics after a positive energy price shock confirm the results
from Section 6.1 as output is significantly less influenced in comparison to its response
following a change in productivity as in Section 6.2.1. However, both groups of agents
clearly respond by dropping their investments in durable goods to optimize their utilities.
Fluctuations are particularly faced by Ricardian households whose effective budget is

stronger reduced due to the loss of capital returns.

6.3 Inequality

In the previous section, we have investigated the dynamic responses of the economy, by
looking at the impacts of each shock in isolation. Moreover, the exogenous stimuli have
been temporary and occurred only once. Now, we simulate the economy by impacting the
model with all shock simultaneously and continuously. We run the simulation for 1000

periods considering 1000 different agents which are split up into Ricardian and rule-of-
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thumb households and whose proportion is fix over the whole time sequence. Furthermore,
we launch the simulation by endowing each agent with the same amount of labor, durable
goods, and financial assets whereby the latter only holds for Ricardian agents. Next to
the TFP and energy price shocks, each agent is additionally affected by an individual
employment shock. The latter leads individuals’ decisions to significantly differ from
each other. The whole procedure gives insight about the development of the distribution
of all endowment factors. Here, we are in particularly interested in the income and wealth
distribution as they are the main factors from which utility is gained. Therefore, in the
following, we focus the analysis by considering some inequality metrics which are often

used in relevant literature but also in the public perception.

6.3.1 Distribution

Figure 4: Distribution of income and wealth

g

- 8B B E58883 88

(a) Income t=1 (b) Income t=10 (¢) Income t=100 (d) Income t=1000

s 5 5 3 8 8 8 8

- 8 8 8 & &8 8 3
- 8 3 8 B B 8§ 8§

R EEEEEEEN

(e) Wealth t=1 (f) Wealth t=10 (g) Wealth t=100 (h) Wealth t=1000

Figures show distribution of income or wealth after t periods. Each bin-width is 10.

Figure 4 depicts the evolution of the income and wealth distribution after the 1, 10",
100*", and 1000*" period. By assuming that all shocks act on the model from the second
period and capital returns are payed out with a lag of one period, all agents receive the
same wage earnings which also account for total income in the initial period (see Figure
5(a)). Hence, the income is equally distributed. In contrast, agents’ wealth consists of
labor income, the stock of durable goods, and possible assets. As only Ricardian agents
are endowed with the latter, we can notice an imbalance in its distribution, but only
between both groups. From the second period onwards, this does change as each agent is
differently affected by employment stimuli. Furthermore, productivity shocks influence

the response of both groups of households differently as rule-of-thumb employment is pos-
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itively correlated with TFP. Even energy price shocks have different consequences for the
decision making of agents as they affect the composition of utility by directly changing
the price of one consumption good. The direct consequence of this is an alternation of the
income distribution within both groups of agents, and thus also for wealth in subsequent
periods as each agent is using the intertemporal smoothing channels differently. Particu-
larly in the initial periods, income and wealth reflect the property of normal distribution
from the idiosyncratic labor supply shocks within both groups. Households, which can
invest in productive financial assets, can accumulated more capital in the long term due
to positive capital returns. Hence, considering wealth, the distribution dispersion is larger
among Ricardian households as we see clearly in Figure 5(f). In sum, we find convergence
of the income and wealth distribution over the long run which is also reflected in the evo-
lution of inequality indices as we will see later. Both, income and wealth distribution are
right skewed which corresponds to reality whereby the size of skewness of the latter is
explicitly larger in the long term.

Moreover, the wealth distribution of Figure 5(h) clearly shows the existence of agents
who are indebted in the long term despite the borrowing constraint in the utility function,
similar to Troch (2014). However, the share of those who have accumulated negative
wealth is low with only 5% and relatively stable. Consequently, the economy does not
collapse by a Ponzi scheme. Furthermore, we can identify agents who are indebted to
be Ricardian households. Because individual households’ policy functions are linear by
construction, the same holds for the capital accumulation equation of households,'* which
is almost linear in their own holdings of assets. Consequently, the propensity to save out
of wealth is the same for all Ricardian households as we discussed before in Section 4 and
the saving behavior of agents does not differ at both ends of the wealth distribution (for
very rich and very poor agents). However, this does hold for the poorest agents in real
life. Nevertheless, capital aggregation still holds because the share of these agents and
the fraction of wealth they hold are very small and have no significant implications on

the qualitative outcome of the simulation.

6.3.2 Inequality ratios

Inequality metrics are useful to determine the performance of the model to replicate the
income and wealth distribution of Germany. Opposite to the whole distribution, ratios
reflect the parts of the distribution with respect to each other and are a good measure-
ment of between-class inequality. Hence, it is a relative measure and easier to interpret.
Table ?? reports the 90/10, 90/50, and 50/10 percentile income ratios, comparing the
income of the 90th, 50th, and 10th income group. According to the results, the model

findings are only slightly above the income distribution of Germany but otherwise the

14We use linear policy functions to numerically solve for the decision making of all agents on the basis
of all state variables in the simulation.
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model does a good job in predicting the income distribution. As the deviations are mostly
visible in the P90/P50 and P50/P10 ratios, this means that the baseline model lightly
overestimates the income inequality within the lower half. By looking at the income
shares which show the income share of a sub-population relative to its size, we can see
that for the bottom 20% and next 20% earners, the results are somewhat lower but still
close the the empirical targets. Hence, the dispersion of income can attributed to the
lower income groups or the low income tail. Nevertheless, the finding can be assessed as

good, in particular with respect to the simplification of the model.

Table 5: Inequality metrics

Baseline Data® Source
P90/P10 593 3.58 OECD (2019a)
Income ratios  P90/P50 1.95 1.87 OECD (2019a)
P50,/P10 3.04 1.93 OECD (2019a)
_ in_c;r;e_s_h;r;s_ “buttom 20% 535 8.52 The World Bank (2019)
2nd 20% 10.67  13.2 The World Bank (2019)
___________ buttom 20%  -0.2 0.0 OECD (2019a)
buttom 40% 48 0.5 OECD (2019%)
Wealth shares top 10% 31.1  59.8 OECD (2019a)
top 5% 176 46.3 OECD (2019a)
top 1% 4.5  23.7 OECD (2019a)
- E};nI ~ Income 0.327 0.330 The World Bank (2019)
Wealth 0.553 0.667° The World Bank (2019)

& We use the average of the data from 1991 to 2013 to match the steady state moments of the
calibrated model.

b This data refers to the value from 2000 which lies in the middle of the observed time period. More
recent data indicate a significantly higher Gini index for wealth (77.5) in 2015.

Furthermore, we consider the distribution of wealth by reporting the wealth shares
of three sub-population groups (see Table ?7). Here, we can see a significant deviation
between the model predictions and the metrics reported by the OECD (2019b). While
the results for the bottom 20% are similar to the data, the baseline model underestimates
the actual inequality for the further sub-population groups. This become apparent by
looking at the richest households. For instance, the top 5% of wealthiest agents own
46% of total wealth while the model predicts a share of only 18%. As a result, although
the model’s prediction of income distribution comes close to the empirical target and
indicates a more unequal distribution for wealth, which goes along with properties of the
German economy, the model fails to predict the targeted metrics for wealth inequality.
In particular, the assumption of equal productivity among agents but also the equal
individual initial endowments among and within both groups of agents seems to be too

simplistic.'?

5By simulating the model with lower productivity for rule-of-thumb agents, income inequality indeed
increases significantly.
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6.3.3 Gini index

A further metrics to capture economy-wide dispersion of income and wealth is the Gini
index. This synthetic measure is the most widely used single indicator of inequality
because of its simplicity of calculation and interpretation (The World Bank, 2014). The
index which is generally scaled between 0 and 1 where a value of zero expresses perfect
equality and 1 shows maximal inequality.!® It reflects half of the relative mean absolute
difference or alternatively, the mean of the difference between every possible pair of agents,

divided by the mean size, hence, the relative inequality within the economy:
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The dashed (dotted) curve denotes the 45°-line description line of equity while solid blue line depicts the Lorenz curve.
The area between both curves amounts to the Gini coefficient G.

where y, denotes the income/wealth of agent = and n the total number of agents (in our
model n = 1000). The Gini index and the Lorenz curve are closely related. The latter
depicts the cumulative proportion of ordered individuals plotted onto the corresponding
cumulative proportion of their size while the former describes the area between the Lorenz
curve and its corresponding function with no inequality (see Figure 5). In case of no
idiosyncratic shocks and a single class of households only, the Lorenz curve for income and
wealth is described by a 45°-line (see red curve in Figures 3(a) and 3(b)). Consequently,
there is no inequality. In the baseline model, the income Gini index corresponds to

the empirical target which confirms the good performance of the model in this regard.

6When allowing for negative values in the distribution (such as debt in case of wealth distribution),
the Gini index can also theoretically become larger than 1.
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However, the wealth Gini index is significantly lower in comparison to the German data,

which is in line with the finding from before.

6.3.4 Theil index

The Gini index is handy to compare several distributions as it meets many axioms ac-
cording to Cowell (1985). These include anonymity, scale of independence, population
independence, and the transfer principle (Pigou-Dalton transfer principle). However, by
not complying with the principle of decomposability, it can only describe the overall de-
gree of inequality. Hence, it does provide any information about the distribution within
the economy. This also means that it is possible to have two societies with the same Gini
index but different distributions. Therefore, we also consider the income and wealth dis-
tribution of the baseline model with respect to the Theil index which allows to decompose
inequality:.

Applied to our model, the Theil coefficient describes inequality as the sum of inequality

between groups (Ricardian vs. rule-of-thumb households) and inequality within these

groups:
Z" vi (¥ g g
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where Tk and Ty are the decomposed Theil indices of both groups. This allows us to
make up for the main factor contributing to overall inequality as we can associate the
sources of inequality to the different parts of the decomposed Theil index. Table 6 in-
cludes the results for each component of the index. For the income distribution, within
groups inequality mainly contributes to total inequality. They are at the same level as
agents within both classes each share the same dispersion impacts through idiosyncratic
shocks which significantly affect the individual income. These shocks have the same prop-
erties for both classes, so between groups inequality is hardly visible. On the contrary,
within groups inequality significantly differs as Ricardian agents can accumulate assets
by having access to the financial capital market. Income varies within this class whereby
wealth accumulation evolves unequally. Rule-of-thumb households can only accumulate
wealth through investments in durable goods. Hence, the possibility of different wealth
evaluation is limited. By reason of the different market accesses, between groups inequal-
ity is naturally higher in comparison with its respective index of income inequality. The
same hold for the total Theil index.
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Table 6: Decomposition of Theil index

Theil index within between group total

Ricardian agents (Tr) rule-of-thumb agents (Ty) inequality () Theil (77)
Income 0.1486 0.1483 0.0300 0.1761
Wealth® 0.2686 0.0410 0.2023 0.4528
share of total
Ricardian agents (Sg) rule-of-thumb agents (Sy) share
Income 76.30% 23.70% - 100%
Wealth 92.04% 7.96% - 100%

2 As the Theil index cannot be calculated for data containing negative values, we have neutralized the debt (held by 5%
of the population). Hence, the wealth Theil index of Ricardian agents and, consequently, the total Theil index, do not
reflect the proper values which are slightly higher.

Furthermore, we can point out a significant difference in the shares of income and
wealth held by both classes. Here, the latter is significantly shifted in favor for Ricardian
households due to the exclusive access to the financial asset market. In the long term,
the Theil indices even out at a constant level (see Figure 6). In sum, income and wealth
inequality are closely related while the latter is usually at a higher level due to its higher

persistency.

Figure 6: Theil indices
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As the Theil index cannot be calculated with data containing negative values, we have neutralized the debt (hold by 5%
of population). Hence, the wealth Theil index of Ricardian agents and consequently, the total Theil index, do not reflect
the proper values which are slightly higher.

7 Sensitivity Analysis

In this study, we have set up a model that has been meant to present how inequality

develops in an RBC framework by using two heterogeneous classes of agents. As such, we
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have particularly stylized the model i.e. by distinguishing between Ricardian and rule-of-
thumb agents, while holding the share of the different classes of agents constant. This also
means that the ability of intertemporal decision making of an agent cannot be altered,
as switching to the other class is not possible.

Hence, we examine a sensitivity analysis to shed a further light on the general ability of
this model to reproduce business cycles caused by exogenous stimuli. By using alternative
specification of some parameters, we cannot only look at the dynamic responses but
also on their effects on inequality measurements. Here, we focus on those parameters
which are most likely to have an impact on an agent’s decision making and which are
not calibrated according to the equilibrium condition of the economy. These include
the share of Ricardian households \,}” the presence of adjustment costs in making an
investment in durable goods ws.y, as well as the presence of each shock in isolation.
The latter particularly allows us to find out the notable source of impact on inequality

measurements originating from exogenous stimuli.

Figure 7: IRFs of income with various \’s
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Because TFP is the main driver for business cycle fluctuation despite the presence of
the energy price as we have previously confirmed in Sections 6.1 and 6.2.1, we consider
the IRF's of a temporary exogenous increase in productivity to the production sector.
Investigating the responses of income and wealth with various shares of Ricardian agents
and rule-of-thumb agents after a positive impact through TFP, we can see that for the
former, income is higher the less agents have access to the capital asset market (see
Figure 7a). In particular, having a Ricardian household share of only 20% boosts earn-

ings by 3.7 times larger in comparison to a household share of 99%, while the increase

17Gali et al. (2003) point out that the distinction between Ricardian and rule-of-thumb households
can alter the equilibrium dynamics of the model. In our model, we restrict the sensitivity analysis to
0.2 < X < 1 as we find indeterminacy when A < 0.2 and A = 1. Other models find different indeterminacy
regions such as A < 0.36 (Marto, 2014).
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Figure 8: IRFs of wealth with various \’s
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is disproportionate. On the opposite, the rule-of-thumb agents’ income proportionally
increases the higher the share of Ricardian households. By reason of the correlation of la-
bor employment and productivity, income diverges from its steady state value for several
periods until it converges back. The dynamics can be explained as the more households
can access the asset market, the more capital will be invested because it works as an ad-
ditional channel of intertemporal consumption smoothing. Simultaneously, productivity
of capital decreases and productivity of labor, hence wages, increases. The difference of
both groups are intensified with respect to the development of wealth. At its peak, the

dynamic of a Ricardian agent’s wealth at A = 0.2 is 5.9 times as large as at A = 0.99 (see

Figure 8).
Table 7: Sensitivity
Income . Wealth
Gini  share bottom 20% P90/P10 P90/P50 | Gini
baseline model 0.3265 0.0535 5.9317 1.9499 | 0.5526
A=0.99 0.3067 0.0526 5.6150 1.7491 | 0.4828
A=05 0.3401 0.0538 6.2699 2.1069 1 0.5862
A=02 0.4076 0.0500 8.5594 3.0293 | 0.6959
w=1 0.2692 0.0747 4.0821 1.7057 ! 0.3912
only o4 0.1246 0.1288 1.8538 1 1 0.2694
only op 0.1211 0.1308 1.8135 1 | 0.2693
onlyop 03371 0040 6.4927 19869 | 05671

no energy price shocks 0.3323 0.0510 6.2487 1.9697 , 0.5611

Values correspond to the respective equivalent from Table 5.

Table 7?7 depicts an overview of the results of the sensitivity analysis by showing the
outcome for some inequality measurements. In particular, we look at the Gini coefficient
of income and wealth, the income share of the bottom 10% of population, and two income

ratios. By comparing the these results, we get an impression of what influences inequality
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Figure 9: Gini coefficients with various \’s

> /

0.7 /
< 06 /\
©
=

> /

0.2

0.1 /

0 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
A
’ Gini income Gini wealth

Shaded area mark indeterminacy when A < 0.2 and A = 1.

and to what degree these changes appear. The results from the IRF analysis are confirmed
by these inequality measurements. The lower the share of Ricardian households, the larger
inequality in income according to the Gini index which is also reflected by the income
share and income ratios (see also Figure 9). This is consistent for the value set A € [0.2, 1).
Furthermore, inequality in wealth rises even more strongly.

Moreover, inequality declines significantly when eliminating costs in doing investment
adjustments in durable goods. This is mainly due to the fact that the omission of costs
enables rule-of-thumb households to use this channel to smooth their consumption inter-
temporally more effectively. In contrast, Ricardian households can also continuously use
the financial asset market for intertemporal consumption smoothing.

By looking at the impact of each shock on the distribution of income and wealth,
presented in the last three column of Table 7?7, we cannot recognize a significant difference
between the results for a shock in TFP and energy prices. The Gini coefficients for
income and wealth are 0.12 and 0.27 respectively and apparently deviate from the baseline
model. These are the pure effects of distinguishing between Ricardian and rule-of-thumb
households as individual employment variations are omitted. In contrast, by looking
at the presence of a temporary exogenous increase in employment only, the inequality
parameters are significantly higher and closer to the baseline model. Hence, we can
identify these shocks as the main source of producing inequality in the distribution of

income and wealth.
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Since this model focuses on the presence of energy price shocks, we also look at the
impact of volatility of energy prices on inequality metrics. The analysis of IRF's in Section
6.2.2 shows that the qualitative responses of both classes of agents are qualitatively
similar, because in both cases there is an aggregated shock that does not differ between
the entities. This particularly holds for responses to impacts from energy prices, because
both classes are energy purchasers and both receive payments from the production sector
(whose output is also affected by the quantity of energy and its prices). Consequently, it
does not come as a surprise that differences in the income and wealth distribution in the
scenario of no energy price fluctuations are relatively small in comparison to the baseline
model with energy price shocks. The last row of Table ?? describes both distributions
by their respective inequality indices. All measurements are slightly above those of the
baseline model. This means that the presence of volatility in energy prices has a positive
impact on income and wealth inequality, which means that both decrease marginally. The
reason for these dynamics is the complementary relationship between durable goods and
energy. The richer the agent, the higher the consumption of this consumption bundle.
The presence of volatility in energy prices leads to adjustments in the durable goods
stock, re-optimizing the agents’ maximization problems (25) and (26). This goes along
with additional expenditures due to the investment cost function (see equations (5) and
(11)), which are sunk costs. As a result, the wealthier the agent and the larger the durable
goods stock, the higher these sunk costs.

Based on this complementary relationship between durable goods and energy, and
the consequences as described above, we conclude that it is not the low-income agent
who benefits from volatility in energy prices, but instead it is the high-income agent
who looses due to higher absolute sunk costs. However, this claim only holds when
the proportionality coefficient of the complementary factors durable goods and energy

increases when consumption of this bundle increases.'®

8 Policy Implication Through Taxation

So far, existing RBC frameworks, which implement energy consumption through their
main economic entities, are mainly based on the assumption of homogeneous agents.
This model is predominantly designed to extend this field of literature by heterogeneity
in the capability and endowments of agents. As we have seen in the results of this model,
different forms of heterogeneity can lead to inequality in income or wealth which each
have implications on the current utility and intertemporal choice of agents. It is likely
to avoid unequal distributions as they can lead to negative impacts for the society which

can be transferred to many spheres in public life. For instance, inequality can enhance

18The income effect is larger for durable goods than for energy. Hence, the ratio CD/Ey increases.
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polarization, alienation and social friction but it can also encourage crime with negative
consequences for the rest of society. As a result, all members of society would lose out. A
free-market system does not necessarily respond to the wants and needs of individuals who
are socially and economically worse off, especially not if they have insufficient economic
votes to have any impact on market demand.

It should be the responsibility of policy makers of a country using its exceptional
position by having organized control over a human community to meet these challenges.
Hereby, various policy-making tools are available which have different effects but also a
varying degree of support from miscellaneous community groups. However, we do not
discuss the feasibility of a specific policy intervention with respect to its acceptance in
society. There is a particular field in literature that is dealing not only with the electoral
behavior of voters but also the decision making of policy makers with respect to upcoming
elections (e.g. Nordhaus, 1975).

One of the government’s most powerful tools to tackle inequality is fiscal policy. On
the one hand, this directly affects households’ decision making about consumption though
taxes or transfers. On the other hand, this can not only indirectly influence agents by
the provision of public goods and services but also promote the incentive to work. In
particular, the role of tax policy plays an important role in times of increasing pre-tax
inequality according to OECD (2019b). Therefore, we discuss the impacts of one possible
instrument to induce a redistribution channel of income in a simplified form. By assuming
that rule-of-thumb households belong to social group which is, by average, worse off in
terms of income and wealth, we implement a one-way transmission channel of income
from Ricardian households to rule-of-thumb households. This is done by taxing income
of former agents whose revenues are directly re-distributed to the latter. We consider a
non-progressive, constant tax rate which is put on overall income, hence capital returns
plus wage income.

The budget constraints of both groups of agents (3) and (10) are altered accordingly:*?

Ricardian households:

CNR,it + (pu) (En)rit + (Ien) gy + (Iy) gy (5a)
= (1 —7)(w LRy +1:SRip—1 + )

Rule-of-thumb households:
CNnie+ (o), (En)nis + (Iop) way (10a)

=wiLn;y+ 7 (wiLlpt + 1eSRit—1 + 7).

Y0Obviously, equations (7), (8), (13), and (14), describing the income and wealth of both classes of
agents, alter respectively.
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The direct responses of the income and wealth of both groups of agents are depicted
in Figures 10 and 11. Again, we consider the IRFs after an exogenous impact on TFP.
Unsurprisingly, taxation of income leads to a decline of Ricardian households’ earnings
in comparison to the baseline model. However, the positive impulse from the increase
in the marginal productivity of capital and labor still results into a boost of income. A
0.86% increase in TFP leads to an immediate 1.02% increase in income at 20% income tax
(0.95% when 7 = 0.25) while income increases by 1.27% with government intervention.
The redistribution leads to an instantaneous increase of rule-of-thumb agents’ budget by
0.71% (7 = 0.2) and 0.77% (7 = 0.25) while without taxes, income rises by only 0.46%.
As clarified in Section 6.2.1, the rise of income is persistent for rule-of-thumb households

due to the positive correlation of productivity and employment.
Figure 10: IRF's of income after taxation
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Figure 11: IRFs of wealth after taxation
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Table 8: Taxation

Income . Wealth
Gini share bottom 20% P90/P10 P90/P50 1+ Gini 1 A output
baseline  0.3265 0.0535 5.9298 0.5526 | 1.0496 -
7=020  0.2869 0.0636 4.5433 17160 | 05581 | -0.06%
F=025 02811 0.0644 4.3995 16790 1 05620 1 -0.08%

Values correspond to the respective equivalent from Table 77.

Similarly, the wealth of Ricardian agents increases over a longer term. The difference
between the scenarios with and without taxes are significantly visible in subsequent peri-
ods as the retraction of investments results in impacts of wealth only later. At its peak,
wealth has reduced from +16.8% to +14.4% (20% income tax) and +13.8% (25% income
tax) while the increase in the income of rule-of-thumb agents leads more investments in
durable goods. As a consequence, wealth increases from +3.3% to +3.8% (20% tax) and
+3.9% (25% tax).

This policy intervention led to redistribution between classes, and not within classes,
and was thus aimed at reducing inequality between groups, not within groups. Neverthe-
less, within inequality is also affected because we consider a linear tax rate. Consequently,
each Ricardian agent has to pay the same taxes relative to its income while each rule-
of-thumb agent receives the same amount of subsidy. This subsidy is relatively more
valuable with respect to its total income for a poor recipient than for richer agent (see
Table A.1). Note that we look at average inequality measurements over a longer period.
In Table 8, we present the results in accordance to the sensitivity analysis by looking at
the same selected inequality parameters as well as at changes in economic performance.
According to this, the Gini income index indicates a reduction by 3.96 points in case of
a 20% income tax on Ricardian households (4.54 points for a tax rate of 25%).

The income share and both income ratios confirm the developments of lower income
inequality. This is not surprising as the redistribution of income is permanent and hence
rule-of-thumb households also profit by a positive investment portfolio in assets. As after-
tax income decreases for Ricardian households, this also means that durable goods and
asset investments declines and hence, personal savings diminish. Figure A.2 depict the
corresponding shifts of the Lorenz curve for both income and wealth.

According to Table 8, this goes along with an increase of the Gini wealth index by 0.55
points (7 = 0.2) and 0.94 points (7 = 0.25) stating a light rise in inequality of wealth.
Previous literature confirms these findings (i.e. Cagetti & De Nardi, 2008; Berman et
al., 2015). Doing a simulation, Berman et al. (2016) show that a positive average tax
rate reduces net income and consequently savings. But simultaneously, the authors find

that the saving rate for capital is essential to model wealth inequality. They detect that
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an imperfect correlation between wealth and income leads to the non-trivial effect of a
reduction of the relative gap between deciles.

The following modified example by Berman et al. (2016) demonstrates these dynamics:
Assuming that Ricardian households’ wealth is Wg 11 = Wgy + sD; + ar1+1Wr, where
W is wealth (capital asset + durables), sD is the share of income that is saved, and ag
is the value change rate of wealth (i.e. gains from capital returns). Respectively, rule-
of-thumb households’ wealth is Wy, = wWpg, with w < 1. Opposite to Berman et al.
(2016), rule-of-thumb households have a different value change rate of wealth ay which
is strictly smaller to the one of Ricardian households (ay < ag). This is because they
are excluded from the asset market, so they cannot gain capital returns.?

As a result, the relative wealth is:

I Wgrir  Weet+sDi+api1iWhry

w WN,t—H WWRﬂg + SDt + WAaN 41 WRJ

_ WWR,t (aR,tH - aN,t+1)
(1 — (,d) Dt

& with s < 1.

In case of a decrease in the saving rate s, we can solve for the relative wealth that
increases. Hence, the relative gap between the "rich” (or Ricardian) and the "poor” (or
rule-of-thumb) agent becomes wider when personal savings from income are smaller with
respect to the remaining terms. In case of an income tax, we can still have an increase
in the ratio between individual wealth values despite a shift from the "poor” agents to
the ”rich” agents, dependent on the difference of ay and ag. Of course, this example
hold not only for the comparison between classes but also within a class, in particular
the Ricardian agent class. However, the tax policy does not redistribute income among
agents of the same group. Therefore, a decrease in s always leads to an increase in the

wealth ratio when ay < ay.

We have seen that the implementation of a constant income tax rate to induce the
redistribution of income from the high income group to the low income group indeed has
impacts on economic inequality, but with different responses. Inequality in income can be
diminished, while inequality in wealth expands, but to a lower extent. As a consequence
of this trade-off, it should first be evaluated which of the two outcomes to aim at. In
terms of output, the economy is only marginally harmed by 0.06% (20% tax) or 0.08%
(25% tax). As reported by Piketty & Saez (2003), Neckerman & Torche (2007), and
Biewen & Juhasz (2012), the minor change in wealth inequality is traced back to the fact
that since the 1980s, disparate labor income has mainly driven inequality rather than
capital gains. But in our model, we assume an equal wage rate for both groups of agents.

We leave this investigation for future research.

200f course this assumption holds only if the capital returns for Ricardian households are strictly
positive.
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9 Conclusion

In this paper, we have constructed an RBC model with heterogeneous agents with idiosyn-
cratic properties which belong to two sub-classes, namely either Ricardian households or
rule-of-thumb households. Agents can consume durable goods, non-durable goods, and
energy. Energy, provided endogenously and in unlimited quantity, is needed in order to
either gain utility from durable goods, or to be able to produce goods through capital. To
handle heterogeneity on the macro level of the model, explicit aggregation as developed
by Den Haan & Rendahl (2010) is applied in order to solve the cross-sectional capital
distribution, and hence the aggregate policy function for capital. The model has been
calibrated on the basis of data from the German economy. Next to analyzing the model
and its aggregated outputs, we have performed a separate simulation to investigate the
evolution of individual heterogeneous outputs and their distributions.

We confirm findings from existing literature that TFP is the main driver for output
fluctuation even though the presence of energy price shocks and resulting increases have
a contractionary effect on output. Moreover, we show that the distinction between non-
durable and durable goods leads to a significant improvement in matching most of the
moments, with the exception of non-durable goods, because agents receive an additional
channel of adjusting their investment decisions. It follows that energy mainly causes
disruptions in durable goods investment. Thanks to heterogeneous characteristics of
the model, we are able to make predictions of inequality in income that are close to the
empirical target while inequality in wealth remains underestimated. This underestimation
is mainly attributed to the absence of idiosyncratic productivity differences of agents, but
also to the simplification that labor is supplied exogenously. With respect to energy price
shocks, inequalities in income and wealth decrease, due to the complementary relationship
between durable goods and energy, as well as sunk costs that arise along with adjustments
in the durable goods stock. Hence, we conclude that it is not the low-income agent who
benefits from volatility in energy prices. Instead, it is the high-income agent who looses
in both income and wealth, due to higher absolute sunk costs.

In a brief policy analysis, we have taxed Ricardian agents’ incomes with a constant
tax rate, with revenues directly redistributed to rule-of-thumb agents, which is a simple
possible policy instrument that induces a change in inequality. This has resulted in a
reduction of income inequality, with the distribution of wealth becoming more unequal
but to a lower extent. Furthermore, only between-inequality is affected because there has
been no redistribution within agent classes. Aggregate economic performance in terms
of output is only marginally harmed by this form of taxation. Nevertheless, we deduce
that it should be evaluated carefully what kind of effect on inequality should be aimed
for. Society can be quite sensible to the implementation of policy tools because agents

are differently affected given their financial endowments, social standing, or education.
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In future research, it would be worth analyzing the responses in the case that agents
can optimize their labor supply, given the simplification of labor supply by agents in this
model. In addition to uncertain idiosyncratic shocks, this might decrease the volatility of
non-durable goods consumption in order to close the deviation from observational data.
Furthermore, endogenizing energy generation such as in Bergmann (2018), while at the
same time introducing a separate production of durable goods such as Baxter (1996)
and Huynh (2016) can help to improve the description of energy within the economy.
Both adaptations can have significant implications on the optimal allocation of labor
and capital because agents would have further channels to shift mobile factors. With
respect to modeling heterogeneity, robustness can further be verified by increasing the
set of moments as done in Preston & Roca (2007). Additionally, a further subdivision
of agents’ classes in terms of their access to asset markets, but also a higher degree
of differentiation between classes through heterogeneity in preferences, might help to

improve the prediction of wealth inequality.
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Additional Figures and Tables

Figure A.1: Model overview.
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Figure A.2: Comparison of Lorenz curves with taxation
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Table A.1: Decomposition of Theil index with taxation

Theil index within  between group total

Tr? Tn®  inequality () Theil (Tr)
7 = 0 (baseline model)  0.1486 0.1483 0.0300 0.1761
come | = 0.2 0.1547 0.1003 0.0028 0.1403
T=20.25 0.1566 0.0935 0.0004 0.1357
no energy price shocks  0.1542 0.1450 0.0308 0.1827

' {N_ea_ml‘;h_ “baseline model 0.2686  0.0410 0.2023 0.4528

no energy price shocks 0.2776 0.0430 0.2034 0.4625
share of total
SRr* Sy share
T=0 76.30%  23.70% - 100%
Income 7 =0.2 68.48%  31.52% - 100%
T=10.25 66.22%  33.78% - 100%

Theil index is calculated according to (41).

2 Tg is Theil index of Ricardian agent class.

b Ty is Theil index of rule-of-thumb agent class.
¢ SR is share of Ricardian agents.

d Sy is share index of rule-of-thumb agents.

B Accuracy Checks

In general, it is difficult to find analytical solutions of stochastic general equilibrium mod-
els with rational expectations. Hence, simulations are helpful instruments to solve those
models numerically. However, as a downside, simulations can also be inefficient numer-
ical tools as they vanish sampling uncertainty as well as white noise which might arise
along with approximation methods. Nevertheless, they are helpful to analyze complex
models but need to be checked for accuracy. For instance, in our model, inaccuracies can
appear in the process of explicit aggregation to determine the law of motion of aggregate
capital as we look at first moments only. But also approximating the policy rules of each
individual can contribute to inaccurate results.

A simple accuracy test proposed is the R? along with the standard error by Krusell
& Smith (1998) who estimate the aggregate law of motion of capital with least-square
regression. However, Den Haan (2010) has shown that this test is inadequate as it scales
the errors which runs the risk of underestimating large errors. Therefore, we will perform
two alternative accuracy tests to evaluate the accuracy of our solution method.?! We
concentrate on the y2-test by Den Haan & Marcet (1994) and the Euler equation error
test originally based on Judd (1992).22

21See Algan et al. (2014) for a discussion of the weakness of the R? accuracy test and an overview
about several alternative accuracy tests.

22We refer to Fernandez-Villaverde et al. (2016) for a detailed technical discussion of both accuracy
tests.
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Table B.1: DHM-statistics with different simulation lengths

t=200 t=500 t=1000 t=10000
DHM-statistics 0.85769 0.26129 0.13564  1.05466

Values present x2-distribution with simulation length t.
Lower 5% critical value of x2 is 0.0039, upper 5% critical values. of x? is 3.8415

The DHM test considers the accumulated error residuals of the Euler equation along
the simulated path. By theory, the residual that expresses the deviation of the Euler

equation should be zero at all points in state space. Hence, it holds that:

f()=E { Cng}i,t — BCN}}MH (L4 rpim —0") + 2%5;3} (42)

E{f(-)h(z) | I} = 0. (43)

where [; is the information set of information available in the period ¢ and h(:) is an
arbitrary function. We compute the residual of the model which has been simulated for

T periods to obtain an empirical distribution according to:

T

Br =23 () @ h(x). (14)

t=1

3 Subsequently, we check the closeness of this

which converges to a y?-distribution.?
distribution to the y? distribution of the true policy function. However, according to
Den Haan (2008), the DHM statistic is also limited in its accuracy power. On the one
hand, the computational time for this test can be very high depending on the simulation
length. On the other hand, this test is sensible to the simulation length as accurate
solutions can be rejected more often than 5% for a high enough time range. Therefore,
we compare the results of the DHM test with a different length of simulations. The
results are summarized in Table B.1. According to the outcomes, (43) is satisfied for all
observed simulation lengths.

Due to the limitations of the DHM statistics, we do a second accuracy test by testing
for one-period ahead forecast errors according to Den Haan (2010). It is similar to
the definition of the normalized Euler equation error proposed by Judd (1992). To be
more specific, we compute the Euler equation errors (EEE) by comparing the numerical

approximation with the result of the optimal decision (equation 42) such as:

U (BE {tbn i1 (1 +701) } = dy) +2557°)

Gt

EEE(S,) =1—

(45)

23Note that if T'— oo than By — 0.
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where ¢; is the optimal decision under assumed calibration and S; denotes the set of states.
In other words, we check the degree of irrationality of an agent to use the approximation
rule. To do so we compute the Euler equation error at many points in the state space
defined by Gauss-Hermite nodes in the numerical integration. Den Haan & Ocaktan
(2009) note that increasing the number of nodes has only negligible effects, hence we
limit its amount to 10 for each state variable. The bounds of the grid defining the 8-D
state space are obtained by the simulation to get reasonable values. The test statistics
shows that agents make an average 1.233% error in their decision about consumption
with a maximum of 3.263%. These values are higher than in standard homogeneous
DSGE models. However, this is not surprising with respect to the higher amount of state
variables as well as more shocks which increase the degree of uncertainty. In sum, the
model seems to be an effective framework to consider incomplete markets, heterogeneous

agents, and different consumption goods.

C Mathematical Appendix

C.1 Optimization

Under the assumption that prices for final energy are equal for households and final
goods-producing firms pg = pyg = py, the households’ problems of Ricardian and rule-of-
thumb agents, the decision making of firms, and the corresponding first order conditions

with respect to the decision variables are:

Household sector (Ricardian agents)

1—y

> 1
‘Cg,i =Ko Z ﬁt {log [CN%,i,t (GCD%,z,tq +(1-9) (EH)%M> :
t=0

} BT

+ )\g,i,t [wiLg;s+1Srit—1 +m — CNpiy — (PE),(EH) Rt

cD Wied CDpis— CDpagq ) T2 10)
—CDprit+(1=96 CDpit—1 — = > il
foit ( ) e T ( CDpRt—1 )
—SRiit + (1 — 5Y) SR,i,t—l} }
e Non-durable goods:
177/7
-1 ¢
8£gi . CN}%,z‘,t (HCD%,i,tfl +(1-90) (EH>§%zt> . g
TR gty = — By =B ARy =0
8CNR7Z'¢ ﬂ/ ¢ ¢ TW CNR,i,t "
CNR,i,t (HCDR,z’,tA + (1 - ‘9) (EH>R,i,t>
1 | 1
& ym— =i, =0 s Moy
Y CNR,i,t Ryit Ryt v CNR,i,t
(47)
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e Durable goods:

Mg{i _ g 9 (1—)¢h CNPIY%,i,tJrl (HCD%:,@',t +(1-0) (EH>§+1) ‘ CD%T@}t

0CDg,; ¢ 1=
o CN’IY%,i,tJrl (90D§%,i,t + (1 - 9) (EH>tC+1) :

CDRitt1 [ CDRity1 — CDpgyig) >
+6t+1E )\Hi 1—5CD—|—wc 2 o 2
Ryit+1 led C’D?Mt CDR,i,t
c CDprit— CDpgirq1 \ % |
_Bt)‘git 1+ Wied R,i t R,it—1 ;0
” CDRit—1 CDpRit—1
c CDprit— CDpgip—q 7%
o )\git{1+ Wied ( Rt R,i t 1) }
7 CDR,z‘,t—l CDR,z‘,t—l
cDst
= [0 (1 - ’7) E ¢ L ¢
QCDR,i,t +(1-10) (EH)tJrl

CDR,i CDprito1 — CDpgit\ 2%
+ BE {)‘g,z,tﬂ [1 — 5P gt < Ryit+1 R, ,t) ] }

CD%., CD R
(48)

e Energy consumption of households:

(9% )
CNP}Y%it HCDRit—l + (1 - 9) (EH)Rit

1%7 (1 - ‘9) (EH)gill - 5t>‘g,i,t<pE)t
CNPIY%,i,t <GCD§%,2‘,1&71 + (1 - ‘9) (EH)CRZt)

(1= 6) (Bu)i

a£g7l

T Emnn B (1 —7)

= 9(1—7)(1-0) — "N le), =0
QCD%J,t—l + (1 - 0) (EH)%M ot '
(1= 6) (Bu)j
& Agulee), =0 (1 -7)(1-90)
ft ' HCD%,i,t—l + (1 - 0) (EH)%zt
(49)
e Fuler equations for asset stock:
oLY 1 ) !

L= BRI (L =0V =N B — T =0 50
aSR,i,t 6 { Ryit+1 ( t+1 )} 6 Rt 6 ~ (SRJ’J + b)3 ( )
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Household sector (Rule-of-thumb agents)

et =E0> 5 {tog [ O3, (0005 i+ (1= 0) (B) © |

=0
+ )\%ﬂ-’t (wiLnit — CN e — (8),(Eu) N

Wied CDN“— CDNz‘t—l e
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e Durable goods:

1y
¢ _
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e Energy consumption of households:

CN Y (0CDS im0 + (1= 0) (B)ivs) © o
i (1=0)(En)i—y — B )\N,i,t<pE)t
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o
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(54)
Goods production sector
mo=Boy_ 8 { A (0K + (1 =) (By)Y]® L7 = ks — wile = (pu) (B} (55)
t=0
e Capital demand:

87’(’0
0Ky

a_q

= Ao [nK{_, + (1 —n) (By){]*

LKy —r, =0 (56)

e Energy consumption of final goods production:

87?0
O(Ey);

1

= A KV, + (L= n) (By)] LBy = (pe), =0 (57)

e Labor demand:

2—2 = A (1 —a) [nK;y+ (1 —n)(Ey)/]

Ly —w, =0 (58)

N

By rearranging the conditions above, the optimized decisions as well as the market clear-

ing equations are calculated which define the complete model (19 equations).
Household sector (Ricardian agents)

e Durable Euler equation: combining (47) and (48)

N <0DW - ODR,i,t_l)”cd om0 ONmuCDi,
CDRiit—1 CDRit—1 Y HCD%J’t +(1-06) (EH>§%,i,t+1
‘N p . D5 Do . —CDop: Wacd
+ BE C Ryt 1— 5CD T Wied C R;ﬂf-l-l ( C Ryit+1 C R,z,t)
CN R+ CD%iy CDpRy

(59)
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e Non-durables vs. energy: combining (48) and (49)

(p ) (EH)th
By =B (1—7)(1-0)
CNRis 0CDg 0+ (1= 0) (En)s, o0
PN <p ) (1 - 7) (1 B 0) CNR,i,t(EH)g%ji?t
E)t —
K (GCD%,i,tfl + (1 - 9) (EH>§%zt)
e Labor supply: Ricardian agents
Lrit= (1= pr)Lr + prLrit1 + €r.rit (61)
e Euler equation of capital in final production: combining (47) and (50)
By = pB"E {?977 (1 + T — )} 5t¢72
CN Ry CN Rt Y (Srit + b) (62)
1 1 6 2
o e o (- S
ONpx { Ny 701 =) Y (Sgas +0)°
Household sector (Rule-of-thumb agents)
e Durable Euler equation: combining (52) and (53)
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(63)
e Non-durables vs. energy: combining (53) and (54)
(EH) i
pon U _ g oyag
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e Labor supply: rule-of-thumb agents
_ 7 Y _ jY
Lnit=(1—=pr)Ln + prLnit—1+ pra (At - A ) +ELNt (65)
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Goods production sector

e Final goods production output (= non-durable goods)
Y= Ay [nKy + (1—n) (By){] L~ (66)

e Capital demand of final goods production: rearranging (56)

v v %*1 —a [V—
re = Asan [nKt—l +(1—=mn) (EY>t] Lt1 Kt—ll (67)

e Energy demand of final goods production: rearranging (57)

a_q

(pe), = Asom [nEy + (1 =n) (Ey)y]* Ly (By){ ™ (68)

e Labor demand of final goods production: rearranging (58)

TR

wy = Ay (1) [y, + (1) (By)/] L (69)

Market Clearing

e Aggregate market constraint:

Y; — (pp),(Ey): = CNy + (pg)(En)e + CDy — (1 = 6P) CDyy + Ky — (1= 67) Ky

(70)
e Aggregate non-durable goods:
A 1
CNt - / CNR,i,t + / CNN,i,t (71)
0 A
e Aggregate durable goods:
A 1
CDt — / CDR,i,t + / CDN,i,t- (72)
0 A

e Aggregate capital market:

A
K, — / Snie. (73)
0

e Aggregate labor market:

A 1
L, :/ Lpi: +/ Lyt (74)
0 A
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with (61) and (65), the law of large numbers hold for V¢ : foA er.ritdi o f/\l enNidi >~ 0

Lt:/A (1—/)L)EN+/1 <(1—PL)EN+PL7A (AX—AY)>

1—-p1 I—pL (1—pr)
. L, Pua (A - A)
= AL+ (1-)) <L+ s ) (75)

(1-2)
(1—pL)

e Aggregate energy market:

=L+ pr.a (A — AY)

Ey = /OA<EH)R,i,t + /:(EH)N,z’,t + (Ey) (76)

Formation of shocks

e Productivity shock in final goods production:
InA; =paln Ay +eay (77)
e Productivity shock in final energy generation:
In (pe), = ppIn (pr),_, +€ps (78)
C.2 Steady states
In the following, we can construct the steady state conditions from the model.

Household sector

e Durable Euler equation (59) and (63) (same for both types of agents):

(1—=7) CNCD¢™!
OCD* + (1 —0) (Ex)S

1=36 +8(1-67) (59.SS + 63.SS)

e Non-durables vs. energy (60) and (64) (same for both types of agents):

(1-7)(2-10) CN(Eg)*!
v (0CDC + (1 - 0) (En)°)

pE = (60.SS + 64.59)

e Labor supply (75)
—I %pm (A, — A) (75.8S)
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e Euler equation for capital of final production (62)

b 2

1=8(1+r—6")+-—"—-=CN
i ) 7 (S +1b)°
consequently
1 ) 2
r=—-—14+06" - ——"—
B By (S +b)?

Goods production sector

e Final goods production output (= non-durable goods) (66)
Y = ApK* + (1 -n) (By)"]” L'
e Capital demand of final goods production (67)
r=Aan K" + (1 — 1) (By)"]»~ LK
e Energy demand of final goods production (68)
pe = Aan[nK” + (1 =) (By)"]» " Lo (By) !

e Labor demand of final goods production (69)

w:(l—oz)K

L
Market Clearing
e Aggregate market constraint (70)
Y — peFEy = CN 4+ ppFEy + 0P CD + 6¥ K
e Aggregate non-durable goods market (71)
CN=XACNr+ (1-X)CNy
e Aggregate durable goods market (72)

CD = ACDp + (1 —X) CDy
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e Aggregate asset market (73)
K = ASk (73.5S)
e Aggregate energy market (76)

E=\Eyg+ (1—)\) Eg + (Ey) (76.8S)

C.3 Log-linearized equations

In contrast to Chapter 3, we feed Dynare with the numerical steady state values of all
endogenous variables derived in Section C.2, which makes the calculation of log-linearized

equations obsolete.

C.4 Calibration

The calibration of parameters is carried out analogously to Bergmann (2018), except for

the parameter dy .

Given r and, we can rearrange (62.SS) to get:

1 2
5y:1—|—7“——+£

B By (S+0b)? (79)
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