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Abstract

Biosimilars are copies of biological medicines that are developed by a competitor
after the patent for the originator drug has expired. Extensive clinical trials are
required to show therapeutic equivalence between the biosimilar and its reference
product before a biosimilar can be sold on the market. However, even after more
than 10 years of experience with biosimilars in Europe, there is still some uncertainty
if the patients who are already taking the reference product can switch between
the biosimilar and its reference product. One convenient way to assess the impact
of switches is the analysis of mixed and self carryover effects: if the products are
switchable, there should not be any difference in the carryover effects. This paper
determines a series of simple designs which are highly efficient for the comparison
of the mixed and self carryover effects of two treatments. The proof of efficiency
is not straightforward because the information matrix of the efficient designs is not
completely symmetric.
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1 Introduction

After the patent of a pharmaceutical product expires, it is possible for competing companies
to produce and sell a copy of the originator product. In the context of small molecule drugs,
this is already well established and the copied products are known as generics. For large
molecule drugs (so-called biologics), however, this is still a fairly new concept with the first
product approved in Europe in 2006 and in the United States in 2015. A copy of a biologic
is called a biosimilar. The development of biosimilars is currently in the focus of attention
because several important patents on biological drugs expired in recent years or will expire
soon (Generics and Biosimilar Initiative 2014).

Due to limited experience with biosimilars in practice, the higher complexity and
the fact that, from a chemical point of view, a biosimilar is only required to be similar
(Schellekens 2004), and not, as for generics, identical, to the originator product, there is
still uncertainty among patients, physicians and health care providers if a patient who is al-
ready taking the originator product should be switched to the biosimilar product or if even
substituting of the treatment at the pharmacy level is acceptable (e.g., Ebbers et al. 2012)
which could lead to multiple switches between the biosimilar and the originator product.
For providing assurance that alternating the treatments, for example, at pharmacy level is
justifiable, it is necessary to confirm that the treatment response during multiple switches
between the biosimilar and its reference product is comparable.

This calls for a crossover study where the units are observed over several periods, with
the possibility of changing the treatment between periods. For gaining market authorisa-
tion as a biosimilar, it would be sufficient to observe the first period only. If in the first
period there is no difference between the treatments, this means that the direct effects are
similar. In later periods, however, there may additionally be carryover effects. One way
of confirming that switching does not influence the efficacy of the treatment is to analyse
the so-called self and mixed carryover effects. The model with mixed and self carryover
effects was introduced by Afsarinejad and Hedayat (2002). It assumes that each treatment
has two different carryover effects, one that is present if a subject stays on the treatment
from the previous period (self carryover effect, continuous treatment) and the other one

that is present if subjects change the treatment (mixed carryover effect, switching). If



switching has no impact, there should be no differences between the carryover effects of
the treatments.

Kunert and Stufken (2002, 2008) determined optimal crossover designs for estimating
the direct treatment effects in the model with self and mixed carryover effects. The second
article, Kunert and Stufken (2008), dealt with the case of two treatments which is relevant
for our application (biosimilar and originator). However, for showing the switchability of
a biosimilar and its reference product, the direct effects are not of primary interest. When
the question of switchability is addressed, biosimilarity is already confirmed and there is a
strong indication that there is no relevant difference between the treatment effects in the
first period, i.e. between the direct effects. For confirming switchability, we therefore need
to focus on estimating the carryover effects. In this paper, we propose efficient designs for

estimating mixed and self carryover effects.

2 Description of the model

We consider the model that was assumed by Kunert and Stufken (2008). The response v,

of subject u in period r is modelled as

Qy + ﬁr + Td(u,r) + Pd(u,r—1) + €u,ry if d<u7 T) 7é d(u, r = 1)7

Yuyr =
Oy + 67’ + Td(u,r) + Xd(u,r—1) + ey, if d(u7 T) = d(ua r—= 1)

Here, d(u,r) is the treatment assigned to subject w in period r (1 < u < n,1 <r < p) by the
design d, o, is the effect of subject u, £, is the effect of period r, 7; is the direct effect, p; the
mixed carryover effect and y; is the self carryover effect of treatment i. No carryover effect
is present in the first period, i.e., paw,0) = Xaw0) = 0. The errors e,,,1 <u<n,1 <r <p
are assumed to be independent identically distributed with expectation 0 and variance
a? > 0.

The set of all designs with ¢ treatments, n subjects and p periods is denoted by €2;,, .
We focus on the case of two treatments (Reference treatment R, Test treatment 7'), i.e.
t=2.

For a given design d € €2y ,, , we define T as the design matrix of direct effects, while Sy

is the design matrix of the self carryover effects and My is the design matrix of the mixed



carryover effects. We also consider the matrices U =1, ® 1, and P = 1, ® I,,, where ®
denotes the Kronecker-product of matrices, I, is the (s x s)-identity matrix and 15 is the
s-vector with all entries 1. Then U and P are the design matrices for subject and period

effects, respectively, and the model in vector notation can be written as
y = Tar + Sax + Myp + Ua + Pf + e,

where 7 is the vector of direct effects, x is the vector of self carryover and p is the vector of
mixed carryover effects. Further, a, 5 and e are the vectors of subject effects, period effects
and of the residual errors, respectively. We are interested in the simultaneous estimation

of the 4-dimensional vector of all carryover effects

(5:X

For a matrix A, we define w(A) = A(ATA)TAT, where AT is the transpose and
(ATA)T is the Moore-Penrose generalized inverse. Setting w'(A) =1 — w(A), the infor-

mation matrix for the estimation of § then is
Cd = [Sd, Md]T(JJJ'([P, U, Td]) [Sd, Md]

Note that [Sq, My]14 = P[0, 1,...,1]7, because each subject in all periods but the first
experiences one of the four carryover effects. Therefore, the information matrix C; has row
and column sums zero and only contrasts of the carryover effects are estimable.

To compare the performances of the designs, we consider the A-criterion, see e.g.
Pukelsheim (1993, p. 210). For a design d € s, ,,, we define A\ (Cy) > X2(Cy) > A3(Cy) >
A (Cy) as the ordered eigenvalues of C,;. Note that A\y(C,4) = 0, since C4 has row- and

column-sums zero. We then define the A-criterion ¢4 as

pa(d) = ( ! y

1 1 1
nico T mey T ey

An A-optimal design d* maximizes @4(d).



3 Determination of A-optimal designs

Since the information matrix C, has row- and column-sums zero, we can rewrite
Cy = B4CyBy = By[Sy, My|"w* ([P, U, T4))[Sa, M| By,

where By = wt(1y).
For two square matrices G € R¥* and D € R*** we write G < D if D — G is

nonnegative definite. With this notation, we get an immediate upper bound for C4, namely
Cq < Cy = B4[Sy, My w*([U, T4))[Sa, M4|By,
see Kunert (1983). Equality holds iff
B, [Sq, My)"w™([U, T4))P = 0. (1)

Since wt[U, Ty = wh(U) — wH(U)Ty(TFw (U)Ty) T TTw(U), the matrix Cy can be
split up into
éd =Ca1 — Cd12C;2205127

where
Cain = By4[Sy, My w(U)[Sq, My|By,
Ca2 = B4[Sq, My w(U) Ty,

and

Cdgg = TdTwL(U)Td
This implies that there is an upper bound for the A-criterion
pa(d) < @a(d),

where
1
Pa(d) = .
R )

1 1 1
A1(Cq) T X2(Ca) + A3(Ca)

This bound is easier to treat.
Each subject receives a sequence of treatments. Consider an arbitrary sequence z €

{R, T} = Z,, say. For this sequence, we define
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e T, is the design matrix for direct effects for this sequence, i.e., the design matrix
for direct effects we would get from a design consisting of one subject only, receiving

sequence z,
e S. is the design matrix for self carryover effects for this sequence,

e M, is the design matrix for mixed carryover effects for this sequence.

For a design d € €y ,,,, define m,(2) as the proportion of subjects receiving sequence
z, 2 € Zy. It is clear that all my(2) > 0 and that >° ., 74(z) = 1. Since the number
of subjects receiving sequence z € Z, is a natural number or 0, we conclude that m4(2)
must be an integral multiple of 1/n, where n is the number of subjects. It then is often
convenient to allow for approzrimate designs, for which this restriction is removed.

It is easy to see that the Cg; are linear in the sequences, Cyi; = n) ., ma(2)Cyj(2),

where

Cll(z) = B4[Sz;Mz]TwL(lp)[Sz:Mz]B%
Ci(2) = Bu[S.,M.] w*(1,)T.,

C22(2) = TZWL(lp)TZ.

Making use of the linearity of the Cg;;, Kushner (1997) introduced a general method for
deriving optimal crossover designs. However, Kushner’s (1997) original method works only
if all Cg;; are square matrices, i.e., matrices with the same number of rows and columns.
Since for our problem, Cy;s is a (4 x 2)-matrix, we have to adapt Kushner’s (1997) method

to our situation.
Proposition 1 Assume X € R?** is an arbitrary matriz. Then

Cy < Cyi1 — Cg1oX — XTCL, 4+ XTCypX.

Equality holds if X = X4, where
Xa= C$22C§12~

Proof: Define A = X — X,;. Then
Cai1 — Ca12X — XTClyy + XTCypX

6



= Cu1 — Caa(A +Xy) — (A +X)TCL, + (A — X)) " Cuoa(A — Xy)
= Cu1 — CynXy — XICL, + XTC Xy
— Ca12A — ATCL, + ATCypnA + XV CuoA + ATC 00X,

Now, by setting Q = w'(U)T, and using that QTw(Q) = QT, we observe that

CuXy = TLoHU)Ty (TIwh(U)Ty) T TEw(U)[Sy, My By
= T}w(U)[Sq, My|By4
= CdTlQ'

It follows that

Ci1 — Cgi2X — XTCd12 + XTCypX
= Cg1 — Cy2Xy+ ATCynA

Vv

Cai1 — Ca12Xy = Cy.
This completes the proof.

Note that the right-hand side of the inequality in Proposition 1 is linear in the sequences,

Ca1 — Ca2 X — XTC§12 + XTC X (2)
=n Z 7Td Cll C12(Z)X — XTC?Q(Z) + XTCQQ(Z)X) .

z€Z

As a first step, we can use this proposition to derive an upper bound for the smallest

non-zero eigenvalue. Define

b ! !
2 = T =
V2| -1

Then bybl = By. With this notation we get an immediate consequence of Proposition 1.

Proposition 2 Assume k is any 4-dimensional vector, such that k'14 = 0 and z € R.
Then
kTédk S kTCdnk — 2kTCd12b2$ -+ bgcd22b21’2.

Equality holds for x = kTCd12C3_22b2 = x4, Say.

7



Proof: For an arbitrary x € R, define J(x) = kT Cy11k — 2kT Cy1obox + bl C gopboa?.
Case 1: kTCd12b2 7£ 0.
Consider the matrix

X =C7 e R¥*4,

Then kX"b,y = z.

It follows from Proposition 1 that
k"Cik < k'Cypik — k' CyoXk — kTXTCT k + k" XTC 490Xk

Since Cgio has row-sums 0, we have Cgiobobl = Cgypp. Since Cggo has both row- and

column-sums 0, we even have bybZ Cgobobl = Cgop. Hence

k'Cik < k'Cyik — k'Cyobobl Xk
—k"X"b,ybl C ,k + kT X" bybl Cyyobobl Xk
= k'Cyik — kT Cypobox — 2bL CT L k 4 bl Cyorbyz
= J(z).

Because of Proposition 1, equality holds iff X = X,; = C/,,CZL,,, i.e., iff
v = by C,Caiok = a.

Case 2: kT Cy9by = 0.

Then J(z) = kT Cgy1k + b Cyoobor? > k' Cyp1k. Equality holds if z = 0.

On the other hand, it follows from k7 Cg2by = 0 that kTCdlgbngT = 0, and, there-
fore, that k"Cgy = 0. Hence, k"Cg1k = k7Cyk. Furthermore, 24 = k" Cy15Ch,by =
k7' Cy12bsb3 C,,bs = 0. This completes the proof.

Proposition 3 Consider an arbitrary design d € Q. Assume k € R* and x € R are
arbitrarily chosen, with the restriction that kT1, = 0. We then get for the smallest nonzero
eigenvalue of Cy that

1
)\3(Cd) S Tlﬁ maéx{kTCH(z)k — 2kT012(Z)b2$ + bgCQQ(Z)b2x2}.
2€4p



Proof: It follows from Proposition 2 and Equation 2 that

%kTCdk < Y mu(o){KTCo (2)k — 2T Cra ()b + BT Coa(2)bya?}
2€7Z,
< %f{chn(z)k — 2k" C13(2)byx + bl Coy(2)boa?}.
Since
W€ = i
and since

A3(Ca) < A3(Cy),

the desired inequality follows.

We use another consequence of Propostion 1 to derive a bound for the trace of Ca.

where the trace is the sum of the elements on the main diagonal of the matrix.

Proposition 4 Consider any matriz X € R4 and define

L =maxtr (Cy(z) — 2C12(2)X 4+ X Cxp(2)X),

2EZp
where tr(A) denotes the trace of a matrix A. Then for any design d € s, we have

tr(Cq) < nlL.
Proof: Since tr(Cq) > tr(Cy), it follows directly from Proposition 1 and Equation 2 that

tr(Cy)/n < tr [ > m(2)(Cu(z) = Cra(2)X — X'Cly(2) + X" Cps(2)X)

2€Zp

< max (tr(CH(Z)) — 21 (Cra(2)X) + tr(XTCm(z)X)) ~ L.

2€Zp

This completes the proof.

How do we choose X in Proposition 47 Assume that there is a design d* € Qs ,, ,,, for

which we hope that d* maximizes the trace of Cy. It follows from Proposition 1 that
tr(Ca-) < tr(Ca)
= tr (Cd*ll — Cd*de* — Xg* 05*12 + Xg* Cd*QQXd*) .

As an immediate consequence of Proposition 4, we therefore get a sufficient condition that

tr(Cq») = maxgeq,,, , tr(Ca).



Proposition 5 Assume d* € Qs ,,,, is such that for every sequence z € Z, we have
tr (CH(Z) — 2012(2)Xd* + Xg*C22<Z)Xd*) <tr (Cd*> /TL,
where X g« = C1.0,Clyy, as in Proposition 1. Then tr(Cg) = maxgeq,,, , tr(Ca).

Proof: In Proposition 4 choose X = Xy«. Then the conditions of Proposition 5 imply
that L < tr(Cgy)/n. For any design d € s, it then follows from Proposition 4 that
t?“(Cd) S t’l“(Cd*).

For any sequence z € Z,, there is a dual sequence z € Z,, where each 7' in z is replaced
by an R in Zz and vice versa. A design d € $y,,, is called dual balanced if mq4(2) = mq(2) for

each pair of dual sequences z and z in Z,,.

Proposition 6 If we allow for approximate designs, then for each design d € Qs,,,, there

is a dual balanced design f € €, such that
¢a(f) =z pa(d).

Proof: The design d has weights 74(z), 2 € Z,. Consider the dual design d € Qy,,, with
weights (2), z € Z,, where for each z € Z, the dual design d allots the weight that d has

allotted to the dual sequence Zz, i.e. m3(z) = mq(Z). If we define

then S; = S;Hy, M; = M H, and T; = Ty;H,. Therefore,

H2 0 H2 0 HQ 0
CCZH = Cdll , Caﬁg = Cd12H2
0 H, 0 H, 0 H,

and

This implies that

C; = Can



H, O

- Cd12H2(HQC$22H2)H20312

0 H

H, 0)\. (Hy O
C
0 H2 0 H2

It follows that C; has the same eigenvalues as Cy and,

H, O
H,

consequently, that ¢4(d) = ¢a(d).

Now consider the dual balanced design f which allots to each sequence z the weight

7r(z) = 3ma(2) + 274(2). It then follows from Proposition 1 of Kunert and Martin (2000)

that
&, > Ley+ Le,
f= 9 d 9 d»
which implies that
_ 1. 1. -
oa(f) > §¢A(d) + §¢A(d)

since the A-criterion is concave and increasing.

4 Some efficient designs

= ¢a(d),

For a given sequence z € Z,, it is possible to explicitly give the entries of C;;(z). We define

ng and nr as the number of appearances of treatment R and T in z. Let mgy, mrg be the

number of appearances of the mixed carryover effects

of R and T, respectively, and sgg,

spr the number of appearances of the self carryover effects of R and 7" in z. Then

2
_— srr 0 1 SkRrR  SRRSTT
Szw (117)82 = - 9 )
0  spr P\ sgrsrr  Spp
1 [ MrRrSRR MRTSTT
Sfvt(1,)M, = —- ,
P \'mrrsrr mrrSrr
sgr O 1 [ SRrRMrR SRRNT
SzWL(lp)Tz = - -
0  spr P\ sprnp  Sprnr
1 SRRNT  —SRRNT
= = )
P\ —sprnr  sprng

11



where we have used that ng + nr = p. Similarly,

2
mprr 0 1 My MRTMTR
MIw™(1,)M, = — = , :
0 mrr P \'mprmrr mrp
0  mpr 1 [ mrrng mgrnr
MIwt(1,)T, = — =
mrr 0 P \'mgpgnr mrrnr
1 [ —mgrnr MpRrNR
p mrrnr  —MrTRNT

These (2 x 2)- matrices then can be used to determine the (4 x 4)-matrix Cy;(z) and the

(4 x 2)-matrix Cja(z). The matrix Ca(z) is given by:

CQQ(Z) = TZWL(]_IJ)TZ

2
= —’I’LT’I'LRBQ.
p

The fact that Cos(2) is proportional to By for any z implies that for any design d there is
a ¢ such that Cgo = ¢B,. This is important because we need to determine a g-inverse of

Ca22. Because of the proportionality the g-inverse is given by

1
Ct. = -B,.
d22 c 2

4.1 Designs for p=3

If p = 3, there are 8 possible sequences (see Table 1). We try to find an approximate design
d which maximizes ¢4. Note that ¢a(d) is uniquely determined by the 8 proportions

12



Table 1: Possible sequences with three periods (p = 3). It should be noted that z; and zs,

z3 and 24, z5 and zg, z7 and zg are pairs of dual sequences.

Sequence mrr | MRT | SRR | STT | MR | NT
21 TTT 0 0 0 2 0| 3
29 RRR 0 0 2 0 310
Z3 RTT 0 1 0 1 1 2
2z | TRR 1 0 10|21
25 RTR 1 1 0 0 2 1
26 TRT 1 1 0 0 1] 2
27 RRT 0 1 1 0 2 1
28 TTR 1 0 0 1 1 2

ma(z), z € Z3. We conclude from Proposition 6 that a best design is among the dual-
balanced designs, i.e., mq(21) = m4(22) = p1, say, Ta(2z3) = ma(24) = p3, Ta(25) = ma(26) = D5

and mq(z7) = ma(zg) = pr. With this restriction, we get
Sjw'(U)Sy/n =Y ma(z)STw"(15)8.

2(

p1+ D3+ pr) 0 2

=1° ) = g(p1 + p3 + pr)1o,
0 3(p1+p3 +p7)

Sjw (UMa/n = ma(2)STw" (15)M.

—1/3p7 —1/3]93
—1/3ps —1/3ps
Siw' (U)Ty/n =Y ma(2)STw"(15)T.
= %f?’ " %fh _lép?’ —lém = (%pa + §P7)B2a
—3P3 — 3P7  3P3+ 3D7
Mjwh(U)Mgy/n = ma(z)MIw"(15)M,

13



%(p:’) +p7) + %pr) —§p5
—2ps 2(ps +p7) + 3p5

2 4
= —(§p3 + 3P + 2p5)Ba,

and

Tiw" (U)Ty/n = m(z)TLw" (15)T.

8
= 5(291'0+P3 + ps + p7) Bo.

Combining these results, we have

a b e f
. b
Lo=m|” @0 |,
n e f ¢ d
f e d ¢

where

p3 + P2 + 2pspr
12(ps + ps + pr)’

2
a= §<p1 + ps +p7) —

p_ P+ D+ 2pspr
12(ps + ps + pr)’
P2+ 4p? + 9p2 + dpapr + 6psps + 12p7ps

2 4
c= g(ps +p7)+ =ps —

3 12(ps + ps + p7) ’
_ 2 p3 4 4p7 + 9pE + dpspr + 6psps + 12pips
d=—2ps+ 7
3 12(ps + ps + pr)
2 2
+3 +3 +2p2+3
e— 1 /3p7 i b3 P7P3 P3Ps P~ p7p57

12(ps + ps + pr)

Fo 1p P3 + 3p7ps + 3psps + 2p3 4 3prps
— _pg— .
3 12(ps + p5 + pr)

This matrix has eigenvalues

Y a—b+c—¢+¢@_fy+<c—d—w+ﬁ

2 2 ’

a—b+c—d c—d—a+b\>
o = #—\/(e—f)2+<#> ;

14




a+b+c+d

M3 = #—e—f

and p4 = 0. With a numerical search, we found that ¢(d) = 1/(1/p1 + 1/ps + 1/pu3) is

maximized, if
p1 = 0.0951, p3s= 0.1033, ps = 0.1684 and p;= 0.1332.

The @ 4-criterion for a design d with these proportions is @ A(CZ) = 0.0636n. However,
there are two problems with d. Firstly, it takes a very large number of experimental subjects
to construct an exact design with these proportions. Secondly, the true A-criterion of d is
less than the bound: @4(d) < ¢4(d). This is because d does not fulfill Equation 1.

A sufficient condition to fulfill Equation 1 is as follows.

Assume the design d is such that in all periods both direct effects appear in exactly half
of the subjects, and that in each of the periods 2,...,p each of the four carryover effects

appears in exactly one quarter of the subjects. This implies that

de —121T,

and

W=

=

W=
—_

o mlS., M = Lo

Now note that

B4[Sq, My w ([U, T )P = (B4[Sd, M,)" — Cd12CJQQT§> w(U)P

= (BulSu MyJ" — CanoCLuTh ) (1, © w0 (1,))

= n <B4 Z 7a(2)[S., M.]T — Cy12Clhyy Z 7rd(z)T2T> wh(1,).

This implies for our d that
B,[S4, My)"wh([U, Ty))P =0

and, therefore, C; = C..
It is clear that the design d does not fulfill the sufficient condition: In each period,
the number of subjects receiving a mixed carryover is larger than the number of subjects

receiving a self carryover. The difference is larger in period 3 than in period 2.

15



If, instead of the design d, we use an exact design d* which allots e (2) = % to all

sequences in Zs, we get p4(d*) = 0.0628n. It is easy to verify that this design d* fulfills

the sufficient conditions for Equation 1. Hence, @4(d*) = 0.0628n and it comes very close

to the numerically derived upper bound for the A-criterion (0.0636n).

4.2 Designs for p=1 mod 4

We consider the case that p = 4¢+1, where £ is a natural number, and that n is divisible by
four. For this case, consider the exact design d* € 5, ,, where one quarter of the subjects

receive the sequence

22=|R T T R R ... T T R RJ,

one quarter of the subjects receive the dual sequence

Z=[T R RT T ... R R T T]

the third quarter of the subjects receive the sequence

z2=|R RT T R IR ... T T RI

and the final quarter of the subjects receive the dual sequence

Z=[T T R RTT ... R R T]

These designs d* have some appeal for practice: while the design is not too complicated
from an organizational viewpoint, it is not too obvious for subjects when they receive the
same treatment as in the period before and when a different treatment.

For z; we get ng = 20 + 1 and ny = 2¢, while mgrr = mpr = sgg = spr = £. This

implies that

¢ 0 1 (02 2

ST wt(1,)8., = - -
@ p)Ss 0¢) rle e
1 (¢ ¢
Slewl(lp)le =
VAR A

16



1 {20+ —(20+ 1)
SZWL(lp)Tzl - - ( ) ( ) :
P\ 20 202
¢ 0 2 02
MZwL(lp)MZ1 = - 1 ,
0 7 p\g2 p2
and
_2g2 262
MlewL(lp)Ta = 1
P\(@20+1)¢ —(20+ 1)
With straightforward algebra we get
L -/
1f=€ ¢ 4020 + 1
Cll(Zl) - €B47 CIQ(ZI) = 3 ; and CQQ(ZI) = QBQ
21 -0 v P
A 4

Since the sequence z; has the same parameters, ngp = 20 + 1, np = 2¢ and mgyr = mrg =
srr = str = ¢, we find that all C;;(22) = C;;(21).

For the dual sequences z; and Zs, the roles of R and T are interchanged. Hence ny =
20 + 1 and ny = 2¢, but we also have mgrr = mrr = sgr = s = £. It then is easy to see
that, again, Cq1(Z;) = C11(21), C12(Z;) = Cia(z1) and Cay(2;) = Caa(z1), for i = 1,2. This
implies for the design d* that

r -/
n|—t ( 40020+ Dn
Cd*ll = n€B4, Cd*12 = § and Cd*22 — ( ) B2.
-t 7 D
{7
We therefore have
1 -1 -1 1
= nlp -1 1 1 -1
Cy = By — ———
820+1) |1 1 1 —1
1 -1 -1 1

17



2 + 3 —1 -1 —2p-1

_ n(p—1) -1 2p+3 —2p—-1 -1
Bp+1) | -1 —2p—1 2p+3 -1
—p—1 -1 -1 2p+3

To show that Cg+ = Cgz, we verify that in each period the direct effect of each treatment
appears in exactly two of the sequences, while in each of the periods 2,...,p each of the
four carryover effects appears in exactly one of the four sequences.

This implies that Equation 1 holds, and, therefore, Cy = éd*. The eigenvalues of Cg«

are pui(d*) = po(d*) = np%l, ps(d*) = n4g:1) and 0. The eigenvector corresponding to
ps(d)isks =51 -1 -1 1]
The A-criterion of the design d* therefore is

oA i+4+4(p+1)  4p+3)

n
1

Note that this cannot be larger than %. Even if the number of periods p goes to oo, we
have p4(d*) — %. We will show in the next section that no other design can perform much
better. This is similar to what happens for the estimation of the direct effects in our model

(see Kunert and Stufken 2008): a large number of periods is only of limited use.

5 An upper bound for the A-criterion

In this section we derive an upper bound for the A-criterion for an arbitrary p. We will
find that the class of designs d* derived in Section 4.2 is highly efficient. We begin with a

technical lemma.

Proposition 7 Consider an arbitrary sequence z € Z,, , starting with R. Then the design-

matrices T,, S, and M, fulfill the equality

-1 0

0 0
S.+M.H;, - T, = . . )

0 0

where Hy is as in the proof of Proposition 6.
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Proof The first row of T, equals [10], since the sequence starts with R. The first rows of
both S, and M, are [00]. Therefore, the first two of S, + M, Hy — T, must equal [-10].
Now consider the i-th row, for ¢ > 2.
Case 1: The preceding treatment was R, the current treatment is R. Then
the i-th row of S, is [10],
the i-th row of M, is [00],
and
the i-th two of T, is [10].
Hence, the i-th row of S, + M, H, — T, equals [00].
Case 2: The preceding treatment was R, the current treatment is 7. Then
the i-th row of S, is [00],
the i-th row of M, is [10],
and
the i-th two of T, is [01].
Hence, the i-th row of M,H, is [0 1] and the i-th row of S, + M,H, — T, equals [00].
Case 3: The preceding treatment was T', the current treatment is R. Then
the i-th row of S, is [00],
the i-th row of M, is [01],
and
the i-th two of T, is [10].
Hence, the i-th row of M H, is [10] and the i-th row of S, + M, Hs — T, equals [00].
Case 4: The preceding treatment was 7', the current treatment is 7. Then
the i-th row of S, is [01],
the i-th row of M, is [00],
and
the i-th two of T, is [01].
Hence, the i-th row of S, + M H,; — T, equals [00].
This completes the proof.

[1,—1,—-1,1)F and

Proposition 8 Consider an arbitrary sequence z € Z,, choose k = %
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choose © = L. Then

V2
-1
kTCH(Z)k — 2kT012(2)b2£If -+ bgCQQ<Z)b2£IZ'2 S %
Proof: Observing that
k- 2| >
V2 | —b,
we get
by/v/2
KTCu(ek = [bT/v/).-bT/V2] BafS. M. (1,8 MB, |
—by/V2
1
— L(b7ST — BIMI ) (1,)(S.by — Miby).
and
1
k'Ciy(2)by = E(log ST — bIMI)wt(1,)T.b,.
Therefore,

k7' Cy1(2)k — 2kT C3(2)byx + bl Cyy(2)bya?

= (7S~ BIMI)!(1,)(S.by — M.by) = 2 (b]ST — BIMI ) (1,) b
+b2 TLwH(1,)T. 1522

= (o787~ BIMT — b, T (1,)(S.b ~ Mby)
—(bI'ST — pIMT — bgTZ)wup)szQ)

= 5 (bE(ST — M7 — Tt (1,)(S. ~ M. — T.)by).

If H, is as in Proposition 7, then Hoby, = —b,. Hence,
(Sz - Mz - Tz)bg - (Sz + MZH2 - Tz)bg.

Therefore, if the sequence z starts with R, it follows from Proposition 7 that (S, — M, —

T,.)by, = [\/Li 0...0]T. If 2 starts with T, we get with the same methods that (S, — M, —

T.)by = [~ 0...0]".

This implies for any sequence z that
kTCH(Z)k — Qchlz(Z)bQJT -+ bgng(Z)bQJJ2
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> o

This completes the proof.

Now consider an arbitrary design d € Qs ,,,. Since k71, = 0 and k"k = 1, it follows

from Proposition 2 and Proposition 8 that

—1
As(d) < nmax{k”Cu(2)k — 2" Cua(2)bsw + b] Caal2)bar?} < n? e (3)

Remember that ps(d*) = nllgj;fl)., see Section 4.2. So the smallest nonzero eigenvalue of
d* is slightly less than this bound.

We now show that d* maximizes the trace of the information matrix.

Proposition 9 Choose X = ¢ [ B, —B, ], where

p
2(p+1)

Consider an arbitrary sequence z € Z, which starts with R. Then

T (2p+3)(p—1)
tr (Cll(z) —2C;p(2) X+ X ng(z)X) < o+

Proof: see Appendix.

As an immediate consequence of Proposition 9 we find that a sequence z* € Z, attains
the bound for
Gz = tr(Cll(z) — 2C12(Z')X -+ XTCQQ(Z)X)

if and only if mrr = myr and spr = sgr = p%l. Note that this is only possible if there
is an ¢ € N such that p = 4¢ 4+ 1. The two sequences z; and z, from Section 4.2 fulfill this
condition.

For the dual z of a sequence z, observe as in the proof of Proposition 6 that

B H, O H, O B H, O
011(2) = Cn(Z) 7012(2) = 012(2’)H2,
0 H, 0 H, 0 H,
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and

022(2) = H2022<2)H2.
The matrix X from Proposition 9 fulfills that

H,
0 H,

=HyX = -X.

So we get for a sequence z starting with 7" that

tr(Cr1(2)) — 2tr(C12(2)X) + tr(XT Cyp(2)X)

H, 0 [(H, 0 H, 0 )
= tr CH(Z) —2tr Cm(Z)HgX
0 H, 0 H, 0 H,
—FtT(XTHQCQQ(E)HQX)
(Hy O H, O B H, 0
= tr | Cy(2) —2tr | C12(2)(—X)
0 HQ 0 HQ 0 H2

+tr ((—XT)CQQ(Z)(—X))
2p+3)(p—1)
4p+1) 7

= tr(C11(2)) — 2tr(C(2)X) + tr(XTCyy(2)X) < (

because the sequence z starts with R and Proposition 9 can be applied. This implies that
the bound from Proposition 9 also holds for sequences z starting with 7.

We therefore have a bound for the trace of the information matrix of any design d €
Q3 ,,.p, namely

(2p+3)(p—1)
4(p+1)

tr(Ca) < tr(Cy) <n Y ﬁd(z)tr<C11(2) —2C1(2)X + XTCQQ(Z)X) <n

2€Zp

This helps to derive a bound for the A-criterion of any design.

Proposition 10 Assume the design d € $23,,, has an information matriz with eigenvectors

1 > o > 3, with the side-conditions that
pa+ pe 4+ ps < A, and pg < g,

where ¢ < A/3. Then we have for the A-criterion of the design that

q(A—q)

d) < .
pald) < A+ 3q
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Proof: For given us and pusz, we have that uy < A — ps — 3. Hence,

1 1
pald) = ¢ 1T S 3 I 1
H1 H2 K3 A—p2—p3 H2 H3

Holding p3 fixed, this bound is maximal if s = A — g — us, i.e. if puo = (A — p3)/2. This

implies that
1

2 1 -
T A—ps3 + u3

@A(d) < 2

A—ps3

This bound, however, gets maximal if p3 gets as near to (A — p3)/2 as possible, which

means that us = ¢. This gives

—_

pa(d) <
7

9

‘1\3

+

b
Q=

—-q

which completes the proof.

For any d € €3,, we have concluded from Proposition 9 that the sum of the three

(2p+3)(p—1)
4(p+1)

from inequality (3) that ps(d) < n%. We therefore conclude from Proposition 10 that the

eigenvalues, i.e. the trace of Cy4, cannot be more than A = n , while we get

A-criterion of the design fulfills

(p—1)(2p*+2p—1)
d < = *

say.
Remember that the A-criterion of the design d* from Section 4.2 is

p—1

wald") = nm

This means that the efficiency of the design d* is at least

wa(d) 2p% + 6p? + 3p

o 2p3+8p2+5p—3’

which equals 0.88 for p = 5 and 0.92 for p = 10. If p — oo, the efficiency goes to 1.

Appendix: Proof of Proposition 9

Define
G, =tr(Cp1(2)) — 2tr(Cia(2)X) + tr(XT ' Cy(2)X).
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Then

STwh(1,)S.  STw(
MTwh(1,)S, MTw(

STw(1,)T,
—2ctr | By 2w (1) B, -B, )
2 _B2 )

tr B4

MTwt(1,)T,

B
+ctr > 1wt (1, )T

_B,
tr(STwh(1,)8.) + tr(MLwh(1,)

1

_Zlg (SzWL(lp)Sz + Szwl(lp)Mz +MIw(1,)8S. + MZWL(1P>MZ) 1
—2ctr(STwt(1,)T.By) + 2ctr(MZw(1,))T.B,)

+2¢% tr(By T2 wh(1,)T.By),

where we have used that tr(A;As) = tr(AyA;) and that [ B, —-B, } B, = [ B, —-B, ] :

We split G, up into several parts. First of all,

1
ZlQT (STw™(1,)8. + SLw(1,)M, + MIw"(1,)S, + MIw"(1,)M.) 1,

1
Zlg(sz + MZ)WL(1P)<SZ + Mz)12
0
- 1 S —
4[Ol...l]w(p) E ™
1

Further, we have

and

tr(STw(1,)S.) — 2ctr(STw (1,)T.By) + ¢ tr(By T w(1,) T.By)

tr((S. - ¢T.By) wh(1,)(S. — ¢T.By))

1
tr((S. — ¢T.By)"(S. — ¢T.B»)) — ]315(82 — ¢T.By)(S. — ¢T.By)"1,

tr(MZwh(1,)M,) + 2ctr(MZwh(1,))T.By) + A tr(Boy T w(1,)T.By)
tr((M, + ¢T.By) w"(1,)(M, + ¢T.B,))
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1
tr((M, + ¢T.By)" (M, + ¢T.B;)) — =17 (M. + ¢T.By)(M. + ¢T.By)"1,
P

Since z starts with R, the first row of S, — ¢T.B; equals [ —¢/2 ¢/2 ]. The i-th row
(1 >2) of S, — ¢T,B, equals

o [1—¢/2, ¢/2],ifz(i—1)=R, 2(i) = R,
o [c/2, —¢/2)ifz2(i—1)=R, 2(i)=T,
o[ /2, ¢/2])if2(i—1)=T, 2(i) = R,

o [c¢/2, 1—¢/2],ifz(i—1)=T, 2(i)=T.

On the other hand, the first row of M, 4+ c¢T.By is [ ¢/2 —¢/2 |. For i > 2 the i-th
row of M, 4 ¢T.B, equals

o [ ¢/2, —¢/2 ) if2(i—1) =R, 2(i) = R,
o [1—c/2, ¢/2),if2(i—1) =R, 2(i) =T,
o [¢/2, 1—¢/2],if2(i—1) =T, 2(i) = R,
o [ —¢/2, ¢/2],if2(i—1)=T, 2(i) =T.

This implies that we can rewrite

Cal o 1—¢)2 ¢(1—c¢
(SZ — CTZBQ)T(SZ — CTZBZ) = 42 24 + SRR ( 2> 2( . 2)
44 5(1—3) T
+Mmpgr 402 c24 + mrgr 2 024
4 4 17
2
[l (1 — ¢
+srr 4 ) 22)
-5 (1-3)
and
T C2 C2 I 9
tr((S. — ¢T.By)"(S. — ¢T.By)) = (1 + mpr + mTR)5 + (srr + sTT)(Z +(1— 5) ).
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Similarly,

2 2

C C
t?"((Mz + CTZB2>T(MZ + CTZB2>) = (1 ~+ SRR + STT)E + (mRT + mTR) (Z —+ (1 _ _>2).

Noting that sgg + srr + mrr + mrr = p — 1, we get

tr((S. — ¢T.By)"(S. — ¢T.By)) + tr((M. + ¢T.Bs)" (M, + ¢T.B,))

02 02 C
= 1)— —1)(=+(1-2)?
(P15 +m -1 +1-3))
3+ —2p—4
Ap+1)?

Note that all terms considered so far turn out to be the same for any sequence z € Z,,.

On the other hand

(Sz — CTZBQ)T]_p

_c 1_¢ c _c¢ c
_ 2 2 2 2
= + SRR + mpgr +mrgr + Srr
c c _c c _c
| 2 2 2 2 2
B srr — 5 (1 + srr — s7r — (MR — M1R))
srr + 5 (1 4+ srr — S77 — (MRrT — M1TR))
and, similarly,
M. + ¢T.B;)"1
z +c 2122 p
c c 1_¢ c _c¢
2 2 2 2 2
= + SRR + mpgr +mrgr + Srr
_c _c c 1_¢ c
2 2 2 2 2

mgr + § (1 + srr — srr — (Mpr — m7rR))

mrp — § (1 + sgr — srr — (Mpr — mrr))

These formulas get slightly clearer if we reparametrize. Define s = spr, dy = sSgr—Srr,m =

mrgr and d,,, = mgrr — mpr. With this notation, we get

17(S. — ¢T.By)(S. — ¢T.Bs)"1, + 1[(M, + ¢T.B,)(M. + ¢T.B;)"1,
= (s4d— S(1+d =) + (s + 51+ dy = d))?
(m — 5(1 dy — dp))? 4 (Mt dy + (14 dy — d))?

2
= F(S, dsa dm)a
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say. Note that m is not an independent parameter. Due to sgr+ srr+mgr+mrg =p—1,

we have
p—1—2s—ds—d,
5 )

We minimize F' by choosing s, d, and d,,. As a first step, we leave d; and d,,, constant and

m =

determine an s* minimizing F(., ds, d,,).
The partial derivative of F' with respect to s equals

OF
s =2(s+ds+s—m—m—dy)=24s+2d, — (p—1)),
s
where we have used that the partial derivative of m with respect to s is —1. Hence, the
derivative of F' is zero if
p—1-2d,

s§=—F— s*(dy),

say. It is negative if s < s*(ds) and positive if s > s*(d;). This implies that (for given d;
and d,,) the function F' is minimal if s = s*(d;).

Note that there are only two possible values for d,,. The sequence starts with R. If it
also ends with an R, then mgrr = mygr and, hence, d,,, = 0. If, however, the sequence ends
with a 7T, then d,, = 1. No other values of d,,, are possible.

To derive the minimum of F', we consider the two possibilities for d,, separately.

Case 1: d,,, = 1. The derivative of F(s*(ds),ds,1) with respect to ds equals

ds(p> +2p+2) +p(p+ 1)
2(p+1)2 ’

Hence the derivative is zero for

_ plp+1)
pP?+2p+2

s —

€ (—=1,0).

It is negative for smaller d, and positive for larger d,;. Since ds; must be an integer, the

minimum of F' for Case 1 must therefore be either F(s*(—1),—1,1) or F(s*(0),0,1). Since

2 4 2
. p*—2p+3 p*—p +4p+5

the minimum for Case 1 is F/(s*(—1),—1,1).

F(s*(-1),—-1,1),

Case 2: d,,, = 0. The derivative of F(s*(d;),ds,0) with respect to ds equals

ds(p* +2p+2) —p
2(p+1)2 ’
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Hence, the derivative is zero if
p
dy = ——F"—¢€(0,1).
P2+ 2p+2 (0.1)
Again, it is negative for smaller dy and positive for larger d,. Hence, the minimum for Case

2 must be either F'(s*(0),0,0) or F(s*(1),1,0). Since,

F(s*(0),0,0) = — F(s*(1),1,0),

4p+1)2 " 4lp+1)2
the minimum for Case 2 is F'(s*(0), 0, 0).
Comparing the two cases, we find that F(s*(0),0,0) < F(s*(—1),—1,1). Therefore we

have shown that

4_ .2
— 1
min F(s,ds,d,,) = P_pr+l
$,ds,dm 4<p+ 1)2

Combining the results for the three terms, we conclude for any z € Z, that

p—1  3p°+4p* =2p—4  F(s(0),0,0)

G:o= - 4p 4(p+1)? p
(p—1)(p+1)?2 3p*+4p*—2p> —dp p*—p*+1
- Ap(p+1)? dp(p +1)?  4p(p+1)2
_ (2p+3)p—-1)
B 4(p+1)

This completes the proof.
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