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Abstract

Consider the problem of pointwise estimation of f in a multiple isotonic regression model Z =
f(X1,...,Xq) + €, where Z is the response variable, f is an unknown non-parametric regression func-
tion, which is isotonic with respect to each component, and e is the error term. In this article, we investigate
the behaviour of the least square estimator of f and establish its asymptotic properties. We generalize the
greatest convex minorant characterization of isotonic regression estimator for the multivariate case and use
it to establish the asymptotic distribution of properly normalized version of the estimator. Moreover, we
test whether the multiple isotonic regression function at a fixed point is larger (or smaller) than a specified
value or not based on this estimator, and the consistency of the test is established. The practicability of the

estimator and the test are shown on simulated and real data as well.

Keywords: Consistency, Convex function, Cumulative sum diagram, Non-standard asymptotic distribution,

Rate of convergence

1 Introduction

Monotonicity perhaps is the most basic shape constraint for a real valued function on R, and for various
applications, monotonicity of the unknown regression function is assumed. For example, in environmental
science, the number of days until freezing of Lake Mendota has been modelled as an isotonic function or in
medical science, monotone relationship has been extensively used in growth curves (see, e.g., Barlow (1972)).
Since then several attempts had been made to incorporate the monotonicity (i.e., isotonic) constraint on the
unknown regression function of one variable. The use of isotonic methods, i.e., the least squares estimation
under a monotonicity constraint for such estimation problem is motivated by its attractive properties as well
as the marked advantage of not having to specify a user-specified bandwidth for estimation. The study of
isotonic regression models for one variable dates back to Brunk (1958) and since then it has been studied
by several authors under various assumptions (see, e.g., Brunk (1970), Groeneboom and Wellner (1992),
Banerjee and Wellner (2001), Wang and Huang (2002), Abrevaya and Huang (2005), Bagchi et al. (2016)
and Dhar (2016)).



Although, to the best of our knowledge, the investigation on consistency property of estimated isotonic
regression function with more than one covariate (i.e., multivariate isotonic regression function) started in
1970’s (see, e.g., Robertson and Wright (1973) and Makowski (1977)), the asymptotic distribution of the
estimated multiple isotonic regression function has not been paid attention in the literature. Recently, Han
et al. (2017) studied the risk bounds of the multiple isotonic least square estimator, and a sort of similar work
was carried out by Chatterjee et al. (2018) for bivariate isotonic least square estimator. However, none of them
derived the asymptitoic distribution of the least square estimator, which is essential for important statistical

problems like testing and constructing confidence interval of the regression function.

Regarding real application of multiple isotonic regression model, we would like to mention that a nat-
ural monotone relationship between the response and several co-variates is quite common in practice. For
instance, it is an accepted fact in medical science that the blood pressure is monotonically associated with the
use of tobacco and the body weight (see, e.g., Moolchan et al. (2004)). Motivated by such type of real life
examples, the multiple isotonic regression model is considered in this article, and to estimate the unknown
multiple isotonic regression function, the methodology of the least square is adopted following the idea of
Makowski (1977). In this article, the multivariate isotonic regression model is studied in two steps. At first,
we establish a characterization of the isotonic least square estimator in terms of the cumulative sum process
of the data, similar to greatest convex minorant characterization for univariate case. This characterization
enables us to establish geometric properties as well as derive explicit asymptotic distribution of the estimator
after an appropriate normalization. The limit distribution we obtain is a generalization of well-known Cher-
noff’s distribution (see Brunk (1970)). Next, although the theoretical properties of this multivariate version
requires extending the seminal works of Groeneboom (1989) and Groeneboom and Wellner (2001) for mul-
tivariate case and beyond the scope of this article, we propose simulation methods to compute the quantiles
numerically. This quantiles are then used to implement this methodology such as in testing of hypothesis

problem, which will be discussed in the subsequent paragraph.

As it is mentioned in the last paragraph, the level of blood pressure can be modelled by multiple isotonic
regression model with the covariates like the amount of using tobacco and the body weight. In this example,
one may have interest to know whether the diastolic blood pressure will be more than 90 or not when the
body weight of an individual = 80 kilogram, and the individual consumes 5 cigarettes per day. To test such
type of assertion, a formal testing of hypothesis problem is formulated, and a test statistic based on the least
square estimator is proposed. Moreover, the consistency property of the test based on that test statistic is
investigated under any fixed alternative. We also thoroughly explore the performance of the test through
extensive simulation study when the sample size is finite, and the test is implemented on two benchmark data

set as well.

The rest of the article is organized as follows. In Section 2, the theoretical properties of the least square
estimator of the unknown isotonic regression function is developed. The geometric characterization and the

asymptotic distribution of the estimator are explored in Sections 2.1 and 2.2, respectively. In Section 3, we



test whether the multiple isotonic regression function at a fixed point is larger (or smaller) than a specified
value or not based on the least square estimator, and the consistency of the test is established. The procedures
of computing the quantile and estimating all necessary parameters associated with partial derivative of the
non-parametric regression function are thoroughly discussed in Sections 4.1 and 4.2. Section 4.3 investigates
the finite sample performance of the estimator and the test for various examples. Section 5 implements the
test on two well-known real data sets, and Section 6 contains a few concluding remarks. Some technical

details are provided in the Appendix.

2 Isotonic Regression Estimator and Its Asymptotic Properties

The notion of monotonicity and linearity can be extended to multivariate case in a number of ways. Before
we introduce our regression model, we formally define the notion of monotonicity and linearity in R? that we

are going to use.

Definition 2.1. A function f : R® — R is said to be monotone (or linear) if for every coordinate i €
{1,2,...,d} and every choice of x1,...xq € R, the function y — f(x1,...,%i—1,Y, Tit1,..-,Tq) IS

monotone (or linear).

We consider the isotonic regression problem with data Z;, _;,;ix, = 1,--- ,npfork =1,...,d from the
regression model

Ziyoig = [(@130, - Tayiy) + €y igs 2.1)

where 1 < xp2 < -+ < @y, are the fixed design points for each coordinate £ = 1,2,...,d, f :

[0,1]% — R is continuous and non-decreasing at every coordinate, and ¢;, _;, are independent and identically

distributed random variables with mean zero and finite variance o2. We here denote the total sample size to
d

ben := H n; and define a d-dimensional monotone cone L as follows: lety = (y1,...,yq4) € L, if 3y’ € R4
i=1
is such that y}, > yy, with strict equality for at least one coordinate, then ' € L. Let £ be the collection of all

such monotone cones.

The isotonic regression estimator (IRE) for f in (2.1) is obtained by minimizing the squared error loss

over monotone cones, which can be written as the following optimization problem

ni ng
arg In}n hz:l e i;(Zil,._id — fl-lv__id)Q, s.t. {fi,....i,} C Lforsome L € L. (2.2)

The solution of the above optimization problem is given by the following max-min representation.

R . Zi1 id
Ulyenn,Ug) = max min E — (2.3)
fn( ’ ’ ) L:(uy,...,uq)€L K:(u1,...,uq) €K, |Kﬂ L|’
LeL KeLe (@1,ig 50,0 g) EKNL



where £¢ := {L¢ : L € L}. The estimator in (2.3) can be numerically computed using multivariate pooled
adjacent violators algorithm (PAVA) as described in Hoffmann (2009). However, this max-min representation
is not particularly useful to derive the asymptotic properties of the estimator, due to the complex geometry
of multivariate cones and their complements. The geometric characterization of the estimator will be investi-

gated in the following subsection.

2.1 Geometric Characterization of Isotonic Regression Estimator

A very popular and useful characterization of classical isotonic regression estimator is as left-derivative of
greatest convex minorant of the cumulative sum process of the data. We here show a similar geometric
representation for the estimator defined in (2.3). The key element here is a generalization of the notion of
greatest convex minorant for R<. To this end, for a real-valued function G defined on R¢, we introduce
d-dimensional left-slope 9,G(u1,...,uq) as simply left partial derivative with respect to uq, ..., uq. For

example, if d = 2, we have

G —G(ur —h -G —h)+G(uy —h,ug — h

9:G(ur, us) = lim (u1,u2) (uy , U2) (uy, uz )+ G(uy y U2 )
h—0 h?

The right-slope 0,-G can be defined similarly. With this notations, we define the class of d-convex functions

onI C R?tobe

Cr:={G : I — R, 0,G is coordinate-wise monotone}. (2.4)

Note that if G € Cy, G is convex on I then; however, the converse is not necessarily true.

Next, for any real-valued function S defined on I C R, we define d-GCM T, 7(S) of S as the point-wise

supremum of all d-convex function below S, i.e.,

Tr(S)(ug,...,uqg) = sup G(ug,...,uq). (2.5)

GeCr;G<S
Note here that Equation (2.5) implies that d-GCM is a d-convex function itself (see Lemma A.4). In the
sequel, for sake of notational simplicity, if I = R?, we drop the subscript and write T« (S) as T(S). In this
context, it should be mentioned that for d = 1, T7(.S) is the regular GCM (greatest convex minorant) of S. In
fact, it inherits some useful properties of regular GCM such as piecewise linearity, and indeed the following

property stated in the lemma (similar to regular GCM), which is essential to study the geometry of d-GCM.

Lemma 2.1. Suppose S : I + R is a continuous function on an interval I C R2. If T;(S) and S do not

have any touch point in an interval J C I, then T;(S) is linear on J.

Note that the collection of all touch points, i.e., the points where the functions S and 77(S) coincide are

union of rectangles I; x - -- x I; where each [}, is either an interval or a singleton set. Lemma 2.1 ensures in



between these rectangles (which may be a point) the d-GCM is linear.

With the definition of d-GCM, we are ready to establish the relation between the IRE and the cumulative
sum process. To this end, let .S,, be the cumulative sum diagram of the data, i.e., technically speaking, we

define S, on [0, 1]¢ as follows

1 .
Sn(@ 1,y Tdjiy) = m Z Z Ziyag, foripg=0,...,nisk=1,...,d

11<d1 la<iq

with the notations z, o = 0 and Z;, ;, = 0if ¢ = O for any k and S, is interpolated linearly at each

d
coordinate in between the design points. Finally, we are now ready to state first main result which gives

explicit characterization of Isotonic regression estimator.

Theorem 2.2. Let G := Tjg 1)a(Sy) and g(uy, . .., uq) := 9G(u1, . .., uq) be the left-slope of G. Then g is

the unique solution to the isotonic regression problem described in (2.2).

The proof is a generalization of the argument given in the proof of Theorem 1.2.1 from Robertson et al.
(1988) using induction type argument and is deferred to the Section A.2. This result also provides some
insight to the geometry of the estimator. The following corollary is a direct consequence of Theorem 2.2 and

Lemma 2.1.

Corollary 2.3. The isotonic regression estimator is piecewise constant and right continuous.

Corollary 2.3 provides us the idea about the feature of the isotonic regression estimator for a given data.
It also opens a new research problem that how to construct a smooth (i.e., differentiable) estimator of the

multivariate isotonic regression function.

2.2 Asymptotic Properties of the Isotonic Regression Estimator

With the geometric characterization explained in the earlier subsection, we now focus on the asymptotics
of fn the solution of (2.2). To be more precise, we are interested in obtaining a limit distribution of
Ay (fr(ur, ... ug)— f(ug,... uq)) for some fixed (uy, .. .,ug) € (0,1)% and appropriately chosen d,, such
that d,, — oo as n — oo, with n = ny ...ng. In the sequel, we establish such a distributional convergence

result and derive the appropriate rate of convergence d,, in the process.

In order to study aforementioned issues, we proceed in two steps. First we write d,, ( fn(ul, ceyUd) —
flug, ..., uq)) as left-slope of d-GCM of a normalized and localized version of the partial sum process. We
then establish a distributional convergence result of the partial sum process to a functional of regular Brownian
Motion, where the convergence is shown on the space of continuous functions on R%. The distributional
convergence of normalized version of the estimator is finally proved in view of arguments like localization

and continuous mapping.



To this end, for any real-valued S defined on R4, we define

uy+hy uqg+hg
AS(ul,...,ud,hl,...,hd):/ / dS(vi,...,v4).

d

With this notation, we have the following result:
Proposition 2.4. The normalized isotonic regression estimator can be written as
dn(fn(ul, sy Ud) - f(ulv s ,Ud))

d+19d < flui,...,uq)s1...s
dn+6T(ASn(ul,...,ud,S—i,...,j—i)—%)
0s1...0sq

The assertion in Proposition 2.4 implies that to establish the asymptotic distribution of d,, ( fn (ug, ...

f(u1,...,uq)), one needs to have the convergence of the process W,, defined as

S S Ulyew.,Ug)S1 ... 8
wn<s1,...,sd>:d:sﬂ(Asn(ul,...,ud,d;,...,di)f<1 d;h )

The following result describes the convergence of W, to the process defined as

‘81...Sd|

W(s1,...,84) =B(s1,...,84) + 5

(Is1]fr(u, ... uq) + -+ + sl fa(u, . . . ua)),

where B(s1, . .., sq) is a Gaussian process with zero mean and covariance kernel

K((s1,.--,8a), (t1,-- - ta)) = (|st] Alta]) x -+ x (|sal A [tal),

and fj is the partial derivative of f with respect to the k-th co-ordinate.

(2.6)

2.7)

(2.8)

Theorem 2.5. Let d,, = n'/%*2, the partial sum process W,, converges in distribution to W uniformly on all

compact sets of R%. In other words, for I := [—c, c|?, the processes {W,,(s1, . . ., 54)}(s1,...,sa)E1. CONVErgeEs

in distribution to {W(s1,...,84)}(sy,....sa)€l.-

Proof. Introduce the notations

1
Fo(uy, .. ua) = Yoo > @ maay)

z1,i; Sul Td,ig Sud
Uy Ud
F(ul,...,ud):/ / flxy, ..., xq)dey ... dxg.
0 0



We decompose the partial sum process as follows:

Wi(s1,.--y84) = Bn(s1,...,84) + Ru(s1,...,84) + Mp(s1,-.,84) + En(s1,...,84),

d+1

with By, (s1,. .., 54) = % 2o

n

Loosia)EDy, €irvia> where the sum is over the rectangle D,, := [njui, njui +

n1s1/dp] X -+ X [ngug, nqug + ngsa/dy];

R,(s1,.--,84) ::diJrl [AF, (u1,...,u4,81/dn, ..., 84/dn) — AF(u1,...,uq,81/dn, ..., 84/dn)];

S1...8
My (s1,...,5q) =dSTY [AF (uy,. .. ug,51/dn, ..., 5q/dn) — flus,... ,ud)le ,
and E,, is the approximation error due to linear interpolation with sup |E,(s1,...,54)| = O(d%t1/n). As
S81,-++55d
f is bounded on [0, 1], we have sup |F,, — F| = O(1/n), and therefore, sup |R,(s1,52)| = O(d%™!/n).
[0,1]¢ S1y-y8d

For, s1,...,s4 > 0, using Taylor’s expansion, we have

o u1+sl/dn. - uda+sa/dn 3 S1...54
M, (s1,...,8q4) =dS flx1, ... zq)day ... dxg f(ul,...,ud)idd
Ul U

d n

u1+s1/dn ug+sq/dn d
:d7dl+1 / / f(ulw-wud)"'Z(xk:_uk)fk(ul,--.,Ud)—‘y-O(d;Q) dl‘l...dxd

1 d k=1

—f(ul,...,ud)sl”'sd}

ds
s 53 -1
= 552...5df1(u1,...,ud)Jr~~~+51...sd_lgfd(ul,...,ud)JrO(dn ).
So, for (s1,...,54) € R?, we have
o |81...Sd| 1
My (s1,...,8q4) = T(|51|f1(u1, coosug) + oo sal falua, . 7ud)) +0(d,").
Finally, for s1,...,s4 > 0,
dd+1 [niur+sini/dy] |[nqug+sanda/dn |
B,.(s1,...,84) = T;z Z Z €ir..iy
i1=|niu1 ] ig=|nquq]
[ [ =474 |
d dz+1 n n
RO SR s
i1=1 1q=1

It is clear from the above expression that the sum will converge in distribution when # =,/ =

g
d%+? = n. As symmetric arguments can be made for (sy,. .., s4) in all quadrants of R? by general Central
Limit Theorem, with d,, = n'/4*2, on [—c, ¢]?, the processes B, (s1,...,5q) converge in distribution to a

zero mean Gaussian process with covariance kernel given by (2.8). Moreover, when d,, = n'/4*2, the order



of the residual terms O(d%t! /n) = O(n~1/(4+2)) this completes the proof. O

For any function S : I ¢ R — R, introduce the notation

_ 0T (S) (w1, ..., 24q)
63?1 e aa:d T1=UT,..., Tqg=Uq

Tr(S) (u1, ..., uq) :

and we drop the subscript if I = RZ. Note that by Proposition 2.4, the normalized estimator is T'(W,,)’(0, ..., 0),
and we intend to use argument like continuous mapping theorem to show this converges in distribution to
T(W)(0,...,0). However, the map f — T”(f) is not continuous. Though, one can show that the map
f = Tj(f) is indeed continuous for any compact set . Therefore, one needs the following localization

result in order to effectively use continuous mapping argument.
Proposition 2.6. Let I,, = [—s1d,,, (1 — s1)dy] X -+ X [=8qdyp, (1 — sq4)d,]. Then for any compact interval

J C I, and C = [—c, c]?, given € > 0, we have

lim P (sup |Tc(W)' (.) = T(W)'(.)] > e> =0

c— 00 J
and
lim limsup P (sup Te (W) (.) — T, (W) ()] > 6) =0.

€0 n—oo J

The proof is closely related to the proof of Theorem A.1 of Anevski and Hdossjer (2006) and deferred to
Section A.3.

Finally, we now state the main result:

Theorem 2.7. If fn is the solution of the optimization problem in (2.2), we then have
D (f s ua) = flun, e ua)) S TOWY(0,.,0),
where W is defined as in (2.7)

Proof. 1t follows from Proposition 2.4 that

pl/(@+2) (fn(ul,...7ud) _ f(ul,...,ud)> =Ty (W,)(0,...,0).

Now, using Theorem 2.5, one can claim that W,, converges to W as processes in C'(R?). By Lemma A.6, we
have the map Tk : C(K) + C(R?) is continuous for all compact K C R?. This along with the application
of continuous mapping theorem implies that for all ¢ > 0, we have Tj_. ja(W,,) converges in distribution
to Tj_,.ja(W) as processes in C(R?). Also, by Corollary A.10, (0,...,0) is not a touch point of W and
Ti_c,co (W) almost surely, and therefore, Lemma 2.1 ensures that with probability 1, (0, ...,0) is a point of



differentiability of Tj_, ;«(W). Hence, using continuity of left derivatives of d-convex functions, (Lemma
A.2), we have Tj_. a(W,)'(0,...,0) 4 Ti—c e (W)'(0,...,0). Finally, Proposition 2.6 along with an

application of converging together lemma (Theorem 8.6.2 in Resnick (1999)) gives the desired result. O

Remark 2.8. In our model, we assume that the design points are fixed. In case the design points x;;’s are
random (and independent of the error distribution) the limit distribution of W,, defined in (2.6), and con-
sequently, the limit distribution of the isotonic regression estimator depend on the distribution of the design
points. For the special case, x;;’s are generated independently as n; points from uniform [0, 1] random vari-
able, for eachi € {1,...,d}, the limit distribution of isotonic regression estimator is the same as Theorem

2.7.

3 Applications : Testing of Hypothesis and Confidence Interval

In the last section, we established that the least square estimator of unknown multiple isotonic regression
function converges weakly to a random variable associated with a certain functional of the multivariate Brow-
nian Motion. In addition to the estimation of the unknown function, as it is indicated in Section 1, one may
have interest to know whether the unknown multiple isotonic regression function at a fixed point is larger
(or smaller) than any fixed value or not. Technically speaking, we want to test Hy : f(21,0,...,%40) > ¢
against Hy : f(21,0,...,%a,0) < ¢, where {z10,...,24,0} and c are specified. To test H, against H;, for
arbitrary cy and ¢y are such that ¢; < ¢ < c¢g, one may consider simple null and alternative hypotheses as

Hi : f(x1,0,-..,240) = co against Hy : f(z1,0,...,2a,0) = c1, for technical simplicity.

. .. S
In order to test Hy against Hy, the test statistic T, = n@+2 {f,(z1,0,...,%4,0) — co} can be formu-
lated, which is essentially the difference between estimated regression function and the specified value of the
function with appropriate normalization when the null hypothesis is true. The following theorem states the

consistency property of the test based on 7,.

Theorem 3.1. Let ¢, be the (1— «)-th quantile of the distribution of T(W)'(0, ... ,0). The test, which rejects
Hy if T, > cq, will have asymptotic size = o. Moreover, PHT [T, > ca] = lasn — oo, ie., the test will

be a consistent test.

Proof. First note that since under H, T,, converges weakly to T'(W)'(0, ..., 0), the asymptotic level of the

test based on 73, will be «.

The asymptotic power of the test will be

Aoz I R
PH{ {ﬂd” {fn(fl,m Ce L Td0) — co} > Ca:| = PHl* [n‘”z {fn(xl,o, cego) —c e — co} > Ca]

1 2 _1_
Py |:nd+2{fn(x1,07 oy Ta0) =1} > o — N2 (e — Co)}

— lasn — oo.



. . . _1 1 .
The implication follows form the facts that ¢, —n @+ (¢c1—cg) — —oo0as ¢y > c¢g, and n @2 { f,, (21,0, .. ., Td,0)—

¢1} is bounded in probability under H;. This completes the proof. O

To implement the test based on 7;,, one needs to compute fn (1,0, -.,xq,0) for a given data, and that can
be done using the geometric property discussed in Section 2.1. Besides, in order to compute the the specified
quantile of the distribution of T(W)’(0,...,0), one may adopt the methodology that will be discussed in
Section 4.1. In this discussion, we would like to emphasize that the assertion in Theorem 3.1 implies that the

test based on 7}, poses good power when the sample size is large enough.

Further, note that one can also construct the pointwise confidence interval of the multiple isotonic re-

gression function based on the result stated in Theorem 2.7. For instance, (1 — «)% (« € (0,1)) confi-

dence interval of f(uq,...,uq) at the point (ug,...,uy) based on our proposed least square estimator is
fn(ul, ceoyUg) — C% ,fn(ul, cooUg) Z‘% , where ¢, and ¢1_, are a and (1 — «)-th quantiles of
n n

the distribution of 77, (W,,)’(0,...,0), respectively. That is, in other words, the aforementioned (1 — )%
asymptotic confidence interval is the acceptance region of the test H against H; when the level of signifi-

cance = «.

4 Finite Sample Simulation Study

In the earlier section, the asymptotic distribution of fn(xl, ..., Ty) has been established after appropriate
normalization; that however does not address how the estimator behave for finite sample size. To study this
issue, we explore the performance of fn(xl, ..., Ty) in this section when the sample size is finite. In the
course of this study, one needs to know how to compute the quantile of the limiting distribution associated
with finding the critical value and to estimate the partial derivatives involved in the limiting distributions.
These two issues are discussed in Subsections 4.1 and 4.2, and the models of simulation study and results are

discussed in Subsection 4.3.

4.1 Computing Quantiles of the Limiting Distribution

The random variable T'(W)’(0, ..., 0) appearing in the limit as described in Theorem 2.7 is indeed a gener-
alization of the well-known Chernoff’s distribution (See Groeneboom (1985)). The theoretical properties of
this random variable will require a deep study of Gaussian process and its d-convex minorant similar to the
works of Groeneboom (1989), Groeneboom and Wellner (2001) etc, and it is beyond the scope of this arti-
cle. However, one can simulate the data from the distribution associated with T'(W)(0, ..., 0) and compute
the empirical version of a certain quantile based in the simulated data. As it is discussed in Section 3, that

quantile can be used in estimating critical value and to formulate the point-wise confidence interval.

10



In the course of analyzing the random variable T(W)'(0, . .., 0), one can note that this random variable
involves (d+1) many parameters, namely, the error variance = o and the d-dimensional gradient of f defined
as Vf = (fi(u, ... ua), ..., fa(u1,...,uq))T, where f; is the partial derivative of f with respect to j-th
component, j = 1,...,d. At first, we generate the data from the model y;, ;, = (Vf)1i1/n1 + -+ +
(Vf)aia/ng + €, .., forng = ... = ng = 103, where (Vf); is the j-th component of the d-dimensional
vector (Vf), and €;, _,, are i.i.d. with variance = o. The estimation of the partial derivative of the unknown
regression function is described in the next subsection. We employ then the multivariate PAVA to calculate
the isotonic regression estimator fn from this data at w1 = --- = ug = 0 and its normalized version. The
same procedure is repeated M = 10 times, and a% empirical quantile of the distribution associated with
T(W)'(0,...,0) can be obtained from the a% quantile of the M many values of T'(W)’(0,...,0).

4.2 Estimation of the Partial Derivatives

As in the case of single covariate, estimation of the partial derivatives (i.e., fj, j = 1,...,d) is one of the
most challenging part for implementing this method. We here use a kernel based estimate from Banerjee and
Wellner (2005) defined as

- 1 Uj — T P
f](ulaaud)_h/K( ]h )dfn(u17"'7uj—17x7uj+17"'7ud) (29)
J J
for j = 1,...,d, where h; is the bandwidth, and K is a Gaussian kernel (see Silverman (1986)). However,

to implement the aforementioned methodology, one needs to choose the bandwidth /; in an appropriate way.
In the numerical study reported in this article, the bandwidth is chosen by the method of cross -validation,
which is described as follows. To implement the cross validation technique, we divide the dataset into two
parts randomly, and each data-point is assigned to one of the two sets with probability = 0.5 using an auxiliary
Bernoulli random variable having success probability = 0.5. Let D; denote the set of indices of the i-th data
set (¢ = 1 and 2), and we then estimate fk D;,h; a8 (2.9) using the data having the indices D;. Next, f Dy h; 18

calculated by numerically integrating fk_, D, ,n; With respect to the k-th coordinate, and we finally calculate

CVi(h;) = Z (Ziy.ia=FDan; @1irs -+, Ta,ig))?+ Z (Ziyia—FDun; (@105 -5 Taig))?
(i1,..-,2q)€ED1 (i1,..-,2q)ED2
(2.10)

The optimal bandwidth is obtained by minimizing C'Vj(h) with repsect to h.

4.3 Numerical Studies

We here investigate the performance of the proposed estimator f,,(x) for finite n, where x = (1, ..., xq),

and for that reason, the empirical mean sqaure error (EMSE) is defined here. For a given x and the model
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. M o 2
Y = f(x)+ ¢, the EMSE of f, is &7 > {fm(x) - f(x)} , where M is the number of replications, and
i=1

fm(x) is the value of f,(x) for the i-th replication. In the numerical study, we consider the following

examples.

Example 1: f(x) = 2? + 23, where x := (71, 23) = (ﬁ, ﬁ), ie., (z1,72) € (0,1) x (0,1). Here

z':l,...,nlandjzl,...,ng.

Example 2: f(x) = exp(z1 + z2), where x := (21, 22) = (F”H, ﬁ), ie., (z1,22) € (0,1) x (0,1).

Here also,t=1,...,n1andj =1,...,no.

We would like to mention that here d = 2 is considered only because of concise presentation. In
principle, one may study the behaviour of fn for any dimension d. We here investigate the performance
of fn(x) at x = (0.5,0.5) and choose M = 1000, and n = 100 (n; = ny = 10), 200 (n; = 20 and
ng = 10), 300 (n; = 30 and ny = 10), 400 (n; = 40 and ny = 10) and 500 (n; = 50 and ny = 10).
The different forms of error distribution, namely, standard normal (i.e., the form of the density function:
f(z) = \/%e_%, z € R) and Laplace distributions (i.e., the form of the density function : f(z) = fe~l®l,
x € R) are considered here. The results are summerized in Table 1. The values in Table 1 indicates that
the EMSE of fn decreases as the sample size n increases when the errors are generated from Gaussian
and Laplace distributions. Moreover, it performs better when the errors are generated from the Gaussian

distribution, which is expected since the least sqaure estimator performs well for data following Gaussian

distribution.

n \ 100 \ 200 \ 300 \ 400 \ 500
Error distribution : standard normal distribution
Example 1 : EMSE of f,,(x) | 0.123 | 0.111 | 0.099 | 0.076 | 0.063
Example 2: EMSE of f,,(x) | 0.244 | 0.208 | 0.176 | 0.162 | 0.131
Error distribution : standard Laplace distribution
Example 1 : EMSE of f,,(x) | 0.637 | 0.558 | 0.500 | 0.482 | 0.336
Example 2: EMSE of f,,(x) | 1.221 | 1.099 | 0.899 | 0.828 | 0.799

Table 1: The EMSE of f,,(x) different values of n.

We also want to test that whether f(x) at x = (0.5,0.5) is larger than 0.35 or not in Example 1, and
in Example 2, the null hypothesis is f(x) at x = (0.5,0.5) is larger than 2 or not. To carry out the afore-
mentioned testing of hypothesis problem, the permutation tests are done based on the permulated samples
as described in Section 5. In Example 1, the p-values are 0.623 and 0.437 for errros having Gaussian and
Laplace distributions, respectively. While in Example 2, the p-values are 0.847 and 0.501 for errros having
Gaussian and Laplace distributions, respectively. Note that at x = (0.5,0.5), f(x) = 2?2 + 22 = 0.5 (in
Example 1) and f(x) = exp(x1 +22) = e > 2 (in Example 2), and hence, the null hypotheses for both cases

are expected to be accepted, which is reflected in the obtained p-values.
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Further, in order to investigate the performance of the finite sample power of the test based on T,,, we

consider the following examples.

Example 3: Let f(x) = x% + x% and x is observed at (mz+1 , ﬁ

Suppose that we want to test Ho : f(X)|x=(0.5,0.5) = 0.5 against Hy : f(X)|x=(0.5,0.5) > 0.5 (say, = a >

),i:1,...,n1andj:1,...,n2.

0.5), and here, errors follow standard normal distribution.

To implement the test, we compute the critical value using the asymptotic distribution described in The-
orem 2.8, i.e., in other words, at a% level of significance, the critical value will be (1 — a/)-th quantile of
the distribution of T'(W)’(0,...,0). As the the distribution of T'(W)’(0,...,0) is not easily tractable, we
compute the quantile of the aforementioned distribution approximately using the procedure described in Sec-
tion 4.1. For different values of n1, no and a, the finite sample power of the test is studied, and the result is

summarized in Table 2.

Finite Sample Power
a 50 60 90 150 500
ny =10and ng =10 | 0.050 | 0.089 | 0.112 | 0.223 | 0.341
ny =25andngy =25 | 0.052 | 0.123 | 0.236 | 0.356 | 0.622
ny =50and np =50 | 0.053 | 0.436 | 0.567 | 0.678 | 0.943
ny = 100 and ny =100 | 0.051 | 0.632 | 0.902 | 0.945 | 0.989

Table 2: The results for Example 3: The finite sample power of the test based on T, at 5% level of signifi-
cance for different values of nq, ny and a.

Example 4: Let f(x) = exp(z; + x2), and x is observed at (ﬁ, ﬁ), t1=1,...,nand j =
1,...,no. Suppose that we want to test Hy : f(X)|x=(0.5,0.5) = € against H; : f(X)|x—(0.5,0.5) > € (say,
= a* > e), and here, errors follow standard normal distribution. For different values of nq, no and a*, the

finite sample power of the test based on 7}, is studied, and the result is summarized in Table 3.

Finite Sample Power
a* e 2e oe 10e 100e
n; = 10andny =10 | 0.050 | 0.123 | 0.0.245 | 0.546 | 0.659
ny =25andny =25 | 0.057 | 0.244 | 0.386 | 0.732 | 0.844
ny =50andny =50 | 0.055 | 0.505 | 0.667 | 0.789 | 0.932
n1 = 100 and ny = 100 | 0.050 | 0.713 | 0.0.888 | 0.965 | 0.999

Table 3: The results for Example 4: The finite sample power of the test based on T, at 5% level of signifi-
cance for different values of nq, no and a*.

The figures in Tables 2 and 3 indicate that for a fixed n; and ns (i.e., sample sizes), the finite sample
power increases as the values of a and a* increase. In other words, for the fixed sample sizes, the test
based on T, will become more powerful as the deviation of the alternative hypothesized value from the null
hypothesized value is getting increased. Besides, for a fixed values of a and a*, for both Examples 3 and 4,

the finite sample power of the test increases as the sample sizes (i.e, ny and no) increase, i.e., this study also
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indicates that the test based on 7}, is consistent.

5 Real Data Analysis

5.1 Auto MPG Data Set

This data set lists the miles-per-gallon (MPG) of 392 automobiles manufactured between 1970 and 1982 with
seven covariates. For detailed description of the variables, we refere the readers to https://archive.
ics.uci.edu/ml/datasets/auto+mpg, and it was earlier analyzed in Luss et al. (2012). In this
numerical study, we consider only the continuous covariates, namely, displacement (denote it as x1), horse-
power (denote it as xz2), weight (denote it as x3) and acceleration (denote it as x4), and it is seen that MPG
(denote it as y) has monotone association with these four variables. Suppose that for this data, we want to
study the performance of the proposed estimator when x1 = 455, xo = 225, 3 = 3086 and x4 = 10, and for
this value of (1, z2, x3,24), it is given that y = 14. In this study, we generate B many permuted resamples,
and for each resample, our proposed estimate fn (1,22, x3,x4) is computed, and let fnﬂv(o:l, X9, x3,T4) be

the estimate for the i-th permuted resample, where ¢ = 1, ..., B. The empirical mean square error (EMSE) of
. B . B
fn,i(xla 2,3, 334) is defined as % Z {f,m-(xl, T2,T3, 1‘4) — y}2 = % Z {fn,i(l‘la xT2,x3, .1‘4) — 14}2, and
=1 1=1

we here investigate the behavior of EMSE of fn (1,22, x3, x4) for different values of B. The permutation of

the sample is done in the following way. Let (i1, ..., ) be one permutation of (1, ..., n), and the permuted
sample will be (((37171, x21,3,1, 1‘4}1), yi1)? ey ((.%‘177“ XT2,n,X3,n,s .1‘4)71), yin)), where n = 392, and Lk, is
the [-th observation of xy; here k = 1,2,3,4and [ = 1, ..., n. The result is summarized in Table 4.

It clearly indicates from the figures in Table 4 that the EMSE of the proposed estimator decreases as the
number of resamples obtained by permutation decreases. In other words, the least square estimate accurately
estimate the actual value of MPG when the number of replications (i.e., B) is sufficiently large. Moreover,
the EMSE values of f,,(x) of Bodyfat data are larger than that of f,,(x) of Auto MPG Data as the Bodyfat

data has a few outliers/influential observations.

Besides, for this data, we also test that whether MPG is larger than ten or not when x1 = 455, xo = 225,
x3 = 3086 and x4 = 10 (z1, x2, 3 and x4 are same as before). We compute the p-value of the test based
on T, (described in Section 3) using the permuted resamples as mentioned in the first paragraph in this data
analysis. We obtain the p-value = 0.661, i.e., favours the null hypothesis, and it is expected since at 1 = 455,
To = 225, x3 = 3086 and x4 = 10, the MPG is 14. In this study, we have used our own R code to compute

fn(x), which is available to the authors.
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B 100 200 300 400 500 1000
Auto MPG Data : EMSE of f,,(x) | 3.227 | 2.898 | 2.766 | 1.868 | 1.422 | 1.001
Bodyfat Data : EMSE of fn(x) 5.564 | 5.001 | 4.998 | 4.887 | 4.775 | 4.776

Table 4: The results for Auto MPG Data and Bodyfat Data: The EMSE of f, (x) different values of B.

5.2 Bodyfat Data Set

This data set consists of percentage of body fat (obtained from equation from Siri et al. (1956) ; denote
it as y), Age (years), Weight (Ibs), Height (inches), Neck circumference (cm), Chest circumference (cm),
Abdomen 2 circumference (cm), Hip circumference (cm), Thigh circumference (cm), Knee circumference
(cm), Ankle circumference (cm), Biceps (extended) circumference (cm), Forearm circumference (cm) and
Wrist circumference (cm) of 252 men aged from 22 to 81, and it is available in http://lib.stat.
cmu.edu/datasets/bodyfat. This data set was earlier analyzed by Dette and Scheder (2006) in the
context of multiple isotonic regression; although their proposed methodology was different from the estimator
considered here. In that study, they considered two covariates, namely, Weight and Height since bodyfat
should be monotonically increasing function of weight and decreasing function of height. Following their idea
and along with the fact that the unknown regression function is monotonic with respect to each component
in the same direction, Weight (denote it as x1) and the negative of Height (denote it as x3) are considered as

two covariates in this study.

As we discussed in the earlier data, we here also investigate the behavior of EMSE of fA”(ajl, x2) when
z1 = 71 and 25 = —209.25 for different values of B, and for this value of (x1,x2), it is given that y =
1.0468. The results are summarized in Table 4. Here also, we have observed the same phenomena as the
earlier data set that the EMSE decreases as the number of replications increases. Overall, we would like to

conclude that if the data has monotone association, it will be expected that fn (z1,...,2,) will perform well.

For this data also, we compute the p-value of the test based on 7, to check whether bodyfat (i.e., y) is
larger then one or not when x1 = 71 and xo2 = —209.25. To compute the p-value, as we did for Auto MPG
Data Set, we carry out well-known permutation test and obtain the p-value = 0.557 (i.e., favours the said

hypothesis) as expected since for z; = 71 and x9 = —209.25, y = 1.0468 > 1.

6 Concluding Remarks

In this article, we propose a least square estimator of the multiple isotonic regression function and study
it’s asymptotic properties along with applications in the testing of hypothesis and the formulation of the
pointwise confidence interval. In this context, we would like to point out that even for the smooth (i.e.,

differentiable) multiple isotonic regression function, our estimator is not smooth enough; strictly speaking,
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it is not a differentiable function. To overcome this issue, one may consider the kernalized version of our

proposed estimation, which can be defined as follows.

~ « % 1 " u*_Xi P * *
fn,s7n(u17"°7ud) = %Zk <hn> fn(u17"'vud)7

i=1
where k is a sufficiently smooth kernel function with bandwidth = h,,, u* = (uj,...,u}), and x; is the i-th
covariate. One can hope that under some conditions, the smoothness of fn,sm (ui,...,u)) will be the same

as that of the kernel k, and the isotonicity propoerty of the estimator depends on the choice of the kernel k.

The issue of robustness is another topic of research since fn() is an average based estimator, and hence,
it is expected that fn (.) will be influenced by the presence of the outliers/influential observations. Technically
speaking, the breakdown point or the influence function may give us an idea about how much the estimator
will be robust against the outliers. Moreover, one may also consider the median or the trimmed mean type of
estimator so that the estimator possess good robustness property. For instance, in the case of univariate iso-
tonic regression function, Dhar (2016) showed that trimmed mean isotonic regression estimator may achieve

25% asymptotic breakdown point.

In order to implement the test described in Section 3, one needs to compute a certain quantile of
T(W)'(0,...,0), which is not easily tractable. As we indicated earlier, note here that T(W)’(0,...,0) can
be thought as a multivariate extension of well-known Chernoff’s distribution; however, unlike the univari-
ate Chernoff’s distribution, the accurate computation of the quantiles of multivariate version of Chernoff’s
distribution is not available in the literature. For univariate case, the readers may see Groeneboom and Well-
ner (2001). Instead of the simulation based procedure of computing quantiles of T'(W)’(0, ..., 0) described
in Section 4.2, it may be of future interest of research about how to compute the quantiles exactly of the

distribution of T'(W)’(0, ..., 0) like the univariate Chernoff’s distribution.

Moreover, to estimate the partical derivatives of the unknown multiple isotonic regression function, we
discussed the cross validation technique to obtain the optimum bandwidth in Section 4.2. Here, in order to
obtain the optimum bandwidht involved in the kernel function, one may consider the asymptotic results of

having the optimum order of the bandwidth in terms of the sample size.
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A Appendix: Technical Details

A.1 Properties of d-convex function and d-GCM

Lemma A.1. If G € Cy, then 0,G is non-decreasing in each co-ordinate.
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Proof. This follows from the convexity of G, noting that convex functions are almost everywhere differen-

tiable and at the points of non-differentiability 9,G (z1, . .., zq) < 0.G(z1,...,24). O
Lemma A.2. Let G, € Cy foralln € Nand lim Gp(z1,...,2q4) = G(x1,...,24) uniformly on a ball

n—oo
B((x1,...,x4),€), then

G2, ... ,xq) <liminf 0,Gy(x1,...,2q4) < limsup 0,Gy(x1,...,24) < 0,.G(x1,...,24q).

n— oo n—oo

Proof. Since G,, € Cy, for 0 < h < ¢, we have.

1 1 Tq ZT1 Td
ﬁ/ / dGn(thwud):/ / 8¢Gn(u1,...,ud)du1...dud
xz1—h Tg—h z1—h zg—h

< Gr(x1,. .., xq) < OpGr(xy,...,24q)

x1+h zq+h
< / / 8TGn(u1,...,ud)du1...dud
x1 Zd

1 z1+h zq+h
:ﬁ/ / dGn(ul,,ud)
xrq Tdq

Letting n — oo and & | O gives the desired result. O

Lemma A.3. Let G be a d-convex functionon I € R and Iy := {xq € R: (21,...,24) € I}. Then for any

fixed x40 € Iy, the map (x1,...,24-1) = G(21,...,%4-1,%a,0) is a (d — 1)-convex function.
Proof. Note that for h > 0, we have G}, (21, ..., Tq-1) 1= fj’o"fh 0¢G(x1,...,xq)dxqis anon-decreasing

in all (d — 1) coordinates. The result then follows by letting » — 0. O

Lemma A.4. For any real-valued function S on I C R?, T7(S) € Cy.

Proof. Let I3 < I3 be two real numbers. Without loss of generality, assume that 77(S)(x1,...,xq) is
differentiable for z1 € (I1,lz). We can find sequences {GL},{G2} C C; such that G} (I1,xa,...,24) T
Tr(S)(1, 22, ...,7q) and G2 (I, 22, ..., xq) T Tr(S)(l2, 22, . .. ,x4) as n — oco. Define G, (71, . .., 2q)

max{G}L(z1,...,24),G2(21,...,24)}. Note that Gy, (l;, 22, ..., xa) = Tr(S)(li, x2,...,24) fori =1,2

asn — oo and GG, € Cy. Then the result follows from Lemma A.2. O

Lemma A.5. Suppose S : I + R is a continuous function on an interval I C R®. If T1(S) and S do not

have any touch point in an interval J C I, then T1(S) is linear at each coordinate on J.

Proof. Let J = [x1,,%1,.4] X -+ X [Ta,1, Zd,), and suppose that the map x1 — T7(z1, 22,0, ..., Zq4,0) is DO
linear on [z1 ;, 1 4], for some xy o € [Tk, Tku] When k = 2,.. ., d. We will construct a d-convex function

G which is a minorant of .S on I and is greater than 77 (.5).
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To this end, let L(x1, . .., z4) be the line joining T7(S)(z1,1, 2, . .., zq) and T1(S) (21,4, T2, - . ., Tq), i.€.,

Tr(S)(z1,0, 22,y 2d) (1,0 — 1) + T1(S) (@10, T2, - - -y xa) (X1 — 1
L(zy,...,xq) := (S) (@1, 2 (@1 :cll) —931(1 (@10, 2 (@1 1’).

Note that L(z1, ..., xq) > T1(S)(z1,...,zq) forall (z1,...,2q) € Jand L(z1, 220, ...,240) > T1(S)(x1, 22,0, .., Ta0)
for at least one value of x1 in (21,71 ). Introduce the notation T7(S)(z1 x,.) =: T*(.) for k = I,u. We
consider the following two cases separately.

Case 1: L(z1,...,2q4) < S(x1,...,2q) forall (z1,...,24) € J. In this case, define
G(z1,...,zq) =T1(S)(z1,...,za)l(z1 & (1,0, 21,0)) + L(z1, ..., 2a)1(z1 € (T11,T1,4))-

Note that G € Cy, as for x1 ¢ (1,1, 21,4), G = T1(S) and for 1 € (21,1, %1,u),

1
0G(x1,...,29) =——— ((%T“(mg, cey Xg) — 8@Tl(m2, . 7ocd))

Tiu — L1,

1
- / 0T (S) (s ., wa)dr.
xy

Loy — I

By construction of T7(S), the last quantity lies in (0,T7(S)(x1,1, x2, ..., Zq), 0T (S) (@10, T2, ..., Za))

and non-decreasing in xy, for k = 2, ..., d. Therefore, G is a d-convex minorant of S and G(z1,...,z4) >
T (S)(x1,...,xq) for at least one point by our assertion.
Case 2: L(xy,...,xq) > S(z1,...,zq) for at least one (x1,...,24) € J. We define D as the distance be-

tween Land S,ie., D(z1,...,2q4) = L(z1,...,24)—S(x1,...,2q). Notethat D, = D(Z1,m, ..., Ldm) =
sup D(z1,...,z4) > 0 by our assertion. We further define Lo(z1,...,2q4) = L(z1,...,24) — Dy,. Note
J

that for x1 € [z1,1, 21,,), we have
Lo(z1,...,xq) < L(z1,...,24) — D(x1,...,2q) = S(z1,...,24).

Moreover, Lo (21 4, T2, ..., 2q) < L(x1,4,T2,...,2q) = T1(S)(®1,4,T2,...,24), and for all o, ..., x4,
and Ly is linear in x;1 with slope (T7(S)(z1,u,%2,...,2q4) — T1(S)(z1,, %2, ..., zq)) Which is bounded
above by right slope of z1 — T7(S)(x1, 2, ..., xq) at 1,4, due to convexity. Therefore, for z1 > x1 4, we
have Lo(z1,...,2zq) < T1(S)(x1,...,24) < S(x1,...,24). Similarly, we can argue that Ly (z1,...,z4) <

S(z1,...,zq) for z1 < x1 ;. Therefore, Lo is a minorant of S on I.

Indeed L is d-convex follows from the fact that L € C; and by construction, Lo (%1 ;. .., Td,m) =
S(T1my - Zdm) > Tr(S)(@1,ms---,Tdm), as Tr(S) and S do not have any touch point in J by the

assertion of the lemma. Now we define

G(z,y) = max(La(z,y), T1(S) (z, y))-
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The function G is d-convex by Lemma A.4, and it is a minorant of S, as both Ly and T7(S) lie below S.
Further G > T;(S) on I with G(Z1,m, - - -, Zam) = Lo (T1,m, - s Tam) > Tr(S)H@1,ms - - - s Tdm)-

Therefore, the linearity of 77(.S) in 27 must hold under the assumptions of the Lemma. The linearity of

other coordinates can be shown similarly. O

Lemma A.6. For any compact set K C R, the map Ty : C (Rd) — C(K) is continuous.
Proof. Suppose for two continuous real valued functions f;, f> on R, we have
sup |f1(s1,---,84) — fa(s1,-..,8q)| <e€ 2.11)
I

for all compact set I C R2. Using the fact that Tk (f + a) = Tk (f) + a for any real constant a and
Tk (f) < Tk (g) provided f < g we write,

Tk (f2) — Sup |f1(s1,---,84) — fa(s1,- -+ 84)

:TK(fQ 75111(p|f1(51a""sd) - f2(517~~~,3d)|)

T (fo+ f1 = f2) = T (f1)
STK(f2 +51[];p|f1(817~--73d) - f2(817"'75d)|)

=Tk (f2) + Sup |f1(s1,...,8a) = fa(s1,. ., 84)]

Under (2.11) we have for any compact set I C K

stllp|TK(f1)(sl,...,sd) —Tr(f2)(s1,...,84)] < Sl}i_p|f1(81,---78d) — fa(s1,.-.,8q)| < e

Hence the result. O

Lemma A.7. Let S be a continuous real-valued function in R%. The functions xj, Ti_c,a(S) (w1, -y za)—

T(S) (x1,...,xq) are non-decreasing on [—c, c| for each coordinate k = 1, ..., d.

Proof. Let {.J;} be a sequence of open rectangles on (—c, ¢)¢ such that their union covers (—c, ¢)?. Without
loss of generality, either J; does not have any point of touch for Tj_. »4(S) and T'(S) or have a simply
connected set of touch points €2 5,. (€2, is of the form I; x --- x I, where I},’s are either a singleton set or
an interval in R). If Q, is empty, by Lemma A.5, T'(.S) is co-ordinate wise linear in the interval, so 7'(.S)’
is constant and consequently, T7_. a(S)" — T'(S) is co-ordinate wise non-decreasing. If €25, is non-empty,
as T'(S) is a convex minorant on [—c, |, we have Tj_, a(S) > T(S). Therefore, T}, 4a(S) — T(S) is

co-ordinate wise non-decreasing. O
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A.2 Proof of Theorem 2.2

We start by noting that Theorem 2.2 holds for d = 1 in view of the assertion in Theorem 1.2.1 from Robertson
et al. (1988). We use method of induction to prove the result for general d. Before starting the main proof,
we state one additional result characterizing the d-GCM of the partial sum process .S, as described in Section

2.1.

To this end, for any fixed x4 € [0, 1], introduce the function S*° : [0,1]9~! ~ R as the restriction of
Spatzg = Z4,0,1.6., Sﬁd’o (9617 cee »xd—l) = Sn($1, cee ,$d71,$d,0)~

Lemma A.8. The map (w1, ...,7q-1) = Tjo114(Sn)(T1, ..., Ta-1,1) is the (d — 1)-GCM of S}.

Proof. Suppose that the assertion is not true. For notational convenience, we denote the map (1, ..., Z4—1) —
Tio,174(Sn) (21, ..., 24-1,1) by G. Let G' be the GCM of .. Note that by Lemma A.3, G is a (d—1)-convex
minorant of S} and therefore, we have G (x1,...,24_1) > G(z1,...,74_1) and G*(z1,...,24_1) >
G(z1,...,24_1) for some point in [0, 1]971. Define Gy (z1,...,24) = G(z1,...,2q) for (z1,...,14) €
[0,1]%71 % [0,2.4,n,—1]. For every 24, in the interval (zq,n,—1, 1], join Tjg 1ja(Sn) (%1, - - -, Td—1, Td,ny—1)

and G!(z1,...,x4_1) linearly. More precisely, for (z1,...,zq) € [0,1]97! x (24,5,-1, 1],
Gi(x1, ... xa) = na[To e (Sn) (@1, - s a1, Tamy—1)(1 — ) + G (21, ..., Ta—1)(Ta — Tapn,—1)].

Claim 1. G1 is in C{O,l]d'

Proof: Similar to proof of G € C; in Lemma A.5.

Claim 2. G1(z1,...,74) < Sp(x1,...,24) forall (z1,...,24) € [0,1]%

Proof: This is trivially true if 24 < 24,,,—1. Moreover, for every (z1,...,24-1) € [0,1]97, we have
Gl(zla LI 7x(i—17 xd,nd—l) = T[O71]d(Sn)(x17 e 7Id—17 Id,nd—l) S Sn(xla .. 7xd—17 Idﬂld—l)a

Gl(.%l, vy g1, 1) = Gl(xl, N ,l‘d_l) S S}L((ﬂl, N ,xd_l) = Sn(l‘l, vy Xd—1, 1)
and both x4 — Sp(x1,...,24) and z4 — Gi(z1,...,x4) are linear in between (z4.,,-1,1]. Hence,
Gi(z1,...,zq) < Sp(x1,...,2q) for g € (xgn,—1,1].
Claim 3. G1(x1,...,2q) > Tjo1)a(Sn) (1, ..., xa) forall (xq,...,xq) € [0,1]%
Proof: Note that the map x4 + Tjg174(Sn) (21, ..., 24) is indeed convex, and as a consequence for x4 €
(Td,ny—1, 1], the function Tjg 1)a (Sy ) (71, - . . , ¥4) lies below the line joining (g 174 (Sn) (1, - - - s Ta—15 Tdng—1)

and Tjg 174 (Sn)(1, . . ., Ta—1, 1), which is further below (i1 because of the fact GYwy,. . 2q-1) > Tio,174 (Sn) (1,

For 24 < x4,,—1, the claim is trivially true.
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So G constructed this way is a d-convex minorant of .S, such that G1 > Tjg qja (Sp), with strict inequality
at at least one point because of our assertion. This is a contradiction to the fact that T}y 1)a(S,) is GCM of

Sy. O

Now back to the proof of Theorem 2.2, let g(z1,...,zq4) := 0/G(x1,...,24). We will show that for

any co-ordinate wise non-decreasing real valued function f on [0, 1]%. We now have

ny Nng
Z Z(Zil...id _f('rl,i17"'7md,ld > Z Z Q1. -Tl 117"'7xd,id))2 (212)
11=1 1g=1 i1=1 ig=1
+ Z Z $1,117o~-»$d,id)—f($1,i1,~~~,ifd,z‘d))2.
21— ld 1

To show (2.12), it is enough to show that

1
— Z Z(Zil...id = 9Ty i) (91005 Taig) = (@100, Ta,)) 2 0. (2.13)

To this end, we introduce some notations. For all i, and k € {1,...,d}, define

1
Sn,id(wl,il,-~~,$d—1,z‘d,1) = H g Zil...id,ll,
=1
1
Gig(1,ir; -+ Td-ia) 7= > 91y T 1ig s Tda)-
=1
With this notation, we have
Td—1
E E Sn id 1‘1 NARER '7xd—1,ld,1) - Sn(xl,i17"'7xd,id)a
=1 lg—1=1
'Ld 1
E E Gi,(T10y, - a1,y 1) = G(@14y, -+, Tdig)-
=1 lg—1=1
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Using Abel’s partial summation formula on the left hand side of (2.13), we get

1
=X > Ziia = 9@ wai)) (9@ Taiy) = f(@as - Ta,)

=D > @i Taig) = F@Lis o Baig—1)) Sniag—1 (@103 Ta—1641) = Gig=1(Trirs o Ta1ig_4))

+ ) D (9@ Taig—1) = (@1 Tai0)) (Snig—1 (T - Baotig ) = Gig—1 (@i Ta-,igy)

i1=1 ig=1
ni nd—1
+ Z o Z (g(xl,h Yo xd—l,idflvfﬂd,nd) - f(xlvil Yo 7Id—lqid71vxd7nd))(sn»"d (Il,i17 ce 71‘!1—171}171)
ip=1 ig_1=1
- G’ﬂd (JL'Lil geeey xd_laid—l))
=I+1I+1I1
Treating each of these terms separately,
ng ndg—1

I 2 Z Hilin(f(ml,il,...,:rd,id) — f(l'l,i17~-~,l'd,zd 1 Z Z nld 1 131 Zl,...,xdfl,idil) — Gidfl(xlyil,.“

ig=1 i1=1 =1
nq
= Z Hil;n(f(mlaiu cee 7xd,id) - f(x17i17 s axddd—l))(s’ﬂ(xl,nu oo 7xd—17nd—1?xdaid) - G(l'l,nl, cee md—l,nd—ul’dﬂ'd))'
ig=1

Every terms inside the last summation is non-negative and hence, I > 0. Using Abel’s formula again and

treating the first (d — 1) summation as one sumover: = 1,...,ny + - -+ + ng_1, we write

IT = Z Z x17i17 .. -7$d,id—1) - g(xl,iu- .. 7xd7id))(snvid_1(m17 "7xid—1) - Gid—l(‘rh "7:Z:id—1))
i1=1 ig=1

d

= Z > (9@ Tasig) = 9@ 1 Tasig)) (S (T iy o B 1ig s Tdig—1) = G(Tiy s ooy T yig g Tig—1))

i1=1 ig=1

nd

+ Z Z (@101 —15 s Tdig—1) = (L1015 5 Bdyig—1)) (Sn (@101 5 oo0s Td—1,59_ 15> Tdyig—1) — G(T1,iy5 0 Bd—1,ig_1 > Tdyig—1))

11=1 ig=1
nd

+ Z e D 9@y T2y Tdig) = 91y 2,015 0 Tdyig)) (S (B1,m1 5 T203 s iy 1) = G(@1,01 T205

io=1 ig=1

n2 nd
FD 0 Y (9@ T2 1 Tdig 1) — 9@ T2z Tdiig—1)) (Su(@Lns - Taig—1) = G(@Lngs
in=1  ig=1
ng
+ Z (g(:clynu cee 71‘d,id71) - g(xlﬂllv e 7xd,id)(sn(xl,n17 ceey i’dfl,nd,“l'd,id—l) - G(:Elm“ o ,xd—l,nd,mwd,id—l))
ig=1

The odd-numbered terms (first, third etc), except the last term in the above equation is non-negative be-

cause g is co-ordinate wise non-decreasing, and GG is a minorant of .S,,. For the second term, note that is
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G(T1yy - Zdig) < Sn(T1,ys---5Td4,), thenby Lemma A5, wehave g(@1 4., ..., Tdi,) = 9(T1,1-1,- - - s Td.iy)-

Therefore, this term is zero. All the even numbered terms and the last term can similarly be shown to be zero.

The treatment of the third term is exactly similar to /I. Similar arguments as above along with the
observation that G(Z1,n,, - - -, Zdn,) = Sn(T1my,- -, Tdn,) by Lemma A.8 yield that /1] > 0. This shows

(2.13) holds and hence, we have the result.

A.3 Technical Details for Section 2.2

In this section, we present technical details necessary to establish the asymptotic properties of the isotonic
regression estimator. The crucial element for this is Proposition 2.6. The arguments are essentially an exten-
sion of the proof of Theorem A.1 from Anevski and Hossjer (2006).

Proof of Proposition 2.6: We will prove the second part of the Proposition, and the proof of the first part is
similar. For readability, we present the proof for d = 2. The general case can be proven similarly with some

additional notational complexity.

Let K = [~1,1]2, and § > 0 be arbitrary. Consider the set,

A(n,M,m,T):{ sup |Wn(sl,32)|<M}U{ inf (Wn(sl,SQ)—/{|slsg|)>O}.

s1,52€ K ‘51|>T7‘52‘>T

As W, converges in distribution W on C'(I), and given compact set K and § > 0, we can find M, such that
P (sup,, s, [W(s1,52)| > M) < §/2, we have

limsup]P’( sup W, (s1,s2)| >M) < 0.

n—oo s1,852€K

Also by properties of Brownian motion as |s1| and |s2| approach infinity, we have B(s1, s2)/|s152] <
B(s1,82)/|s1 + s2| — 0 with high probability. Therefore, W(s1, s2)/|s152| — o0 as |s1],|s2] — o0

for almost every sample path. Hence, for sufficiently large 7 (for all 7 > 7(0, k)), we have

lim sup P ( inf (W, (s1,82) — K|s1s2]) < O) < 4.
|s1|>7,|s2|>T

n—oo

Therefore, we can find M and 7 such that

limsupP (A(n, M, K, 7)) < 24. (2.14)

n—oo

Define sets
B(n,I,c,¢) := {sgp |T.(W,.) () =Ty, (W) ()] < e} )
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By Lemma A.7, for any I C [—7,7]? with 7 < ¢, we have

4
ﬂ B(n,I;,c,€) C B(n,I,c,e¢),
i=1
where I, 1 = {(—-7,—7)}, Ir3 = {(r,—7)} Irs = {(—7,7)}, ;4 = {(7,7)}. Next, we show that for
given 6 > 0 and large enough ¢, fori =1,...,4,

limsup P (B(n, I, c,e€)°NA(n, M, k, 7)) <. (2.15)

n—oo

We will show (2.15) for 7 = 4, other cases can be tackled similarly. Without loss of generality, 7 can be

chosen so large that 7 > M/, and n is large enough so that [—c, c|?> C I,,. Then on A(n, M, k,T), we have

inf W, (s1,82) > M > sup W, (s1,$2).
[s1]|>7,|s2|>T (s1,52)€K
LetT', .- (.,.) be the tangent plane of T,.(W,,)(s1, s2) at (s1, s2) = (7, 7) with slope T,.(W,,)’(7, 7). Then,

there can be three possible scenario. If ¢ > 7, we can have

1. Tyoer(s1,82) < W, (s1,s2) forall (s1,s2) ¢ [—c, ?;

2. Tyer(s1,82) < W, (s1,s2) forall (s1, s2) such that either s; < —cor sy < —c.

Tper(s1,82) > W, (51, s2) for some (s1, s2) with s; > cand sy > c.

3. Tper(s1,82) > W, (51, s2) for some (s1, s2) with s1 < —cor se < —c.

Ty r(s1,82) < W, (s1,s2) forall (s1, s2) such that either s; > cor s3 > c.

In case 1, I'y ., is a convex minorant for W,. As 17, (W,) is the GCM, we have T,(W,)(r,7) =
Chper(m,7) < T1, (W,)(7,7). As T1, (W,,) is a doubly convex function on [—¢, ¢]?, we have Ty, (W,,) (7, 7) <
T.(W,,)(7, 7). Therefore, T.(W,,)(7,7) = Ty ¢ (7,7) = T1,,(Wy,)(7,7). AsT,, . - is a convex minorant,
and 77, (W,,) is the GCM for W,, on I,,, this implies T.(W,,) (7, 7) < Ty, (W) (7,7). As Ty, (W) is a
convex minorant and T.(W,,) is the GCM of W,, on [—c, c|2, we have T.(W,,)(1,7) > Ty, (W,,) (1, 7).

Therefore, in this case, we have T.(W,,) (,7) = T, (W,,) (7, 7).
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Under case 2, if ¢ > 27, on A(n, M, k, T), we have

nf Tr, (W) (1, 7) — Wy(s1, 52)

s1<—¢,52<~¢ (1 —s1)(7 — s2)

< T]n (Wn)I(T7 T) < Tc(Wn>/(T7 T)

< inf Wn(31a32) - Tc(Wn)(Tv T)
T<s;<c (81—’7’)(82—’7’)

< it W, (s1,52) = T1, (Wy,)(7,7)
r<si<c (s1—=7)(s2 —7)

< W, (27,27) = T, (W,,) (7, 7)

= 7_2

Let sup W, (s1,82) < M with probability at least 1 — §/4. Then, the right hand side is bounded
|s1]<27,]|s1]<27

above by 2M/72, and we then have Ty (W,,)'(7,7) = T.(W,,)' (7, 7) unless

inf TIn (Wn)(T? T) - Wn(81782) S %. (2.16)

s1<—¢,82<—¢C (’T — 81)(’7' — 82) T2

Now, assume that (2.16) is true. For sufficiently large 7 > 7, we write

T, (W) (7,7) = Te(Wy) (7, 7))

Wi (s1,89) = Te(Wn)(7, 7) Wi (s1,89) = Tr,, (Wn)(7,7)

< inf — inf
~ #<s1,82<c (s1 —7)(s2 — 7) F<s1,82 (s1—=7)(s2 —7)
oM o W (s1, 82) ) W, (51, 52)
- (7: — 7')2 7<s1,52 (51 — 7')(82 — T) 7<s1,52<c (31 - T)(32 - T)
< ~2]\4 — inf Wn(sl, 52) + inf Wn(sla 52)
(F—7)2 #<sis2 85182 F<si,s2<c (1 — 7)(s2 — T)
oM
< n i Wi (s1,82) o Wi, (51, 52)
(7 — 7)2 7<s1,82<c 8182 T<s1,82 5152
+ inf Wn(sh 52) _ inf Wn(sh 52) )
7<s1,52<c (81 — 7—)(32 — T) 7<s1,82<c S1S82

As limg, o, o0 Bn (51, 52)/(as?|sa] + bs3|s1]) = 0as n — oo for any a,b > 0, given any ¢ > 0, for

large enough n with very high probability, we have

) W, (s1,52) . n sl fi(ur, ug) 4 [so] fo(ur,ug) (1 +€)T
f — < f 1 =
F<enm<e 5152 %gslf,lngc( +€) 2 2 (filwr, u2)+ o, w2),
and
Wn 9 . ) 3 1 —€
inf M > inf (1—6/) ‘31|f1(u1 UQ) + |52‘f2(u1 u2) _ ( € )C(f1(’u17u2)+f2(u17u2))~
c<s1,82 51592 c<s1,82 2 2
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Hence, for ¢ > 7, we in fact have with very high probability

mf Wnlss2) e Walsis)

7<s1,82<c S1892 c<s1,82 51892

(f1(u1,u2) + fa(ur, uz))7e'.

Therefore, with appropriate choice of €/, we can write with probability at least 1 — 6/4,

W’fL b . W'H/ )
mf Wnlsnsa) e Walsise) e
7<s1,52<c 8189 c<s1,s2 58189
and consequently,
Wn s . Wn )
mf Wnlsisa) e Walsise) g
7<s1,52<c S$1S2 7<s1,52 5182
Also, in this situation
W, (s1, . Wo(s1,
g Wnlsnse) oy Walsise) g
7<s1,52<c S$152 c<s1,82 $152
(c—71)% . W, (s1, 82)
<2 f 3
S R pras e
(c—1)2 ) W, (s1,82) = T(Wy,)(7,7) M
<2 f 3
- c? e<orrs (s1—=7)(s2 —7) + (c—7)2 e/
(c—7)% (2M M 6M
<2 = s = 3< 3,
< =2 = +(c—7')2 +¢e/3< =~ +e/
and hence,
~2
i Wi (s1,82) inf Wi, (51, 52) <(— T i . W, (51, 52)
7<s1,82<c (81 — T)(82 — T) 7<s1,52<c 5159 (T — T) ) —1 7<s1,82<c 8152

T(2T —7) @ )
= (F—1)2 (7‘2 * /3>’

Therefore, for choice of large enough 7, we have |17, (W,,) (7, 7) — T.(W,,) (7, 7)| < e with probability at
least 1 — 0/4 under (2.16). So under case 2, the probability P (B(n, {(7,7)},¢,€)* N A(n, M, k,7)) < /2,
and hence, we have (2.15). Combining (2.14) and (2.15), we have P (B(n, I, ¢, €)¢) < 64. As the choice of
& > 0 is arbitrary, we have the desired result. [

Next we prove some properties of the process W appearing in the limit distribution.

Proposition A.9. Let Q€ = {Q1 x -+ x Qq : Qj is either [0,C] or [~C, 0]} and for any Q C R,
Mg = inf  W(sy,...,S8q).

(s1,--,84)€Q

Then P(Mg < 0) = 1 forall Q € Q°.
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Proof. Let Q = [0,C]<, then
P(Mg > 0) =P(W(s1,...,84) +|s1-..8al(a1|s1| + ... aalsqal) > 0,VC > s1,...,54 > 0)
for some aq, . ..,aq > 0. Using self-similarity of Brownian motion, we can write

P(W(s1,...,84) +|s1-..54|(ar|s1]|+ ... aqlsal) > 0,YVC > s1,...,84 > 0)

(
=P(k~ "W (ks1,...,K58q0) + |s1...54](a1|s1] + ... ad|sq]) > 0,YC > s1,...,54 > 0)
=P(W(r1,...,7q) > =k |11 ...7mql(ar|mi| + ... aglma|), ¥V £C > 71,...,74 > 0)

(

Note that A,, — {W(m,...,74) > 0,Y7y,...,7q > 0} as kK — o0o. As the probability of A, does not
depend on ¢, it is equal to P(W(ry,...,74) > 0,Y71,...,74 > 0). The last probability is zero by law of
iterated logarithm for multivariate Wiener processes. (Theorem 3 and 4 from Paranjape and Park (1973)).

Hence, the result is established. O

Corollary A.10. With probability 1, Ti_. ;«(W) and W do not touch at (0, . .., 0) for any ¢ > 0.

Proof. Let M, be as defined in Proposition A.9 and M := mingeg- M. Note that the function G(sq, ..., sq) =
M for (s1,...,54) € R%is aconvex minorant of W and touches W at some point say (u, . .., uq). Therefore

the GCM T} _ . 4« (W) and W also have a touch point at (u1, ug, . . ., ug). Therefore if Tj_. 44 (W)(0,...,0) =

0, by convexity it has to be positive on some ) € Q°. This cannot happen if Mg < 0 for all ) € Q°. Hence,

we have the desired result. O
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