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Abstract

This paper introduces test and estimation procedures for abrupt and gradual changes in
the entire jump behaviour of a discretely observed It6 semimartingale. In contrast to existing
work we analyse jumps of arbitrary size which are not restricted to a minimum height. Our
methods are based on weak convergence of a truncated sequential empirical distribution
function of the jump characteristic of the underlying Itc semimartingale. Critical values
for the new tests are obtained by a multiplier bootstrap approach and we investigate the
performance of the tests also under local alternatives. An extensive simulation study shows

the finite-sample properties of the new procedures.
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1 Introduction

Stochastic processes are widely used in science nowadays, as they allow for a flexible modelling of
time-dependent phenomena. For example, in physics stochastic processes are used to explain the
behaviour of quantum systems (see van Kampen, 2007), but stochastic processes are also suitable
for financial modelling. The seminal paper by Delbaen and Schachermayer (1994) suggests to
use the special class of Ito semimartingales in continuous time. Financial models based on Ito
semimartingales satisfy a certain condition on the absence of arbitrage and moreover they are
still rich enough to accommodate stylized facts such as volatility clustering, leverage effects and
jumps. As a consequence, in recent years a lot of research was focused on the development of
statistical procedures for characteristics of Ito semimartingales based on discrete observations.
In particular, the importance of the jump component has been enforced by recent research (see
Ait-Sahalia and Jacod, 2009a and Ait-Sahalia and Jacod, 2009b) and common methods in this
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field are gathered in the recent monographs by Jacod and Protter (2012) and Ait-Sahalia and
Jacod (2014).

A fundamental topic in statistics for stochastic processes is the analysis of structural breaks.
Corresponding test procedures, commonly referred to as change point tests, have their origin in
quality control (see Page, 1954; Page, 1955) and nowadays, these techniques are widely used in
many fields of science such as economics (Perron, 2006), finance (Andreou and Ghysels, 2009),
climatology (Reeves et al., 2007) and engineering (Stoumbos et al., 2000). The contributions
of the present paper to this field of research are new statistical procedures for the detection
of changes in the jump behaviour of an It6 semimartingale. In contrast to the existing works
Biicher et al. (2017) and Hoffmann et al. (2017) this paper introduces methods of inference
on the jump behaviour of the underlying process in general, while in the previously mentioned
references the authors restrict the analysis to jumps which exceed a minimum size € > 0.

Throughout this work we assume that we have high-frequency data X;a, (i =0,1,...,n) with

A, — 0, where the process (X¢);ecr, is an Ito semimartingale with the following decomposition

t t t t
X = Xo—l—/ bs dS-I—/ Og dWs-l-/ / u1{|u§1}(u—u)(d8,du)—l—/ / ul{‘u|>1},u(du, dz).
0 0 0 JR 0 JR

Here W is a standard Brownian motion and p is a Poisson random measure on RT x R with
predictable compensator fi satisfying fi(ds,du) = ds vs(du). Our approach is completely non-
parametric, that is we only impose structural assumptions on the characteristic triplet (bs, os, vs)
of (Xt)ier .- The crucial quantity here is the transition kernel v5; which controls the number and

the size of the jumps around time s € Ry. Our aim is to test the null hypothesis
Hy : vs(dz) = w(dz) (1.1)

against various alternatives involving the non-constancy of v,. In particular, the detection of
abrupt changes in a stochastic feature has been discussed extensively in the literature (see Aue
and Horvath, 2013 and Jandhyala et al., 2013 for an overview in a time series context). The first
part of this paper belongs to this area of research and introduces tests for Hy versus alternatives

of an abrupt change of the form
ab n
Hg ). VS( )(dz) = Liscingo A} V1(d2) + Lig> 1 noy) A, v2(d2),

for some unknown 6y € (0,1) and two distinct Lévy measures vy # vo. Similar to the classical
setup of detecting changes in the mean of a time series it is only possible to define the change
point relative to the length of the data set which in our case is the time horizon nA,,. However,
for inference on the jump behaviour the time horizon has to tend to infinity (n4,, — 0o0) since
there are only finitely many jumps of a certain size on every compact interval. Furthermore, we
also discuss how to estimate the unknown change point 6y, if the alternative H(f‘b) is true.

A more difficult problem is the detection of gradual (smooth, continuous) changes in a stochas-
tic feature. As a consequence, the setup in most papers on this topic is restricted to non-

parametric location or parametric models with independently distributed observations (see e.g.



Bissell, 1984, Gan, 1991, Siegmund and Zhang, 1994, Huskova, 1999, Huskova and Steinebach,
2002 and Mallik et al., 2013). Gradual changes in a time series context are for instance discussed
in Aue and Steinebach (2002) and Vogt and Dette (2015). In the second part of this paper we
contribute to this development by introducing new procedures for gradual changes in the kernel

vs, where we basically test Hy against the general alternative

Hggm) vs(dz) is not Lebesgue-almost everywhere constant in s € [0, nA,].
Moreover, we introduce an estimator for the first time point where the jump behaviour deviates
from the null hypothesis.

The remaining paper is organized as follows: In Section 2 we give the basic assumptions on
the characteristics of the underlying process and the observation scheme. Section 3 introduces
test and estimation procedures for abrupt changes in the jump behaviour in general by using
CUSUM processes. In Section 4 we discuss how to detect and estimate gradual changes in
the entire jump behaviour. Section 5 contains an extensive simulation study investigating the
finite-sample performance of the new procedures. Finally, all proofs are relegated to Section 6

and the technical appendices A, B and C.

2 The basic assumptions

In order to accommodate both abrupt and gradual changes in our approach we follow Hoffmann
et al. (2017) and assume that there is a driving law behind the evolution of the jump behaviour
in time which is common for all n € N. That is we assume that at step n € N we observe an
Ito semimartingale X ™ with characteristics (bé VoM v ) at the equidistant time points iA,,

with ¢ =0, 1,...,n which satisfies the following rescaling assumption
s
V" (dz) = g(n—An, dz) (2.1)

for a transition kernel g(y,dz) from ([0, 1],B([0,1])) into (R,B), where here and below B(A)
denotes the trace o-algebra on A C R of the Borel o-algebra B of R. In order to detect changes
in the jump behaviour of the underlying Ito semimartingale in general, we have to draw inference
on the kernel g(y, B) for sets B € B containing the origin. However, g has locally the properties
of a Lévy measure. Thus, if we deviate from the (simple) case of finite activity jumps the total
mass of g on every neighbourhood of the origin is infinite and we cannot estimate g(y,-) on
sets containing 0 directly. We address this problem by weighting the kernel g according to an

auxiliary function, precisely for change point detection we consider

0
g,ﬂt /
0

for (6,t) € [0,1] x R, where p is chosen appropriately such that the integral is always defined.

p(2)g(y, dz)dy, (2:2)

E‘i\w

Under weak conditions on p, this so-called Lévy distribution function N, determines the entire

kernel g and therefore the evolution of the jump behaviour in time. The natural approach to



draw inference on N, is the following sequential generalization of an estimator in Nickl et al.

(2016)
[n6)]

ND0.0) = 3 pATX Lo g(A7X )
i=1
for (0,t) € [0,1] x R, where A?X™ = X;Z)n - X((?il)An‘ Using a spectral approach similar to
Nickl and Reif (2012) these authors prove weak convergence of /nA, (N5 (1,t) — N,(g; 1,t)) in
> (R) to a tight Gaussian process, but only for Lévy processes without a diffusion component,
i.e. in particular for constant g(y,-) = v(-). The main difficulty in generalizing this result is the
superposition of small jumps with the roughly fluctuating Brownian component of the process.
We solve this problem by using a truncation approach which has originally been used by Mancini
(2009) to cut off jumps in order to draw inference on integrated volatility. More precisely, we
follow Hoffmann and Vetter (2017) and identify jumps by inverting the truncation technique of
Mancini (2009), i.e. all test statistics and estimators investigated below are functionals of the

sequential truncated empirical Lévy distribution function

[n6]

Z p(A;nX(n))]l(—oo,t} (A?X(n))]l{\A:.‘X(")bvn}? (97 t) € [0’ 1] X R, (23)
i=1

N9, 1) =
§0.6) = =
for some suitable null sequence v, — 0.
As a further improvement to previous studies we analyse the asymptotic behaviour of our
tests under local alternatives. That is, in the rescaling assumption (2.1) we let g = g™ depend
on n € N, where there exist transition kernels gg, g1, g2 satisfying some additional regularity

assumptions such that for each y € [0, 1]

g“”(y7d2)==go(y,d2)%-\/;angl(yvdZ)+-7€n(y,dZ) (2.4)

and for each y € [0,1], B € B and n € N the remainder kernel R,, satisfies

Rn(ya B) < ang2(y> B)

for a sequence a, = o((nA,)~'/?) of non-negative real numbers. For constant go(y,-) = vo(-)
assumption (2.4) is exactly the local alternative where the jump behaviour converges to the null

~1/2

hypothesis go(y,:) = vp(-) from the direction defined by g; at rate (nA,) . In this sense,

Theorem 6.1, in which we prove weak convergence of the stochastic process

Ggﬂ(e,t) =/nA, (N,@ (0,t) — Ny(g'™;0,1)), (0,t) €[0,1] xR

to a tight Gaussian process in £°°([0, 1] x R), is a generalization of the results in Hoffmann and

Vetter (2017) to sequential processes for time dependent variable jump behaviour as in (2.4).
Critical values for the test procedures introduced below and the optimal choice of a regular-

ization parameter of the new estimator for gradual change points are obtained by a multiplier

bootstrap approach. Precisely, Theorem 6.8, in which we prove conditional weak convergence



in a suitable sense of the bootstrapped version

[n6]

1
D En(APX N g (AFX )T anxi s,y (0:8) €0,1] x R
=1

vnA,

G,(Dn) (97 t) =

of G;,") to a Gaussian process, where (&;);en is a sequence of i.i.d. multipliers with mean 0 and
variance 1, complements the paper Hoffmann and Vetter (2017).

For the rescaling assumptions (2.1) and (2.4) we consider transition kernels g;(y, dz) of the
set G(B,p) depending on parameters § € (0,2),p > 0. In order to define this set we denote
by A the one-dimensional Lebesgue measure defined on the Lebesgue o-algebra £ of R and we
denote by A; the restriction of A to the trace o-algebra [0,1] N L;.

Definition 2.1. For € (0,2) and p > 0 the set G(8,p) consists of all transition kernels
g(y,dz) from ([0,1],B([0,1])) into (R,B), such that for each y € [0,1] the measure g(y, dz) has
a Lebesgue density hy(z) and there exist 7, M > 0 as well as a Lebesgue null set L € [0,1] N Ly

such that the following items are satisfied:
(1) hy(2) < K|2|~0+5) holds for all z € (—n,n), y € [0,1] \ L and for some K > 0.

(2) Forn € Nlet Cp :={z € R| 2 <|z| < n}. Then for each n € N there exists a K, > 0 with
hy(z) < Ky, for each z € C,, and all y € [0,1] \ L.

(3) hy(2) < K|2|~7V2)~¢ whenever |z| > M and y € [0, 1]\ L, for some K > 0 and some ¢ > 0.

The items above basically say that the densities h, are bounded by a continuous Lévy density
of a Lévy measure which behaves near zero like the one of a S-stable process, whereas this density
has to decay sufficiently fast at infinity. Such conditions are well-known in the literature and
often used in similar works on high-frequency statistics; see e.g. Ait-Sahalia and Jacod (2009a)
or Ait-Sahalia and Jacod (2010). From Assumption 6.12 and Proposition 6.13 in Section 6 it can
be seen that it is even possible to work with a wider class of transition kernels g(y, dz) which
does not require Lebesgue densities. Nevertheless, we stick to the set G(3,p) defined above
which is much simpler to interpret. The following example shows that alternatives of abrupt

changes in the jump behaviour can be described by transition kernels in the set G(83, p).

Example 2.2. (abrupt changes) In Section 3 we introduce statistical procedures for inference
of abrupt changes in the jump behaviour. In this case the kernel gg is typically of the form as
discussed below. For € (0,2) and p > 0 let M(3,p) be the set of all Lévy measures v such
that the constant transition kernel g(y,dz) = v(dz) belongs to G(3, p).

Let 0y € (0,1] and let v1,v9 € M(B,p) be two Lévy measures. Then the transition kernel g
given by

n(dz), for y € [0,60)
9o(y, dz) = (2.5)
vo(dz), for y € (0o, 1].



is an element of G(/3,p). In the context of change-point tests #p = 1 corresponds to the null
hypothesis of no change in the jump behaviour, whereas (2.5) describes an abrupt change for
0o € (0,1) and v # vs.

The variance gamma process is a common model for the log stock price in finance (see for
instance Madan et al. (1998)). Moreover, the Lévy measure of a variance gamma process has
the form v(dz) = (a12"'e "% — agz~1e™2%) dz for ay, as, by, by > 0. Thus, the transition kernel
go(y,dz) belongs to G(5,p) for all € (0,2) and p > 0, if similar as in (2.5) go is piecewise
constant in y € [0,1] and on the domains of constancy it is equal to the Lévy measure of
a variance gamma process. Below we give the main assumptions which are sufficient for the

convergence results in this paper.

Assumption 2.3. Let 0 < f<2and 0 <7 < (1/5A 2+55) Furthermore, let p > 8+ ((3 +
3 SB)V 1 Jr5T) At step n € N we observe an Ito semimartingale X ™ adapted to the filtration
of some filtered probability space (€, F, (F)ier, ,P) with characteristics (b5, 08", M) at the
equidistant time points {iA, | i =0,1,...,n} such that the following items are satisfied:

(a) Assumptions on the jump characteristic and the function p:

(1) For each n € N and s € [0,nA,,] we have
s
v(dz) = g (- dz), (2.6)

where there exist transition kernels gg, g1, 92 € G(8,p) such that for each y € [0, 1]

9™ (y, dz) = go(y,dz) +

\/;Tgﬂ% dz) + Ra(y, d2) (2.7)

and for each y € [0,1], B € B and n € N the kernel R,, satisfies

Rn(y7 B) < ang2(y? B)

for a sequence a,, = o((nA,)~"/?) of non-negative real numbers.

(2) p: R = R is a bounded C!-function with p(0) = 0 and its derivative satisfies |p/(2)| <
K|z[P~! for all z € R and some constant K > 0.

(3) p(z) # 0 for each z # 0.
(4) For every t € R there exists a finite set M) C [0, 1], such that the function

yH/ z)go(y, dz)

is continuous on [0, 1] \ M

(b) Assumptions on the truncation sequence vy, and the observation scheme:

The truncation sequence v,, satisfies

n = ’Yﬁf;



with w = (14 57)/4 and some 7 > 0. Define further:
ti:=0+7)"" and ty:= (77 +1)/2)7 AL

Then we have 0 < t1 < to < 1 and we suppose that the observation scheme satisfies for some
6>0
An=on™) and n7270 =o(A,).

(c) Assumptions on the drift and the diffusion coefficient:

For 6+ 10 6+ 10
+ 107 + 107
3_5r — - MG e =T

mp

we have

sup sup {E‘bgn)}mb \/E}agn)‘m“} < 0.

neN seRy
Remark 2.4. Suppose we have complete knowledge of the distribution function N,(go;6,1).
Obviously, the measure with density M (dy,dz) := p(z)go(y,dz)dy is completely determined
from knowledge of the entire function N,(go;-,-) and does not charge [0,1] x {0}. Therefore,
due to Assumption 2.3(a3) 1/p(z)M (dy,dz) = go(y, dz)dy and consequently the jump behaviour
corresponding to go is known as well. Furthermore, Assumption 2.3(a4) ensures that a charac-
teristic quantity for a gradual change, which we introduce in Section 4 is zero if and only if the
jump behaviour corresponding to gg is constant in time. All convergence results in this paper

also hold without Assumption 2.3(a3) and (a4). Moreover, the function

0, if 2 =0,

e 1l if 2] > 0,

) =

is suitable for any choice of the constants 5 and 7. In practice, however, one would like to work
with a polynomial decay at zero, in which case the condition on p comes into play. Here, the
smaller the parameter 3, the smaller p can be chosen. For example, for 8 < 3/5 and 7 > 3/35
even a choice p < 2 is possible.

Furthermore, it is also important to choose the observation scheme suitably. Obviously, we
have A,, — 0 and nA,, — 0o because of 0 < t; < to < 1, and a typical choice is A, = O(n™Y)
and n=Y = O(A,) for some 0 < t; < y < ty < 1. Finally, Assumption 2.3(c) requires only a

bound on the moments of the remaining characteristics and is therefore extremely mild.

In the remaining part of this section we illustrate an example of a kernel go € G(3, p) for some

suitable /3, p and a function p satisfying Assumption 2.3(a2) and (a3).

Example 2.5. (gradual changes) In Section 4, which is dedicated to inference of gradual
changes, we basically test against the general alternative that the jump behaviour is non-
constant. In the following we introduce an example of a kernel go which can be used to describe

a gradual change in the jump behaviour and a corresponding function p satisfying Assumption



2.3(a2) and (a3). To this end, for L > 0, p > 1 let

2|zP, for |z] <1
pLp(2) ==L x < dplz| —p22 +2—3p, for1 <z <2 (2.8)
2+ p, for |z| > 2

and for 0 < 8 < 2, p > 1 consider the Lévy density

hep(2) = 2T Lo a1y + Lpspi<ay + 12 P L2y

Furthermore, for 0 < § < 2 and p > 1V 3 let A : [0,1] — (0,00), 8 : [0,1] — (0, 5] and
p:[0,1] = [2p + €,00) for some € > 0 be Borel measurable functions such that A is bounded.
Then, the kernel

90(y, dz) = A(Y)hg(y) py) (2)dz,  y € [0,1] (2.9)

belongs to G(3,p) and for arbitrary L > 0 the function pLp satisfies Assumption 2.3(a2) and
(a3).

3 Statistical inference for abrupt changes

In this section we deduce test and estimation procedures for abrupt changes in the jump be-
haviour of the underlying process, that is we investigate the situation of Example 2.2. To this

end, we test the null hypothesis of no change in the jump behaviour

Hy: Assumption 2.3 is satisfied for g1 = go = 0 and there exists a Lévy measure vy such that

9o(y,dz) = vy(dz) for Lebesgue almost every y € [0, 1].
against the alternative that the jump behaviour is constant on two intervals

H;: Assumption 2.3 is satisfied for g; = go = 0 and there exists some 6y € (0, 1) and two Lévy
measures v, # vy such that go has the form (2.5).

The corresponding alternative for fixed ty € R is given by:

ng’to): We have the situation from Hy, but with N,(v1;t0) # N,(v2;t0), where

Nowit) = [ pewiaz) (3.1)

—0o0

for a Lévy measure v.

Moreover, we investigate the behaviour of the tests introduced in this section under local

alternatives which tend to the null hypothesis as n — oo:

Hgloc): Assumption 2.3 is satisfied with go(y,dz) = vp(dz) for Lebesgue-a.e. y € [0, 1] for some

Lévy measure 1y and with some transition kernels g1, g2 € G(5,p).



3.1 Weak convergence of test statistics

Following Inoue (2001) a suitable approach to introduce tests for the hypotheses above is to

investigate the convergence behaviour of the CUSUM process

T(O(6,1) = v/l (NS (0, 1) - VZ)JN,@(M)), (3.2)

with Nﬁ(,n)(ﬁ, t) defined in (2.3). The corresponding test rejects the null hypothesis Hy for large

values of the Kolmogorov-Smirnov-type statistic

TFE”) = sup ‘Tg") (0,1)|.
(0,t)€[0,1]xR

The theorem below establishes functional weak convergence of 'I[‘;,") in the general case of local

alternatives.
Theorem 3.1. Under Hgloc) the process ']I‘E,n) converges weakly in £°°([0, 1] x R) to the process
T, + Ty, where the tight mean zero Gaussian process T, has the covariance structure

t1N\to

BT (61, 0)T (02, 12)) = (61 1 62) ~ 0262} [ (2Imnld2) (3.3)

— 00

and the deterministic function T, 4, € £°°([0, 1] x R) is given by
Tpg(6,1) = Ny(91:0,t) — ONp(g151, 1), (3.4)

where Nj(g1;-,-) is defined in (2.2).

As an immediate consequence of the previous result and the continuous mapping theorem we

obtain weak convergence of the statistic T,S").

Corollary 3.2. Suppose Hgloc) is true, then we have

TO) s Ty = sup | T,(60,6) + Ty (6,8)], (3.5)
(0,t)€[0,1] xR

in (R,B) with T, + T, g4, the limit process in Theorem 3.1.
In applications the Lévy measure 1y which describes the limiting jump behaviour of the

underlying process is usually unknown. If one is only interested in the detection of changes in

the distribution function N,(vo;tg) for a fixed ¢y € R, the processes

T (6, 1)

Nt O 00
p )

converge weakly to a shifted version of a pivotal limit process.

vl (@) = 6 € [0,1]



Proposition 3.3. Under Hgloc) for each fized to € R with N2 (vp;t0) > 0 we have v

psto
K+ Vi)gjg in £°°([0,1]), where K denotes a standard Brownian bridge and with the deterministic
function

(91) _ Ty (0,t0) oo
\% 0) = ——=——= € £>°([0,1]),
p,to ( ) NPQ (1/0; to) ([ ])

where N2 (vg;+) is defined in (3.1). In particular,

v = b VO (0)] ~ V9 = b K(6) + V9% (6)). (3.6)

Quantiles of functionals of the limit process T\, + T 4, in Theorem 3.1 are not easily accessible
since the distribution of such functionals usually depends in a complicated way on the unknown
quantities vy and g1 in the jump characteristic of the underlying process. In order to obtain
reasonable approximations for these quantiles we use a multiplier bootstrap approach. That
is, in the following we consider bootstrapped processes, Y, = Yn(Xl, cos Xy &1, 0, &), which
depend on random variables Xi,..., X, defined on a probability space (2x,Fx,Px) and on
random weights 1, ..,&, which are defined on a distinct probability space ()¢, F¢,P¢). Thus,
the processes Y, live on the product space (Q,A,P) .= (Qx, Ax,Px) ® (¢, A¢, P¢). Below we
use the notion of weak convergence conditional on the sequence (X;);en in probability. It can
be found in Kosorok (2008) on pp. 19-20.

Definition 3.4. Let Y, = Yn(Xl,...,Xn;fl,...,ﬁn): (Q,A,P) — D be a random element
taking values in some metric space D depending on some random variables Xi,..., X, and
some random weights &1, ...,&,. Moreover, let Y be a tight, Borel measurable random variable
into D. Then Y, converges weakly to Y conditional on the data X1, Xo, ... in probability, if and
only if

(a) sup [Ecf(Ya) —Ef(Y)| 50,
fEBL1 (D)

(b) Eef(Yn)* —Eef(Yn)s — 0 for all f € BLy(D).

Here, E¢ denotes the conditional expectation over the weights £ given the data Xi,...,X,,
whereas BL;(D) is the space of all real-valued Lipschitz continuous functions f on D with sup-
norm || f|jp < 1 and Lipschitz constant 1. Here and below we denote the sup-norm of a real
valued function f on a set M by | f|las. Furthermore, in item (b) f(¥;)* and f(¥;). denote
a minimal measurable majorant and a maximal measurable minorant with respect to the joint

probability space (€2,.4,P). The type of convergence defined above is denoted by Y, e Y

Remark 3.5.
(i) Throughout this work all expressions f (Yn)7 with a bootstrapped statistic Y;, and a Lip-
schitz continuous function f, are measurable functions of the random weights. To this end

we do not use a measurable majorant or minorant in item (a) in the definition above.

10



(ii) The implication “(ii) = (i)” in the proof of Theorem 2.9.6 in Van der Vaart and Wellner
(1996) shows that conditional weak convergence ~»¢ implies unconditional weak conver-

gence ~» with respect to the product measure P.

For the results on conditional weak convergence of the bootstrapped processes below we
require a rather mild additional assumption on the sequence of multipliers, which is satisfied
for many common distributions such as for instance the Gaussian, the Poisson or the Binomial

distribution.

Assumption 3.6. The sequence (&;);en is defined on a distinct probability space than the one
generating the data {Xi(g)n |i=0,1,...,n} as described above, is i.i.d. with mean zero, variance

one and there exists an M > 0 such that for each integer m > 2 we have

Reasonable bootstrap counterparts 'ﬂ‘(p”) of the processes ']I'},”) are given by

A

T, 6) == TO(XL, . X e, 60:008) =
[0

B A [LnO ZQPAX (o0 (AFX )L x00 50
1 n n n n
" (o [0)A > GAATXON g ATX O ooy

" j=[nb]+1

In the following theorem we establish conditional weak convergence of TI(D”) under the general

assumptions of Section 2.

Theorem 3.7. Let Assumption 2.8 be valid and let the multipliers (§;) en satisfy Assumption
3.6. Then we have

T0) e T,
in £2°(]0, 1] xR), where T, is a tight mean zero Gaussian process in £>°([0, 1] xR) with covariance
function
01N\O2 t1 Ato 02 t1Ato
B(T, (01, 00T 00} = [ [ 2 nly.d2)dy ~ 6y / / 2oy, d=)dy
0 -—oo
01 t1/\to 1 t1At2
0 [ [ Pl dedy + 016 / / 2)aoly. d=)dy.
0 —oo

(3.7)

Remark 3.8. The aim of our bootstrap procedure is to mimic the convergence behaviour

of T;,"). The covariance function of the limiting process in Theorem 3.7 differs from (3.3),

11



because Theorem 3.7 holds under the general conditions introduced in Assumption 2.3, i.e. for
an arbitrary kernel go € G(3,p). Under the null hypothesis Hy, where we have go(+, dz) = vy(dz),

the covariance function (3.7) coincides with (3.3).

The limit distribution of the Kolmogorov-Smirnov-type test statistic T,g") in Corollary 3.2 can
be approximated under Hy by the bootstrap statistics in the following corollary, which is an

immediate consequence of Proposition 10.7 in Kosorok (2008).

Corollary 3.9. If Assumption 2.8 and Assumption 3.6 are satisfied, we have

Tp(") = sup \']T‘(p”)(ﬁ,t)| ~e Ty = sup |']I‘p(9,t)‘,
(0,6)e[0,1] xR (6,6)€[0,1] xR

with T, the limit process in Theorem 3.7.

3.2 Test procedures for abrupt changes

The weak convergence results of the previous section make it possible to define test procedures
for abrupt changes in the jump behaviour of the underlying process based on Lévy distribution
functions of type (2.2). In the following let B € N be some large number and let (§®),—; g be
independent vectors of i.i.d. random variables £¢® = (§;b>) j=1,....,n With mean zero and variance
one, which satisfy Assumption 3.6. With ']TE:;(b) and T;Z)(b) we denote the corresponding boot-
strapped quantity calculated with respect to the data and the b-th multiplier sequence £®. For

a given level a € (0, 1), we propose to reject Hy in favor of Hy, if

(B

T = 42, (147, (3.8)
where (jﬁ)a (Tp(">) denotes the (1 — a)-sample quantile of T:Z>(1>, LT p(?( - Similarly, for ¢y € R,

H) is rejected in favor of H" | if
ngn,to) ‘= sup ‘Tgn)(g’to)’ > (ﬁé)a (W[En,to)>’ (3'9)

0€[0,1]

where ¢\ (W5"*’) denotes the (1—a)-sample quantile of W:Z‘(tlo)), c W:T;’&gi, and where W:T;’(tlg)
'= SUPpe|o,1] |'ﬂ‘i”£(b) (0,%)| for b=1,..., B. Furthermore, according to Proposition 3.3 we define

an exact test procedure, that is Hy is rejected in favor of the point-wise alternative H(lp to) if

v > gl (3.10)

where ¢{*_, is the (1 — «)-quantile of the Kolmogorov-Smirnov-distribution, that is the distribu-
tion of the supremum of a standard Brownian bridge K = supy¢jo 1] [K(6)|.

The following results show the behaviour of the previously introduced tests under the null hy-
pothesis, local alternatives and the alternatives of an abrupt change. In particular, these tests
are consistent asymptotic level a tests. First, recall the tight centered Gaussian process T, in
£2°([0, 1] x R) with covariance function (3.3), let L, : (R,B) — (R, B) be the distribution function
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of the supremum variable sup g )cpo1)xr |Tp(0: )| and let L5" be the distribution function of

supgefo,] | Tp(0, to)|- Furthermore, recall the random variable

Tpg =  sup }Tp(evt) + Tpg,(0,1)
(0,t)€[0,1]xR

)

defined in (3.5) with the deterministic function
Tp,gl (07 t) = Np(gla 9, t) - eNp(gla 17 t)a

defined in (3.4) and let

T,ngol) = sup ‘pr?t()) "‘Tp,sh(eato)"
0€[0,1]

Then the results on consistency of the tests are as follows.

Proposition 3.10. Under Hgloc) with vy # 0

B(Lp(Tpg) > 1~ a) < liminf lim P(T" > ¢, ("))

<limsup lim P(T > ¢\%) (T)) < P(L,(T,4) >1—a) (3.11)

B—soo M0 -

holds for each o € (0,1) and additionally if N2 (vo,t0) > 0 then for all a € (0,1) we have
P(V(gl) > Q{(—a) < 1inrgi£fP(Vp(Zz > qf_a) < hﬁf’ip P(V(”) > Q{(—a) < P(Vp(ft’é) > qf(_a),

psto psto
(3.12)

with Vp(’?g and Vp(ﬁé) defined in (3.6), as well as

P(LY)(T0)) > 1 — o) < liminf lim P(W{0) > ¢t5) (winh)))

P P91 B—oo n—00
. . it ~(B) )t t t

< limsup lim B(W"™) > g, (W) <B(L{(T(5) > 1-a). (313)
Remark 3.11. According to Corollary 1.3 and Remark 4.1 in Gaenssler et al. (2007) the
distribution function L, is continuous on R and strictly increasing on R;.. Thus, (3.11) basically
states that under the local alternative for large B,n € N the probability that the test (3.8)
rejects the null hypothesis is approximately equal to the probability that the supremum of the
shifted version T}, 5, exceeds the (1 — a)-quantile of the non-shifted version T}, 9. An analysis of
the latter probability, which is beyond the scope of this paper, then shows in which direction, i.e.
for which g1, it is harder to distinguish the null hypothesis from the alternative. The assertions

(3.12) and (3.13) can be interpreted in the same way.

Corollary 3.12. Under Hy the tests (3.8), (3.9) and (3.10) have asymptotic level o, that is if
vo # 0 we have for each o € (0,1)

lim lim P(TS > g7 (7)) = o (3.14)

B—r00 n—00
and furthermore
lim PV > f<,) =, lim lim PWM) > 7, (W) =a,  (3.15)

holds for all a € (0,1), if N2(vo;5t0) > 0.
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Proposition 3.13. The tests (3.8), (3.9) and (3.10) are consistent in the following sense:
Under Hy, for all « € (0,1) and all B € N, we have
lim P(T > ¢{%) (1)) =

n—o0

Under H(lp’t(’), for all « € (0,1) and all B € N,

L (W imto)y) = 1.

lim ]P’(V( ") > qfia) =1 and lim ]P’(W(” to) > (jg

n—oQ n—oo

3.3 The argmax-estimators

If one of the aforementioned tests rejects the null hypothesis in favor of an abrupt alternative
the natural question arises of how to estimate the unknown break point 6y. A typical approach
in change-point analysis to this estimation problem is the so-called argmax-estimator, that
is we basically take the argmax of the function  + sup,cg [T5”(6,t)| as an estimate for 6.
Consistency of our estimators follows with the argmax continuous mapping theorem of Kim and

Pollard (1990) using the following auxiliary result.

Proposition 3.14. Under Hy, the random function (0,t) = (nA,)~">T5"(0,t) converges in
0°(]0,1] x R) to the function

9(1 — 00){Np(ul;t) — Np(l/g;t)}, Zf9 S 90

L.(0,t) =
O0o(1 — O){Ny(v1;t) — Np(vost)},  if 0 > 6

Ty
in outer probability, where N,(v;-) is defined in (3.1).
For the test problem Hy versus H; we consider the estimator

9[()”) 1= arg maXgeo 1] iglg ’Tg”)(e, t)’ (3.16)

t())

and in the setup Hy versus ng "7 a suitable estimator for the change point is given by

g(n)

oy 1= argmaxpepo 1) |5 (6, t0)|-

The following proposition establishes consistency of these estimators.

Proposition 3.15. Under H; we have 05 = 6 + op(1) for n — co and if the special case
HY' is true we obtain 0;”2 =6y + op(1).

Remark 3.16. For the sake of convenience we have focused on the case of one single break. The
results on the tests in Section 3.2 also hold for alternatives with finitely many abrupt changes.
Moreover, the estimation methods depicted above can easily be extended to detect multiple

change points by a standard binary segmentation algorithm dating back to Vostrikova (1981).
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4 Statistical inference for gradual changes

As a generalization of Proposition 3.14 one can show that k,"/*T4” (6, t) converges in £°([0, 1] x
R) in outer probability to the function T, 4, defined in (3.4) whenever Assumption 2.3 is satisfied.
Thus, under some minor regularity conditions, argmaxge(o 1] TSV (0,1)| is a consistent estimator
of argmaxge(o 1] Tp,g0 (0, 1)|. However, if the jump behaviour changes gradually at p, the function
0 +— T, go(0,1)| is usually maximal at a point #; > 6y. As a consequence the argmax-estimators
investigated in Section 3.3 usually overestimate a change point, if the change is not abrupt.
Therefore, in this section we introduce test and estimation procedures which are tailored for

gradual changes in the entire jump behaviour.

4.1 A measure of time variation for the entire jump behaviour

If the jump behaviour is given by (2.1) for some suitable transition kernel g = go from ([0, 1],
B(]0,1])) into (R,B), we follow Vogt and Dette (2015) and base our analysis of gradual changes
on the quantity

DY)(¢,0,t) == N,(go; ¢, t) — gzvp(go; 0,t), (¢,0,t)eC xR (4.1)
with
C:={(¢0) e0,1° ¢ <6} (4.2)

and where N,(go; -, -) is defined in (2.2). Here and throughout this paper we use the convention

9= 1. We will address Dfog°> as the measure of time variation (with respect to p) of the

0
entire jump behaviour of the underlying process, because the following lemma shows that D,(gg‘))

indicates whether there is a change in the jump behaviour.

Lemma 4.1. Let § € [0,1]. Then DY ((,0,t) = 0 for all 0 < ¢ < 6 and t € R if and only if

the kernel go(-,dz) is Lebesque almost everywhere constant on [0, 6].

According to the preceding lemma there exists a (gradual) change in the jump behaviour

given by go if and only if

sup 15/()90)(9) > 0,
0€[0,1]

where

ﬁggo)(g) = sup sup ‘Df,go)(C,eat)‘-
teR 0<¢<0

As a consequence, the first point of a change in the jump behaviour is given by
0y = inf {9 € 0,1] | D) (6) > o} , (4.3)

where we set inf @ := 1. We call 6y the change point of the jump behaviour of the underlying
process. Notice that by the discussion after (4.2) the definition in (4.3) is independent of p. In
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Section 4.3 we construct an estimator for 6y, where we only consider the quantity

D/()QO)(O) :=sup sup }Dl()go)((, o, t)‘, (4.4)
teR 0<(<H'<0
instead of 25,()90). On the one hand the monotonicity of D;go) simplifies our entire presentation
and on the other hand the first time point where D,(f") deviates from 0 is also given by 6y, so it
is equivalent to consider D,(JQO) instead. Our analysis of gradual changes is based on a consistent
estimator ID)(pm of D;QO) which we construct in Section 4.2. Before that we illustrate the quantities
introduced in (4.3) and (4.4) in the situations of Example 2.2 and Example 2.5.

Example 4.2. Recall the situation of an abrupt change as in Example 2.2. Precisely, let
B €(0,2), p>0and vy, € M(S,p) with v1 # vy such that for some 0y € (0,1) the transition
kernel gy has the form

n(dz),  fory € [0,6],
go(y,dz) = (4.5)
va(dz), for y € (6o, 1].
Obviously, for some function p : R — R such that Assumption 2.3(a2) and (a3) are satisfied we
have D (¢,0',t) = 0 for each (¢,0,t) € C' x R with ¢’ < 6 and consequently D5 () = 0 for
each 0 < fy. On the other hand, if 6y < ¢ <1 and ¢ < 6y we have

DY) (¢, 0 t) = (N, (v15t) — g(aoz\rp(m; )+ (6 —00) N, (va; 1)) = C(N,y(va;t) — N,y(v151)) (% —1)

with N,(v;t) defined in (3.1) and we obtain

sup sup [ D (¢, 0, 1)] = VP00 (1 = 57),
teR (<o

where V' = sup,cg |N,y(v1;t) — Ny(va;t)| > 0, because of vy # 19 and the assumptions on p. For

0o < ¢ < 0 a similar calculation yields

Dggo)(c79’7t) = 00(N,(v2;t) — Np(Vl;t))(@ - 1)
which gives
sup sup |[DWO)(C, 0, t)| = V(1 - %)
tER Op< (<O’

Therefore, it follows that the quantity defined in (4.3) is given by 6y, because for § > 6y we have

6
Dggo)(e) = sup max { sup sup ‘D/(;"O)(C, Gl,t)‘, sup sup D/(;‘]O)(C, 9’,t)‘} = VO’JHO(I - go)
00<0'<0 teR (<o teR Bo<( <0/
(4.6)

Example 4.3. Recall the situation of Example 2.5. Let the transition kernel gg be of the form
(2.9) such that there exist 6y € (0,1), Ag € (0,00), Bo € (0,5] and py € [2p + &,00) for some
e > 0 with

A(y) = Ao, B(y)=pHo and p(y)=po (4.7)
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for each y € [0, 6p]. Additionally, let 8y be contained in an open interval U with a real analytic
function A : U — (0,00) and affine linear functions 5 : U — (O,B], p:U — [2p + €,00) such

that at least one of the functions A, # and p is non-constant and

Aly) = A(y), Bly) =By), aswellas p(y)=p(y) (4.8)

for all y € [0y, 1) NU. Then the quantity defined in (4.3) is given by 6.

4.2 The empirical measure of time variation and its convergence behaviour

Suppose we have established that NN, ,E”)(-, -) is a consistent estimator for N,(go;-,-). Then with

the set C' defined in (4.2) it is reasonable to consider

DM (C,0,t) == N{(C, ) — gNIE")(H,t), (¢,0,t) € C xR, (4.9)

as an estimate for the measure of time variation of the entire jump behaviour Dﬁf’O) defined
n (4.1). In the following we want to establish consistency of the empirical measure of time

variation ]D);,”). To be precise, the following two theorems show that the process

H((C,0,t) == v/nAn (DU(C,0,t) — D, 0,1)). (4.10)

and its bootstrapped counterpart converge weakly or weakly conditional on the data in proba-

bility, respectively, to a suitable tight mean zero Gaussian process.

Theorem 4.4. If Assumption 2.3 is satisfied, then the process Hﬁ,") defined in (4.10) converges
weakly, that is Hﬁ)") ~ H, + DS“) in £°(C x R), where H,, is a tight mean zero Gaussian process

with covariance function

Cov (H,(C1, 01, t1), Hy(Ca, b2, t2)) =

C1AC2 t1 At ¢ CaAb1 t1 A2
1
= / p°(2)g0(y, dz)dy — o / / P (2)g0(y, dz)dy
0 —00 0 —00
C1AO2 t1 Ato 01N\02 t1 Ato

/ / 2)go(y, dz)dy + 7 QCZ / / Doy, dz)dy.  (4.11)

For the statistical change-point inference proposed in the following sections we require quan-
tiles of functionals of the limiting distribution in Theorem 4.4. (4.11) shows that this distribution
depends in a complicated way on the unknown underlying kernel gy and therefore corresponding
quantiles are difficult to estimate. In order to solve this problem we want to use a multiplier

bootstrap approach similar to Section 3. To this end, we define the following bootstrap coun-
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terpart of the process Hﬁ)")

B, 0,8) = AP (XL, X0 56,60 C0,1)
[n¢]

N [ Z fjp(A?X(n))]l(_oQt] <A?X(n))]l{\A§lX(n>|>vn}_
V n L5

[nd|
CJ. n n n n
§ Ep(ATX M) (ATX >)11{‘A?X(n>|>vn} . (412

The result below establishes consistency of ]I:I[(p”).

Theorem 4.5. Let Assumption 2.3 be valid and let the multiplier sequence (&;)ien satisfy
Assumption 3.6. Then we have HE;") ~¢e H, in £2°(C x R), where the tight mean zero Gaussian

process H, has the covariance structure (4.11).

4.3 Estimating the gradual change point

For the sake of a unique definition of the (gradual) change point 6 in (4.3) we suppose throughout
this section that Assumption 2.3 holds with g; = go = 0. Recall the definition

D/()QO)(G) =sup sup }fo’O)(C, )
t€R 0<C<H'<0

n (4.4), then by Theorem 4.4 the process Dy”(¢,0,t) from (4.9) is a consistent estimator of
D,(ff’)(C ,0,t). Therefore, we set

Dy (8) :==sup sup |[DI((,8',1)],
teR 0<(<0'<0

and an application of the continuous mapping theorem and Theorem 4.4 yields the following

result.

Corollary 4.6. If Assumption 2.3 is satisfied with g1 = g2 = 0, then (nA, )1/2}1))(”*) ~ Hp i in
0>°([0,80]), where Hy, . is the tight process in £>°([0,1]) defined by

Hp,*(e) ‘= sup sup |HP(<’ 9/7 t)‘v
teR 0<(<0/<0

with the centered Gaussian process H, defined in Theorem 4.4.

Below we obtain that the rate of convergence of an estimator for #y depends on the smoothness
of the curve  — DY (0) at 6. Thus, we impose a kind of Taylor expansion of the function D’
More precisely, we assume throughout this section that 6y < 1 and that there exist constants
t,m,w,c > 0 such that D,(,gO) admits an expansion of the form

D) (9) = (0 — 0p)7 + R(0) (4.13)
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for all § € [0o, 0 + ], where the remainder term satisfies [R(6)| < K (6 — 00)w+77 for some K > 0.
According to Theorem 4.4 we have (nA,)"/?DS%() — oo in probability for any 6 € (6o, 1].

Consequently, if the deterministic sequence s, — oo is chosen appropriately, the statistic

2 0) =1 e gy

should satisfy
1, if 6 <6y,

r((9) =
0, if6> 6.

Thus, we define the estimator for the change point by
1
60 = 60 (56,) = / () (6)do. (4.14)
0

The theorem below establishes consistency of the estimator é;") under mild additional assump-

tions on the sequence (s, )nen.

Theorem 4.7. If Assumption 2.3 is satisfied with g1 = g2 = 0, 6y < 1, and (4.13) holds for

some w > 0, then
-0 on((750)")

for any sequence », — oo with s, /\/nA, — 0.

Theorem 4.7 describes how the curvature of D;,g‘)) at 0y determines the convergence behaviour
of the estimator: A lower degree of smoothness of DE;"O) in 0y yields a better rate of convergence.
However, the estimator depends on the choice of the threshold level s, and we explain below
how to choose this sequence with bootstrap methods in order to control the probability of over-

and underestimation. But before that the following theorem investigates the mean squared error
MSE(,) = E| (05" () — 60)°
of the estimator 65”. Recall the definition of H$” in (4.10) and define

Hy) (0) :=sup sup [H{V(C,0,8), 0€0,1],
teR 0<¢<0/<0

which is an upper bound for the distance between the estimator ]D>(">(9) and the true value

D,()QO)(H). For a sequence a,, — oo with a,, = 0(3¢,) we decompose the MSE into

MSE{ (s, ) 1= E| (6" (3) — o) {H("’<1><an}}

MSEY (o2, 01,) 1= E[ (057 (5,) | SPOEW > an),

{H(")(1)>an

which can be considered as the MSE due to small and large estimation error.
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Theorem 4.8. Suppose that 0y < 1, (4.13) and Assumption 2.3 with g1 = g2 = 0 are satisfied.

Then for any sequence o, — 0o with o, = o(s¢,) we have

Kl(\/%)wngSEgp)(%m%)§K2< :Zn)z/w

MSEY (34, ) < P(HY (1) > ay),

for n € N sufficiently large, where the constants K1 and Ko can be chosen as

_ 2/w 2/w
K1:<1 90) and K2:<1+g0>

& &

for arbitrary ¢ € (0,1).

In the following we discuss the choice of the regularizing sequence s, for the estimator éfom in
order to control the probability of over- and underestimation of the change point 6y € (0,1). Let
é;; be a preliminary consistent estimate of 6. For example, if (4.13) holds for some w > 0, one
can take é:‘l = éf)") (5¢,) for a sequence sz, — 0o satisfying the assumptions of Theorem 4.7. In the
sequel, let B € N be some large number and let ({)s—1,.. g denote independent sequences of

random variables, £® := (5]@) jen, satisfying Assumption 3.6. We denote by H:]IXL;I’) the particular

(b) (b)
1

AN}

bootstrap statistics calculated with respect to the data and the bootstrap multipliers &

from the b-th iteration, where

HEJQ (0) :==sup sup ‘Hg‘)(gﬁ',t)‘ (4.15)
tER 0<(<H'<H

for 6 € [0, 1]. With these notations for B,n € N and 0 < r < 1 we define the following empirical

distribution function

B
)y L )
Fup'@) =3 ;1{(%&“(9;)) <o}’
and we denote by
F9 () i=inf {o e R | FY () >y}
its pseudo-inverse. Then in the sense of the theorems below the optimal choice of the threshold
is given by
~ (a,p) - F(pﬂ')_ 1— 4.16
n,B (T) ‘T " n,B ( a)' ( : )

for a confidence level a € (0, 1).

Theorem 4.9. Let 0 < o < 1 and assume that Assumption 2.3 is satisfied with g1 = g2 = 0
and with 0 < 0y < 1 for Oy defined in (4.3). Suppose further that there exists some ty € R with
Nj2(go; 00,t0) > 0. Then the limiting probability for underestimation of the change point 6y is
bounded by «. Precisely,

lim sup limsuplp(é;(,")(%?gag)(l)) < 00> < a.

B—oo n—oo
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Theorem 4.10. Let Assumption 2.3 be satisfied with g1 = go = 0, let 0 < r < 1 and for Oy
defined in (4.3) let 0 < 0y < 1. Furthermore, suppose that (4.13) holds for some w,c > 0 and
that there exists a to € R satisfying N ,2(go; 0o, to) > 0. Additionally, let the bootstrap multipliers
be either bounded in absolute value or standard normal distributed. Then for each K > (l/c)l/w

and all sequences (o )nen C (0,1) with a, — 0 and (Bp)nen € N with B, — oo such that

1. a2 B, — oo,
1-r
2. (nlAy) 2 ap — 00,

3. aInANT 0, with T > 0 from Assumption 2.3,

we have

lim P(é,@”> (20 (1)) > 6y + Kgo;;) =0, (4.17)

n—oo

where @ = (“ﬁ‘?g;p) (r)/v/nAy) Ve & 0, while Afgf) (r) = oo.

Theorem 4.10 is meaningless without the statement % 0. With the additional param-
eter 7 € (0,1) this assertion can be proved by using the assumptions (nAn)%an — o0 and
o 'nAMT 5 0 only. However, it seems that for 7 = 1 the statement ¢* —» 0 can only be verified
under very restrictive conditions on the underlying process.

We conclude this section with an example which shows that the expansion (4.13) and the
additional assumption N ,2(go; 0o, to) > 0 of the preceding theorems are satisfied in the situations

of Example 2.2 and Example 2.5. A proof for this example can be found in Section 6.7.

Example 4.11.

(1) Recall the situation of an abrupt change considered in Example 4.2. In this case it follows
from (4.6) that

0 %3
D) () = V{0 (1 — go) = V{0~ 00) = ~-(0 — 60)° > 0,
whenever 6y < 6 < 1. Consequently, (4.13) is satisfied with @ = 1 and X(f) = —VTOP(H -

00)2 = O((6 — 6p)?) for & — 6y. Moreover, if v; # 0 and the function p meets As-
sumption 2.3(a3), the transition kernel given by (4.5) satisfies the additional assumption
N2 (90; 0o,to) > 0 in Theorem 4.9 and Theorem 4.10 for some ty € R.

(2) In the situation discussed in Example 4.3 let

t

N(y.t) = Ay) / 15300 ()2

—00

for y € U and t € R. Then we have

ko ::min{keN | EteR:Nk(t);éO} <,
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where for £k € Ny and t € R .
O"N
Ne(t) = (,5)

denotes the k-th partial derivative of N with respect to y at (6g,t), which is a bounded

(00,t)

function on R. Furthermore, there exists a ¢ > 0 such that
1
D) (8) = (1 5up [N (8)]) (6 — 80) 1+ R (6 1.1
) = (G 20 1Nk (0]) 0 = )+ 4 06) (118)

on [fo, Oy + ¢] with [R(0)| < K (0 — 6p)*0*2 for some K > 0. Obviously, N2 (go;60,t0) >0
P
holds for some ¢ty € R.

4.4 Testing for a gradual change

In Section 3 we introduced change point tests for the situation of an abrupt change as in Example
2.2, where the jump behaviour is assumed to be constant before and after the change point. In
this section we illustrate a reasonable way to derive test procedures for the existence of a gradual
change in the data. In order to formulate suitable hypotheses for a gradual change point recall
the definition of the measure of time variation for the entire jump behaviour DY in (4.1) and
define for tp € R and 0 € [0, 1] the quantities

DY) (9) :=sup sup |D)((,0',1)]
teR 0<(¢<0'<0

D;?go)(e) = sup ‘DE}’O)(C,@’,tO)‘.
0<¢<6'<0

We test the null hypothesis

Hy: Assumption 2.3 is satisfied with g1 = go = 0 and there exists a Lévy measure vy such that

90(y,dz) = vy(dz) holds for Lebesgue almost every y € [0, 1].
versus the general alternative of non-constant jump behaviour
H7: Assumption 2.3 holds with g; = g2 = 0 and we have Dggo)(l) > 0.

If one is interested in gradual changes in N,(v5";to) for a fixed ¢y € R, one can consider the

corresponding alternative

H (to): Assumption 2.3 is satisfied with g; = g2 = 0 and we have fofo)(l) > 0.

Furthermore, we investigate the behaviour of the tests introduced below under local alterna-

tives of the form

Hgloc): Assumption 2.3 holds with go(y, dz) = vy(dz) for Lebesgue-a.e. y € [0, 1] for some Lévy

measure vy and some transition kernels g1, g2 € G(5,p).

22



Remark 4.12. Note that the function DY in (4.1) is uniformly continuous in (¢,6) € C
uniformly in ¢ € R, that is for any 1 > 0 there exists a § > 0 such that

| DE®) (61, 01,1) = D (G, 02, 8)] <1

holds for each ¢ € R and all pairs (¢, 61), ((2,62) € C = {(¢,0) € [0,1]? | ¢ < 0} with maximum
distance [[(C1,61) — (C2,62)[|c < d. Therefore, the function D7 (go; ¢, 0) = sup;eg |DYO(¢,0,t)| is
uniformly continuous on C' and as a consequence D/(,"O) is continuous on [0, 1]. Thus, D,(f‘))(l) >0
holds if and only if the point 6y defined in (4.3) satisfies 6y < 1.

The idea of the following tests is to reject the null hypothesis Hy for large values of the
corresponding estimators Dy (1) and SUP (¢ 9)eC DSV (¢, 0,t0)| for DY (1) and D;‘:%(l), respec-
tively. In order to obtain critical values we use the multiplier bootstrap approach introduced
in Section 4.2. For this purpose we denote by (§)y—; _p for some large B € N independent
sequences £ = (fj(»b)) jen of multipliers satisfying Assumption 3.6. We denote by H;)M) the pro-
cesses defined in (4.12) calculated from {X l(g)n |i=0,...,n} and the b-th bootstrap multipliers

W &Y. For a given level a € (0,1), we propose to reject Hy in favor of HY, if

() 2D2(1) 2 42, (B2 (), (4.19)
where qAE)a (HE}Q (1)) denotes the (1—a)-quantile of the sample Hgf,;l) (1),..., ]ﬁlﬁ,’;’f) (1) with Hﬁ,’ff)

defined in (4.15). Similarly, for ¢y € R, the null hypothesis Hy is rejected in favor of Hj(%o) if

n n ~(B n
R = (nA)Y? sup [DEV(C,6,10)| > dtP) (R, (4.20)
(¢.0)eC
where (jgzl (RE)Z)O) denotes the (1 — a)-quantile of the sample ]:Z;:t‘(l)), e R(p’;;f), and
A(n,b ~(n
R;to) ;= sup H/(, ’b)(C,G,to)‘.

(¢,0)eC

In the following we show the behaviour of the aforementioned tests under Hp, Hgloc) and the
alternatves H}, Hj(to). To this end, recall the limit process H,,, := H, + DY in Theorem
4.4, where DyV is defined in (4.1) and where the tight mean zero Gaussian process H, in
£>°(C x R) has the covariance function (4.11). Under the general Assumption 2.3 let K, :
(R,B) — (R,B) be the c.d.f. of sup(¢ g necxr [Ho(¢, 0,1)] and let K, : (R,B) — (R,B) be the
c.d.f. of sup(¢ gyec [Hy(C, 0, 20)|. Furthermore, let

Hyg = sup [H,((,0,t) +DYI(C,0,1)],
(¢,0,t)eC xR

H{) .= sup |H,(¢,0,t0) + DY (C,0,t0)|.
(¢o)eC

The proposition below shows the performance of the new tests under the local alternative

Hgloc) '
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Proposition 4.13. Under Hgloa) we have for each a € (0,1)

P(K,(H,g) >1—a) < liminf lim IP’((nAn)l/zDgf*)(l) > ¢&) (H<"3(1)))

B—oo n—0o0

< limsup lim P((nd,) 2D (1) = a2, (B(1)) ) < P(K,(Hyg,) 2 1~ a),
B—oo M

if there exist t € R, ¢ € (0,1) with N,2(go; ¢,t) > 0, and furthermore

IED(K( O(H{S) > 1 - a) < hmmf lim IP( ) > (ﬁ R™ ))

P91 Bosog n-s00 Pﬂfo

< limsup lim PR, > qg_; (RE))) < B(EL(HS) > 1~ a)

B—oo TT7® pto

holds for each o € (0,1), if there exists a ¢ € (0,1) with N 2(go; ,t0) > 0.

With the result above and an inspection of the limiting probability P(K o(Hpg ) > 1— a),
which is beyond the scope of this paper, one can show for which direction g; it is more difficult to

distinguish the null hypothesis from the alternative. An immediate consequence of Proposition
4.13 is that the tests (4.19) and (4.20) hold the level « asymptotically.

Corollary 4.14. The tests (4.19) and (4.20) are asymptotic level « tests in the following sense:
Under Hy with vy # 0 we have for each o € (0,1)

lim lim ]P’((nA )I/QDSEQ( 1) > EL(HEJQ(D» =a

B—oon—o0
and moreover

lim lim P(R(n) A(B) (REJ?O)) = q,

B—oon—o0

holds for all a € (0,1), if N,2(vo;tg) > 0.

The tests (4.19) and (4.20) are also consistent under the fixed alternatives Hj, Hj (o) in the

sense of the following proposition.
Proposition 4.15. Under H}, we have for all B € N
. 1/2m () A(B) (py(n) ) _
Jim P((n2,)V7 D2 (1) 2 7, (,2() ) = 1

Under Hj(to), we have for all B € N

lim P(R, > a2 (R)) = 1.

n—o00 pito

5 Finite-sample properties

In this section we present the results of an extensive simulation study assessing the finite-sample

properties of the new statistical procedures. The design of this study is as follows:
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e We apply our estimators and test statistics to n data points {Xa,,...,XnA,} as real-
izations of an Ito semimartingale (X;);cr, with characteristics (b, o, vs). For the sample
size we choose either n = 10000 or n = 22500, where for the effective sample size we con-
sider the choices k, := nA, = 50,100,200 in the case n = 10000 resulting in frequencies
A, = 200,100, 50 and in the case n = 22500 we consider k, = nA,, = 50, 75,100, 150, 250
resulting in A;l = 450, 300, 225, 150, 90.

e Corresponding to our basic rescaling assumption (2.1) the jump characteristic satisfies
(d2) = g 2)
vs(dz) = g| ——,dz ),
S g nAn

where the transition kernel g(y, dz) is given by

1/2 1/2
n(y)> _ (ﬁloe) , i 0 <z < n(y)10,

(5.1)
0, otherwise,
and ¢(y, (—o0,z]) =0 for all z < 0.
e In order to simulate data points {Xa,,,..., X,a, } including an abrupt change we choose
17 if Yy < ‘907
n(y) = , (y € [0,1]) (5.2)
wv if Yy > 007

for 6y € (0,1), ¥» > 1 and we use a modification of Algorithm 6.13 in Cont and Tankov
(2004) to simulate pure jump It6 semimartingales under Hy, i.e. for ¢» = 1. Under the
alternative of an abrupt change, i.e. for ¢» > 1, we merge two paths of independent

semimartingales together.

e A gradual change in the jump characteristic is realized by choosing

17 if Y < 907
1) = o (v € [0,1) (53)

(A(y = 60)" + 1), ify > by,
n (5.1) for some 6y € [0,1], A > 0 and w > 0. In order to obtain pure jump Ito
semimartingale data according to this model we sample 15 times more frequently, i.e. for
j € {1,...,15n} we use a modification of Algorithm 6.13 in Cont and Tankov (2004)
to simulate an increment Z; = XJQA)R/K) — X((j)—l)An/m of a 1/2-stable pure jump Lévy

subordinator with characteristic exponent

W) (u) = / (e — 1)) (dz),

where v (dz) = g(j/(15n),dz). For the resulting data vector {Xn,,..., XA, } we use

15k
Xpa, = Z;, (k=1,...,n).
7j=1

25



kn Test (3.8) Pointwise Tests | to =0.5 | to=1 | to=15 | to =2 | to=2.5 | to =3
50 0.026 (3.9) 0.062 0.036 0.024 0.036 0.026 0.036
(3.10) 0.060 0.042 0.030 0.030 0.016 0.020
75 0.052 (3.9) 0.058 0.048 0.046 0.040 0.046 0.050
(3.10) 0.040 0.046 0.032 0.036 0.028 0.030
100 0.050 (3.9) 0.046 0.054 0.042 0.046 0.038 0.042
(3.10) 0.038 0.038 0.036 0.040 0.028 0.032
150 0.068 (3.9) 0.038 0.054 0.054 0.054 0.058 0.066
(3.10) 0.036 0.036 0.050 0.042 0.052 0.044
250 0.060 (3.9) 0.068 0.056 0.056 0.058 0.064 0.060
(3.10) 0.046 0.034 0.034 0.032 0.044 0.052

Table 1: Test procedures (3.8), (3.9) and (3.10) under Hy. Simulated rejection probabilities
in the application of the test (3.8), the test (3.9) and the test (3.10) wusing 500 pure jump

subordinator data vectors under the null hypothesis.

e In order to investigate the performance of our truncation method we either use the plain
pure jump data vector {Xna_,..., Xpa, } as described above, resulting in the characteristics
b = o = 0 for the continuous part, or we use {Xa, + Sa,,-.., Xna, + Sna, }, where
S; = Wi + t with a Brownian motion (W;);er, resulting in b = o = 1. In the graphics
depicted below the results for pure jump data are presented on the left-hand side, while

the results including a continuous component are always placed on the right-hand side.

e For the truncation sequence v, = yAY we choose v = 1 and w = 3/4 in each run resulting

in the parameter 7 = 2/15 in Assumption 2.3.

e Due to computational reasons we approximate the supremum in ¢ € R by taking the
maximum either over the finite grid 7} := {0.1 -5 | j = 1,...,30} or the finite grid
T5:={0.1+5-03]5=0,1,...,9}.

e For the function p we use pr, , from (2.8) in Example 2.5 with parameters L = 1 and p = 2.

e Each combination of parameters we present below is run 500 times and if the statistical
procedure includes a bootstrap method we always use B = 200 bootstrap replications. In
order to illustrate the power of our test procedures we display simulated rejection proba-
bilities, i.e. the mean of the 500 test results. Furthermore, we measure the performance of
our estimators by mean absolute deviation, i.e. if @ = {él, e ,ég,oo} is the set of obtained

estimation results we depict

1 500 )
01(8,60) = =35> 16; = ol,
j=1

where 6 is the location of the change point.
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kn Test (3.8) Pointwise Tests | to =05 | to=1 | to=15 | to=2 | toc=2.5 | to =3
50 0.040 (3.9) 0.038 0.042 0.036 0.054 0.034 0.036
(3.10) 0.036 0.030 0.028 0.042 0.026 0.028
75 0.058 (3.9) 0.024 0.050 0.030 0.048 0.058 0.050
(3.10) 0.030 0.032 0.020 0.042 0.046 0.036
100 0.050 (3.9) 0.044 0.050 0.040 0.046 0.048 0.052
(3.10) 0.034 0.040 0.026 0.046 0.040 0.048
150 0.054 (3.9) 0.040 0.050 0.048 0.056 0.048 0.060
(3.10) 0.040 0.032 0.038 0.038 0.030 0.038
250 0.060 (3.9) 0.046 0.058 0.036 0.056 0.062 0.058
(3.10) 0.036 0.050 0.030 0.044 0.054 0.046

Table 2: Test procedures (3.8), (3.9) and (3.10) under Hy. Simulated rejection probabilities
in the application of the test (3.8), the test (3.9) and the test (3.10) wusing 500 pure jump

subordinator data vectors plus a drift and plus a Brownian motion under the null hypothesis.

5.1 Finite-sample performance of the procedures in Section 3

In order to demonstrate the performance of the procedures introduced in Section 3 we choose the
sample size n = 22500 and the grid 77 = {0.1-5|j =1,...,30} to approximate the supremum

in t € R. The confidence level of the test procedures is o = 5% in each run.

Simulated rejection probabilities for the tests (3.8), (3.9) and (3.10)

Table 1 and Table 2 show a reasonable approximation of the nominal level o = 0.05 of the
tests (3.8), (3.9) and (3.10) under Hy. Test (3.10) appears to be slightly more conservative than
the test (3.9). Moreover, in Table 2 the underlying process includes a continuous component
with b = ¢ = 1 and the results are similar to Table 1.

In Figure 1 we depict rejection probabilities for the test (3.8) for different effective sample
sizes k, = nA,. The factor of jump size corresponds to ¢ in (5.2) and the dashed red line
indicates the nominal level o = 5%. The change point is located at 6y = 0.5. The results
are as expected: Large differences of the factor of jump size before and after the change yield
higher rejection probabilities. Moreover, due to better approximations the relative frequencies
of rejections increase with the effective sample size k, = nA,. Notice also that the results for
pure jump Ito6 semimartingales and for data including a continuous component are almost the
same. This fact indicates a reasonable performance of the proposed truncation technique for an
ordinary sample size n = 22500.

Figure 2 shows rejection probabilities for varying locations of the change point 6y, where
1 =4 in (5.2). Our results illustrate that an abrupt change can be detected best, if it is located
close to the middle of the data set, i.e. for 8y ~ 0.5. Furthermore, in this case the power of the
test is increasing in the effective sample size k, = nA,, as well and the performance for data
including a continuous component is nearly the same.

In Figure 3 we display relative frequencies of rejection for different values of the parameter

p € [2,20] of the function p;, defined in (2.8). This function is used to calculate the process
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Rejection Rate
Rejection Rate

Factor of Jump Size Factor of Jump Size

Figure 1:  Simulated rejection probabilities of the test (3.8) for different factors of jump size 1
in (5.2). Pure jump data on the left-hand side and data including a Brownian motion with drift
on the right-hand side. The dashed red line indicates o = 5%.
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Figure 2:  Simulated relative frequencies of rejection of the test (3.8) for different locations of
the change point 6y in (5.2) for pure jump data (left-hand side) and with an additional Brownian
motion with drift (right-hand side). The dashed red line indicates the nominal level a = 5%.

'I[*(n)

P1,p

at 0p = 0.5 and we have ¢y = 3 in (5.2). The results suggest to use the lowest possible value

(0,t) for certain values of § € [0,1] and ¢ € T7. In each run the change point is located

of the parameter p in order to obtain the maximum power of the test. Again, the rejection
probabilities of the test are nearly unaffected by the presence of a Brownian component.

In Figure 4 we depict rejection probabilities of the tests (3.9) and (3.10) for different values
of tp € [0.1,50]. In the underlying model (5.1) we use n(y) defined in (5.2) with 6y = 0.5 and
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Figure 3:  Simulated rejection probabilities of the test (3.8) for different values of the parameter
p > 2 in the function p1, for pure jump data (left panel) and plus an additional Brownian
motion with drift (right panel). The dashed red line indicates the confidence level a = 5%.
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Figure 4:  Simulated rejection probabilities of the test (3.9) (black lines) and the test (3.10)
(grey lines) for different values to for pure jump data (left-hand side) and with an additional

Brownian motion with drift (right-hand side). The dashed red line indicates the nominal level
a=5%.

1 = 3. We observe that test (3.9) has slightly more power than test (3.10) and the power of
both tests is increasing for small values of tg. The latter can be explained by the fact that
less increments of the underlying It6 semimartingale which take values in the interval (v, to]
are used to calculate the test statistics. The effect is even more significant when a Brownian

component is present (right panel). In this case it is more difficult to detect a change, because
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Figure 5:  Mean absolute deviation of estimator (3.16) for different values ¢» > 1 in (5.2) for
pure jump data (left panel) and plus an additional Brownian motion with drift (right panel).

of the superposition of small increments with an i.i.d. sequence of random variables following a
normal distribution with variance A, (see also Figure 3 in Biicher et al. (2017)). Furthermore,
one can show (see, for instance, Lemma 6.3 in Hoffmann et al. (2017)) that in the case of a pure
jump It6 semimartingales the probability of the event that m increments exceed the value tg is
bounded by Kt ™2 As a consequence, for large to the power of both tests reaches a saturation,

because only a negligible proportion of increments exceed tg.

Finite-sample performance of the argmax-estimator (3.16)

In Figure 5 we display mean absolute deviations of estimator (3.16) for different values ¢ €
[1,5] in (5.2), where the true change point is located at 6y = 0.5. The results correspond to
Figure 1 in the sense that large values of 1 yield a better performance of the statistical procedure.
Because of better approximations the mean absolute deviation is also decreasing in the effective
sample size k, = nA,. Additionally, we also observe in the estimation results that due to
the truncation approach the mean absolute deviation is nearly unaffected by the presence of a
Brownian component.

Figure 6 shows mean absolute deviations of estimator (3.16) for different locations of the
change point 0y € (0, 1), where we choose ¥ = 3 in (5.2). Similar to Figure 2 the results suggest
that a change point can be detected best if it is located around the middle of the data set, i.e. if
0o ~ 0.5. Furthermore, as in Figure 5 the estimation error is decreasing in the effective sample

size ky,.

5.2 Finite-sample performance of the procedures in Section 4

In this section we investigate the finite-sample performance of the statistical procedures intro-

duced in Section 4.
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Figure 6: Mean absolute deviation of estimator (3.16) for different values 6y € (0,1) in (5.2)
for pure jump Ito semimartingales (left-hand side) and plus an additional Brownian component

(right-hand side).

Test (4.19) Test (4.20)
kn T to=05|to=1|to=15|t90=2|t90=2>5 |t =3
50 0.050 0.028 | 0.020 | 0.030 | 0.040 | 0.056 | 0.046
75 0.048 0.058 0.058 0.048 0.048 0.048 0.044
100 0.056 0.062 0.038 0.046 0.038 0.046 0.060
150 0.076 0.056 0.062 0.066 0.054 0.062 0.078
250 0.062 0.070 0.070 0.058 0.056 0.054 0.066

Table 3: Test procedures (4.19) and (4.20) under Hy. Simulated rejection probabilities of the
test (4.19) and the test (4.20) using 500 pure jump Ito semimartingale data vectors under the
null hypothesis.

Finite-sample performance of the tests (4.19) and (4.20)

Table 3 and Table 4 show simulated rejection probabilities of test (4.19) and test (4.20) under
the null hypothesis, i.e. for v = 1 in (5.2). The sample size is n = 22500 and for the test
(4.19) we approximate the supremum in ¢ € R by taking the maximum over the finite grid
Tn={01-75|75=1,...,30}. In both cases for pure jump Ito semimartingales (b = o = 0;
Table 3) and for It6 semimartingales including a Brownian component (b = o = 1; Table 4) we
observe a reasonable approximation of the nominal level o = 5%.

For computational reasons the results on the tests (4.19) and (4.20) depicted below are ob-
tained for a sample size n = 10000 and effective sample size k, € {50,100,200}. In each run
we choose the confidence level @ = 5% and the supremum in ¢ € R is approximated by the

maximum over the finite grid 71 = {0.1-j | j =1,...,30}.
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Test (4.19) Test (4.20)
K T to=05|to=1]to=15|to=2|tg=25 ] to=3
50 0.044 0.036 | 0.026 | 0.028 | 0.044 | 0.040 | 0.040
75 0.042 0.050 0.054 0.042 0.044 0.038 0.044
100 0.074 0.040 | 0.038 | 0.036 | 0.046 | 0.062 | 0.068
150 0.044 0.036 0.056 0.058 0.052 0.042 0.044
250 0.050 0.034 0.042 0.056 0.062 0.062 0.058

Table 4: Test procedures (4.19) and (4.20) under Hy. Simulated rejection probabilities of the
test (4.19) and the test (4.20) using 500 pure jump Ito semimartingale data vectors plus a drift

and plus a Brownian motion under the null hypothesis.

Rejection Rate
Rejection Rate

Figure 7:  Simulated rejection probabilities of the test (4.19) for different values w € [0.6,30]
in (5.3) for pure jump Ito semimartingales (left panel) and plus a Brownian motion and a drift

(right panel). The dashed red line indicates the nominal level o = 5%.

Figure 7 shows simulated rejection probabilities of the test (4.19) for different degrees of
smoothness of the change w in (5.3). The change is located at 6y = 0.4 and A is chosen such
that the characteristic quantity for a gradual change satisfies D,(,’”(l) = 3 in each scenario. As
expected, it is more difficult to distinguish a very smooth change from the null hypothesis and
therefore the rejection probability is decreasing in w. Similar to the CUSUM test investigated in
Section 5.1 the power of the test is increasing in k,, = nA,, as well. Furthermore, all simulation
results on the tests (4.19) and (4.20) are similar for pure jump processes and processes including
a Brownian component. This indicates that our truncation approach also works in this setup.

In Figure 8 we depict rejection rates of the test (4.19) for different locations of the change
point 6y € (0,1). We simulate a linear change, i.e. we have w =1 in (5.3), and A is chosen such

that Dy’ (1) = 0.3 holds in each run. As before, the power of the test is increasing in the effec-

32



Rejection Rate

Figure 8:
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Simulated relative frequencies of rejections of the test (4.19) for different locations

of the change point 6y € (0,1) in (5.3) for pure jump processes (left-hand side) and plus an
additional Brownian motion with drift (right-hand side). The dashed red line indicates the

confidence level o = 5%.

tive sample size k, = nA, and moreover it is decreasing in ¢y. The latter can be explained by

the shape of the model (5.3): For large 6y the jump characteristic is “close” to the null hypothesis.

Finite-sample performance of the estimator ég” defined in (4.14)

Following Hoffmann et al. (2017) we implement the estimator 65" in five steps as follows:

Step 1. Choose a preliminary estimate 6o € (0,1), a probability level o € (0,1) and a param-
eter r € (0,1].

Step 2. Initial choice of the tuning parameter s,:
Evaluate (4.16) for %", o and r (with B = 200 as described above and where the supre-
mum in ¢ € R is approximated by the maximum over ¢t € T = {0.1+5-0.3 | j =0,1,...,9})

and obtain (™.

Step 3. Intermediate estimate of the change point.
Evaluate (4.14) for %™ and obtain ™.

Step 4. Final choice of the tuning parameter s,:
Evaluate (4.16) for 8% o, r and obtain 7.

Step 5. Estimate 6.
Evaluate (4.14) for 5% and obtain the final estimate 6 of the change point.

From the theoretical standpoint of Section 4.3 we have to ensure that the preliminary estimate

6@ in Step 1 is consistent in order to guarantee consistency of the final estimate 6. 1If not
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Figure 9: Mean absolute deviations of estimator (4.14) for different choices of r € (0,1] in Step
1 for pure jump Ito semimartingales (left panel) and with an additional Brownian component

(right panel).

declared otherwise, we always make the “arbitrary” choice 6% = 0.1 for two reasons: First, a
simulation study which is not included in this paper, where the estimation procedure is started
in Step 2 with the choice %™ = /nA,, (which yields consistency according to Theorem 4.7) has
shown similar results as the ones depicted below. Secondly, with the small choice of 6% = 0.1
in Step 1 we obtain smaller values of the thresholds (™, 9 and this reduces the calculation
time. Furthermore, in the following simulation study we choose the sample size n = 22500 and
we vary the effective sample size in k, = nA, € {50,100,250}. For the evaluation of (4.16)
we always use o = 10% and for computational reasons suprema in ¢ € R are approximated by
maxima over t € To = {0.1+5-0.3 |7 =0,1,...,9}. If not declared otherwise, we simulate a
linear change, i.e. w =1 in (5.3), which is located at y = 0.4. A is always chosen such that the
characteristic quantity for a gradual change satisfies Dy’ (1) = 3 in all scenarios.

Figure 9 shows mean absolute deviations for different choices of r € (0,1] in Step 1. The
graphics suggest that in all cases the mean absolute deviation for » = 0.3 is close to its overall
minimum. Thus, we choose r = 0.3 in Step 1 in all following investigations.

In Figure 10 we depict mean absolute deviations of the estimator (4.14) for different choices
of the preliminary estimate " € (0,1) in Step 1. The estimation error is smallest, if the
preliminary estimate is chosen close to 1. This finding corresponds to another simulation study
which is not included below and which has shown that the estimation procedure (4.14) tends to
underestimate the change point. As a consequence, 6@ close to 1 induces larger values of the
quantities 3™, 0™ U9 in Steps 2-4 and prevents the underestimation error.

Figure 11 shows simulated mean absolute deviations of estimator (4.14) for different degrees
of smoothness of the change w in (5.3). The results correspond to Figure 7 and confirm the

intuitive idea that a smooth change is more difficult to detect. Moreover, better approximations
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Figure 10: Mean absolute deviations of estimator (4.14) for different choices of the preliminary
estimate %) € (0,1) in Step 1 for pure jump Ito semimartingales (left-hand side) and plus an
additional Brownian motion with drift (right-hand side).
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Figure 11: Mean absolute deviations of estimator (4.14) for different degrees of smoothness of

the change w in (5.3) for pure jump processes (left panel) and with an additional continuous

component (right panel).

for large effective sample sizes k,, = nA, reduce the estimation error.

In Figure 12 we display simulated mean absolute deviations of estimator é;") for different
locations of the change point 6y € (0,1) in (5.3). The results correspond to Figure 8 and show
that for small values of 6 the change point can be detected best. This is a consequence of model

(5.3): For large 6y € (0,1) the jump behaviour is nearly constant.
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6 Proofs and technical details

Before we prove the results of Section 3 and Section 4 we begin with a generalization of the
results in Hoffmann and Vetter (2017).

6.1 Weak convergence of the empirical truncated Lévy distribution function

Theorem 6.1 below is a central limit theorem for N,§"> centered at N,(¢";-,-). Precisely, we

consider the process

ngﬂ 0,t) = /nA, (N,gm(e,t) — N,(9'™;0,1)),

where N,(-,-) and N,(g;-,-) are defined in (2.2) and (2.3), respectively.

39



Theorem 6.1. Let Assumption 2.3 be satisfied. Then we have weak convergence

G~ G,

in £2°(]0, 1] xR), where G, is a tight mean zero Gaussian process in £>°([0, 1] xR) with covariance
function
01N\02 t1 At
(00 020) = [ [ Pl dz)dy. (6.1)
0 —oo

Additionally, the sample paths of G, are almost surely uniformly continuous with respect to the

semimetric
01 t1Vio 02 to
1/2
dp((01,1); (02, t2)) = {/ / *(2)g0(y, dz) dy+/ / 2)go(y, dz) dy} (6.2)
0 tiAt2 61 —oo
for 61 < 6s.

Theorem 6.1 is a generalization of Hoffmann and Vetter (2017) in the sense that their Theorem
3.1 can be obtained if we set go(y,dz) = v(dz) for a Lévy measure v and g; = go = 0. In order to
prove Theorem 6.1 we divide the process G;,n) into two parts which correspond to large and small
jumps of the underlying process X ™, respectively. To this end we choose an auxiliary function
U: Ry — R which is C*° and satisfies 11 o) (2) < ¥(2) < 1j1/9,00)(2) for all z € Ry. For a >0
define Uy,: R — R via U, (2) = ¥(|z|/a) and let ¥, : R — R be the function ¥ (2) = 1—U,(2).

For the function p we define p,(z) = p(2)¥4(z) and pg(z) = p(2)¥e,(z). Furthermore, let

() = p() V(D Cnopg(2)  and x5 (2) = p(2) WS (2) (oo (), (6.3)

for ¢,z € R and define the following empirical processes:
[nd]
Ggg(e t) { th AnX ]1{|A?X(")|>Un} _Npa(g(n)707t)}7

Ln9J

oo 1 ol n
G(0,6) = Vnda{ —— 3 X HAIX N apx 0,y — Noa(97:0,0) ).

i=
Then, of course, we have ng)(e,t) = Ggfg(@,t) + GZ,(S)(Q,t). In Section 6.4 we show that it
suffices to prove three auxiliary lemmas in order to establish Theorem 6.1. The first one is

concerned with the behaviour of the large jumps, i.e. it holds for fog and a fixed o > 0.

Lemma 6.2. If Assumption 2.3 is satisfied, we have weak convergence

GE)(,I?% ~ Gpa

in £2°([0,1] x R) for each fizred a > 0, where G, denotes a tight centered Gaussian process with
covariance function

0102 t1 Ato

H, (1. 1): (62, 12)) = / o2 (2)g0(y. d=)dy.
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The sample paths of G, are almost surely uniformly continuous with respect to the semimetric

01 t1Vio 62 to 1/2
dp, ((01,11); (02,t2)) / / p2(2)g0(y, dz) dy+//ﬂa 2)40 y,dz)dy}
0 tiNta

for 01 < 0.

The general idea behind the proof of Lemma 6.2 is to replace the increments of the underlying
process X ™ by increments of pure jump Ito semimartingales. Precisely, let u(™ be the Poisson

random measure associated with the jumps of X™. Then we consider
L™ = (2 jzj50,y) x 1™ (6.4)

with the truncation v, = yAY as above. The main advantage of the processes L™ is that they
have deterministic characteristics. Therefore, their increments are independent (see Theorem
I1.4.15 in Jacod and Shiryaev (2002)) and we can use a central limit theorem tailored for trian-

gular arrays of independent stochastic processes from Kosorok (2008) to prove weak convergence

of

[n6]

n 1 nrn nrn nrn nrn
V0.0 = Vi { e STUAIL) 1 (ATL) = BU(ALL) g (ATLO)]}

=1

(6.5)

to G, , where (0,t) € [0,1] x R and where f: R — R is a bounded continuous function, for
which we plug in p, and pg later. In order to prove Lemma 6.2 we need to ensure that the
distance between Y, and G%7, is small. To this end, our next claim shows that the bias due
to estimating (nA,)~! EZLZ?J E(pa(Ag‘L(”))]l(_oQt]( APLM)) instead of N, (g™;0,t) is small
compared to the rate of convergence. In order to state the result recall that for a real-valued
non-negative function f : = — Ry on a measure space (Z,B,9) the essential supremum with

respect to 9 is given by

U = ess supsez(f) = BeBig(f;B)zo 21:1{)3 fle).

Moreover, recall that Ay denotes the restriction of the one-dimensional Lebesgue measure to
[0, 1].

Proposition 6.3. Let (u1™)nen be a sequence of Poisson random measures with predictable

compensators ™ (ds,dz) = v{ (dz)ds such that (2.6) is satisfied for each n € N with a null

sequence A, > 0 and a sequence of transition kernels g™ from ([0,1], B([0, 1])) into (R, B) with

A1 — €SS Supy¢(o 1] (/(1 A |z|/3) (y dz)) <K

for each n € N and some 8 € [0,2], K > 0. Furthermore, let f: R — R be a bounded Borel
measurable function satisfying | f(z)| < K|z|P on a neighbourhood of 0 for some K > 0, p > f3.
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Then if v, > 0 is a null sequence and L™ is defined as in (6.4) we have

supsup [B{ F(AFL) Loy (AFL) | = ndn(Ny(g"54/m 1) = Ny(o™: (i = 1)/, )|
1=1,...n tcR

= O(A20 28 + AuP~P), (6.6)

with R = R U {—o00, +0}.

)

The following proposition establishes the desired weak convergence of Yf(n .

Proposition 6.4. Suppose Assumption 2.3 is satisfied and let f: R — R be a continuous
function with |f(z)] < K(1 A |z[P) for all z € R and some K > 0. Then the processes Yf(") from
(6.5) converge weakly in €°°([0,1] x R) to the tight mean zero Gaussian process Gy from Lemma
6.2, that is

Yf(n) ~ Gy.

In order to obtain the result from Theorem 6.1 the following lemma ensures that the limiting

process G, converges in a suitable sense as o — 0.
Lemma 6.5. Under Assumption 2.3 the weak convergence
Gy, ~ G,

holds in £>°([0,1] x R) as o — 0.

Its proof is a direct consequence of the following result.

Proposition 6.6. Suppose Assumption 2.3 is satisfied and let f,: R — R (n € Ny) be Borel
measurable functions with |fn(z)] < K(1 A |z|P) for a constant K > 0 and all n € Ny, z € R.
Assume further that fn(z) — fo(z) converges for all z outside a set B € B such that [0,1] x B

is a go(y,dz)dy-null set. Then we have weak convergence

Gy,

n

~ Gy,

in £°([0, 1] x R) for n — oo.

Our final lemma shows that the contribution due to small jumps are uniformly small as «

tends to zero.

Lemma 6.7. Suppose Assumption 2.3 is satisfied. Then for each n > 0 we have:

lim lim sup]P’((e )sup ‘Gng)(Q,t)‘ > 77) =0.
t

a0 n—oo €[0,1]xR
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6.2 The multiplier bootstrap approach

In this section we investigate a bootstrapped version of G(p") given by

[n6)

1 n n n n
A D Gp(AFX )T oo (AFX ))1{|A?X<")\>vn}v (6.7)
=1

~

GIM(0,t) =

for (0,t) € [0,1] x R and where the sequence of multipliers (;);cn satisfies Assumption 3.6. The
bootstrap results in Section 3 and Section 4 are a simple consequence of Proposition 10.7 in
Kosorok (2008) and the following theorem, which establishes weak convergence conditional on
the data in probability of Cl(p").

Theorem 6.8. Let Assumption 2.3 be valid and let the multipliers (&)ien satisfy Assumption
3.6. Then we have

GE)”) e Gp

in £2°([0,1] x R), where G, is the tight mean zero Gaussian process of Theorem 6.1.

Similar to the proof of Theorem 6.1 we show Theorem 6.8 by treating small and large incre-

ments of X (™ separately. Therefore, with the quantities defined prior to (6.3) we consider the

processes
gl — - (n) x ()
Gyn(6,t) = E iPa(ATX N oo (AT X )L An ()0
pon(0,1) Tfni 1§P ( )L (o0, ( ) {lap XM |>vn}
[nd]

G;(g) (0’ t) =

1 (¢] n n n n
N D G (AFX N o g (AP X )T an x50}
" oi=1

Section 6.5 reveals that the claim of Theorem 6.8 can be obtained using the following two
lemmas which state weak convergence conditional on the data in probability of the previously

established processes for fixed a > 0.
Lemma 6.9. If Assumption 2.3 and Assumption 3.6 are satisfied, we have

in £>°([0,1] x R) for each fixred o > 0.

Lemma 6.10. Suppose Assumption 2.3 and Assumption 3.6 are valid. Then for each o > 0 in
a neighbourhood of 0

GZ,(VC: ) e Gpg

holds in £>°([0,1] x R).
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The lemmas above will be verified by approximating the truncated increments of the under-

lying processes by the increments of the pure jump It6 semimartingales from (6.4)

L™ = (2L om0ny) * 17,

with the usual truncation v, = yAY. The main advantage of the processes L™ ig the fact, that
they have deterministic characteristics and therefore independent increments. As a consequence,
we can use a result from Kosorok (2008) for triangular arrays of processes which are independent
within rows to prove weak convergence conditional on the data in probability of the bootstrapped

analogs of Y]f") from (6.5) which are given by

[né]

f ( ’ ) /771 A gt f( 7 ) ( ,t]( )

for (0,t) € [0,1] x R and where f: R — R is a bounded continuous function. Precisely, the

following proposition is the main tool in order to obtain Lemma 6.9 and Lemma 6.10.

Proposition 6.11. Suppose Assumption 2.3 and Assumption 3.6 are satisfied. Then for a
continuous function f: R — R satisfying | f(2)] < K(1 A |zP) for all z € R and some K > 0 we

have

V" e Gy

in £2°([0,1] x R), where Gy is the tight mean zero Gaussian process defined in Theorem 6.1.

6.3 Alternative Assumptions

All results in this paper also hold under the weaker assumptions given below. Here and through-
out the following proofs, K or K(§) denote generic constants which sometimes depend on an

auxiliary quantity 6 and may change from place to place.

Assumption 6.12. At step n € N we observe an Ito semimartingale X adapted to the
filtration of some filtered probability space (2, F, (F¢)er. , P) with characteristics (b8, 0, vs™)
at the equidistant time points {iA, | i = 0,1,...,n}. Furthermore, the following assumptions
are satisfied:
(a) Assumptions on the jump characteristic and the function p:
For each n € N and s € [0,nA,] we have
v (dz) = g™ <n2n dz), (6.8)
where there exist transition kernels gg, g1, g2 from ([0, 1], B([0, 1])) into (R,B) such that for
each y € [0, 1]

nA
and for each y € [0,1], B € B and n € N the kernel R,, satisfies

Rn(ya B) < anQQ(yv B)

0™ (. dz) = goly, dz) + JLgmy, dz) + Ru(y, dz) (6.9)

for a sequence a, = o((nA,)~/?) of non-negative real numbers. Furthermore, we have
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(1) There exists § € [0, 2] with

max ()\1 — ess supye[o’l](/ (1A |Z’(ﬁ+6)/\2)gi(y, dz))) < K(5) < o0

1=0,1,2
for each 6 > 0.

(2) p: R — R is a bounded C'-function with p(0) = 0. Furthermore, there exists some
p > B+ (BV 1) such that the derivative satisfies |p(z)| < K|z|P~! for all z € R and
some K > 0.

(3) For p= (p—1) V1 with p from (a2) we have

igbaf(g <)\1 — €88 SUPye(o,1] (/ ‘z|ﬁ]l{\z|21}gi(ya dz)>> < 0.

(4)  (I) There exist 7 > 7 > 0, ap > 0, ¢ > 0 and K > 0 such that for every choice
m1,m2 € {go, 91,92}

A2 — €8S SUDPy, 1,c(0,1] (//]1{|x—z|<A;}1{Ag/2<|x|<ao}X
X 1{A2/2<‘Z|§a0}m1(y1,dm)mz(yg,dz)) < KAJ,

holds for n € N sufficiently large, where Ay denotes the restriction of the two-
dimensional Lebesgue measure to the measure space ([0, 1]2, [0, 1]> N L2) with the
two-dimensional Lebesgue o-algebra £, on R?.

(IT) For each av > 0 there is a K («) > 0 such that for every choice my, ma € {go, g1, 92}

we have

A2 — €S8 SUPy, 4o c(0,1] (//]l{|x—z|<ag}]1{|x>a}x
X ]l{|z|>a}m1 (yl, dl’)ﬂ’LQ(yg, dZ)) < K(Q)A?L,

for n € N large enough with the constants from (a(4)I).

(b) Assumptions on the truncation sequence vy, and the observation scheme:

We have v,, = YAV for some v > 0 and w satisfying

1 1 1
—<w< A

2(p— B) 228
Furthermore, the observation scheme satisfies with the constants from the previous assump-

tions:
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(5) nALTFP0 0 for some § > 0,

(6) nAZ1=FEAT) g for some € > 0,

(7) nAITRETOIVDT o for some § > 0.

(c) Assumptions on the drift and the diffusion coefficient:

tor 142 142
+ 2w + 2w
<4 and my=-—0n
1—w — M T

my =

we have
sup sup {E‘bg”)}m” \/E‘agn)‘m”} < 00.
neNscR
In the sequel, we will work with Assumption 6.12 without further mention. This is due to the

following result which proves that Assumption 2.3 implies the set of conditions above.

Proposition 6.13. Assumption 2.3 is sufficient for Assumption 6.12.

Proof. Let 0 < < 2,0< 7 < (1/5A 2+55) andp > B+ ((3+38)V H%) and suppose that
Assumption 2.3 is satisfied for these constants. In order to verify Assumption 6.12 define the

following quantities:

Fi=37, U= ﬁ q:=7— (1+38)5 = 2r, (6.10)

and recall that w = (1 + 57)/4.
p is suitable for Assumption 6.12(a2), as in particular p > S+ (8 V 1) is satisfied due to
(1+38)/2 > p and 2/(1+57) > 1. Assumption 6.12(b) is established, since 1/(2(p—5)) < w =
(1+57)/4is equivalent top>p+(2/(1+57)) and w = (1+57)/4 <1/2A1/(25) holds due

to 7 < (1/5 A 2=2). Furthermore, simple calculations show

2+5B

q
5)

=21 - Bw(1+¢) < (1+20(p— B)) A (1 +2w) (6.11)

(1+2r—2w)Vi=t' <l+7=1t7" =1+

%W > 0, since 7 < % and (p — B) > (1 + 38)/2. Therefore, all conditions

on the observation scheme are satisfied.
Additionally, if n, M > 0 and a Lebesgue null set L € [0,1] N £; are chosen such that the

requirements of Definition 2.1 hold, we have

with € =

hé")(z)\z\(ﬁ”)” < K|z|C1+OA-H)

for each § > 0 and all y € [0,1]\ L, z € (=71,7), i € {0,1,2}, where h}’ denotes a density for
the kernel g;. Therefore, and due to Definition 2.1(2) and (3), we obtain A; — ess sup( [ (1 A
|2|(B+072) gi(y,dz)) < K(6) < oo for every § > 0 and all i € {0,1,2}. Moreover, due to
Definition 2.1(3) we have

W (2) |2 < K277, (6.12)
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for all |z] > M,y € [0,1]\ L, i € {0,1,2} and some K > 0. So together with Definition 2.1(2) we
obtain A; — ess sup,c(o 1] (f |2[P1 2151394 (v, dz)) < oo for each i € {0,1,2} which is Assumption
6.12(a3).
Furthermore we have
1+2w 64107 q 1+2w 6+ 107

1-w  3-5 % 12-w 1-51°

so Assumption 2.3(c) yields Assumption 6.12(c).

We are thus left with proving Assumption 6.12(a(4)I) and (a(4)II). Obviously, 0 < 7 < T
holds with the choice in (6.10). First, we verify Assumption 6.12(a(4)I). To this end, we choose
n > 0 and a Lebesgue null set L € [0,1] N £; such that

7 (1
h{)(z) < K|z[~0+7)

holds for all z € (—n,n) \ {0}, y € [0,1] \ L, i € {0,1,2} according to Definition 2.1(1) and we
set a := n/2. Then for any choice m1, ma € {go, g1, g2} we get

//]1{|xz|gA;}ﬂ{Ag/2<|z|ga0}]1{Ag/2<z|ga0}m1(y17dx)m2(y2,dz)

éK/ / L sl<aryLag/2<lel<an) Liag 2l an o]~ |2~ drdz
< K//]lﬂz s<aryliar pco<aoy Liaz jpcacanyt T2 1 drdz.

for all (y1,y2) € ([0,1]\ L) x ([0,1] \ L) and n € N large enough. For the second inequality we
have used symmetry of the integrand as well as AT < AV/2. In the following, we ignore the
extra condition on z. Evaluation of the integral with respect to = plus a Taylor expansion give

the further upper bounds

(2 —(z+ A7
K/ Iz2 AZ[B I ag cscanyd

T )6_1 —(148
SM"/ Zoarpe ek ds
0

for some £(z) € [z — AT, 2 + AT]. Finally, we distinguish the cases 3 < 1 and 8 > 1 for which
the numerator has to be treated differently, depending on whether it is bounded or not. The

denominator is always smallest if we plug in A? /2 for z. Overall,
//]l{|x_z|gA;}1{Ag/2<|x|gao}]1{Ag/2<z|ga0}m1(yl,d$)m2(y2,d2)
KATA, A0 f 04D, if B <1

AT /2

[e %)
KATAL?P [ =040 gz, if B>1
A7 /2

S KAZ—(1+3B)§ — KA%

<
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for all my, ms € {0,1,2} and (y1,y2) € [0,1]*\ L% Finally, we consider Assumption 6.12(a(4)II),
for which we proceed similarly with n € N large enough, o > 0 and (y1,y2) € [0,1]?\ L?, as well
as mi, ma € {go, g1, g2} arbitrary:

/ / Lz—z1<arifjo>a} L{jz>ayma (Y1, dz)ma(y2, dz)
§O(AZ)+2K//]l{x_ng:L}]l{x>a}]l{z>a}$22’2dl’dz.

M M’

This inequality holds with a suitable M’ > 0 due to Definition 2.1 (2) and (3), as we have
hy(z) < K|z|72 for y € [0,1] \ L, i € {0,1,2} and large |z|. Therefore,

//]l{lx 2<ar o> a3 L 2> (Y1, dr)ma(y2, dz)

< O(AT) + KAT / = 22y ydz = o(AY) (6.13)

") T
M/
for (y1,y2) € [0,1]?\ L? and any choice m1,m2 € {go,91,92}. The final bound in (6.13) holds

since the last integral is finite. O

6.4 Proof of Theorem 6.1

Proof of Proposition 6.6. In order to show weak convergence we want to use Theorem 1.5.4
and Theorem 1.5.7 in Van der Vaart and Wellner (1996). To this end, we prove asymptotical
uniform d-equicontinuity in probability of G, for some suitable semimetric d on [0, 1] x R with
Theorem 2.2.4 in this reference.

First, recall that G, are tight centered Gaussian processes in £°°([0, 1] x R) with covariance

function
01 N\O2 t1 Nto

Hy, (61, 11); (6o, £2)) = / / £2(2)90(y, d=)dy,
0 —00

and their sample paths are almost surely uniformly continuous with respect to the semimetric

01 t1Vio 02 to

2 2 1/2

dy, ((01,t1); (02, t2)) / / [7(2)g0(y, dz) dy+//f )40 y,dZ)dy} ,
0 tiAt2 01 —oo

for §; < #5. Due to Lemma B.1 in Appendix B we obtain for the L8-norm

IGy, (61, t1) — Gy, (B2, t2)ls = 1055 dy, (61, 11); (Ba, t)), (6.14)

for each n € N and (61,t1), (f2,t2) € [0,1] x R. Additionally, the convex, non-decreasing, non-
zero function @(x) = 2® clearly satisfies ¢(0) = 0 and limsup, , ., ¢(x)p(y)/(cry) < oo for
some constant ¢ > 0. Furthermore, by Lemma B.2 in Appendix B the process Gy, is separable
for each n € Ny in the sense of Theorem 2.2.4 in Van der Vaart and Wellner (1996). Thus, this
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theorem can be applied and due to (6.14) it yields a constant K > 0, which does not depend on
n € Ny, such that for all {;6 > 0

¢
H sup ‘an(017t1) _an(OQ’tQ)’HS S K{/(D(E7dfn))éd€+5(D(C,dfn))i},
dy, ((01,t1);(02,t2)) <6 /

(6.15)
where D(e, dy,) denotes the packing number of [0, 1] x R with respect to the semimetric dy, at
distance e. According to Lemma B.3 we have D(e,dy, ) < K/e* for every n € Ny, where K > 0
does not depend on n € Ny. Therefore, with (6.15) we conclude that there exists a K > 0 which

is independent of n such that

¢

H sup Gy, (B1.11) — Gy, (B2, 1) | < K /51% +o/C} < K¢V 4 5/¢).
dy, ((01,t1);(02,t2))<d /

(6.16)

for each ¢,d > 0 and n € Ny. Now, for arbitrary e, > 0 and K > 0 from (6.16) choose a ¢ > 0
with 28 K8(%/e8 < 1/2 and for this ¢ choose a § > 0 with (28K86%)/(¢8e®) < n/2. Then due to
(6.16) we obtain for each n € N with the Markov inequality

< K32+ 6/¢)°

P sup Gy, (01,12) = G, (B, 2)| > ) <
df, ((01,t1);(02,t2))<d

=8
K3@max{CV2,6/CH® 2K max{¢t,68/¢%}
g8 - g8
28K8C4 28K868
S 3 @S <

(6.17)

Furthermore, dy, converges uniformly to dy, by Lebesgue’s dominated convergence theorem.
Thus, Gy, is asymptotically uniformly dy,-equicontinuous in probability, because for each €, >

0 we have

11msupIP>< sup |Gy, (61,t1) — Gy, (02, t2)| ><€> <n,
n—00 dfo ((01,t1);(02,t2))<6/2
with 6 > 0 from (6.17). Moreover, Lemma B.3 also shows that ([0, 1] xR, dy,) is totally bounded.
Trivially, the marginals of Gy, converge to the corresponding marginals of Gy,, because these
are centered multivariate normal distributions and their covariance functions converge again by
Lebesgue’s dominated convergence theorem. Therefore, the desired result holds due to Theorem
1.5.4 and Theorem 1.5.7 in Van der Vaart and Wellner (1996). O

Proof of Proposition 6.3. Let F,, = {z: |z| > v,}, N(" = 17 (2) * ™ and let i €
{1,...,n} be fixed in the entire proof. According to Proposition 11.1.14 in Jacod and Shiryaev
(2002) for each n € N there exist a thin random set D,, with an exhausting sequence of stopping

times (TT(,;L ))meN and an R-valued optional process £™ such that

1™ (w; ds, dz) = Z E(T}n")(w),g(") @) (ds,dz), (6.18)

meN 7 (@)
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where €(, ;) denotes the Dirac measure with mass in (s,r) € Ry x R. Furthermore, due to
Lemma A.13 Nt(: ) _ Nt(f) follows a Poisson distribution for 0 < t; < t5 and the sets Aﬁf) =
v(n) v(n) :
{Nizn — N(in—l)An < 1} satisfy
P((A)9) = 0(A%0, ), (6.19)
where M¢ denotes the complement of a set M. Thus, we calculate for n € N large enough

] { FIAPLOYT (A L("))}—nA (N4 (g™;i/n,t) — Ny(g (")'(i—l)/n,t))‘

’/f AnL n) 1 oot}(AnL(n) dP + / ( AnL )]1( oot](AnL(n))dP_

AD (ADye
i/n
—nd [ [ @9 . d2)ay)
(i=1)/n =00
<KAZv, % + ‘ / FATLINL (o (AT LM)dP—
VR, =N, =1}
i/n ot

where the inequality above follows because of two reasons, first (6.19) as well as the fact that
f is bounded lead to the term KAZ2v, 2% and secondly for each w € {N;& N, (">1) A, = 0} and
m € N we have (T (w), 5;21 » )( w)) & ((i = 1)A,,iA,] X Fy, such that A?L™(w) = 0 and thus
F(APL™(w)) = 0 by the assumptions on f. However, (15 (w), £ o )( w)) € ((i —1)Ap, iAy] X
F,, holds for exactly one m € N if w € {]\7}& N, (")1) A, = 1} This observation yields the
following bound

At
wosl [ [ 11 s ds, deple) -
(R, =0 0
i/n t
—nl\, / /f(z)g(”)(y,dz)dy +KA,%U;2’B
(i-1)/n —o0
1Ay t
< / / /f )1 fom ot (w3 ds, dz)P(dw)—
it

—nl, / /f 9™ (y, dz)dy| + KA2028 4 50D (6.20)
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with

iAnp t
RIS ’ / / / f(z)]1{|z‘>vn}u(")(w;ds,dz)IP’(dw) . (6.21)
{NzAn N(<zn)1)An22} (i=1)An =00

We apply the defining relation of the predictable compensator of an optional P’-o-finite random
measure. But notice that it cannot be guaranteed that the integrand in the stochastic integral
with respect to p™ in the first line of (6.20) is P’-measurable. Therefore, we treat the lead-
ing term after the last inequality sign in (6.20) and 64" separately. However, the integrand
F()L o) (D)5 0,3 L((i=1)An,ir,) (5) on the right-hand side of (6.20) is P’-measurable. Thus,
Theorem II.1.8 in Jacod and Shiryaev (2002) yields

1Ay t

A < KAZv;28 4 6000 4 / / FE o0y p (d2)ds—
(i—1)A, —o0

i/n
—nA, / /f y,dz dy‘

(i-1)/n —o0

i/n
— KAZ w500 s [ [ FE g0 d)dn)|
(i=1)/n —o0

Now, because of |f(z)| < K|z|P on a neighbourhood of 0, the above display yields for n € N

large enough

A < KAZv;28 460D 1 KA 0P Pn / /(1 A2 g™ (y, dz)dy
(i-1)/n
< KA207%0 4§08 4 KA,0p =P, (6.22)

Finally, (6.18) and the assumption that f is bounded by some constant K > 0 gives an estimate
for 65" from (6.21)

34 < [ D I e (T8, (60
(=2 meN
{858, =t

< im xP(NR) = N s, =)

because for w € {N;Zl - N((:_)l)An = (} we have #{m € N | (T (w), €7 o )( w)) € ((i —
1)An, i) x Fp} = £, where #M denotes the cardinality of a set M. With Lemma A.13 and

the previous inequality we obtain

57(12',1:) < exp{ — (Z(n)} ZKE X

=2

o1



with

i/n i/n
Z- =nl, / / (y,dz)dy < nA,v, P / /(1 A2 g™ (y, dz)dy < KAnv; 5,
(i-1)/nF, (i-1)/n

for n € N large enough. Thus, 50 < K A2, % holds and (6.22) yields (6.6), because neither

(i,t) (i,t)

of the bounds for ~,"” or §;,"” depends on ¢ or t. O

Proof of Proposition 6.4. The processes Yf(n) have the form

Vi 0,6) = Y {gni(ws(60,0) ~ Blguil3 0, 0))}

with m,, = n and the triangular array {gni(w;(6,t)) | n € N;i =1,...,n;(0,t) € [0,1] x R} of
processes

Ini(w; (6,1)) =

T AT @) o (ATL ()L

which is independent within rows, because L™ has independent increments as it has determin-
istic characteristics (see Theorem II.4.15 in Jacod and Shiryaev (2002)). Thus, by Theorem
11.16 in Kosorok (2008), the proof is complete once we can show the following six conditions of
the triangular array {gn:} (see for instance Kosorok (2008) for the notions of AMS and manage-
ability):

(A) {gni} is almost measurable Suslin (AMS);

(B) {gni} is manageable with envelopes {Gy; | n € N;i =1,...,n} which are also independent
within rows. Here, we set Gp; = \/%Tn(l A ‘A?L(")}p) with K > 0 such that |f(z)] <
K (LA |2[P);

(C)
Hf((ﬁl,tl);(ag,tg)) = lim E{ ( )(91,t1> f(n)<92,t2)}

n—oo

for all (01,t1), (02,t2) € [0,1] x R, with H defined in (6.1);

(D) limsup Z EG?,

n—o0 =
() )
Jim ;Eaﬁin{gn%} =0
for each € > 0;

F) For (01,t1), (02,t2) € [0,1] x R and dr defined in (6.2) the limit
f

dy((0h,t1); (02,t2)) = Jim d;n)((el,h); (02,t2))
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with
1/2
i (01, 11); (02, 12)) {ZELqm 91,t1>>—gm<-;<92,t2>>12}

exists, and for all deterministic sequences ((6%”,t5))nen, (65,17 ) )nen C [0,1] x R with

Ap((O50,15); (052, £52)) = 0 we also have d (65, £0); (657, £2)) — 0.

Proof of (A). Using Lemma 11.15 in Kosorok (2008) the triangular array {g,;} is AMS if it
is separable, that is for each n € N there exists a countable subset S,, C [0, 1] x R such that

p*( sup inf > (gni(w; (01, £1)) — gni(w; (62, 12)))* > 0) = 0.

(61,t1)€[0,1] xR (02,t2)€50 —

But if we choose S, = ([0,1] x R) N Q? for all n € N, we obtain

n

sup inf Gni(w; (01,11)) — gni(w; (02,12)))> =0
(917t1)€R(921t2)€Sn;( (w3 (01,11)) (w; (02,12)))

for each w € Q and n € N.

Proof of (B). G; are independent within rows since the L™ have deterministic characteris-

tics. Thus, according to Theorem 11.17 in Kosorok (2008), it suffices to show that the triangular

arrays
~ ]‘ n n n n -
{Gni(wit) == \/an(Ai L (W)L g(ATL™M (W) | n € N;i =1,...,n;t € R},
and

{Bni(w;H) = ]l{iSLn9J} | neN;ji=1,...,n;0 € [0, 1]}

are manageable with envelopes {G,; | n € N;i = 1,...,n} and {Hy(w) :== 1 | n € N;i =
1,...,n}, respectively. Concerning the first triangular array {g,;} define for n € N and w € Q
the set

1

1

) FARLO (W)L g(ARLM @))) ‘t € R} C R".

These sets are bounded with envelope vector
Gr(w) = (Gpi(w),...,Gpn(w)) € R™.

For i1,i9 € {1,...,n} the projection

pil,iz(gnw):{<\/nlfnf(AZL(n)( NI (oo (AL LM (W),
1
VA,

FAR LM (W)L (oo (AL LM (w))> It e R} C R?
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onto the 71-th and the i9-th coordinate is an element of the set
{{(0, 0)}.{(0,0), (si;,n(w), 0)},{(0,0), (0, si,n(w)) }, {(0,0), (5i1,n(w), Siz,n(w))},
{(07 0)’(82'1,71(("})7 0)7 (5i17n(w)7 Siz,n(w))}) {(07 0)7 (07 Siz,n(w))v (Sil,n(w)v SiQ,n(w))}}'

with s, n(w) = ﬁf(A"L " (w)) and 84, p(w) = ﬁf(A"L " (w)). Consequently, in the
sense of Definition 4.2 in Pollard (1990), for every s € R? no proper coordinate projection of
Gnw can surround s and therefore Gy, has a pseudo dimension of at most 1 (Definition 4.3 in
Pollard (1990)). Thus, by Corollary 4.10 in the same reference, there exist constants A and W

which depend only on the pseudodimension such that
D2 (.’13'”04 ® Gn(w)H27 a® gnw) < Axiw = C(CC),

forall0 <z <1, n €N, w e Q and each rescaling vector a« € R"™ with non-negative entries,
where || - ||2 denotes the Euclidean distance on R™, Dy denotes the packing number with respect

to the Euclidean distance and ® denotes coordinate-wise multiplication. Obviously, we have

1
/Vlog(@)dm < 00,
0

and therefore the triangular array {g,;} is indeed manageable with envelopes {G,,;}.

Concerning the triangular array {;Lm}, we proceed similarly and consider the set

Hoeo 1= {(Fen1 (w3 0), . .., (w3 0)) | 6 € [0,1]}
= {(0,...,0),(1,0,...,0),(1,1,0,...,0),...,(1,...,1)}.

Then, for any 41,92 € {1,...,n}, the projection p;, i, (Hnw) of Hpe onto the i;-th and the io-th
coordinate is either {(0,0), (1,0),(1,1)} or {(0,0),(0,1),(1,1)}. Therefore, the same reasoning
as above shows that H,,, is a set of pseudodimension at most one, whence the triangular array
{hn;} is manageable with envelopes {H,;}.

Proof of (C). Using independence within rows of the triangular array {g,;} we calculate for
(01,t1), (02, t2) € [0,1] x R as follows:

1 Ln(@l /\92)J

E{Y 0 0)Y] (0o t0) } = 2 D {E[fQ(A?L@))ﬂ(_oo,tM<A?L<">>}—

=1

(E [FATLON <A?L<”>>]E[f<A?L<">>n<oo,tz]m?ﬂ"))]) }

Due to Lemma A.20 we have E[f(A’i"‘L(”))]l(_OOJ](A? L(”))] = 0(A,) for all t € R and i =
1,...,n. Thus, an application of Proposition 6.3 yields for some small § > 0 and n € N large
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enough

[n(01102)]
n t1/A\t2
B0y et = [ [ PGy
0 —00
+ O(Auy, BN g 20=((BH0)A2)) 1 O(A,,)
L"(91nA92)J 1AL Ln(91A92)J
- / / P ()0l de)dy + / / ()91 (9, d=)dy
0 —00
Ln(91n/\92)J AL
+ / / F2(2) Ry, d=)dy + o(1),
0 —00

where the final equality above follows using (6.9), as well as p > § and w < 1/(2f). Furthermore,
due to Assumption 6.12(al) and p > J the mapping (y figw f%(2)gi(y,dz)) is Lebesgue-
almost surely bounded on [0, 1] for each i € {0, 1,2}. Thus, we have

Ln(91nA92)J 1AL
B0ty ) = [ [ PEmddy + 0((080) ) + o)
0 —00

= Hp((61,t1); (62,t2)) + o(1).

Proof of (D). Using Proposition 6.3 we obtain for some small § > 0

hmbupZEGm—hmbup—Z}E{l/\ AnL( )’ }

n—o00 n—o0 7’L

< lim sup {K// (1 A ‘z‘Qp)g(n) (y,dz)dy + K(AHU;Q((HH)M) + UZP*((BH)M))}

n—oo

1
= K// (1 A \z\Qp)go(y,dz)dy < 00,
0

where the final equality above is a consequence of Assumption 6.12(al), p > f and w < 1/(20).

Proof of (E). We have nA,, — co. Thus, for € > 0, we can choose

NE:min{mEN’ Seforallnzm}<oo.

K
vnA,
So for n > N, the integrand satisfies an-]l{gm.x} =0 for all 1 < i < n and this yields the

assertion.

Proof of (F). Due to symmetry of the semimetrics let §; < 6o without loss of generality.
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Then an application of Proposition 6.3 gives, for (61,t1), (62,t2) € [0,1] x R,

(A% ((01,11); (02, £2)) ZElgm (01, 11)) — gni((62, t2))[?
1 [nb1]
- nA Z Efz(A?L(n))]l(tl/\tz,tlvtg](A?L(n))"‘
=1
1 [n62 |
oA > EFAPLM)L ooy (AFL™)
i=|nbi|+1
[n671] [n62] to
_ / / F2(2)g™) (y, dz)dy + / / F2(2)9™ (3, dz)dy + O(A)
0 tiAt2 [n61] —o0

n

- (df((ela t1); (92,752)))2 + O(AY)

for an appropriately small a > 0 such that 1/n = o(A%) and (nA,)~'/? = O(A%) according
to Assumption 6.12(b7). Moreover, the O-term is uniform in (01,t1), (62,t2) € [0,1] x R. As a
consequence,

[ (01,115 (82, 12)) — (61, 12); (62, 12))| = O(AY?)

uniformly as well, because
[Va— vt < vle—
holds for arbitrary a,b > 0. This uniform convergence implies immediately that for deterministic
sequences ((0,(11), ,(11))),161\;, ((07(12), 7(12)))n€N C [0,1] x R with df((H(l) t(l)) (9( ) (2))) — 0 we also
have dy” (05, #); (07, £2)) — 0.
Finally, d¢ is in fact a semimetric: Define for (6,t) € [0,1] x R the random vectors g, (0,t) =
(gn1(0,t),...,90n(0,t)) € R™ and apply first the triangle inequality in R™ and afterwards the

Minkowski inequality to obtain

AP (01,11); (02, 12)) = {Ellgn (61, 1) — g (62, 12) |3}
57 1/2
< {E(Hgn(Ql,h) — gn(05,13)||2 + [|gn (03, t3) — gn (B2, t2)]]2) }
1/2 1/2

< {Ellga(61,11) = 9u(63.1) 3} + {Ellg (03, t5) — gu (02, )13}

= d7((01,11); (63, 13)) + d (03, 13); (0, 12)),
for (61,%1), (62,t2),(03,t3) € [0,1] x R and n € N, where || - ||2 denotes the Euclidean norm in
R™. The triangle inequality for d; follows immediately. O

The decomposition below is similar to Step 5 in the proof of Theorem 13.1.1 in Jacod and
Protter (2012) and it will occur frequently in the sequel. With the constants from Assumption
6.12 let ¢ € R satisfy

2= D0 =145y

1
1 —— A (1 1 i S —
<l<——AN(14¢€¢ andalso (< 26— 1w

28w

o6



with an € > 0 for which Assumption 6.12(b6) holds. Then we set
u, = (v,)  and  F, = {z: |2] > up}
as well as
X" = (215, (2)) * u,
X"(@)" = (2L pyn{jzi<a/a(2) x u™, for a >0
X"(a)" = (21qsa/ay) * 1™, fora >0
Ni' = (ﬂFn *u("))

t t
_ x4 / b ds + / oMy
0 0

+ (2l (2) % (1™ — 5™, — (2L gi<aynm, (2) % A,
= {|A?X"™| < v, /2} N {APN" < 1}. (6.23)

In the following proofs it is necessary to ensure that with high probability at most one large
jump occurs and the increments of the remaining part, that is the quantities A?X' mare small.

To this end, we show in Lemma A.4 that P(Q,) — 1 as n — oo for the sets
n
Qn=[)A5 (6.24)
i=1

Proof of Lemma 6.2. Let o > 0 be fixed and recall the definition of the processes L™ =
(2112 >001) * 1™ in (6.4). Due to Proposition 6.3 and Proposition 6.4 the processes

[n6]
v (n _ 1 (@) ang(n n).
T00,0) = Via{ DX BTL) = N, 50,0}

converge weakly to G,, in £°°([0,1] x R), because by Assumption 6.12(al) we have \; —
ess SUPyc(o.1] ffoo pa(2)g™ (y,dz) < K for all n € N and thus

sup (V0 (0.4) = Y (0,1)]
(0,t)€[0,1] xR
0t
nAn( / /pa( )9 (y, dz)dy + lAGJ (A20; 254012 LA = ((5+5)A2))>
[nf]/n —o0
= O( Ap/n+ \/nAi—ZL,BE—(S 4 \/n&lfzw(pfﬁ)—é) —o(1) (6.25)

holds for some small 6 > 0. The final equality in the display above follows using 1 — 25w > 0,
p— > 1, as well as Assumption 6.12(b4) and (b6). As a consequence, it suffices to show

[nd|

n 1 (o] n (&3 n n
= e S (Ao OO S0 @20
n ><
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According to Lemma A.9 we have for n € N large enough such that v, < /4
V™ < Cpa) + Dyla),

on (), with

K 5
SUPZ\]I (oo (AFX™ + ATX"(@)") = L(_oo g (AT X" (a)")[ %

Chla) =
( ) VnAn teR

L ar 2 (ayn)>a/ay Ljar m|<v, j2p

1 & nyvm n vy n
Dn(Oé) - W Z "Oa(A’L XI + AZ X//(O[) )]l{‘A?X’"+A?X”(a)"|>U"}_
" oi=1
_ pa(A?X//(Q)R)H{IA?X//(Q)»@‘>vn} |]]'{‘A:l)~(m|§vn/2}’ (627)

where the processes in the display above are defined in (6.23) and where K > 0 denotes a bound
for p. Therefore, due to P(Qy) — 1 it is enough to show C,(a) = op(1) and D, () = op(1) in
order to verify (6.26) and to complete the proof of Lemma 6.2.

First, we consider D, («). For later reasons, we let f be either p, or pS. Then there exists a

constant K > 0 which depends only on «, such that we have for z,z € R and v > 0:

[f @+ 2) Loty = L@ Loy | Tizi<or2y < K (121D gag<on) + 1o 2T gi<o2))- (6.28)

Note that for |z + z| > v and |z| > v we use the mean value theorem and |z| < |z| as well as
%(az)’ < K|z[P~! for all x € R by the assumptions on p and because the derivatives of ¥, and
Ve have a compact support, which is bounded away from 0. In all other cases in which the left
hand side does not vanish we have |z| < |z| < 2v as well as |f(z)] < K|z|P for all x € R by

another application of the mean value theorem and the assumptions on p. Consequently,
ED, (o) < an(a) + by(a) (6.29)

holds for

(Zn(Oé MZE{ ATLX// |p {lA?X”(a)ﬂSQUn}}’

Un "y \n|P— 1
bn(a) = ——— E A"X
n(@) = 5= ; [AFX" ()"
and we conclude D,,(«) = op(1) because of Lemma A.17.
Finally, we show C),(«) = op(1). To this end, we define for 1 < 4,j < n with ¢ # j and the
constant 7 in Assumption 6.12

R () = {|arX" ()" = A1%"()"| < A7} {|A1X"(@)"] > a/a} N Qu, (6.30)
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as well as the sets Jy," (@) by:

n

JD (@) = | J R (a). (6.31)
Z%;é:jl
Then according to Lemma A.6 we have P(Jfll)(a)) — 1. Moreover, Lemma A.8 shows that for
alln €N, w e Jy (@) NQ, and t € R the random set
Ai(wyayn,t) ={ie{1,...,n}| AT X" (a)"(w)| > /4 and
L oo g (AP X" (@) + AP X"(0)" (@) # L (oo (A} X" ()" (W) }
has at most ¢, := [(v,/AT)+ 1] elements. Consequently, on J5” (a) N Q,, for each t € R at most

¢n, summands in the sum of the definition of C,, () can be equal to 1 and we conclude

Cula) < K\ naGH20-mv

on Ji (a)NQ,. Thus, C,, = op(1) follows using Assumption 6.12(b7) as well as P(J ()NQn) —
1. 0

Proof of Lemma 6.7. For o > 0 define the following processes:

[n|
vi(0,1) = { th (APL® Npg(g(");ﬁ,t)}.
Similar to (6.25) we obtain with Proposition 6.3 and Proposition 6.4 that for n — oo the
processes in the display above converge weakly in £>°([0, 1] x R), that is
o-(n)
Ye' ~ Gy
On the other hand, we have weak convergence
Gpg, ~ 0

in £°(]0,1] x R) as o — 0, by Proposition 6.6. Therefore, by using the Portmanteau theorem
(Theorem 1.3.4 in Van der Vaart and Wellner (1996)) twice, we obtain for arbitrary n > 0:

limsuplimsup]P’( sup ’ p(o )(9 t)‘ > 77) < thUPP( sup ’Gpg(97t)‘ > 77) =0.
a—0  n—oo (0,t)e[0,1]xR " a—0 (6,t)€[0,1] xR

Thus, it suffices to show V, ) = op(1) as n — oo for each o > 0 in a neighbourhood of 0, where

oln 1 o(a n n ola n n
Ve = \/TLT(et)il[zJpl] R‘ Z {Xt( )(Ai X ))]1{|A;lx(n>\>vn} _Xt( )(Ai Ll ))}’ (6.32)
X

Due to Lemma A.10 we have for a > 0, w € @, and n € N large enough such that v, < « with
the processes defined in (6.23)

Vet < Ch(a) + Dy(a) + By (),
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where

Crla) =

iuﬂg Z ‘]1 —00,t] gz - ]1(—oo,t](A?XH(8a)n>‘ X
n €

Lyjargray>azylijar £m <o, 2p

with K > 0 a bound for p and

o 1 - o/ .n o ny n
Dy (a) = A Z; |Pa (S (@)L {jep (@) >vn — PelAT X" (8) )L an 51 (801|500} X
Ljargr@ayr>ap Ljarcm <o, /2y (6-33)
Ep(a) = supZ\pa S (N jer (o) [>vm} L (=00, (51 (@) = po(AF X" (8)™) %

n tER
X ]1{\A?X"<sa>n|>vn}]1<—oo,t1<A X"(80)")[ L a1 <0, 2 Ljar 280y <7y L@

where ¢*(a) = APX™ + A?X"(8a)™ and T > 0 is the constant from Assumption 6.12(a(4)I).
Thus, as a consequence of P(Q,) — 1 it suffices to show for each n > 0 and each a > 0 in a

neighbourhood of zero:

nh_{lgop(c (a) > 1) =0, (6.34)
lim P(Dy(a) > 1) =0, (6.35)
nlgngo P(E;(a) > 1) = 0. (6.36)

Concerning (6.34), similar to (6.30) we define for 1 <4, j < n with ¢ # j and the constants 7 < 7
in Assumption 6.12:

S (a) = {\A;X”(Sa)n — APX"(8a)"| < Az} N {}AyX"(Sa)n\ > Az} A Qn.

2¥)

as well as J” (a) by
(JP(@) = | 8(a). (6.37)

ij=1
i#]
Then Lemma A.7 shows P(J5” () — 1 for all a € (0, ap/2) with a from Assumption 6.12 and

according to Lemma A.8 the random set

Ag(w;a,n,t) = {2 e{l,...,n}| \A?X”(Soz)”(wﬂ > AU and
1o (AF X (W) + AT X" (8)"(w)) # L (oo (A X" (8)"(w)) }

has at most ¢, = [(v,/Al) + 17 elements for all w € J (@) NQn, n €N, t € R and o > 0. So

for each t € R at most ¢, summands in Cj(«) can be equal to 1, and we have
CO( ) < K/ 1+2(7‘ w))V1
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on Jy (@) N Q. Consequently, (6.34) follows by Assumption 6.12(b7) for all o € (0, a/2).

Furthermore, because of (6.28) we have

ED;(a) < en(@) + dn(a), (6.38)
for
R -
n = E AnX// 8 " p]]. nxn n 9
cn(a) m;:l {\ X" (80)" MLy n 20 (800 |§2vn}}
v & it -1
dp (o) = —= E[A?X"(8a)™ [P,
(@) = 5 2 EIAT (Ra)']

Thus, Lemma A.18 yields (6.35).
Concerning (6.36), let a > 0 be fixed. Because of the triangle inequality and |pS(2)] < K|z[P
for all z € R, an upper bound for E («) is clearly given by

K - n n v n
ik, z; (1@ L@y + 1AFX"(8) P Lyar gusayisun ) X

X Lo argrm <o, 23 Ljar 2 (80 <Az} L@

with ¢?(a) = APX"™ + A?X”(8a)". As a consequence, we have EES(a) < K(y,({x) + 227(10‘)) for

ylo) =

S .
N > E{|ls (@) — A7 X"(30)"["|x
" =1

x ﬂ{IA?X”(Sa)"\SAZ}]1{\C?(a)|>vn}]l{lA?X’"\Svn/2}]lQn}’

1 ° n v n
o = Vi, Z;E{Mi X(80)" "1 g 5 (say<ary 1w }-

Therefore, we obtain (6.36) by Lemma A.19. O

Proof of Theorem 6.1. In order to establish weak convergence we use Theorem 1.12.2 in
Van der Vaart and Wellner (1996). It is sufficient to prove

E*h(GYV) — E(G,)

for each bounded Lipschitz function h € BL;(¢°°([0,1] x R)), where BL; (D) for a metric space
(D, d) was introduced in Definition 3.4. Here, we use that the tight process G, is also separable
(see Lemma 1.3.2 in Van der Vaart and Wellner (1996)).

Thus, let h € BL1(€*°([0, 1] x R)) and § > 0. Then we choose a > 0 with

limsupP(  sup \G;Eﬁ)(&t)\ >§/6) <d/12 (6.39)
n—00 (6,t)el0,1]xR

and
|ER(G,,) —ER(G,)| < 6/3. (6.40)
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(6.39) is possible using Lemma 6.7, and Lemma 6.5 allows (6.40). For this @ > 0 choose an
N € N with

[E*h(G)) ~ Bh(G,, )| < 6/3

for n > N. This is possible due to Lemma 6.2. Now, because of the previous inequalities and

the Lipschitz property of h, we have for n € N large enough:

[E*R(G{M) — ER(G,)| <
< E*|R(GI) — h(GY))| + |E*R(G)) — ER(G,, )| + [ER(G,, ) — ER(G,)| < 6.

O]

6.5 Proof of Theorem 6.8
Proof of Proposition 6.11. Recall the triangular array {g,i(0,t) |n € N,i=1,...,n;(0,t) €
[0,1] x R} in the proof of Proposition 6.4 given by

1
vni,

for (0,t) € [0,1] x R and let pn;(0,t) = E(gm-(G,t)). Moreover, for n € N, i = 1,...,n and
(0,t) €10,1] x R let

gni(w; (0,1)) = FOAFLI (@) (oo g (AL (@)1 i< o)y

N 1 _(n)
i(0,t) = ——==1{<|n t),
with
(n N nr (o
(1) = = 30 FATLO) L (AFLM),
j=1

be an estimator for 1i,;(0,t). Then we proceed in two steps:

(a)
V10 0.1) =3 &(gni(0.1) — fini(6,1)) ~¢ Gy, (6.41)
=1
(b) )
sup VIO, - V0.0 = sup | &ni(0,1)] = op(1),
(6,t)€[0,1] xR (0.0)€0,1]xR =7

then the claim follows using Lemma C.1.

Proof of Step (a). {gni} satisfies conditions (A)-(F) in the proof of Proposition 6.4. Thus,
the conditional weak convergence (6.41) holds by Theorem 11.18 in Kosorok (2008), if we can

show the following four conditions of the triangular array {f,;(0,t) |n € N;i=1,...,n;(0,t) €
[0,1] x R}:

62



(G) {fini} is AMS;
(H)

n

2
sup /lm ws 97t — Hni eat = op(1l ;
(G,t)e[O,I]XR;[ (w; (6,1)) (0,)]" = op(1)

(I) The processes {/ini} are manageable with envelopes {Fy;} given by

forneNandi=1,...,n, with a K > 0 such that |f(2)| < K(1 A |zP) for all z € R;

(J) There exists an M € R such that

Proof of (G). For each n € N define the countable set S,, = ([0,1] x R) N Q? to obtain

g < (61 t1sup ind Z(ﬂm(w’ (01, 11)) = fini(w; (92’t2)))2 > 0> =0.

t1)€[0,1] xR (02,t2)€5n “—

As a consequence, the triangular array {/i,;} is separable and therefore AMS by Lemma 11.15
in Kosorok (2008).

Proof of (H). Simple calculations show

n

A, = sup fni(w; (0,1)) — pni(0, 1 2
(9t>e[ouxR;[“( (0.6)) = 10a(0.)]

n3A supz ZZ ( A"L OO,t](A;-‘L("))

tGR'L 1 j=1k=1
—E(f(APLM)L o (AL >>))x

< (FARLNE oy (ARL™) = E(F(APLO)L oy (ATL™)) )

1
= PRAGNIAR ALY FARL™MY)1 APL™
ig}g{n%n 3 :1f( TLUNL (oo (AFLY) fF(AR LY (_ o g (AR LY™)

i k
n n
1 k=
1y

(ARLONT (o g (ARLOE(F(ATLIN I oo (AFL™))

nQAn !

i= 1
1 n n
— e 2D AL g (AFLOE(F(AFL)L (oo g(AFL)
ni: =1

1 - nrn nrn 2
oy 2 BT g (B1E) b (6.42)
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Furthermore, by Lemma A.20 and the assumptions on f we obtain

3 B [SATLINL ocig (ATLEN]) = O(An), (6.43)
i€
Boup | 303" FALE)I e (SEE( AN (A2

=1 k=1

n

S%Z (1A JARLMP) = O(A,).  (6.44)

k=1
Thus (6.42), (6.43) and (6.44) give
1 n n
< < n n) n (n)
0< A, sup{n2An;;|fAL )T (oo (ATL) x

X FARLI) I oo g (ARL™) } + 05(1)

1 n
= —sup (V7(1,)) + 0p(1) = 0p(1),
N teR

because Y|§Z|1) converges weakly to the tight process Gz in £°°([0, 1] x R) by Proposition 6.4.
Proof of (I). According to Theorem 11.17 in Kosorok (2008), it suffices to verify that the

triangular arrays

1

{fini(w;t) = Mnf (t) [ neN;i=1,...,n;t € R},

and
{hni(w; 0) == T i< ing)y [ n €Nsi = 1,...,m;0 € [0,1]}

are manageable with envelopes {Fy; | n € N;i = 1,...,n} and {Hy(w) :== 1| n € Nji =
1,...,n}, respectively. The manageability of the triangular array {iLm} has already been shown
in the proof of Proposition 6.4. Concerning the triangular array {fi,;} we consider for n € N
and w € (Q the sets

.an = {(ﬂnl(w;t)> s 7[%111((#575)) ’ t e R} C Rn,

which are bounded with envelope vector (F,1(w), ..., Fun(w)). But jin; does not depend on
i, such that every coordinate projection of F,, onto two coordinates ij,is € {1,...,n} is a
subset of the straight line {(z,y) € R? | z = y}. Consequently, in the sense of Definition 4.2
in Pollard (1990), for every s € R? no proper coordinate projection of F,, can surround s and
therefore F,,, has a pseudo dimension of at most 1 (Definition 4.3 in Pollard (1990)). Now the
managebility of the triangular array {fi,;} follows with the same reasoning as in the verification

of (B) in the proof of Proposition 6.4.
Proof of (J). The envelopes {Fy;} are independent of i as well. Therefore, with Lemma A.20

we obtain
E{ Y [Fnil?} = nElF]? = n2A {ZZ (LA |AZZ®P) (1A A7) )
=1 =1 j=1
:O(An—i—l/n),
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because the processes L™ have independent increments. As a consequence, we have in fact
Yoy [E3,]2 = op(1), which proves the claim.

Proof of Step (b). We have

[n6)

Zfzﬂm 9 t) qu

where

Un(t) = D FATLI)L o g (ATL).

As an immediate consequence of Lemma A.20 we obtain sup;cg |Uy(t)| = op(1). Furthermore,
the (&;)ien are i.i.d. with mean zero and variance one, so it is well known from empirical process
theory (see for instance Theorem 2.5.2 and Theorem 2.12.1 in Van der Vaart and Wellner
(1996)) that 1/y/n x i & converges weakly to a Brownian motion in £>°([0, 1]). The law of a
Brownian motion is tight in £>°(]0, 1]) (see for example Section 8 in Billingsley (1999)) and thus

Un(t)/v/n x 319 & converges to 0 in £°([0,1] x R) in outer probability. O

Proof of Lemma 6.9. By Proposition 6.11 we have Yp(a) ~¢ Gy, for each fixed o > 0 and
therefore due to Lemma C.1 it only remains to show that the term

[né]

(e y 1 n nr(n
Gg,n(e’t) - Yp(a)(9 t) \/nT Z& A xt ))]l{IA"X<")I>vn} - Xg )(A Ll )))

for (0,t) € [0,1] x R, converges to 0 in ¢£°°([0,1] x R) in outer probability. Consequently, it

suffices to show

o 5
for each fixed a > 0, where
1 [nd]

v €[0,1] xR

To this end, Lemma A.11 yields the estimate

~

Vogn) < ﬁn(a) + En(a) + Fn(a),

on J3" (a)NQ, for n € N large enough such that v, < /4, where Q,, is defined in (6.24), J\" (c)
is defined in (6.31) and with

N

RN . S n
Dy(a) = N > 1€l palAFX™ + AP X" () N an gm 4 Ar X7 (@) >0}~
" =1

A R RIS SR LN L

- |t

A€,
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= sup ‘Z{an

Ac6,

for

1 n n
T P BT ap gy 0y

n
B (0) = o
Vi,
where the quantities in the display above are introduced in (6.23) and where &,, = {M C
{1,...,n} | #M < ¢, } with ¢, = [(vn/AT) +1]. Lemma A.4 and Lemma A.6 show P(.J5”(a) N
Q®n) — 1 and thus it is further enough to verify

(AFX™ 4+ APX" ()" L An grm 4 An %7 (a)n 500} L AT X7 (0)n [ 5a/4}

Dy () = op(1), (6.46)
En (o) = op(1), (6.47)
Fp(a) = op(1), (6.48)

for each a > 0 as n — o0.

Recall the quantity D, («) introduced in (6.27). (6.29) and Lemma A.17 yield ED, (o) — 0.
Moreover, the bootstrap multipliers have variance 1 and satisfy therefore E|¢;| < 1 for all 7 € N.
Thus because of the independence of the multipliers and the other involved processes we obtain
0 <ED,(a) < ED,(a) — 0, which proves (6.46).

Concerning (6.47) we have for n € N large enough

Blaf (0)]" < (J5) ",

for some K(a) > 0, all m € N and all ¢ = 1,...,n by virtue of Lemma A.14. Thus, using

Assumption 3.6 as well as independence of §; and a]'(c) we obtain for every integer m > 2 and

n € N large enough

Cl m7202
)™ < m! —
|27 (o) < ml( o),

for some constants Cq,Cy > 0 and where

Zi (@) = &iai'(a)

forn € N, a>0,4%=1,...,n. Furthermore, due to the definition of X”(a)" in (6.23) the

variables (Z'(«))i=1,..,n are independent with mean zero. Consequently, Lemma A.16 shows

EEn( { sup ‘ZZ” ‘} =o(1),

Ae6,

which proves (6.47).
In order to show (6.48) observe first that for n € N large enough

Loangmyangr @ >v.y Larxr@r>a/ay = L{jarzr(ayn>a/ay
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holds for each i = 1,...,n on the set Q,, because by (6.24) we have |[A?X""| < v,/2 on Q.

Therefore, we obtain from the mean value theorem for large n on the set Q,

n n 1 nx/n dpa
bile) =a (aH\/TTn]l{mz*X”(a)n|>a/4}]1{|A?X'”\Svn/2}Ai X < >(C%( )

for some ¢*(a) between A?X”(a)™ and AX™ 4+ AP X" (a)™. Thus, the indicators and Assump-
tion 6.12(a2) show for large n € N

En(a) = Fu(0)|1g, < sup ZI&IIA”X” )" P AT X"

F

Ly g oy sa/ay Lijar 2m <o, 2}

K n l/ —
- mex a)" Pt (6.49)

The bootstrap multipliers are defined on a distinct probability space and satisfy E|&;| < 1 for
all i € N. As a consequence, (6.49) gives

E|E,(a) — Fy(a)|lg, < Kby(a),

with
bn E AnXH n|P— 1
(o) = 2\/nT Z ‘ ‘
Therefore, (6.48) follows from (6.47), Lemma A.4 and Lemma A.17. O

Proof of Lemma 6.10. Due to Proposition 6.11 we have Yp(f) ~e Gpe in £2°([0,1] x R) for

every a > 0. Thus, according to Lemma C.1 it suffices to show

sup ‘GO(O‘) p(o ")
(6,t)€[0,1]xR “

= O]p(l)

for each a > 0 in a neighbourhood of zero. Simple manipulations give

Lnb)

“o(a n 1 oo nrn
Go@(0,1) — V(0 1) ﬁZ@ X AZX )L a0y — x5 (ATLO))

for (6,t) € [0,1] x R. As a consequence, it only remains to show that

Ve Lo, (6.50)

for each a > 0 in a neighbourhood of 0 with

[n6]

- 1
Vg = sup &0 (APX D)L an x50y — X5 (AFLM)).
@ \/E(Qt G[OI]XR‘Z ) {‘A,LX( )|> n} t ( 7 ))‘

Due to Lemma A.12 for each o > 0 and n € N large enough such that v,, < a we have the bound

V3t < Ch(a) + Dy(a) + By (@) + Fp ()
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on Ji (@) N Qn, where Q,, is defined in (6.24), J5 () is defined in (6.37) and with

Crla) =

Supz 1€l P2 (T () L {jen (0) 500} L (=00 (5" () —

ntE

— P (AT X" (8a)")1 {\Ayxff<sa>n|>vn}]1<—oo,t1(A?X"@O‘)”)|ﬂ{m?f("(sa)"|SAE}]1{IA?X’"ISW/2}’

Dy (a) = \/— Z; &l P2 (S (N D fjen(a) 5o} — P?x(A?X”(&V)n)]l{my)?"(sa)n\>vn}|X

X Langr(sayn>anyLyarmi<v, /23>

Fole = s | Searie)

A6,

€A
Fi(a) = sup | 3 &b (a)
A€Gn €A

where the processes involved in the display above are introduced in (6.23), v > 0 is the constant
from Assumption 6.12(a(4)1), ¢*(a) = APX"+APX"(8a)", &, = {M C {1,...,n} | #M < ¢,}
for ¢, = [(vn/AL) + 1] and with

a; (o) = mﬂi(A?X/'(8a)")]1{|Agf<~(8a)n\>vnvAg}a
_ 1
bi' () = \/nTPa(%( DL{jer(@)>vn} Ljan 37 (say > AT}

Lemma A.4 and Lemma A.7 show P(J\”(a) N Q,) — 1 for each a > 0 small enough and

consequently it suffices to verify

>

(o) = op(1), (6.51)
07 () = op(1), (6.52)
U (a) = op(1), (6.53)
(@) = op(1), (6.54)

for all « > 0 as n — oo.

Concerning (6.51), we have due to the triangle inequality and [p2(z)| < K|z|P for all z € R

° il s {12 (@)[>vn} ! AT X (80)" |50
C() \/—Z’f |si" (o) P11 +‘AX(80‘)‘]1{| (8a)"|>vn} ) X
n =1

X L apgm| <o /2y a2 (s <agylen

for fixed & > 0 on the set @, and where ¢/(a) = A?X™ + A?X”(8a)". Consequently, because
of E|&| <1 for each ¢ € N and the fact that the multipliers are defined on a distinct probability

space we obtain

E(C2(a)lg,) < K (y + 22()),
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with

(o) —

us [[APX"™ + APX"(8a)" [ — |AF X" (8ar)"|"| %

=2
—~ Z
X ]l{|A;L)Z~(sa)n|gAg}ﬂ{|A7X'n+A7X~(8a)n|>vn}]1{\AgX'n|gvn/2}]lQn}a

and

1 -
) = ——= > E{|ATX"(80)" "1 p 50 nlen b
“n VnA, ; [ATX (8] {|AZX"(8a)"|<AR} @
Thus, (6.51) follows using P(Q,,) — 1 and Lemma A.19.
Recall the quantity D («) introduced in (6.33). Because of (6.38), Lemma A.18 and the fact
that the multipliers (&;);en are independent of the other involved quantities and satisfy E|&;| < 1
we obtain 0 < EDS(a) < EDS(a) — 0, which proves (6.52).
In order to show (6.53) we have for a > 0 and n € N large enough
K m
Ela} ()" < ( )" A,
|az (a)’ — \/nTn n

for some K > 0, all m € N and all ¢ = 1,...,n using Lemma A.15. Thus, with Assumption

3.6 as well as independence of §; and a(«) we obtain for every integer m > 2 and n € N large

enough
_ &) m=2(y
E|Zr )" <ml(—==)" =,
! NN n

for some constants Cq,Cy > 0, where
Z(a) = &aj(a)

forn €N, a > 0and i =1,...,n. Furthermore, due to the definition of X”(8a)™ in (6.23) the

variables (Z"(ct))i=1,..n are independent with mean zero. Consequently, Lemma A.16 shows

EE°(a) { sup ’ZZ” ‘} =o(1),

A6,

which proves (6.53).

Concerning (6.54) notice first of all that we have al(a) = b(a) = 0 on the set {|JA?X"(8a)"| <
Un/2}NQy, because of the indicators in the definition of these terms and the fact that |[A? X' <
v,/2 holds for each ¢ = 1,...,n on @, according to (6.24). Therefore, we have for arbitrary

ie{l,...,n}
i’ (a) = b (@) [Lq, = |aj' (@) = b} (a)[1Q, Ty, jocian £ (sayr|<2u,)t
+ lai'(a) — B?(a)|]1Qn]1{|A;LX"(8a)n\>2un}~ (6.55)

For the first summand on the right-hand side of (6.55) the triangle inequality gives

|a;' (o) — E?(O‘)|]1Qn]l{vn/2<\A;‘X”(8a)"|§2vn} <

(Ipe (AT X" (8a)™)| + [po (AT X™ + ATX"(80)"))1Q, Ly, j2ciar 2(sa)7| <20}

1
VA,
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Due to Assumption 6.12(a2) we have |p(z)] < K|z|P for all z € R and some K > 0. Thus,
because |A? X' < |AP?X"(8a)"| holds on {v,/2 < |A?X"(8a)"|} N Q, we further obtain

@i () = b (), gy, jociar %7 (say2 (<20, )

(K|APX" (8a)" [P + KZP\A?X"@Of)n’p)]lQn]l{vn/2<|A;¢X~(8a)n|32vn}

| AP X" (8a)™ P, (6.56)
The fact that |A?X™| < v, /2 for alli = 1,...,n on Q,, yields for the second summand in (6.55)

@i’ (@) = b () L@, Ly an (say 520,

\/—‘ Y AnX” (8a)™) — PZ(A?XM + A?X”(&v)")}]1Qn]l{|A?X,,(8a)n‘>20nvAE}.

The derivative of the function ¥¢, from (6.3) is supported by a compact set which is bounded
away from the origin. Therefore, by Assumption 6.12(a2) there exists a constant K > 0, which
may depend on a, such that the derivative satisfies | %2 (z)| < K|z[P~1. As a consequence, we
have due to the mean value theorem and |A? X'™| < |A?X"(8a)"| on {|A? X" (8a)"| > 2v,}NQy,

|a;' (o) — B?(a)|]1Qn]1{mg5(~(8a)n|>2vn}

K ny/m n -/ n|p—1
< MIA,-X 1A X (8a)™ [P 1@, Ly an 2r(8ayn > 20, vAT}
Kuy, -
< v }AnX// )n‘p L (6.57)

Finally we conclude with (6.55), (6.56) and (6.57)

E(|E5(a) - FR(0)|1g,) <E(lg, sup >l (@) = b (a)))

nieA
<E(lg, Y l&llaj (@) — b (a)])
=1
KU" ZE}A”X” o, (6.58)

because the multipliers are defined on a distinct probability space and satisfy E|&;| < 1 for all
i € N. The final convergence in the display above holds due to Lemma A.18. (6.58) together
with P(Q,) — 1 (see Lemma A.4) shows F°(a) = 0, because in the previous part of the proof
we have already verified E°(ar) = 0. O

Proof of Theorem 6.8. According to Definition 3.4 we have to show

sup [Ech(GO) — ER(G,)| 5 0, (6.59)
heBLy (£2°([0,1]xR))
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and
Ech(GUM)* — Ech(G), = 0 for all h € BL; (£°([0,1] x R)), (6.60)

where h(GS”)* and h(GS”). denote a minimal measurable majorant and a maximal measurable
minorant with respect to the joint data, respectively.

In order to show (6.59) observe that by the properties of bounded Lipschitz functions we have
for each h € BL;(£>°(]0, 1] x R))

[Ech(G(Y) — ER(G,)| < [Ech(G) — ER(G,, )|+
+ [ER(Gp,) — Eh(G,)| + |EcY,®) —EY®| + EY(®),

for every oo > 0, where

Y@ = sup |G°(O‘)(9 A2 and Y@ = sup |Gpe (0,1)| A 2.
(0,t)€[0,1]xR (0,t)€[0,1]xR

Thus, due to Lemma 1.2.2(i) in Van der Vaart and Wellner (1996) we obtain

( sup [Ech(GLY) —BA(G,)|) < ¢l + pla) + [E¢Y(® — EY®)| + EY®), (6.61)
heBLy (£2°([0,1] xR))

for each o > 0, where

g\® = ( sup [Eeh(GYY) — Eh(Gpa)D
heBL1 (€2 ([0,1] xR))
p(a> — sup ‘Eh((@rpa) — Eh(Gp)‘
heBL1 (¢>([0,1] xR))
Notice that the supremum in the definition of Yﬁa) is measurable, because the process G;E%)
depends only via [nf| on 6 € [0,1] and is right-continuous in ¢t € R. Let £ > 0 be arbitrary.

Then due to Proposition B.4 and monotonicity of the integral we obtain
EY(® < ¢/4, (6.62)

for all @ > 0 in a neighbourhood of 0. Moreover, because of Lemma 6.5 and Theorem 1.12.1 in
Van der Vaart and Wellner (1996) we have

pla) < e/4, (6.63)

for a > 0 small enough. Thus, choose an o > 0 such that (6.62), (6.63) and Lemma 6.10 hold.
Then Lemma 6.9 yields ¢i” = 0 as n — 0o and due to Lemma 6.10 we have [E¢V,® —~EY©| 5 0
as n — oo, because Yi* = ho(Go5)) and Y = ho(Gpe ) for the bounded Lipschitz function
ho : £2°([0,1] x R) — R given by ho(f) = supg)ecpo,1]xr |f (6, )| A2. As a consequence, we obtain
(6.59) with (6.61):

P((, g S0 o [ER(GEY) —ERG,)) > <)

<P(¢\® > £/4) + P(|EY,® — EY@W| > ¢/4) —
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In order to show (6.60) we have for each h € BL;(¢°°([0, 1] x R)) and each a > 0
h(GL) — Y < h(GI) < M(GYY)) + V().

Therefore, applying Lemma 1.2.2(i) in Van der Vaart and Wellner (1996) and the relation
—Z, = (—Z)* between the minimal measurable majorant and the maximal measurable minorant

of a random element Z several times yields

[Beh(GS)* = Beh(GUV).| = Beh(GSV)* — Eeh(GOY).
< [Ech(GY))* — Eh(G)).] + 2Ee Y,
< [Eh(G)* — Ech(G2).] + 2[EcY,(®) — EY®)] + 2EY(), (6.64)

for every h € BL;(¢*°([0,1] x R)) and each a > 0. For arbitrary ¢ > 0 we choose o > 0 such
that Lemma 6.10 holds and EY® < £/8. Then as above we see [E¢Yx® —EY®| = 0 for n — oo
and furthermore we have |[Ech(G50)* — E¢h(GS%).| — 0 by Lemma 6.9 as n — oo. These facts
together with (6.64) give (6.60):

P(IEch(GSY)* — Ech(GFY)s| > ¢) <
P(Eeh(GS)" —Ech(G5)a| > £/2) + P(EeY,® —EY®] > ¢/8) =

psn

6.6 Proofs of the results in Section 3
Proof of Theorem 3.1. For each (6,t) € [0,1] x R, n € N we have under Hgloc)
T (0, 1) = ha (GS) (0, 8) + /A (N, (g™ 0, 8) — MNP(Q(”); 1,t))
n
= hy, (G ) 0,t) + \/7<9— —) too p(2)vo(dz)+
LT;QJNP(gl; 1,1)) + V1l (Ny(Rn; 0,t) — =—=Np(Rp; 1,1)),

with the mappings h,, : £2°([0,1] x R) — £°([0, 1] x R) defined by

+ (Nolg130,1) —

(D0 = 10.) - 250, em). h(pO.) = 0. 050D (665)

Thus, by Assumption 2.3(a) we obtain
TG (0,8) = hn (G57)(0,1) + Ty, (6,1) + o(1),

where the o-term is deterministic. By the same reasoning as in the proof of Theorem 2.6 in
Biicher et al. (2017) it can be seen that hn(Gﬁ,")) ~ ho(G,) = T, in £°([0,1] x R). As a
consequence, Slutsky’s lemma (Example 1.4.7 in Van der Vaart and Wellner (1996)) yields the
assertion, since the tight process T, is separable (see Lemma 1.3.2 in the previously mentioned

reference). O
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Proof of Proposition 3.3. (6.12) in the proof of Proposition 6.13 shows that Assumption
6.12(a3) is also valid for 2p instead of p. Thus, Theorem 6.1 also holds with the function p
replaced by p?. As a consequence, we have N;Z)(l,to) — N,2(9";1,t0) = op(1). By (2.7) we

obtain

Nix(oi 1 10) = /_t:o “(@mldz) + M / / " Rl de)dy+
/ /to y’dz)dy—/_tZOPQ(Z)vO(dzHou).

= (fi%o pQ(Z)Vo(dZ))_1/2 +op(1) follows due to ff%o p%(2)

Finally, (sz (1,0))~Y ]I{N;g>(1,to)>0}

vo(dz) > 0. Thus, Theorem 3.1, the continuous mapping theorem and Slutsky’s lemma (Example
1.4.7 in Van der Vaart and Wellner (1996)) yield

v (6) - ( / " m(d) " (o0, t0) + T 0.10) = K(0) + T4,

—00
in £°°(]0, 1]), because the process (fff)o p?(2)vo(d2)) /2T, (-, to) is a tight mean zero Gaussian
process with covariance function K(61,62) = (61 A 02) — 016,. O

Proof of Theorem 3.7. Recall the Lipschitz continuous functions h, : £>°([0,1] x R) —
£(]0,1] x R), (n € Np) defined in (6.65). Then we have T§" = h,,(G5”) and Proposition 10.7 in
Kosorok (2008) together with Theorem 6.8 give ho(G5”) ~¢ ho(G,) in £°([0,1] x R). Moreover,

we have

sup |hn(€;,g">)(9,t) - hg(égm)(e,t)\ =
(0,t)€[0,1] xR

= sup ‘ (9 6]

(6,t)€[0,1] xR n )é(n)O t>| o(1) x Op(1) = op(1)
,t)€|0,1] X

and thus Lemma C.1 yields 'ﬁ‘gn) ~+¢ ho(G,). The covariance structure (3.7) of ho(G,) = T, can
be obtained using (6.1). O

Proof of Proposition 3.10. First, we show (3.11) with a reasoning which is similar to the
proof of Proposition F.1 in the supplement to Biicher and Kojadinovic (2016).
Fix a € (0,1) \ Q. According to Proposition C.2 and the continuous mapping theorem we
have (TF(,”),T(") T/J(Z)(B)) > (Tpgis Ty 1ys - - -+ o)) in (RETL BB for fixed B € N, where

(1)s "> s L p,
T, )1, p) are independent copies of the limit T in Corollary 3.9. Furthermore, let L, p
be the emplrlcal c.d.f. based on the observations T 1), e ,T:Z 5 and let Lp be the empirical

c.d.f. calculated from T}, (1, ..., T}, (B). Due to the rlght continuity of L, p we have

BT > 7, () = P(Lo (1) > 1-a),

Moreover, using Corollary 1.3 and Remark 4.1 in Gaenssler et al. (2007) as well as Assump-
tion 2.3(a3) and the covariance structure (3.3) of the Gaussian process T, in Theorem 3.1
it follows that 7, has a continuous c.d.f. Thus, the function ¥ (p : RBFL 5 R given by
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¥ (p)y(zo,21,...,23) = B3 7 1(2; < x0) is almost surely continuous with respect to the
image measure (Tpg,, T} 1),---, 1) B))(P). As a consequence, we have Ly g(TS") ~ Lp(Tyq)

as n — oo and with the Portmanteau theorem we obtain

lim P(Tp(n) Z QEL (Tp(n))) =P(Lp(Tpg) > 1—a),

n—o0

because 1 — o ¢ {0, %, ..., %, 1}. By the Glivenko-Cantelli theorem for every € € (0,1 — «)

we can choose By(e) € N such that
P(sup |Lp(z) — Ly(z)| > €) <, (6.66)
zeR
for all B > By(e), since T}, (1), ..., T}, (p) are i.i.d. with distribution function L,. Thus, for every
such B € N we have

P(LB(Tp,m) > 1- 04) = P(LB(Tp,gl) = Lp(Tpg) + Lp(Thg) 21— a)
< P(La(Thg) = Lo(Tpg) = €) + P(Lyp(Tpgy) 21— —¢)
et P(Lp(Thg) >1—a—c) B P(L,(Thy) >1-a)
and we obtain
limsupP(Lp(Tpg,) > 1—a) <P(Ly(Thg) > 1— ). (6.67)

B—oo
The terms on both sides of inequality (6.67) are increasing in « and the right-hand side is right
continuous in a. As a consequence, (6.67) is also valid for each a € (0,1) N Q. Furthermore, we
have

lminf P(Lg(Tpg,) >1—a) > P(L,(Tpy) >1—a), (6.68)

B—o

because according to (6.66)

P(LB(ngl) >1- a) = P(LB(Tp,gl) - Lp(ngl) + LP(TP»QI) >1- a)
> P(Ly(Thg) > 1—a+e) —c 3 P(L(Thy) > 1—a)
holds. Both sides of (6.68) are increasing in « and the right-hand side is left continuous in .
Thus, (6.68) is also true for @ € (0,1) N Q. Finally, (3.13) can be shown by exactly the same

steps as above and (3.12) is an immediate consequence of the Portmanteau theorem. O

Proof of Corollary 3.12. Under Hy we have T,, = 0 and T,, = T, is distributed
acccording to L,. Due to vy # 0, Assumption 2.3(a3) and the covariance structure (3.3) of
T, the c.d.f. L, is continuous in virtue of Corollary 1.3 and Remark 4.1 in Gaenssler et al.
(2007). As a consequence, L,(T, 4, ) = L,(T},) is uniformly distributed on (0,1) and we have
P(L,(T,) >1—a) =P(L,(T,) > 1—a) =« for all a € (0,1). Hence, (3.14) follows from (3.11)
and the claim (3.15) can be obtained by a similar reasoning using (3.12) as well as (3.13). O

Proof of Proposition 3.14. As in the proof of Proposition 3.3 we obtain

sup }Ngn>(97t) — N,(90;0,t)| = op(1).
(0,t)€[0,1] xR
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(nA,)~V2T57(6,t) is given by NS (6,t) — %N,ﬁ")(l,t) according to (3.2). Consequently, a

simple calculation shows
(nAn) 2TV (0, 1) = Np(g0; 0, t) — ONo(go; 1,1) + op(1) = T (0,1) + 0p(1)

under Hy, where the o-term is uniform in (6,t) € [0, 1] x R. O

Proof of Proposition 3.13. By the continuous mapping theorem, Theorem 3.7 and Re-
mark 3.5(ii) we have T<”>(b) = Op(1) and W“fbo)) = Op(1) for all b € {1,...,B}. Therefore, it
suffices to show P(V,(}) > K) — 1 and IP’(W(" ) > K) — 1 for every K > 0 under H"* and
P(T > K) — 1 for each K > 0 under Hj.

According to the proof of Proposition 3.3 and Proposition 3.14 the quantities (nA, )~/ QVP(,?ZS and
(nA,)~/2Wm) converge to a constant in (0,00) in outer probability under HY" | because
1Ty (6o, to)| > 0 in this case. Furthermore, due to Assumption 2.3(a3) we have sup g yecp,1)xr
T6,(0,¢)] > 0 under Hy and (nA,,)"V2T™ = sup g y)cio,1)xr |1(1) (0, )| +0p (1), because of Propo-

sition 3.14. Thus, the assertion follows from nA, — oo. O

Proof of Proposition 3.15. According to Proposition 3.14 the random functions 6 +—
Supscg | (nAR)"V2TS (6, 1)| converges weakly in £%°([0, 1]) to the continuous function 6 + sup,cg
77, (0,t)|, which due to Assumption 2.3(a3) attains a unique maximum at 6y under H;. There-
fore, the claim for H; follows from the argmax-continuous mapping theorem (Theorem 2.7 in

Kim and Pollard (1990)). The assertion regarding H{"* follows with a similar reasoning.  [J

6.7 Proofs of the results in Section 4

Proof of Lemma 4.1. If the kernel go(-,dz) is Lebesgue almost everywhere constant on [0, ],
we have DY (¢,0,t) = 0forall0 < ¢ <fandt € R, since foc ffoo p(2)g0(y, dz)dy is constant
n (0,0].
If on the other hand Dy (¢,0,t) = 0 for all ¢ € [0,6] and t € R we have

/< /g/tp z)g0(y, dz dy) =: CAy(t)
0 0 —oo

for each ¢ € [0,60] and t € R. Therefore, f (2)go(y,dz) = Ap(t) holds for each fixed t € R
and every y € [0,0] \ M by Assumption 2.3(&4) and the fundamental theorem of calculus.

%\H

p(2)go(y,dz)d

8‘\“

Consequently,

t

/ p(2)g0(y, dz) = Ag(t) (6.69)

—0o0

holds for every t € Q and each y € [0, 6] outside the Lebesgue null set | J,cq M(s). According to
Assumption 2.3 the function y — [(1A|2[P)go(y, dz) is bounded on [0,1]. Hence, by Lebesgue’s
dominated convergence theorem and the assumptions on p the quantities on both sides of (6.69)

are right-continuous in ¢ € R. As a consequence, (6.69) holds for every ¢t € R and each y € [0, 6]
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outside the Lebesgue null set Ute@ M. Thus, by the uniqueness theorem for measures the
kernel p(z)go(y, dz) is Lebesgue almost everywhere on [0, 6] equal to the finite signed measure
19 with measure generating function ¢ — Ay(t) of bounded variation. Now, recall that go(y, dz)
does not charge {0}, so by Assumption 2.3(a3) the kernel go(y, dz) is Lebesgue almost everywhere

on [0, 0] equal to the measure with density (1/p(2))11(2)-20176(d2)- O
Proof of Theorem 4.4. We consider the functional A: £°°([0, 1] x R) — ¢°°(C x R) defined
by
¢

A£G, 0,8) = f(C, 1) — 5 £(0,1). (6.70)

As [[A(f1) = A(f2)llexr < 2[f1 = f2

to Theorem 6.1 and the continuous mapping theorem A(G(p">) converges weakly in />°(C' x R) to

the tight mean zero Gaussian process H, := A(G,), where a simple calculation shows that H,

has the covariance structure (4.11). Furthermore, we have
n) __ n Rn) _ n
HW = AGM) + DY) + \/nA, DR = A(GSY) + D) + o(1),

where the o-term is deterministic and uniform in (¢, 0,t) € C' x R by Assumption 2.3. Finally,
the desired weak convergence follows using Slutsky’s lemma (Example 1.4.7 in Van der Vaart
and Wellner (1996)) and the fact that H, is separable as it is tight (see Lemma 1.3.2 in the

previously mentioned reference). O

Proof of Theorem 4.5. We have HS” = A(GSY) and H, = A(G,) with the Lipschitz
continuous mapping A defined in (6.70). Thus, the assertion follows from Proposition 10.7 in

Kosorok (2008). O

Proof of Theorem 4.7. The assertion follows with the same reasoning as in the proof of
Theorem 4.2 in Hoffmann et al. (2017). O

Proof of Theorem 4.8. Basically the same steps as in the proof of Theorem 4.3 in Hoffmann
et al. (2017) yield the claim. O

Proof of Theorem 4.9. The claim of Theorem 4.9 follows by the same reasoning as in the
proof of Theorem 4.4 in Hoffmann et al. (2017). O

Proof of Theorem 4.10. We start with a proof of ¢* = 0 which is equivalent to ﬁt,(l e )( )/
Vi, = 0. Therefore, we have to show

P(k(a"’p) (r)/v/nA, <z

n,Bn

( Z]l{Hm D) (02)<(vnBnw)l/} >1- an> — 1, (6.71)

for arbitrary z > 0, by the definition of %(a”’p)( ) in (4.16). Since the

™ (g / 1/r o
Lot o) <(viasmayiny ~ Pf( o (0:) < (VnAuz)! ) t=1,..0, Bn,

are pairwise uncorrelated with mean zero and bounded by 1, we have

1 & o r
P(‘ B, 2= Lo @<ty ~ e (HE,* (07) < (VnAnz)" )
n i s

> an/2) <40:2B71 0.

(6.72)
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Therefore, in order to prove (6.71), it suffices to verify

P(Pe (H5(0;) < (Vdaa)V™) < 1—an/2) < ZP(HI0;) > (Vdyo) V")

< 20;'P(QY) + 2a;1]P’({28up sup \G )(0,1)] > (\/nAnx)l/’"} N Qn> — 0, (6.73)

teR 0€(0,1]

with @,, the set defined in (6.24). The first inequality in the above display follows with the
Markov inequality and the last inequality in (6.73) is a consequence of the fact that I[:]Iﬁ,"i 0%) <
H:]I;)”i(l) < 2SUpPycp SUPge[o 1] |G (6,t)]. Due to Lemma A.5 we obtain P(QY) < KnAL™ and
consequently o, 'P(QY) — 0. For the second summand on the right-hand side of (6.73) the
definition of G4 in (6.7) gives

E< sup sup G( 0,t)|1
{sup sup 1660010, } < ==

The final estimate above follows using Lemma A.21, E|§| < 1 for every ¢ = 1,...,n and

ZE &illp(A7 X ™ N garxmpseyle.) < KvVndy.

independence of the multipliers and the other involved quantities. Therefore, with the Markov

inequality we obtain

A
a;I]P’ 2sup su G 0,t) > (\/nApx UrlnQ, < g Y'on
({ sup sup |6 (0.5 > (vVnd,)' T E 0 Qu) < T

((nA )2 an)il — 0,

by the assumptions on the involved sequences. Thus, we conclude [} 50.

(amp)( )

Next we show 5 oo, which is equivalent to

B
s (ansp) _p( L
P(5"(r) < @) = IED(BT D Vi sy <oty 217 ) -0
i=1
for each x > 0. With the same considerations as for (6.72) it is sufficient to show
]P’(IPg (Hg7g<é;> > xl/T> < 2%) )

Let to € R with Ny (0o,t9) > 0. By continuity of the function ¢ + N,((,to) we can find
0< (<0< 6y with

N,2(¢,to) >0 (6.74)
and because of
(")(C,0,t0) < HS (6 ):>IP>§( ")(C, 8, to) >x1/r) <P ( ) ) > /)
on the set {0 < é;’;} and consistency of the preliminary estimate it further suffices to prove

]P’(]P’g (]I:]IXQ(GA;) > xl/r> <2, and 0 < é;) < ]P’(]P’g( " (C,0,t0) > xl/r> < 2an> — 0.
(6.75)
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In order to show (6.75) we want to use a Berry-Esseen type result. Recall

a(n) (7 p 1 . Hn

from (4.12) with B;l = (]l{ngnEJ} — %]l{jﬂngjﬁfl}l, where

A} = P AFX N e o) (A XL ks, = Lo

By the assumptions on the multiplier sequence it is immediate to see that
n

3 e g 1 o
W2 = Be(H)(C.0.0)° = —— (B}

Thus, Theorem 2.1 in Chen and Shao (2001) yields

2161% Pe (IF]IEJ") (¢,0,t) > $> -(1- (I)(U’U/Wn))‘

n n
o -
< K{ ZEfUz‘,n]l{\Ui,nbl} + ZEE|Ui,n| ﬂ{IUi,nlﬁl}}’ (6.76)

if W, > 0 with U'm = \/%n%/ and where ® denotes the standard normal distribution function.

Before we proceed further in the proof of (6.75), we first show

1 n,
L= o), (677)

n

n A~
(B})?
j=1

that is

M —oc0 n—oo

n
lim hmsup[P’(nAn > MZ(B]”)Q) =0.
j=1

Let M > 0. Then a straightforward calculation gives

P(nAn > MY (B))?) <B(na, > MY (A7)
7=1 j=1

with M’" = M(1 — (/0)%. Consequently, with (6.74) we obtain (6.77) due to
Np(g)(ét, to) = N,2(9"™; ¢, to) + 0p(1) = N,2(go; C. to) + op(1),

because Theorem 6.1 also holds for p? since Assumption 6.12 is also valid for 2p instead of p
(cf. (6.12) in the proof of Proposition 6.13). Recall that our main objective is to show (6.75)
and thus we consider the Berry-Esseen bound on the right-hand side of (6.76). For the first

summand we distinguish two cases according to the assumptions on the multiplier sequence.
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Let us discuss the case of bounded multipliers first. For M > 0 we have

A VMK
|Ui,n S
nA\,,
for all i = 1,...,n on the set {1/W2 < M}, since |B?| is bounded. As a consequence,
ZEéUm (Oinl>1y =0 (6.78)

for large n € N on the set {1/W2 < M}.
In the situation of normal multipliers, recall that there exist constants K7, Ko > 0 such that
for € ~ N(0,1) and y > 0 large enough we have

2
Ee&*1{jg[>yy = Ve /ZZG_ZQ/QdZ < KP(N(0,2) > y) < Ky exp(—Kay®). (6.79)

Thus, we can calculate for n € N large enough on the set {1/W2 < M}

n

n -1
SN 2 AN 2 2
ZEs im0 51y = Z(Z(BJ‘)) (BF) Eﬁgﬁ']l{\si|><il(éy>2>l/2/|ém}
P

i=1  j=1

n n R _1
29 <Z(Bj )2> Egéﬂ{lsib(i(@)W?/K}
j=1

i=1  j=1
KM K1
Z Be&i e, i>manmn 2y S § - exP(—Kanln),

where K7 and Ko depend on M. The first inequality in the display above uses boundedness
of |B?| again and the last one follows with (6.79). Now, according to Assumption 2.3(b) let
0 <ty <1landd >0 with n % = o(A,). Furthermore, define § > 0 via 1+6 = 1/(ty — 6) and
@ :=1/8. Then we have nAL* — oo and for n > N(M) € N on the set {1/W2 < M}, using
exp(—KonA,) < (nA,)~ %, we conclude

ZEe B, o1y  FOAG (080) 7T = K (n L) (6.80)

We now consider the second term on the right-hand side of (6.76), for which

n ~3/2 . K n .
Zan 10111} <Z(Z ) B PRl < i O B!

=1 j=1

holds on {1/W2 < M}, using boundedness of |B"| again. With Lemma A.21 we see that

E( 1B g, ) < 2E( D 1471, ) < Kn,.

=1 =1
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Consequently,

P({1/W§ < M and Kil@g\ﬁi,n\?’n{mn'q} > (nAn)*l/‘*} n Qn)
i=1

< P({MI:)?)/Q ; B> (n8n) 10 @Qn) < K(nA) Y (6581)

follows. Thus, from (6.78), (6.80) and (6.81) we see that with K > 0 from (6.76) for each M > 0
there exists a K3 > 0 such that

2 2 3
(1/W < M and K{ Z]Eg 2L, ony + O EelUinl 1{|Ui,n\§1}}
=1
> Ka((nAy)~ V4 + (nA}fg)—‘?)) 0. (6.82)

Now we can show (6.75). Let 1 > 0 and according to (6.77) choose an M > 0 with P(1/W?2 >
M) < n/2 for all n € N. For this M > 0 choose a K3 > 0 such that the probability in (6.82) is

smaller than 7/2 for large n. Then for n € N large enough we have
P@f (HE]‘)(Q 0.t0)) > xw> < 2Om) <
P((l — @(xl/T/Wn)) < 2a, + Kg((nAn)—1/4 + (nA}L+5)—§) and 1/W3 < M) tn=mn,

using (6.76) and the fact, that if 1/W2 < M there exists a ¢ > 0 with (1 — ®(z'/"/W,,)) > ¢
(o

Thus, we have shown 3, 5" ) (r) & oo and we are only left with proving (4.17). Let

K= ((1+5)/c)l/w > (1/c)l/w

for some € > 0. Then

P(é,@(ﬁfg?gf) (r) > 6 + Kgp;;) < P(N/nAnDﬁ 0) < 5%2) (1) for some 0 > 0y + K%)
<IP’(\/nA D,( H(n (1) < £ )( ) for some(9>90—|—chn)

By (4.13) there exists a yp > 0 with

96[601-1{1;(3/1,1] Dy(0) = Dy(00 + Ky1) = (¢/(1 +¢/2))(Ky1)”

for all 0 < y1 < yo. Distinguishing the cases {¢* > yo} and {¢* < 5o} we get due to ¢ = 0
P05 (%57 (1) > 00+ Koo}
< P(VnBa(e/(1+¢/2))(Kep)™ —HE (1) < 257 (1) +o(1)
< PV 4+ PP 4 o(1)

with

P = P(V/nda(e/(1+/2))(Kpp)™ = 2 (1) < 207 (r) and HZ(1) < b, ),
PO = P(H}fj(l) > bn),
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where by, 1= 4/ Aﬁ?‘g;p)(r). Due to the choice K = ((1 + 5)/0) e and the definition of ¢} it is
clear that Pi" = o(1), because 2&?“;,;”) (r) 5 0.

Concerning P.” let F,, be the distribution function of Hﬁ,"i(l) and let F' be the distribution
function of H, ,(1). Then according to Corollary 1.3 and Remark 4.1 in Gaenssler et al. (2007)
the function F' is continuous, because sz(Ho,to) > 0 for some ty € R. As a consequence, by
Theorem 4.4 and the continuous mapping theorem F;, converges pointwise to F'. Thus, for n > 0

choose an x > 0 with 1 — F(x) < n/2 and conclude
P2 <P(b, <x)+1—Fy(z) <P(by, < z)+1— F(z) + |Fu(z) — F(z)| <,

for n € N large enough, because of ﬁ:(a"’p)(r) 5 . O

n,Bn

Proof of Proposition 4.13, Corollary 4.14 and Proposition 4.15. The assertions can
be obtained by a similar reasoning as in the proofs of Proposition 3.10, Corollary 3.12 and

Proposition 3.13 and we omit the details. O
Proof of the results in Example 2.5, Example 4.3 and Example 4.11(2).

(1) First we show that a transition kernel of the form (2.9) belongs to G(3,p) and the function
pLp satisfies Assumption 2.3(a2) and (a3) for p = p. Let A denote a bound for A : [0,1] —
(0,00), then for z € (—1,1) \ {0} we obtain

sup A(Y)hg(y)pe) (2) < A sup |2|70HPW) < A|z|~(+0),
y€[0,1] ye[0,1]

so Definition 2.1(1) is satisfied. Furthermore, for n € N we have

sup sup A(y)hgy)py)(2) < A sup n'tPW) < AnHB,
2€Cn ye[0,1] y€[0,1]

which yields Definition 2.1(2). Definition 2.1(3) also holds, because for |z| > 2 we obtain

sup A(y)hp(y) p)(2) < A sup |2 7PW) < AJz|7BPV27E
y€[0,1] y€[0,1]

since p > 1. Obviously, pr 5 : R = R is a bounded function with pr, 5(0) = 0 and with the

continuous derivative
2p|2[P~1, for 0 < |2] <1,
pLp(2) = Lsign(z) x € 2p(2 — |2]), for 1 < |z <2,
0, for |z] > 2.
Consequently, there exists a K > 0 such that |p} ;(z)| < K|z[P~! holds for each z € R

and Assumption 2.3(a2) is satisfied. Moreover, Assumption 2.3(a3) is valid as well, since
prp(1) >0 and p7 ;(2) > 0 on [1,2].
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(2) Now we show that if additionally (4.7) and (4.8) are satisfied, ky < oo holds and N(t) is a
bounded function on R for each k € Ny as stated in Example 4.11(2). To this end, elementary
calculations show that the function N is given by N(y,t) = T 5(A(y), B(y), p(y),t) with

4
2+p\t\1 P for t < —2
SOV P 44— —opt2 — B3+ (2-3p)t,  for —2<t<—1
Y. 5(a,B8,p,t) = La x MT—I’ +2+4 % 2—1’ +525(1+ sign(®)[P~7),  for —1<t<1
2*?21 P2+ Ao+ 2p1% — B3+ 2t —3pt,  for 1 <t <2

4p+211721 Py B+4p+4+2+pt1 P, for t > 2.
\

(6.83)

Furthermore, it is well known from complex analysis that there is a domain U C U* C C
with holomorphic functions A* : U* — C, p* : U* — CP~ := {u € C | Re(u) < p} and
p* : U* — C'* := {u € C | Re(u) > 1} such that A, B and p are the restrictions of
A*, B* and p* to U. Moreover, it can be seen from (6.83) that for fixed ¢t € R the mapping
(a, B,p) = Y s(a, B,p,t) is partially holomorphic on Cx CP~ x C'*, that is it is holomorphic
in each of the variables a, 8 and p when the remaining variables are fixed. By a deep result
of complex analysis in several variables which dates back to Hartogs (1906) this implies that
(a, B,p) — Y s(a, B,p,t) is holomorphic on C x CP~ x C* for fixed ¢t € R (see also Remark
1.2.28 in Scheidemann (2005)). Additionally, by Proposition 1.2.2(5) in Scheidemann (2005)
the function = : U* — C x CP~ x C'* with Z(y) := (4*(y), 8*(y),p*(y)) is holomorphic
and thus for each fixed ¢ € R the mapping y — N(y,t) is real analytic, because it is the
restriction of the holomorphic function y — Y, 5(2(y),t) to U. Consequently, by shrinking

the set U if necessary, we have the power series expansion

Nty =3 2 gy, (6.84)

k!
k=0
for every y € U and t € R. If kg = oo, then for any k € N and ¢t € R we have Ni(t) = 0.

Thus, we obtain for some constant K > 0

A .
Vrply) + Ko—— _(i()y)tl PW) = No(t) (6.85)
for each t > 2 and y € U, where
) LA (AW g A A
Vi p(y) = LA(y)(ﬁ(y) — M TR 4) (6.86)

Taking the derivative with respect to y € U on both sides of (6.85) yields

- Ay) A= pW) + AWP' W) 1-p) 10y KAW) | pypi-po) —
L) + K 0= ) t P y)q —50) log(t)t 0, (6.87)

for each y € U and t > 2. Hence, p/(y) is equal to zero for each y € U, because otherwise
the display above is not valid for each ¢t > 2. This fact together with (6.87) gives

Aly) 1,
(" + K 7,151 Ply) — 07
L) 1 —p(y)
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for all y € U and t > 2. Consequently, A’(y) = 0 holds for every y € U and with (6.86) we

obtain
75W) =4LA00)B8' (y)(p— By)) > =0, (yeU)

which implies 3'(y) = 0 for all y € U. Thus, ky = oo contradicts the assumption that at
least one of the functions A, 3 and p is non-constant.
The following consideration will be helpful in order to show that Ni(¢) is bounded in ¢t € R
for each k € Ny. Let f1, fo : UXR — R be functions, which are arbitrarily often differentiable
with respect to y € U for fixed ¢ € R such that for each ¢ € Ny the ¢-th derivatives with
respect to y satisfy

jlelﬂg{lff@(%,t)! VI (80, 6)]} < K (K0)f

for some constant K > 0 which does not depend on ¢. (Here we set 0° := 1.) Then by the
product formula for higher derivatives we obtain for the ¢-th derivative with respect to y of
the product of f1 and fo

YA
sup(£2) (60, 0) = sup | 3 <€> 7900, ) £ (9, 1)

0
l
93 (5) (Y (K (0 — )

=0
J4
< KKy <€> < K(K0)", (6.88)
=0 M

for some K > 0 which does not depend on ¢. (6.83) and (6.88) yield a constant K > 0 such
that

sup | Ny(t)| < K(K¢) (6.89)
teR

for each ¢ € Ny as soon as we can show that there exists a K > 0 such that for every £ € Ny

the following bounds for the derivatives hold

|AD(6y)| < K(K0), (6.90)

‘<ﬁ(y)1— 1)(6)(90) < K(K0)', (6.91)
(G=5) )| < sy 6
up (tl—ﬁ@))(g)(eo) < K(K?)Y, (6.93)
s )(tﬁ—5<y>)“)(90) < K(K0). (6.94)

Let A(y) = S°72, Ae(y — 09)° be the power series expansion of the real analytic function

A around 6. By the definition of real analytic functions this power series has a positive
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A

radius of convergence and due to the Cauchy-Hadamard formula this is equivalent to the
existence of a constant K > 0 with |A4,] < K*! for each £ € Ng. Thus, because of
AO(0y) = 014, for each £ € Ny, (6.90) follows. By assumption in Example 4.3 we have
Bly) <B <1V <p<p(y) for each y € U. As a consequence, the functions

1 1

Y — W and y~— m
are real analytic on U as concatenations of real analytic functions. So the same reasoning
as above yields (6.91) and (6.92). Let the affine linear functions B and p be given by

B(y) = Bo + B1(y — o) and p(y) = po + p1(y — 0p). Then for £ € Ny, £ > 0 we have

(tl—ﬁ(y)> @ (60) =t Po(—py log(t))f.

and for ¢ € Ng let Ay : (0,00) — R be defined by h{"(t) = t!P(log(t))’. hy’ is clearly
bounded in t > 2 due to pg > 1 and for £ € N the only possible roots of the derivative of
hy” in t € (0,00) are t = 1 and t = exp{¢/(py — 1)}. Thus, we obtain for the supremum in
(6.93)

sup (tl—f’@))“) (60)] < [p1|* max {217 log(2)", (L

t>2 Po — 1>Ze_£} < KKty

for each ¢ € Ny, because lim;_ hél)(t) = 0. Similarly, we have for £ € Ny, t > 0

(,@%(y)) © (6o) = tP=P0(— By log(t))"

and for £ € Ny let hy” : (0,1] — R be defined by h}” (t) = t?~% (log(t))*. For £ € N the only
possible roots in (0, 1] of the derivative of h{" are t = 1 and t = exp{—£/(p — Bo)}. As a

consequence, we obtain for each ¢ € Ny for the supremum in (6.94)

14

l
W) €_£ S K(Kﬁ)ﬁ,
— M0

sup | (#70) @) < a1 (

t€[0,1]
because lim;_,q h? (t) = 0. Notice that for ¢ = 0 the function y — t=BW) is zero constant

and for £ = 0 the function ¢ — t?~% is bounded by 1 on [0, 1] due to p > fo.

The expansion (4.18) can be deduced along the same lines as in step (3) of the proof of the
results in Example 2.3 and Example 4.6(2) in Hoffmann et al. (2017) by using (6.84) and
(6.89) instead of their equations (6.58) and (6.61). Furthermore, due to expansion (4.18)
the quantity defined in (4.3) is clearly given by 6. O

Technical details in the proofs of Theorem 6.1 and Theorem
6.8

In this appendix we give the details of the proofs of Theorem 6.1 and Theorem 6.8. Here and

also in the appendices B and C K or K(«) denote generic constants which sometimes depend

on a further quantity a and may change from place to place.
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A.1 Moments of functionals of integer-valued random measures

Hoffmann and Vetter (2017) used Lemma 2.1.5 and Lemma 2.1.7 of Jacod and Protter (2012)
frequently in order to achieve their weak convergence results. However, in Jacod and Protter
(2012) these results are only proved for Poisson random measures with a predictable compensator
of the form ds® F'(dz) with a Lévy measure F. Therefore, using tools from Jacod (1979) we prove
the generalized versions stated below. First, we introduce some notations. Let p be an integer-
valued random measure on Ry x R with predictable compensator q(w;ds,dz) = vs(w; dz)ds for
a transition kernel vs(w;dz) from (Q x R4, P) into (R, B), where P is the predictable o-algebra
on © x Ry (with respect to some prespecified filtration (F;);cr, ) and where an integer-valued
random measure is a random measure which satisfies the requirements of Definition 11.1.3 and
Definition II.1.13 in Jacod and Shiryaev (2002). Furthermore, we set ' = Q x Ry x R and
P’ = P ® B is the predictable o-algebra on Q'. Then, for a real-valued P’-measurable function
don Y and p,t € Ry, u >0 let

t+u

Shale) = [ [ 16605, 2) (s de)is.

Lemma A.1. Suppose that 3(2)0,u < oo almost surely for all w > 0. Then the process Y =
0% (p—q) is a locally square integrable martingale, and for all finite stopping times T and u > 0
we have for p € [1, 2]

E( sup [Yr = Vel | Fr) < KuE(3(p)ra | Fr),

0<v<u

and also for p > 2

E(Oiug Y10 — Yr|P | fT) < Ky (uE(6(p) 1 | Fr) + up/QE($(2)§’{j | Fr)).
Lemma A.2. Suppose that 5(1)0,u < 00 almost surely for all u > 0. Then the process Y = d*p

18 of locally integrable variation. Furthermore, for all finite stopping times T and u > 0 we have
for p € (0,1]

E( sup |YT+1; — YT|p | fT) < KpUE(S(p)T,u ‘ ]:T)

0<v<u

and forp>1

E( sup Y74, — Y|P | -7:T) < Kp(uE(0(p)1w | Fr) + @PE(5(1)},, | Fr)).

0<v<u

Proof of Lemma A.1. §%2xq is a continuous increasing process and we have 62 xq; = t5(2)0,t
for all t > 0. Thus, for n € N let M,, be a null set such that §2 % qn is finite on MnC Such a
set exists by the assumption on 6. Then the increasing process 6% % q; is finite for all t € R,
on M¢ with M = Unen Mn. Therefore, (15, )nen defined via T, = inf{t > 0 | 2 %q>n}isa

localizing sequence of stopping times and the stopped continuous processes satisfy ((52*q)tT" <n
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for all t € R,. Consequently, §2%q is locally bounded and in particular locally integrable. Thus,
by Theorem I1.1.33(a) in Jacod and Shiryaev (2002) the process Y is well-defined and a locally
square integrable martingale.

In order to show the claimed inequalities we want to reduce our setup to the situation of Lemma
2.1.5 in Jacod and Protter (2012). To this end, let F' be a Lévy measure on (R, B) without atoms
and F(R) = oco. Furthermore, let zp ¢ R be an exterior point of R and let (R,,,B,,) denote
the measurable one point extension of (R,B), that is Ry, = RU{zo} and B, = {B, BU {xo} |
B € B}. Then according to Theorem 14.53 in Jacod (1979) there exist a measurable function
h: (Y, P") = (Ry,,Bs,) and a P-null set N such that

q(w; A) ://]IA(s,h(w,s,z))F(dz)dS (A1)

for each A € B(Ry)®B and w ¢ N. Additionally, by Theorem 14.56 in Jacod (1979) there exists
a filtered measurable space (2°, F°, (F )ser, ) and a transition probability Q(w, dw®) from (Q, F)
into (°,F°) such that on the extended filtered probability space (€, F, (Fi)ier, , P), which is
given by Q = QxQ°, F=FQF°, F, = oot Fs @ Fg and P(d(w,w®)) = Q(w, dw®)P(dw), there
exists a Poisson random measure p with predictable compensator q(ds,dz) = F(dz)ds such that

for P-almost every & = (w,w®) we have

p(w; A) ://]lA(S,h(w,s,z))ﬁ((w,wo),ds,dz) (A.2)

for all A € B(Ry) ® B. Furthermore, we identify the filtration (F;)icr, on (£2,F) with the
induced filtration F; @ {0, 2°} on (Q,F), which we denote by (Fi)ier, as well. Any random
variable X on (€, F) will be identified with the induced mapping X (w,w®) = X (w). Then we
have for every A € F and every stopping time T on (£, F)

Ae Fr(Q)@{0,9°} < A = Ay x Q° for some A; € Fr(Q)
= AN{T <t} € F ®{0,Q°} for every t € Ry

— A€ Fr(Q),

where for the sake of a clear notation we denote by Fr(£2) and Fr(f2), respectively, the o-
algebra of events up to time T" with respect to (2, F, (F)ter, ) and (Q, F, (Ft)ter,. ), respectively.

Consequently, for A = A; x Q° € Fr(Q) with A; € Fr(Q) and a random variable X on (2, F)

we have by the definition of the conditional expectation

| xab= [ [ X apa)

A1 x Q0 A1 Qe
= /XdIP = /EP(X | Fr)dP = / Ep(X | Fr)dP
Ay Ay A1 xQe
and thus
Es(X | Fr) =Ep(X | Fr) P — almost surely. (A.3)

86



Let O be the optional g-algebra on 2 x Ry and let O denote the optional o-algebra on € x
R,. Then by Proposition I1.1.14 there exist a thin random set D € O, an optional process
(Bs)ser,on (2, F, (Fi)ier, ,P), a thin random set D € O and an optional process (BNS)SE]R+ on
(Q, F, (ﬁt)teRJr,P) such that

p(wsds,dz) = > 1p(w, t)ep,w))(ds, dz)
>0

P(w,w)ds,d2) = 15 ((w,0°), 1)y 5, ey (A5, d2),
t>0

for every (w,w®) € , where €(z,y) 18 the Dirac measure on Ry x R with mass in (z,y). As a

z,y)
consequence, we obtain from (A.2)

d(w, t, Be(w))1p(w,t) ://5(w,s,z)]l{s:t}p(w;ds,dz)

://5(w,3,h(w,s,z))]l{szt}ﬁ((w,wo);ds,dz)
= 5(w, t, h(w, t, Br(w, w®)))1 5 ((w,w°), 1),

for every t > 0 and P-almost every (w,w®), where we set f(w,s,h(w,s,2)) = 0 if h(w,s,2) =
xo for a real-valued predictable function f on €. Thus, the processes d(w,t, 5i(w))lp(w,t)
and 0(w, t, h(w,t, Bt(w,wo)))]lb((w, w°), t) are P-indistinguishable on (€, F, (F;)er, , P) and the
stochastic integrals 6 x (p — q) and (6 o h) * (p — §) are P-indistinguishable as well (cf. Definition
I1.1.27 in Jacod and Shiryaev (2002)), where for the sake of brevity (doh) denotes the predictable
map (w, s,2) — d(w, s, h(w, s, z)) on . Notice that 62 xq = (62 o h) g outside a null set due to
(A.1). Thus, the same reasoning as at the beginning of the proof shows that Y; := (§oh)*(p—q);
is well-defined and a locally square integrable martingale. Finally, for every finite stopping time
T and all u > 0, p > 1 the variables supg<, <, |Y71+v — Y7 |7 and supg<, <, Y74y — Y7|P coincide
P-almost surely. Consequently, using (A.3) we obtain

E]P’( sup Yy, — Y7|P | ]:T) = E@( sup |Yri, — Yr|? | fT)
0<v<u 0<v<u

_ E@( sup |Vrpo — Y7 [P | ]—"T>. (A4)
0<v<u

Now, Lemma 2.1.5 in Jacod and Protter (2012), (A.1) and (A.3) give for p € [1, 2]

T+u
1
Bp( sup [V — Vel | Fr) < Kpubs (- / / 0(w, 5, hlw, 5, 2)) [P F(d=)ds | Fr)
0<v<u U
T
T+u
1
= KpuEp<E / /\(5(w,s,h(w,s,z))\pF(dz)ds | .FT>
T
= KpuE(0(p)1u | Fr)- (A.5)
The second asserted inequality follows with exactly the same reasoning. O
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Proof of Lemma A.2. In the same way as at the beginning of the proof of Lemma A.1 we
see that the increasing, continuous and finite-valued process |d| x q is locally bounded. Hence,
by the definition of the predictable compensator (Theorem II.1.8 in Jacod and Shiryaev (2002))
the process || x p is locally integrable and thus Y is of locally integrable variation.

With the same quantities as in the proof of Lemma A.1 we obtain from (A.2)

Vi= [ [ o(s)5te.s,2)p(w:ds, dz)

/ / 10.1(5)5(w, 5 (e, 5, 2))B((w, 0°); s, d2)
60 h) *pt 1/;5,

for all t € Ry P(d(w,w®))-almost surely. Thus, we have

sup |Yryy — Yr[P = sup [V, — Vof?

0<v<u 0<v<u
P-almost surely for all finite stopping times T and p,u > 0. Now, the same reasoning as in
(A.4) and (A.5), but using Lemma 2.1.7 of Jacod and Protter (2012) instead, yields the desired

inequalities. O

Remark A.3. In the proofs below integral processes of the form Yy = 0 x u™ and Y(y) =
d* (u™ — ™) occur frequently, where pu(™ is the random measure associated with the jumps
of the underlying process, ™ denotes its predictable compensator and ¢ is some suitable P’-
measurable function on €. When we want to apply Lemma A.1 and Lemma A.2 to these
processes the question is whether the condition §(2)g, < oo almost surely or §(1)g, < oo
almost surely is satisfied for all u > 0, respectively. However, due to the observation scheme
{X;Z)n |i=0,1,...,n} only values of the processes Y{y); , Y{(2)¢ for t <nA,, are relevant and we
can consider the stopped processes Y(T’)L Y(;T)‘ instead, where T,, = nA,, is the constant stopping
time. According to Definition I1.1.27 and Proposition I1.1.30 in Jacod and Shiryaev (2002) we
have Y(f*)’ = dxn™ and Y(27)7 = d* (n™ — ™), where n™ denotes the restriction of u™ to the
set [0,nA,] x R. Obviously, the predictable compensator 7™ of n™ is the restriction of g™
to [0,nA,] x R. As a consequence, we have nA,3(2)o.na, = 18n0(2, Mona, = ud(2,7)0. and
nARd(Dona, = nAnd(1,7M)ona, = ud(1,7)ou for all u > nA,, where 6(2,7) and §(1,7) denote
the function 5(2) and 3(1), respectively, calculated with respect to 7. Thus, Lemma A.1 and
Lemma A.2 can be applied, if T+« < nA,, and S(z)O,nAn < 00 almost surely or 5(1)0,nAn < 00

almost surely, respectively. This is always satisfied when we apply these lemmas.

A.2 Results on the crucial decomposition

Recall the quantities defined in (6.23) which are used frequently in the proof of Theorem 6.1
and Theorem 6.8. With the constants from Assumption 6.12 let £ € R have the properties

20— 1w -1 ., B> 1, (A.6)

1
1<€<i/\(1+€) and also £<W

20w
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with an € > 0 for which Assumption 6.12(b6) holds. Then we have
Up = (vp)t  and  F, = {z: |z] > u,} (A.7)
as well as

X//’I'L — (
X"(a)" = (21 g, nfjzj<asa (2)) % p™,  for a >0
X”(O&)n = (Z {|z|>a/4}) *,u( ), fora>0
(

NP =

g (2) ™,

X{n _ (n) X//n

t t
= x4 / b ds + / oM dw M 4
0 0
+ (g (2)) % (1™ = 5™, = (g <nyem, (2)) * 4",
AT = [|APX™| < 0,/2} N {APNT < 1). (A-8)

The following lemma ensures that with high probability at most one large jump occurs and

the remaining part is appropriately small.

Lemma A.4. Let Assumption 6.12 be satisfied. Then for the sets

Qn=1{)A47 (A.9)

we have P(Q,) — 1 as n — oo.

Proof. Choose some m’ € R with

, 2+5€v 1+ 2w
(-1 1/2—-w

Then by Lemma A.1 and Assumption 6.12(al) we obtain for 1 < i < n and any sufficiently
small 0 < § < 1

E‘A?(zﬂFg(z)) % (H(") _ ﬂ(n)”m/

1Anp iAnp m' /2
< K( / / P )(dz)ds+{ / / 12120 (d2)ds } >
(i=1)An {|2|<un} (i=1)An {|z[<un}
i/n i/n s
= K(nA / / 2™ g™ (y, dz)dy + {nA / / 1229 (y, dz)dy} )
(i=1)/n{|z|<un} (i=1)/n{lz|<un}

< (5)(A711+(m —B- 5)F+Anm/2)‘
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Note that m’ > 2 always so the lemma quoted above can be applied. Furthermore, ﬁ(”) (ds,dz) =
Vgn)(dz)ds yields for 1 < i < n and arbitrary ¢ > 0 small enough

Ay
Aretgenon ) = | [ [ e
(i—=1)An {un<|2|<1}

< u, P DipA, / / 12|70 (y, dz)dy

(i=1)/n {un<|z[<1}
< K((S)A}L_m(ﬁ-f-cs—lﬁr.

Let mp, my € R be the constants in Assumption 6.12(c). Because of mj > 1 and m, > 2 we can
apply Holder’s inequality and the Burkholder-Davis-Gundy inequalities (see page 39 in Jacod
and Protter (2012)) to obtain due to Assumption 6.12(c) for 1 < i < n:

m 1 1Ay
sAZ%E(An / \b£">\mbds)

Ay

IE’ / b ds

(i—1)A, (i—1)A,
Ay
= A" A E|bY | ds | < KA
" i=Dan
and
i - i /2
E' / cMaw™| < KE( / |ag">|2ds>
(i—1)An (i—1)An

- KAgoﬂ(Al / E\ag")ymods> < KA™/?,
n(i—l)A"

where the equalities in the above displays hold according to Fubini’s theorem. Additionally,

according to Lemma A.13 we have for any 1 < i < n and some K (4) > 0
P(APN™ > 2) < K(8)A5 200,

for n € N large enough. Let us now choose 6 > 0 in such a way that 1 — fw(8+0 — 1), > w.
w(

Then, for n large enough we have A}fﬁ Aro-b)+ < Kwy,, and the Markov inequality gives

S B((A7)C) < K(8)n{A2-20+00F 4 AL ~5-5)m-m'm
=1

_l_ Arnn//2—mlﬁ + A:Lnt'f/2_7/n’f7'E + A?L/Lb_mbm}. (AlO)

90



From the choice of the constants we further have
2—2(B+0)w > 2 —28(1 + €)w (A.11)
and
(14 (m' = 8= 68)tw — m'w) A (m'/2 —m'w) A (me/2 —mew) A (my, — myw) > 1+ 2w, (A.12)

again for § > 0 small enough. Thus, the right hand side of (A.10) converges to zero for this
choice of ¢, using Assumption 6.12(b4) and (b6). O

If moreover Assumption 2.3 is valid, we can even give a rate for the convergence P(Q,,) — 1.

Lemma A.5. If Assumption 2.3 is satisfied for some 0 < < 2,0< 7 < (1/5A 2+56) and
p> B+ ((g %,3) m), we have

P(Qr) < KnA*,

for some K > 0.

Proof. If Assumption 2.3 holds, then according to (6.11) in the proof of Proposition 6.13 As-

sumption 6.12 is valid for constants satisfying
1+7=21—-pw(l+e¢)) < (1+2w).
Comparing this fact with (A.10), (A.11) and (A.12) yields the assertion. O

In the next auxiliary lemma we consider for a > 0, 1 < 4,5 < n with 7 # j and the constant

7 in Assumption 6.12 the sets
R"(a {\Anx” ()" — ATX"(a)"] < N’} {\Anx” "> a/4} A O, (A.13)

with the pure jump Ito semimartingale X”(a)" from (A.8). Furthermore, for o > 0 let the sets
() be defined by their complements:

JW(q U R(a (A.14)
1,j=1

i#]

Lemma A.6. Grant Assumption 6.12. Then for each a > 0 the sets JT(LI)(a) defined in (A.14)
satisfy
lim IP’(J( e )) = 1.

n—oo

Proof. Let x be arbitrary and either z = 0 or |z| > «/4. Then, for n large enough we have

Lp—zi<amilja>a/ay < Lyo—zi<aryjo/>a/ar 121043
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Furthermore, using the fact that for large n € N on Q,, there is at most one jump of X" ()™ on
an interval ((k — 1)A,, kA,] with 1 < k < n, we thus obtain

/////]l{lx <A} L (G- 1A an] (DL (2> a/a) X

x g, (w)p!™ (w; dt, d2) L s a/ay L(i-1)an ia,] ()™ (w; ds, dz)P(dw).  (A.15)

Now, forget about the indicator involving @, and assume j < i. If (F)icr, denotes the
underlying filtration, the inner integral in (A.15) with respect to '™ (w;dt,dz) is an (Fja, ®
B)-measurable function in (w,z). Accordingly, the integrand in the integral with respect to
p'™ (w; ds,dx) is in fact P’-measurable. Therefore, Fubini’s theorem and the definition of the
predictable compensator of an optional P’-o-finite random measure (see Theorem I1.1.8 in Jacod

and Shiryaev (2002)) yield for n large enough:

1A
P(R) (o) < / / //]l{x s<aryL{je|>a/a) X
(G—-1)An (j—1)A

X Ljz5a/ay v (d2) v (dw)ds: ds

S1

i/n j/n

S / / //]l{lx <arilja>a/ay X

(i—-1)/n (j—1)/n
< gz 5a/a19"™ (Y1, d2) g™ (ya, dz)dy1 dys.
(A.16)

Thus, we have P( ,(11)(05)) — 1, because (A.16), Assumption 6.12(a(4)II) and Assumption
6.12(b3) show that there is a constant K > 0 such that

P(JM(@)9) < Kn?AZT — 0.

n

O

Similar to (A.13) for a > 0, 1 < 4,5 < n with ¢ # j and the constants ¥ < 7 in Assumption
6.12 let

2¥)

S (a) = {\A;X”(Sa)” — APX"(80)"| < AZ} N {}A?X'”(Sa)”‘ > Ag} A Qn.

and define the sets J\°) (o) by
= | 5%(a). (A.17)

i,j=1

i#]
Lemma A.7. Grant Assumption 6.12. Then for each a € (0,0/2), with ag the constant in
Assumption 6.12(a(4)1), the sets J2 () defined in (A.17) satisfy

lim P(J? () = 1.

n—oo
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Proof. The same considerations as for (A.15) and (A.16) yield

iAp

(n)
P(S;; () < / / //]1{|m A<arliaT 2 <(z/<ag) X

(i-1)An (—1)An

X ]].{AE/2<|Z‘§(XO}I/£1)(dZ)Vng)(dﬂ?)d.SlClSQ
i/n j/n

S / / //]l{w s<anyl{ag/2<izi<ao) X

(i—1)/n(5—1)/n

X LA ja<)zi<a0) 9™ (W1, d2) g™ (y2, dx)dyy dyo
< KA%-H]’

for n large enough, because of Assumption 6.12(a(4)I) and v < 7. Thus, we obtain
P(JP(a)) < Kn?AZM1 - 0,
by Assumption 6.12(b3) O

The next lemma yields bounds for the cardinality of the following random sets. For o > 0,
neN, teRand w e Q let

Aj(wia,n,t) ={ie {1,...,n} | |APX"(a)"(w)| > /4 and

(o g (AFX™ (W) + AT X" ()" (@) # T(o0 (AT X" ()" (w)) }
Ag(wsa,n,t) = {i € {1,...,n} | |A?X"(8a)"(w)| > AY and

1o (A7 X" (w) + AT X"(8)(w)) # 1 (—o (A] X" (8)"(w))}

Lemma A.8. Grant Assumption 6.12 and let ¢, := [(v,/AT) +1|. Then for all « >0, n € N
and t € R we have
#A1(wia,n,t) < e (A.18)

for every w € Jé”(a) NQn as well as
# Ay (w;a,n, t) < cp (A.19)

forallw € JéZ)(a) N Qn, where #M denotes the cardinality of a set M.

Proof. For w € J,(ll)(a) N Q, we have
|ATX" ()" — ATX"(a)"] > A],

foralli,j € {ke{l,...,n}| |ARX" ()| > a/4} = My(w; o, n) with i # j by the definition of
the set J,(LI)(a) in (A.14). Consequently, for fixed ¢t € R

ATX" ()" € [t — vn/2,t + vn/2]

can only hold for at most ¢, indices ¢ € My(w; v, n). Thus, we conclude (A.18), because according
to (A.9) we have |A?X""| < v, /2 for all i € {1,...,n} and w € Q.

The assertion (A.19) follows with exactly the same reasoning. O
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In the following we gather auxiliary lemmas which have a similar proof and give bounds for
crucial quantities in the proof of Theorem 6.1 and Theorem 6.8. The first one is concerned with
[nf]
VM = [ (@) 1 s \?(arL™) )
o M(Gt)EOIXR Z Xt ) {laP X (™) |>v,} T ( )

. (A20)

from (6.26), where a > 0, x\* is defined in (6.3) and L™ = (z]l{|z|>vn}) * p™ is the pure jump

It6 semimartingale defined in (6.4).

Lemma A.9. Let Assumption 6.12 be satisfied. Then for a > 0, w € @, and n € N large

enough such that v, < a/4 we have

V"M < Cp(a@) + Dy(a),

K A
su 1 [ A"X/"—i—A"X" — 1o g (ARX" ()™)| x
mtegZ! ol (@)") = Lo (AT X" (@)")

]l{\AZ‘X“(a)"\>a/4}]l{|A?X’"|§vn/2}’

for K >0 a bound for p and

1 = v/ /1
Dn(a) == TAH ZZ:; ‘pa(A?X n + AZLX (Oé)n>]1{‘A?X/7L+A?X//(a)7L|>fUn}_

= Pa(ATX ()L ap g (@pnioat L ap i <on 21

with pa defined prior to (6.3) and where the particular processes are defined in (A.8).

Proof. On @, and with n large enough such that v, < «/4, one of the following mutually

exclusive possibilities holds for 1 < i < n:
(i) APN™ = 0.

Then we have |[A?X ™| = |A?X™| < v,/2 and there is no jump larger than u,, (and v,)
on the interval (i — 1)Ay,iAn]. Thus, x; (APX )L an x5,y = 0 = 47 (AFLM)
holds for all ¢ € R and the corresponding summand in (A.20) vanishes.

(i) APN™ =1 and APX"" = APX" ()" # 0.
So the only jump in ((i — 1)A,,,iA,] (of absolute size) larger than w,, is in fact not larger
than a/4, and because of v, < /4 we have |[ATX™| < /2. Thus, as in the first case,
nga)(A?X(n))]l{mn)((n)pvn} =0 = x\”(A?L™) is true for all t € R and the corresponding
summand in (A.20) is equal to zero.

(iif) APN™ =1 and A?X"" 0, but A?X"(a)" = 0.
So the only jump in ((i — 1)A,,iA,] larger than w, is also larger than «/4. If X" ()™ is
the quantity defined in (A.8), we get

APX( = ATX™ 4 APX"(a)"  and

XS (ATL™) = pa(AFX" (@)L pn @)y (o0 (AT X (@)").
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Thus, we obtain an upper bound for V™ on Q,, as soon as v, < « /4:

[nf]
sup Pa A?Xw Lpan xm(op 1 Lo A?XW — e A?X’” o)) x
nA, (9,t)€[071}><R’ ; { ( ) {|AarX (™) >0, 3 ( ,t]( ) ( ( ) )

vim <

L@y oo (BFK (@) P o aynia sy L ap i<,/
< Cn(a) + Dn(a),

where we can substitute A?X™ = A?X™ 4+ A? X”(a)™ in the first line. O

With a similar reasoning as above we deduce a bound for

[nf]

o(n 1 o nrmn
Vo = i o R’ Z {Xt (AFX )L an x50} — X F@arL ))H, (A.21)
n ><

from (6.32) in the next lemma, where o > 0 and x;'* is defined in (6.3).

Lemma A.10. Let Assumption 6.12 be satisfied. Then for a > 0, w € Q, and n € N large

enough such that v, < a we have
Vet < Cp(a) + Dy (a) + Ep(a),

where

iuﬂg Z ‘]1 —00,t] gz ) - ]1(—oo,t](A?XH(8a)n>‘ X
n €

Largr(sayr>agyljargm<v, /2y

with K > 0 a bound for p and

DS (a) = o (SO L {jer (@) >ony — Pa(AT X" (80)" )1 An 5 (80)[50m} ] ¥
X Liargrayn>anyliargm<e, /2p
Ey(a) = SUPZ |9 (T (N L fjen (@) 0m} L (=001 (5 (@) — po(ATX" (8a)™) x

n n tER
X ﬂ{lA?ff”(m)"\>vn}ﬂ<—oovtl(A?X"(SO‘)n)\ﬂ{mw?’n\swz}]1{\A?X"<8a)n|sm]l@n’

where <Ma) = APX™ + APX"(8a)", pS is defined prior to (6.3), T > 0 is the constant from
Assumption 6.12(a(4)I) and the involved processes are defined in (A.8).

Proof. On the set @), and if v, < «a, we have three mutually exclusive possibilities for 1 < i < n:

(i) AZN™ = 0.
Then we have [A?X ™| = |A?X™| < v,/2 and there is no jump larger than u, (and v,,)
on the interval ((: — 1)A,,iA,]. Thus, Xf(a)(A?X<”))]1{\A§zx(n)|>vn} =0 = x; Y (APL™)
holds for all ¢ € R and the i-th summand in (A.21) vanishes.

95



(i) APN™ =1 and APX"™ # 0, but A?X"(8a)" = 0.
So the only jump in ((i — 1)A,,iA,] larger than wu, is also larger than 2a. Because
|A?X™| < v,/2 < a/2 holds, we have |A?X™| > a, and consequently ;' (A?X™)
Larx( e, = 0= x; (AT L™) using the definition of x;'

(iif) APN” =1 and APX"" = A?X"(8a)" # 0.
Here we can write

APX (M = ATX™ 4 APX"(8a)" =: ¢ (av)

and
X (ALM) = p(ATX" (80)" VI an sy ) (o (AT X (80)").

Therefore, on @,, and as soon as v, < «, we have

V:(n) <

[n6)

1

sup P2 L 1en ()0, 1 (—or] (7 () —
m(%)e[o,ﬂm’;{ (S (N @10 L (=0 (' ()

= A ATX(80)" )L ap sy uny Lo (AT X ”(8a)”)}1{mr)zm\svn/z}

< Co(a) + Dy () + Ef ().

O
In the following lemma we obtain a bound for
R [n| o
i v”A @Hel, m@‘ Z & 06" (AFX T sy — 0 (AFLM)) | (A22)

from (6.45), where a > 0, x{* is defined in (6.3), L™ = (z]l{‘z|>vn}) * 1™ is the pure jump
It6 semimartingale defined in (6.4) and (&;);en is a sequence of multipliers with mean zero and
variance one defined on a distinct probability space than the remaining processes. Furthermore,
for the claim of the lemma below recall the definition of the sets Q, and J5” () in (A.9) and

(A.14), respectively, as well as the definition of p, prior to (6.3) and the quantities defined in
(A.8).

Lemma A.11. Let Assumption 6.12 be satisfied. Then for a > 0, w € Jr(Ll)(oz) NQn, andn € N

large enough such that v, < a/4 we have

1 - nyv/m n v n
n(0) = Zm= D [6illpa(ATX™ + ATX (@) )y ap ka7 87 (a0}~
n =1

= PalATX (@M ax @y} | L gz m <o 2y
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I

En(a) = sup ‘ > Gal(@)
—

Ae6, ]
and
Fu(a) = sup | > bi(a)],
(0= e | 2 s
for
n _ 1 n -~ n
ai(a) = TAnpa(AiX () )]l{mg)%//(a)"|>a/4}’

n 1 nyvm n v n
b (o) = \/TTH,OQ(A,- X"+ AT X" () )]1{\A;LX/n+AgLX"(a)n|>vn}1{|A;1X”(a)n|>a/4}v

and &, = {M C {1,...,n} | #M < c,} with ¢, = [(v,/AT) +1].

Proof. Recall the cases which have been distinguished in the proof of Lemma A.9:
On @y, and with n large enough such that v, < «/4, one of the following mutually exclusive
possibilities holds for 1 < i < n:

(i) AIN™ =0.
Then we have |A?X ™| = |A?X™| < v,/2 and there is no jump larger than u, (and v,)
on the interval ((¢ — 1)A,,,iA,]. Thus, Xl(ta)(A?X(n))]l{my)((n)bvn} =0 = x\”(APLM)
holds for all ¢ € R and the corresponding summand in (A.22) vanishes.

(i) APN™ =1 and A?X"" = APX" ()" # 0.
So the only jump in ((7 — 1)A,,iA,] (of absolute size) larger than w, is in fact not larger
than a/4, and because of v, < /4 we have |[ATX™| < /2. Thus, as in the first case,
Xfea)(A?X(n))]l{my)((n)pun} =0 = x\”(A?L™) is true for all t € R and the corresponding
summand in (A.22) is equal to zero.

(iif) APN™ =1 and A?X"" 0, but A?X" ()" = 0.
So the only jump in ((i — 1)A,,iA,] larger than u,, is also larger than a/4. If X" ()" is
the quantity defined in (A.8), we get

APX( = ATX™ 4 APX"(a)"  and
X (ATL™) = pa(AFR"(@)") L1 am 212y ) L (o0 (AT X (@)").

Thus, we obtain an upper bound for V™ on Qn, as soon as v, < a/4:

A 1

(n) « sup E 5,(p (ZV-LX("))]I Anx () 1 (A7 (n))_
T LU n X (n)| >y, } 1 (—o00,t] 21‘(
VﬁAn&MEmJVR\%AMM%%W@) {1af [>vn}

— Pa(A?X”(a)n)]lﬂA?X”(a)"|>Un}]]'(_oovt] (A?X//(a)n)) ]l{\A?X”(a)"|>a/4}

. (A.23)

where we can substitute A?X (™ = A?X’" 4 A?X"(a)™ in the first line and with the random

set

Ao(w;a,n, (0,8)) ={ie{l,...,n} | i< |nf] and A}N" =1, ARX" 20, APX" ()" = 0},
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for (6,t) € [0,1] xR, a >0, n € N and w € Q. Defining the further random sets

Ay (w;a,n, (0,t)) = {z € Ag(w;a,n, (0,t)) | ]A?X”(a)ﬂ > a/4,
L oo g(APX™ + APX"(0)") = 1( oo g (ATX"(a)") = 1},
As(w;a,n, (0,1)) = {i € Ag(w; a,n, (0,1)) | |ATX" ()] > /4,
L oo (ATX™ + A?X"(a)") = 0 and 1(_o (ATX"(a)") = 1},
As(w;a,n, (0,1)) = {i € Ao(w;a,n, (0,1)) | |ATX" ()| > /4,
Lo (APX™ + A?X"(a)") = 1 and (o o (AFX"()") = 0},

for (0,t) € [0,1] xR, « > 0, n € N and w € Q, together with (A.23) gives for n large enough
and w € @y,

N 1 - R
V( ) sup f’b Po A?Xln + A?X// o)1 nYm n X a\n -
\/TLT(9,t)e[0,1]xRieAl(w%’:n’(e’t))’ H ( (@)) {AF XM +AR X" (@)™ [>vn }

— Pa(AFX"(@)" )L p (a5} | L a7 Krm <02}
s | Y ga@)+ swo | @], (a2

OB EOAXR e Ay (wiam,(0,8) O EDXR e Ay (wsam, (0,8)
because |A?X™| < v,/2 holds for each i = 1,...,n on Q, by (A.9). Finally, according to
Lemma A.8 we have # As(w;a,n, (0,t)) < ¢, and #Az(w; a,n, (0,t)) < ¢, on J(a) N Q,, for
all (0,t) € [0,1] x R. By definition A;(w;a,n, (0,t)) C {1,...,n} and thus (A.24) yields the

assertion. O

In the next lemma we use a similar reasoning as above to obtain a bound for

[nd]

Cro(n 1 oa nrn
vt = ViBa 60el) R’ Zf’ (6 AFX N pp w00, = X0 DAFLM))| (A25)
X

from (6.50), where o > 0, x;** is defined in (6.3), L™ = (z]1{|z|>vn}) * ™ is the pure jump

Ito semimartingale defined in (6.4) and (&;);en is a sequence of multipliers with mean zero and
variance one defined on a distinct probability space than the remaining processes. Furthermore
for the claim of the lemma below recall the definition of the sets Q, and J5” () in (A.9) and

(A.17), respectively, as well as the definition of p2 prior to (6.3) and the quantities defined in
(A8).

Lemma A.12. Let Assumption 6.12 be satisfied. Then for a >0, w € J,(L2)(oz) NQ, andn €N

large enough such that v, < a we have
vyt < Cr(a) + Dy (a) + Ep(a) + Fr()

with

Cola) = MSHPZ 1€il] P8 (T () L {jen (0) 500} L (=00 (1 (@) —

—PZ(A?X”(SOZ) )1 {\Ag)z"(sa)n|>vn}]1(—oo,t](A?X”(&" |11{\A"X”(8a) n|<AT 31 {|ArXm|<v,/2}
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Paa) = —

A Z; €[ P2 (< () L1 (@)1 50a) — PalAFX"(BA)" ) An 2i(sayn |5 um} | X

X Largrayn>anylyargm<e, 21

Eg0) = swp | Y &al(a)

AEG, icA

Y

F(a) = swp |3 &b}(a)

AeG, i€A

9

where T > 0 is the constant from Assumption 6.12(a(4)T), <*(a) = APX™ + A?X"(8a)", &, =

{McC{1,....n} | #M < c,} for ¢, = [(vn/AT) + 17 and with
-n 1 o ny n
a; (Oé) = mpa(Ai X”(ga) )]1-{|A?X”(8a)"\>vnVAZ}’

m 1 o n
b (o) = \/TTnpa(gi (a))]l{ki"(a)\>vn}]l{|A?)~(”(8a)"\>AE}‘

Proof. Recall the cases which we have distinguished in the proof of Lemma A.10:

On the set @y, and if v, < «, we have three mutually exclusive possibilities for 1 <i < n:

(i) AI’N™ =0.

Then we have [A?X ™| = |A?X™| < v,/2 and there is no jump larger than u, (and v,,)
on the interval ((i — 1)A,,iA,]. Thus, X?(DO(A?Xw)]l{m;zx(n)pvn} =0 =y, (APL™)
holds for all ¢ € R and the i-th summand in (A.25) vanishes.

(i) APN™ =1 and APX"™ # 0, but A?X"(8a)" = 0.
So the only jump in ((i — 1)A,,iA,] larger than wu, is also larger than 2a. Because
|A?X™| < v,/2 < a/2 holds, we have |A?X™| > a, and consequently ;' (APX™)
Lyanx sy} =0= x; (AP L™) using the definition of x; .

(iif) APN” =1 and APX"" = A?X"(8a)™ # 0.
Here we can write

ATXM = APX™ + ATX"(80)" =: ()

and

X7 (ATLM) = g (ATX" (80)" Y an sy ) Lo (AT X (80)").

Thus, we have for all « > 0, (0,t) € [0,1] xR, w € @, and n € N large enough such that v, < «

N 1
o < sup §i1 Pl (@)L @)> v} L (o0 (i (@)~
Vnln (9,)e0,1]xR ‘ ieAS(L%n,(e,t)) { )

— PR(AT X" (80)" )10 g0 (sayn ) L oo (AT X" (80)") }

I
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with the random set
Ag(w;a,m, (0,t)) ={ie{1,...,n}|i < |[nf] and ATN" =1, AX'™ = APX"(8a)™ # 0},
for (0,t) € [0,1] x R, @ >0, n € N and w € Q. Furthermore, we define the random sets

A(wionm, (6,8)) = {i € A3(wi v m, (6,)) | |AT X" (80)"| > AT,
1 oo (@) = (oo g (ATX"(8a)") = 1},

AS(w;a,m, (0,1)) = {i € Ao(w a,m, (6,1)) | JAPX" (8a)"| > AL,
(—o0,t] (si'(@0)) = 0 and 1(_007,5}(A?X”(8a)") =1},

AS(w;aym, (0,t)) ={i € Ao(w a,n, (0,t) | |[APX"(8a)?| > AL,
(—oo) (6 (@) = 1 and 1(_oo (A7 X" (8)") = 0},

for (0,t) € [0,1] x R, @ >0, n € N and w € Q, with 7 > 0 the constant in Assumption 6.12. As

a consequence, we obtain for w € @, @ > 0 and n large enough

Vet <
1
= sup &ill P2 (6] () Lfien (a))>om3 L (— 00 (s (@
m(e’t)e[ovl]XRieAS(w;zo;n,(a,t))| PaS @)L @)1} L (- (S5 (@))

— P AT X" (80)" )L an r(s0) 30, L—o0t) (AT X" (80) ) [ L A sy <ag) Lijar [ <o, 2}

1
+ sup &illpa(si (@)L (a) v —
T o, ) 1€l P (ST (@) L fiep (@) >0n}

AEOIIXR 5 40 (wian, (6,8))

= P A7 X" (80)" Ly An (80 0, ) | L an %7 (80)n > A7) L(1Ar X <02}
+ s | @@+ sw | &), (4.26)

(0,t)€[0,1]xR 1€AS (w;a,n,(0,t)) (6,t)€[0,1]xR i€ A3 (w;a,n,(6,t))

because |A? X™™| < v,/2 holds for each i = 1,...,n on @, according to (A.9). As a consequence,
of Lemma A.8 we have #AS5(w;a,n, (6,t)) < ¢, as well as #A5(w;a,n, (0,t)) < ¢, with ¢, =
[(v,/AT) 4 1] for each (0,t) € [0,1] x R, a > 0 and w € J”(a) N Q,. Thus, (A.26) yields the

assertion. O

A.3 Moments: Bounds and convergence results

In the remaining part of Appendix A we gather results on moments of functionals of processes

which occur several times in Section 6.

Lemma A.13. Forn € N let u™ be a Poisson random measure with predictable compensator
™ (ds,dz) = v{"(dz)ds such that (6.8) is satisfied for all n € N for A, > 0 and transition
kernels g™ from ([0,1], B([0, 1])) into (R, B) with

(/\1 — €8S SUPye(o,1] /(1 A2 g™ (y, dz)) <K
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for each n € N and some 5 € [0,2], K > 0. Furthermore, let ¢ >0, F C {z € R| |z] > ¢} and
N® =1p*xu™. Then for 0 < t; <ty < nA, the following equality in distribution holds

N — N =4 Poiss (¢ — (), (A.27)
with
t t/(nAy)
0 F 0 F

fort € [0,nAy]. Moreover, fori € {1,...,n} the sets Ag) = {N;Z)n - N((:—)l)An < 1} satisfy

P((AY) < KAZ(en1)728,
Proof. (A.27) is a consequence of Theorem II.4.8 in Jacod and Shiryaev (2002). Furthermore,
according to (A.27) we calculate as follows
) =GR, = Gia,)"
i\CY _ n n 1An i—1)An,
P((A’gz)) ) = eXP{ - (Cmn - C(i—1)An> } Z k!
k=2
i/n

< (R - 6a) = (an [ [ e dey)”

(i-1)/n F

where the final equality in the above display is a consequence of (A.28). Now, using the as-
sumption that the mapping (y — [(1 A |2/%)g™(y,dz)) is Lebesgue almost surely bounded on
[0, 1] we obtain

. 2
PAD)) < (nan(en) ™ [ @Al de)dy)” < Kaden1) ™,
(i—-1)/n
because (¢ A 1)73(1 A |2]#) > 1 holds if |z| > c. O

Lemma A.14. Let Assumption 6.12 be satisfied and let o > 0. Then for n € N large enough

we have K(a)
(6% m
Ela? ()™ < A
@) < (25) dn
forallmeN and alli=1,...,n, where fora >0, neNandi=1,...,n
n _ 1 n v/t n
ai (@) = —m==palATXTQ) M @y >ayay:

with X" ()" defined in (A.8) and where py is defined prior to (6.3).

Proof. For n € N, i = 1,...,n and @ > 0 define N = Ty 15474y % p™ and Hl'(a) =
{NZFZ,:) - N (<ia—7nl>)An < 1}. Then Lemma A.13 shows that

P(H(a)?) < K(a)AZ.
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Notice that on H'(«) the quantity A:LX' "(a)™ is either zero or equal to the only jump larger
than «/4 on the interval ((i — 1)A,,,iA,]. Thus, we obtain

K
Vi,

Ela} ()" < ( )" B (@) +
iAn
1 \m N )
+( nAn> E{ / /’Pa(z)’ ]1{|z\>a/4}]1H;1(a)M( )(w;du,dz)}
(i—1)Ap

iAn,
= (\/an)m(K(a)A% +E{@_JA /(1 A zP) ™ g 0 ay i (w3 du, dZ)}>,

where K > 0 is chosen such that |p(z)| < K(1 A |z|P) for all z € R. Furthermore, due to m > 1
we have (1 A [z]P)™ < (1 A |2|P) and consequently the definition of the predictable compensator

of an optional P’-o-finite random measure (see Theorem II.1.8 in Jacod and Shiryaev (2002))

yields
n m o m n
Blaf ()" < (250) " {ah +na [ Qe . d2)dy)
(i-1)/n
K(a)\m

< Ay,

- (\/nAn>
for n € N large enough due to Assumption 6.12(al) and p > S. O

Lemma A.15. Let Assumption 6.12 be satisfied and let a > 0. Then for n € N large enough

we have K
Ela} ()] < ( )" A,
forallmeN and alli =1,...,n, where fora>0,neNandi=1,...,n
-n 1 o n v n
CLZ' (O[) = nAn pa(Az X”(Sa) )]]'{IA?X”(8CV)"|>UW,VAE}7

with X" (8a)™ defined in (A.8), T > 0 is the constant from Assumption 6.12(a(4)1) and where
pe, s defined prior to (6.3).

Proof. Forn € N, i = 1,...,n and a > 0 we define the processes N (™ = L, <|z)<2a) * 177,
where u, = v}, with ¢ the constant in (A.6). If we define the sets H(a) = {Ni(g‘:) - N((Zf"_‘?mn <
1}, Lemma A.13 yields

P(H}(0)C) < K(§)AZ-2(5+0), (A.29)

for all § > 0 and n € N large enough. Consequently, using the fact that on H*(«) the increment

A?f( "(8a)™ is either zero or equal to the only jump of absolute size in (uy,2a] on the interval
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((i —1)A,,,iA,] we obtain

Ela}(a)|™ < (f%)mp(m(a)cﬂ

iAn
1 m O m n
+’( ) E ]/ j/\Pa(Z)! 1ﬂ4>mnvAg}1£qma)ﬂ()(w;du,dz)
(i_l)An

vnA\,

iAp
K(0) \™ [ \2—20m(5+9) oy ()
§<\/7E) {a2 +E / /(1AZ|) p) (s du,d2) ),
(i—1)An

for every § > 0, where K(0) > 0 is chosen such that (A.29) holds and |p(z)| < K(0)(1 A |z[P)
(see Assumption 6.12(a2)). Thus, due to (1 A |2|P)™ < (1 A |z[P) and the definition of the
predictable compensator of an optional P’-o-finite random measure (see Theorem I1.1.8 in Jacod
and Shiryaev (2002)) we obtain for some small § > 0 and n € N large enough

i/n

E|a;¢(a)\mg(%)m{ﬁ—”wwwumn [ [animg . da}

(i—-1)/n
K@) \m
< Ay,
- (\/nAn>
because of p > 5 and Assumption 6.12(al), as well as £ < 1/(26w). O

The proof of the following lemma requires the notion of Orlicz norms. Recall from Section
2.2 in Van der Vaart and Wellner (1996) that for A : R; — R a non-decreasing, convex function

with A(0) = 0 and a random variable Z the Orlicz norm is defined as
1Z]la = inf {C > 0| EA(12]/C) < 1},

where we set inf () = co. It is easy to check that if A equals the function z — 2P for some p > 1,

the corresponding Orlicz norm is the well-known LP-norm
1
121, = (E|ZP?)"".
Furthermore for Aj(x) := e* — 1 a straight forward calculation gives
1Zl, <P Zll,, forall peN, (A.30)

because P < pl(e® — 1) for all x € R4 by the series expansion of the exponential function.

Lemma A.16. Let Assumption 6.12 be satisfied and for n € N let (Z]')i=1,...n be independent

random variables with mean zero such that there exist constants Cq,Cy > 0 with

nim Cl m—2 ()
E| 27| §m!<\/nT) =, (A.31)

for every integer m > 2. Then we have

E{ sup ’ZZZL
i€ A

Aee, |

} = o),
asn — oo for &, ={M C {1,...,n} | #M < ¢, } with ¢, = [(v,/AT) +1].
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Proof. The modified Bernstein inequality (Lemma 2.2.11 in Van der Vaart and Wellner (1996))
and (A.31) yield

]P’(‘ ZZZL{ > a:) < 26_%%
i€A

for every x € Ry, A € &,, with b,, = 2C%¢,,/n and d,, = C1/v/n,,, because each A € &,, consists
of at most ¢,, elements. Therefore, by Lemma 2.2.10 in the previously mentioned reference, the
fact that #6,, < (n+ 1)°» and (A.30) we obtain for a universal constant C' and n > 2

{ sup ‘ZZ”}<H sup )ZZ"

AcG, AcG,

< C(dnlog(l + (n+ 1)) + /by log(1 + (n + 1))

<K !

— WVn4,
log(2n) N log(2n)

[ AG+27=2m)v \/nA((1+2F—2E)\/1)+5

with some § > 0 such that Assumption 6.12(b7) is satisfied. The final convergence in (A.32)
holds, because by Assumption 6.12(b4) we have A,, = o(n™") for some 0 < u < 1. O

(vn/A], + 2) log(2n) + K (vn/A], + 2) y/log(2n) /n

-0, (A.32)

Lemma A.17. Grant Assumption 6.12. Then we have a,(a) = o(1) and b, () = o(1) for all

a >0 asn — oo, where

IR n
n(0) = == S E{JATX ()L g i< }
" i=1

and

Yn - n e, \n|P— 1
bp(a) = ——= E|A;] X
(@) 2v/n\, ; ‘ ‘
with X" ()" defined in (A.8).

Proof. Obviously, |2[P1{,j<ay,1 < 2vp|2[P~! holds for all z € R. Consequently, a,(a) < 4b, ()
and it suffices to verify lim, o0 bp(a) = 0. For v € R, set

500 (7) = At = ess sup,eqo / 2L sy ™ (9. 2) ).

Then Assumption 6.12(al) and (a3) yield {gén)(l) He p—1)}<K<ooforalla>0,neN
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and we obtain the desired result with Lemma A.2 and Assumption 6.12(b4) as follows:

iAn
KUn " — n
b Z{ / /|Z|p 111{\z|>a/4}”§ )(dz)d5+
i~ A,
iAp 1
.
J’_]l{p—lZl}( / /\211{z|>a/4}V§")(d2)d8) }
(i-1)An
- Un —1 n)
= {man [ [ e el
= (i—1)/n
i/n .
.
+11{p_121}(nAn / /|Z|]1{z|>a/4}g(”)(y,dz)dy) }
(i—1)/n

< \[/(&m AP~DVIL = 0<\/m> = o(1).

O]

Lemma A.18. Grant Assumption 6.12. Then we have c,(«) = o(1) and d,(a) = o(1) for all

a >0 asn — oo, where

n

1 n vy n
cnla) = MZE{\AZ X"(8a) ‘p]l{m;v?"(m)n|gzvn}}7

i=1

and

A?X”(Sa)”!p*l,

Un
dn(a) = —2 _3"E
() 2\/nAn; ‘
with X" (8a)" defined in (A.8).

Proof. Obviously, |2[P1,j<2u,} < 20n|2|P~! holds for each z € R. Thus, ¢, () < 4d,,(a) and it
is enough to verify lim,, o dy () = 0. Let @ > 0 be fixed and define further for v € Ry

(1) = = ess supyefoy ([ 1278 u,cpicanys™ 0. 2)).
Note that due to Assumption 6.12(al) and p — 1 > 8 we have for each small 6 > 0:

Ono(l) < K@)u; PN+ and  6,4(p— 1) < K(5).
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Furthermore, Lemma A.2 gives

E|A7X" (8a)" P! <

”An(‘_if/ / ‘z|p_1]l{un<|z\§2a}g(n)(y7dz)dyu ifp<2,
< K x nAn('?)n/ J12P g, <21 <003 9™ (v, d2) dy+

\ +(nAn (i_?)n/n S 12 <21 <203 9™ (y,dz)dy)pilv if p > 2,
ke {A@,a(pl), ) ifp <2,

Anbna(p —1) + A1 (6, 0 (1)), ifp> 2,

= K () x A, + ALy @ DEHD e o

for each 1 <i <n and § > 0 small enough. Thus, when p < 2, Assumption 6.12(b4) yields

< K (6) \/annnAnvn = O(\/nA}frZﬁ) = o(1).

In the case p > 2 we obtain also from Assumption 6.12(b4) for ¢ small enough:
nA,v, +

1 1
dn(a) < K(6 APy —(B+5—1)+(p—1)}
(@) < KO){ Sniuon + —nal o

< K(5) {W +/ nAffp—l)—2<p—1><ﬁ+a—1>+ew_1+2w}
< K(6)\/nAL? = o(1),

where the last inequality above is clear for § < 1, for § =1 we have 2(p—1) = 2(p— 1)(8+ 6 —

dn ()

1)fw —1 > 1 from p > 2, and in the case § > 1 we calculate using ¢ < Qﬂ% and p > 1+ 5:

2p—1) —2(p-)B+0-Dw—-1=2(p-1)(1 - (84— 1)tw) -1

>2(p—1)(1—5+25ﬂ_1)—1
:(p—l)(l—l-;—g)—l
>B(1+;—g)—1:5—6>1.

O

Lemma A.19. Grant Assumption 6.12. Then we have yT(la) = o(1) and 2% = o(1) for all

a >0 asn — oo, where

y) = e STE{JATR 4+ AIK" (80)" | — | ALK (80)" |
nin i=1

X ]1{|A;LX~(8a)n|§Az}]1{|A;LX'n+A;LX"(8a)n|>vn}]1{\A7X'n|gvn/2}]lQn}v
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and

z,(f‘) =

1 S IR % n
M;E{‘Ai X"(80)" "L jap (s <agyLn }-

with T > 0 the constant from Assumption 6.12(a(4)1) and where the involved processes and the
set Qy are defined in (A.8) and (A.9), respectively.

Proof. First we consider y;”. The mean value theorem yields

(a)

1 - 1
= MZE{‘A?X/n‘pff L ap g (saymi<ary
=1

x 1{|Ag}?/n+A;l)2’"(8a)n|>vn}]1{\A;l)2'n|§un/2}]1Qn }v

for some &; between |A? X" (8a)"| and |[AZX"™ + A?X"(8a)"|. Next using the fact that due to
the indicators |A? X'™| < |A?X"(8)"| holds, we obtain

(a)

K S ny/m ny n|P—
I = MZ;E{‘AZ‘ XA (80)" "0 g ooy <apy Liag Ko, 2100 |

Note that on @, the sum A?X' "(8)™ consists of at most one jump. Therefore, we can calculate
with the definition of the predictable compensator of the random measure associated with the

jumps of X ™:

<

Z {7 L <papzan Limna,<szing) * 1 |

iAp
Kvn _ "
= Z / /!Z\p ", <pj<amy vt (dz)ds
=l 1A,
KnA,v, _ n -
= M//Mp " <z1<ary g™ (y, dz)dy = 0(\/ nA}L“w) =o(1),
0

by Assumption 6.12(al) and (b4), because p — 1 > S.

Now we show the claim 2\ =

o(1). This can be seen again by the definition of the predictable
compensator of the random measure associated with the jumps of X™. By the fact that on
Qn APX"(8a)" is either 0 or equal to the only jump of absolute size in (u,,2a] on the interval

((1 — 1)A,,iA,], we have:

| /\

m

Z { 2P0 g, <1 <am L {(i—1)An <s<inn}) * M(")}

1
//|Z’ Ly <poj<any 9™ (y, dz)dy = O( nAiJrQE(p_ﬂ_‘s)) = o(1),
0

according to Assumption 6.12(b5), for some appropriate ¢ > 0. O
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Lemma A.20. Let Assumption 6.12 be satisfied and let f : R — R be a Borel measurable
function with |f(z)] < K(1 A |z[P) for all z € R and some K > 0. Then we have

sup E(|f(APL™)|) = O(A,) (A.33)
i€{1,...,n}
Proof. By the assumptions on f we obtain for ¢ = 1,...,n from Proposition 6.3

E(|f(APL™)]) < KE(1 A [ATLOP)

= fnsa / / (1A [217) 9" (g, d2)dy + O (A% 2PN 4 A b =((55012)
(i—-1)/n
i/n i/n
nA / / 1/\|,2|(B""S /\2)90 (y,dz)dy + /nl, / / 1A |z|(B+9) /\2)gl(y dz)dy
(i—-1)/n (i—-1)/n
i/n
4 AL, / /(1 A ’Z‘(5+6)/\2)92(y’dz)dy> L O(A20; 2B+ | A2 (5+0)72)
(i-1)/n

= O(An) + O((An/n)Y?) + o((An/n)/?) + O(A20, 2EFIND) 1 A p=((BHDA2)) (A 34)

for each § > 0, because by Assumption 6.12(al) we have [(1 A [2|3+92)g,(y dz) < K(§) for
Lebesgue almost every y € [0,1] for all i € {0,1,2} and some K(§) > 0. Furthermore, in the
display above a,, denotes a sequence of non-negative real numbers with a, = o((nA,)~/?) and
Rn(y,B) < anga2(y,B) for all y € [0,1], B € B, n € N according to Assumption 6.12. Now,
(A.34) yields (A.33) because of three reasons: first (A, /n)"/? < A, for large n € N, moreover,
p > Bsovh p=((BHON) < 1 for large n € N and if 3 = 2 we have 2((8 +6) A2)w = 4w < 1 due to
w < (1/28), while in the case 8 < 2 we obtain 2((8 + 0) A2)w = 2(f + 0)w < 1 for § > 0 small
enough using w < (1/20) again. O

Lemma A.21. Grant Assumption 6.12 and let Q, be the set defined in (A.9). Then we have
for sufficiently large n € N

E(|p(A7X™)||p(ArX " \]1{|MX(”)|>U”} {lAnX<n)|>vn}11Qn) < KA? (A.36)

fori, 5 =1,...,n with i # j, where the constant K > 0 is independent of n,i and j.

Proof. Recall the decomposition X (™ = X' 4 X’ and the sets
= {|]ATX"| < wn/2} N{ATN" < 1}

n (A.8). According to (A.9) we then have
i=1
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and in order to show (A.35) we obtain
E(‘P(A?X(n))!1{\Agx<n>|>vn}]162n) <E(|p(A7X"™ + A?X”n)‘]1{\A?X”"|>vn/2}ﬂQ”)
<E((|p(A7X"™)| 4+ [p (€A X )T 1an grm s, 2 10n)
< KE((1A }A?X”n‘p)ﬂ{mg)?"ﬂmn}]l% + v“‘A?X/m|p711{|Af)~(”"|>un}1Qn)7
(A.37)
for some £ between A?X”™ and A?X'™ + AP X" using the mean value theorem and the fact

that |A?X™| < v,/2 on Q,. Notice furthermore that due to |A?X""| < v,/2 on @, the

condition |[A?X (™| > v, implies |A?X""| > v, /2 and consequently |A?X""| > |A?X'"|. The

final inequality in (A.37) follows with the assumptions on p and the definition of u, = (v,)*

with £ > 1 in (A.7), such that u, < v,/2 holds for large n € N. On Q,, A?X"" is either zero or
equal to the only jump in ((i — 1)A,,iA,] of absolute size larger than w,. Thus, the definition
of the predictable compensator of an optional P’-o-finite random measure (Theorem II.1.8 in
Jacod and Shiryaev (2002)) gives

E((LAJATX ) an g 1@0) = BI(OUA 2L 20,0100 L-1)a, <szingg) % #47)
SE((LA[2P) L 1)an<s<ingg * 1™)
—ndy [ @R dody < KA, (A3
(i—1)/n
where the last inequality above is a consequence of Assumption 6.12(al) and p > 5. With the

same reasoning we obtain for the second summand in (A.37)
n wim|p—1 -1 n
E(‘AZ X | ]1{‘A?)~(,,n|>un}]lQn) = E((|z|p ]1{‘z|>un}ﬂQn1{(i—1)An<S§iAn}) *,LL( ))
SE(l2/P ' io1)a,<s<ingg * ™)
=nl, / / 2P~ g™ (y, d2)dy < KA, (A.39)
(i=1)/n
using Assumption 6.12(a3) for the last estimate above. (A.37), (A.38) and (A.39) yield (A.35).

In order to prove (A.36) we use the mean value theorem, the definition of @),, and the assumptions

on p to obtain for ¢ # j similar to (A.37)
E(|P(A?X(n))\\P(A?X(”))’]l{\Ayx(n)|>Un}]1{|A;X(n>|>vn}]lQn)
<E((|p(A7X"™)| + |p' (AT X" [) ([o(ATX"™)] + [0 (€] AT X ™)
X ]l{|A?X””\>vn/2}]l{\A;?X”"|>vn/2}]lQn)
< KE((LA[ARX" ") (LA [AFX ™ ) an g sy Lgjan 2 50,0 100)

+ Ko E((LA [ATX" ) AFX P n sy L a2 5y L0
+ K’l}nE((l A ‘A?X/m}p) ‘A?X”n|p71]l{‘A?X"n|>“n}]l{|A;'LX”n‘>un}]lQ")

+ K,UTQLE(‘A’ZN,X/M] ‘pfl }A?X//n ‘pil]1{\A?)~(”"|>un}1{|A?)~(”"|>un}]1Qn)’ (A40)
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for some & between A?X"™ and A?X'™ + A?X"™ and some £} between A?X”” and A?X'" +
ATX"™. APX" is on Q) either zero or equal to the only jump of absolute size larger than w,,
on the interval ((i — 1)Ay,iAy]. The same is true for ATX"™ on ((j — 1)Ap, jA,]. Therefore,
the definition of the predictable compensator of an optional P’-o-finite random measure yields

for the first resulting summand in (A.40)
E((l A |A?X’/n‘p) (1 A ’A?X/m‘p)]l{lA?f(””\>“n}]l{\A§‘)~(”n|>un}]lQn)
= E(((l AN ’Z‘p)]]‘{‘Z|>Un}]l{(i*1)An<s§iAn} *N(H)) X
x (1A 2Py L G-1) An<s<jan) *M("))]IQH)
= E(((l AMePYLionyan<szingg * 1) (LA P LGona,<s<inng * u(”))>
E

=E((1A [2P) Lo na,<s<ingg * L)E(QA [2P)LGo1)a,<s<jang * 1) < KAL
(A.41)

The final equality above follows using the fact that x(™ is a Poisson random measure and thus
both involved factors are independent (see Theorem II1.4.8 in Jacod and Shiryaev (2002)). The
last estimate in (A.41) is a consequence of (A.38). The remaining summands in (A.40) can be

treated similarly by exploiting the properties of a Poisson random measure as well as (A.38) and
(A.39). O

B Results on the limiting process from Theorem 6.1

B.1 Useful properties of the Gaussian limit and its covariance semimetric

In the following we collect several lemmas which are useful to obtain bounds for the expectation
of sup-functionals of the process G¢. In particular, we apply them in the proof of Proposition 6.6
in order to show asymptotical uniform d-equicontinuity in probability of a sequence of processes

Gy, for some suitable semimetric d.

Lemma B.1. Grant Assumption 6.12, let f : R — R be Borel measurable with |f(z)] <
K(1 A |zP) for all z € R and some K > 0. Furthermore, let Gy be the tight centered Gaussian
process in ([0, 1] xR) defined in Theorem 6.1. Then for (01,t1), (02,t2) € [0, 1] xR the L¥-norm

satisfies

G £(61,t1) — G (B2, t2)|s = 1055 d (61, t1); (6, t2)),

with dy the semimetric defined in (6.2).
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Proof. For (01,t1), (02,t2) € [0,1] x R with 6; < 02 we have

E(G(01,t1) — Gy(0a, 1))’
= Hy((61,t1); (01, t1)) — 2Hy (01, 11); (02, 12)) + Hy((02, 12); (02, 12))

01 t1 01 t1Ate 0> to
z//fQ(z)go(y,dZ)dy—2/ / fQ(Z)go(y,dZ)der//fQ(Z)go(y,dZ)dy
0 —oo 0 —oo 0 —o0

= d3((61,11); (02, 12)),

where the last equation follows by distinguishing the cases t; < t5 and t5 < t1. Therefore, using

the properties of the normal distribution we obtain for the L8-norm
IG4(01,11) — G (B2, t2) |5 = 1055d (61, t1); (62, 2)),
for arbitrary (61,t1), (f2,t2) € [0,1] x R. O

Lemma B.2. Grant Assumption 6.12 and let f : R — R be Borel measurable with |f(z)| <
K(1A|zP) for all z € R and some K > 0. Then the tight centered Gaussian process Gy defined
in Theorem 6.1 is separable with respect to the semimetric dy in the sense of Theorem 2.2.4 in
Van der Vaart and Wellner (1996). More precisely, for every § > 0

sup |G (01,t1) — Gf(b2,t2)| = sup |G (01,t1) — Gy(62,12)|
ds((61,t1);(02,t2))<d dy((01,t1);(02,t2))<8
(01,t1),(02,t2)€([0,1] xR)NQ?2

holds almost surely.

Proof. By the assumptions on the involved quantities for each ¢ € R the function [0,1] >
0 — f09 [t f2(2)g0(y,d2)dy is continuous and for each 6 € [0,1] the function R > t
foe fioo f?(2)go(y,dz)dy is right-continuous. As a consequence, we can find for every ¢ > 0
and (01,t1) € [0,1] xR a (02, t2) € ([0,1] x R)NQ? with df((61,1); (02, t2)) < . Thus, for every
0>0

sup |G (01,t1) — Gf(b2,t2)| = sup |G (01,t1) — Gy(b2,12)|
ds((61,t1);(02,t2))<d df((071,¢1);(02,t2))<6
(917t1),(92,t2)€([0,1}XR)O@2
holds almost surely, because the sample paths of G are almost surely uniformly df-continuous.

O]

Lemma B.3. Grant Assumption 6.12 and let f : R — R be Borel measurable with |f(z)| <
C(1 A |2|P) for all z € R and some C > 0. Then for dy the semimetric defined in (6.2) the
semimetric space ([0,1] x R, dy¢) is totally bounded and there exists a K > 0 which depends only
on C such that for every e > 0

D(e,dy) < K /e,

where D(e,dy) denotes the packing number of [0,1] x R with respect to dy at distance € > 0.
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Proof. By the well-known relation D(e,dy) < N(g/2,dy) of the packing number and the covering
number N (e/2,d¢) of ([0,1] x R, dy) at radius /2 it suffices to show that there exists a K > 0
with N(g/2,ds) < K/e* for every £ > 0.

The measure B > A — C? fol JA(L A [2[*)go(y, dz)dy is finite. Therefore, for each & > 0 we
can find a finite partition {tp = —0o < t; < ... <ty < tims1 = 00} of R with m < K/e? for
some K > 0 which depends only on C such that C? fol f;f“(l A 21*P)go(y, dz)dy < €2/64 for
each j =0,...,m. For the same reason there is also a finite partition {p =0<6; < ... <, <
Oos1 = 1} of [0,1] with ¢ < K/e® and C2 [} [(1A]2|%)go(y, dz)dy < €2 /64 for all i = 0,... L.
Furthermore, consider the collection M := {(6;,t;) | i = 1,...,¢;5 = 1,...,m} which consists
of at most K/e* points. Then for an arbitrary (6,t) € [0,1] x R let ip € argmin{|0; — 0| | i =
1,...,0}, jo € argmin{|t; —¢| | j =1,...,m} and choose iy € {0,...,¢+1}, j1 € {0,...,m+1}
such that 6 € [0;, A 0;,,0;, V 6;,] as well as t € [tj, Atj,,t5, VL] to obtain

1 tjgVits .
dr((0,4); (6;,:)) < 2 C? LA |22 dz)dy)’
f(( 7t)7( loatjo)) S 2Mmax ( /\‘Z‘ )90(% Z) Y 5
0 tjoNtiq
91'0\/9,‘1 L
2 2p 2
(C / /(le )go(y,dZ)dy) }
97;0/\91‘1

<e/d<e/2.

Thus, we have N(g/2,ds) < K/e*, because by the inequality above the ds-balls with radius /2
around the points of M cover [0, 1] x R. O

B.2 An auxiliary result on the supremum of the Gaussian limit

A further application of the lemmas in Section B.1 is the proposition below which is necessary

to prove Theorem 6.8.

Proposition B.4. Grant Assumption 6.12 and for o > 0 let pg, be the function defined prior
to (6.3). Then we have

lim E sup G, (0,t)]) =0.
a—0 <(0,t)€[0,1}><R’ a )‘)

Proof. We want to use Corollary 2.2.5 in Van der Vaart and Wellner (1996) for the convex,
non-decreasing, non-zero function ¢(z) = 2® which clearly satisfies ¢(0) = 0 and limsup, ,,
o(x)e(y)/ p(cry) < oo for some constant ¢ > 0. Due to Lemma B.2 the process G g is separable

in the sense of this corollary. Furthermore, Lemma B.1 shows
G (61, 11) = Gpg (2, t2)l|s = 1055, (61, 12): (02 72)).
for all (61,1), (02,t2) € [0,1] x R, where

01 t1Vta 02 to
1 (O)s 02 = { [ [ Pt v+ [ [ one mana}” 0 <o)
0 tiNt2 6, —oo
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is the semimetric for which the sample paths of G,g are almost surely uniformly continuous.
Thus, according to Corollary 2.2.5 in Van der Vaart and Wellner (1996) there exists a constant
K > 0 which does not depend on p or « such that

| s 1Gg(010) ~ G (bata)| <K [ Diedg)ide, (B

(01,t1),(02,t2)€[0,1] xR

O\E\I

where D(e,dpe) denotes the packing number of [0,1] x R at distance ¢ with respect to the

semimetric dpg and where

d(a) = diam([0,1] x R;dpe ) = sup dps ((61,11); (62, 12))
(01,t1),(02,t2)€[0,1] xR

1
<{> 0/ @@ (. 2y} <o (B.2)

is the diameter of [0, 1] x R with respect to d,e. The convergence in the display above holds due
to Lebesgue’s dominated convergence theorem by the assumptions on pg, and on gg. Moreover,
Lemma B.3 gives a constant K > 0 which is independent of a such that D(e,d,s) < K/ 4,
Thus, with (B.1) and (B.2) we obtain the desired result:

B( sw [Gr00]) ICa0.0k+| s [Be(0n0) — G0 ta)]|
(0,1)€[0,1]xR (61,t1),(62,t2)€[0,1] xR 8

de = Kd(a)2 2=

— 0.

3

[SIE
[NIE

IN
=
O\g\

C Auxiliary Results

The following lemma shows that two bootstrapped random elements with values in some metric
space (D, d) which differ only by a term of order op(1) converge simultaneously weakly conditional

on the data in probability.

Lemma C.1. Let G, = Gp(X1,...,Xn,61,...,6) and Hy, = Hy(X1,..., X0, 61, ... 6n)
be two sequences of bootstrapped elements with values in some metric space (D,d) such that
d(én,ﬁn) 0. Then for a tight Borel measurable process G in D, we have Gn ~¢ G if and
only if H, ~e G

Proof. See Biicher (2011), Lemma A.1. O

The next auxiliary result is useful in order to show consistency of the test procedures in this
paper. In the assertion of this proposition ({®)=1, . p for some B € N denote independent
sequences £® = ({;b))ieN of random variables satisfying Assumption 3.6. Furthermore, Gi:é(b)

denotes the process defined in (6.7) calculated with respect to the b-th multiplier sequence £®.
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Proposition C.2. Let B € N. If Hgloc) 1s true and each of the independent multiplier sequences
(EM)p=1,...B satisfies Assumption 3.6, then we have

n) rn(n) (n)
(Tg )’TM“)’ o "Tp,gua)) ~ (Tp +Tp91 Tp1), - - va,(B))

in (£°([0,1] x R))P+! and

n) r(n) Ar(n)
(H )7Hp,g<1>v a va,gus)) ~ (H, + D) Hy 1), - Hy ()

in (£°(C x R))BHL, where ~ denotes (unconditional) weak convergence (with respect to the
(joint) probability measure IP), furthermore T, 1),...,T, gy are independent copies of the Gaus-
sian process T, in Theorem 3.1 and H,, y),...,H, p) are independent copies of the stochastic

process H,, defined in Theorem 4.4.

Proof. The claim follows by exactly the same reasoning as in the proof of Proposition A.2 in
Biicher et al. (2017). O
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