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Abstract

This paper considers the problem of testing if a sequence of means (ft)¢=1,...n of a
non-stationary time series (X¢)¢=1,..n is stable in the sense that the difference of the
means i1 and p; between the initial time t = 1 and any other time is smaller than
a given level, that is |u1 — | < cforallt =1,...,n. A test for hypotheses of this
type is developed using a bias corrected monotone rearranged local linear estimator
and asymptotic normality of the corresponding test statistic is established. As the
asymptotic variance depends on the location and order of the critical roots of the
equation |1 — p¢| = ¢ a new bootstrap procedure is proposed to obtain critical values
and its consistency is established. As a consequence we are able to quantitatively
describe relevant deviations of a non-stationary sequence from its initial value. The

results are illustrated by means of a simulation study and by analyzing data examples.

AMS subject classification: 62M10, 62F05, 62G08, 62G09
Keywords and phrases: locally stationary process, change point analysis, relevant

change points, local linear estimation, Gaussian approximation, rearrangement estimators



1 Introduction

A frequent problem in time series analysis is the detection of structural breaks. Since the
pioneering work of Page| (1954)) in quality control change point detection has become an im-
portant tool with numerous applications in economics, climatology, engineering, hydrology
and many authors have developed statistical tests for the problem of detecting structural
breaks or change-points in various models. Exemplarily we mention |(Chow| (1960)), Brown
et al.| (1975)), Kramer et al.| (1988)), Andrews (1993)), [Bai and Perron| (1998)) and |Aue et al.
(2009)] and refer to the work of |[Aue and Horvéth (2013) and |Jandhyala et al. (2013)) for
more recent reviews.

Most of the literature on testing for structural breaks formulates the hypotheses such
that in the statistical model the stochastic process under the null hypothesis of “no change-
point” is stationary. For example, in the problem of testing if a sequence of means
(ft)t=1,..n of a non-stationary time series (X;)i=1, ., is stable it is often assumed that

X = pu + & with a stationary error process (¢)i—1,. . The hull hypothesis is given by

Ho:pp=pe ="+ = pn , (1.1)
while the alternative (in the simplest case of only one structural break) is defined as

HiopV=p=pp= = # 1 = 2 = = pin = p?,
where k& € {1,...,n} denotes the (unknown) location of the change. The formulation of
the null hypothesis in the form facilitates the analysis of the distributional properties
of a corresponding test statistic substantially, because one can work under the assumption
of stationarity. Consequently, it is a very useful assumption from a theoretical point of
view.

On the other hand, if the differences {|p; —pu¢|}t—2.. » are rather “small”, a modification
of the statistical analysis might not be necessary although the test rejects the “classical”
null hypothesis and detects non-stationarity. For example, as pointed out by Dette
and Wied| (2016), in risk management one wants to fit a model for forecasting the Value at
Risk from “uncontaminated data”, that means from data after the last change-point. If the

changes are small they might not yield large changes in the Value at Risk. Now using only



the uncontaminated data might decrease the bias but increases the variance of a prediction.
Thus, if the changes are small, the forecasting quality might not necessarily decrease and
- in the best case - would only improve slightly. Moreover, any benefit with respect to
statistical accuracy could be negatively overcompensated by additional transaction costs.

In order to address these issues [Dette and Wied (2016) proposed to investigate precise
hypotheses in the context of change point analysis, where one does not test for exact
equality, but only looks for “similarity” or a “relevant” difference. This concept is well
known in biostatistics [see, for example, [Wellek (2010))] but has also been used to investigate
the similarity of distribution functions [see Alvarez Esteban et al. (2008, 2012) among
others|. In the context of detecting a change in a sequence of means (or other parameters
of the marginal distribution) Dette and Wied| (2016)) assumed two stationary phases and
tested if the difference before and after the change point is small, that is Hy : |p) —
p?| < ¢ versus Hy ¢ |u® — p®| > ¢, where ¢ > 0 is a given constant specified by the
concrete application (in the example of the previous paragraph ¢ could be determined by
the transaction costs). Their approach heavily relies on the fact that the process before
and after the change point is stationary, but this assumption might also be questionable
in many applications.

In the present paper we investigate alternative hypotheses in the change point problem,
which are motivated by the observation that in many applications the process parameters
change continuously, and - if the amount of change and the time of a substantial change are
small - the statistical analysis does not have to be modified. For this purpose we consider

the location scale model

Xin = pu(i/n) + €in, (1.2)
where {€;,,: ¢ = 1,...,n}lpeny denotes a triangular array of centered random variables
(note that we do not assume that the “rows” {e¢;, : 7 = 1,...,n} are stationary) and

w2 [0,1] — R is the unknown mean function. We define a change as relevant, if the
amount of the change and the time period where the change occurs are reasonable large.

More precisely, for a level ¢ > 0 we consider the level set

M ={t € [0,1]: |p(t) — p(0)] > c}



of all points t € [0, 1], where the mean function differs from its original value at the point

0 by an amount larger than ¢, and define
T. := A\M.)

as the corresponding excess measure, where A denotes the Lebesgue measure. We now
propose to investigate the hypothesis that the relative time, where this difference is larger

than ¢ does not exceed a given constant, say A € (0, 1), that is
Hy:T,<A versus H,:T,> A . (1.5)

In many applications it might also be of interest to investigate one-sided hypotheses, be-

cause one wants to detect a change in certain direction. For this purpose we also consider
the sets ME = {t € [0,1]: & (u(t) — u(0)) > ¢} and define the hypotheses

Hf :TH= M) <A versus H : T.F > A, (1.6)
Hy :T; =AM_) <A versus H : T, >A. (1.7)

Although the mean function in model cannot be assumed to be monotone, we use a
monotone rearrangement type estimator [see Dette et al.| (2006)] to estimate the quantities
T., T.F, T.”, and propose to reject the null hypothesis , for large values of the
corresponding test statistic. We study the properties of these estimators and the resulting
tests in a model of the form (|1.2) with a locally stationary error process, which have found
considerable interest in the literature [see |Dahlhaus et al.| (1997), Nason et al.| (2000)),
Ombao et al.| (2005), |Zhou and Wu (2009) and [Vogt| (2012) among others|. In particular
we do not assume that the underlying process is stationary, as the mean function can vary
smoothly in time and the error process is non-stationary. Moreover, we also allow that the

derivative of the mean function p may vanish on the set of critical roots

C=A{te[0,1]: |pu(t) = pO0)] = c}

and prove that appropriately standardized versions of the monotone rearrangement esti-

mators are consistent for 7., 7.7 and 7., and asymptotically normal distributed. It is



demonstrated - even in the case of independent or stationary errors - that the variance of
the limit distribution depends sensitively on (eventually higher order) derivatives of the
regression function at the critical roots, which are very difficult to estimate. Moreover,
because of the non-stationarity of the error process in the asymptotic variance de-
pends also in a complicated way on the unknown dependence structure. We propose a
bootstrap method to obtain critical values for the test, which is motivated by a Gaussian
approximation used in the proof of the asymptotic normality. This re-sampling procedure
is adaptive in the sense that it avoids the direct estimation of the critical roots and the
values of the derivative of the regression function at these points.

Note that T, is the ezcess Lebesgue measure (or mass) of the time when the absolute
difference between the mean trend and its initial value exceeds the level ¢. Thus our ap-
proach is naturally related to the concept of excess mass which has found considerable
attention in the literature. Many authors used the excess mass approach to investigate
multimodality of a density [see, for example, Miuller and Sawitzki| (1991, [Polonikl (1995),
Cheng and Hall (1998)), [Polonik and Wang] (2006))]. The asymptotic properties of distances
between an estimated level and the “true” level set of a density have also been studied in
several publications [see Baillo (2003]), Cadre (2006)), |Cuevas et al.| (2006 and [Mason and
Polonik| (2009)) among many others]. The concept of mass excess has additionally been used
for discrimination between time series [see Chandler and Polonik (2006])], for the construc-
tion of monotone regression estimates |Dette et al.| (2006)), |Chernozhukov et al.| (2010))],
quantile regression [Dette and Volgushev] (2008]), |Chernozhukov et al.| (2009)], clustering
[Rinaldo and Wasserman| (2010)] and for bandwidth selection in density estimation [see
Samworth and Wand| (2010)], but to our best knowledge it has not been used for change
point analysis.

Most of the literature discusses regular points, that are points, where the first deriva-
tive of the density or regression function does not vanish, but there exist also references
where this condition is relaxed. For example, Hartigan and Hartigan (1985)) proposed a
test for multimodality of a density comparing the difference between the empirical distri-
bution function and a class of unimodal distribution functions. They observed that the
stochastic order of the test statistic depends on the minimal number k, such that the kth
derivative of the cumulative distribution function does not vanish. [Polonik| (1995) studied

the asymptotic properties of an estimate of the mass excess functional of a cumulative dis-



tribution function F' with density f and [Tsybakov (1997)) observed that the minimax risk
in the problem of estimating the level set of a density depends on its “regularity”. More
recently, (Chandler and Polonik| (2006) used the excess mass functional for discrimination
analysis under the additional assumption of unimodality.

The present paper differs from this literature with respect to several perspectives. First,
we are interested in change point analysis and develop a test for a relevant difference in
the mean of the process over a certain range of time. Therefore - in contrast to most of the
literature, which deals with i.i.d. data - we consider the regression model with a non-
stationary error process. Second, we are interested in an estimate, say TMC of the Lebesgue
measure T, of the level set M, and its asymptotic properties in order to construct a test
for the change point problem . Therefore - in contrast to many references - we do not
discuss estimates of an excess mass functional or a distance between an estimated level
set and the “true” level set, but investigate the asymptotic distribution of TMC. Third, as
this distribution depends sensitively on the critical points and the dependence structure of
the non-stationary error process, we use a Gaussian approximation to develop a bootstrap
method, which allows us to find quantiles without estimating the location of the critical
points and the derivatives of the regression function at these points.

The rest of paper is organized as follows. In Section [2 we define an estimator of the
quantity T, and give some basic assumptions of the non-stationary model . Section
is devoted to a discussion of the asymptotic properties of this estimator in the case, where
all critical points are regular points, that is u(V)(s) # 0 for all s € C. We focus on this case
first, because here the arguments are more transparent. In particular we identify a bias
problem, which makes the implementation of the test at this stage difficult. The general
case is carefully investigated in Section [ where we also address the bias problem using
a Jacknife approach. The bootstrap procedure is developed in Section [5, where we also
prove its validity and illustrate its finite sample properties by means of a simulation study
and by analyzing data examples. Finally, most of the technical details are deferred to an

appendix in Sections [7] and |8 (the latter section contains some auxiliary results).



2 Estimation and basic assumptions

Recall the definition of the testing problems (1.5)), (1.6)), (1.7) and note that T, = T.F + 7.,

where

TS = / L(u(t) - p(0) > Ot , T, = / 1(u(t) — u(0) < —c)dt,

and 1(B) denotes the indicator function of the set B. In most parts of the paper we mainly
concentrate on the estimation of the quantity 7" and study the asymptotic properties of an
appropriately standardized estimate [see for example Theorem and . Corresponding
results for the estimators of 7.~ and 7. can be obtained by similar methods and the joint
weak convergence is established in Theorem and Theorem without giving detailed
proofs.

We propose to estimate the mean function by a local linear estimator

n

(i (0., ()" = argmin > (X~ o= Balin— 0P K(P0)

Bo€R,p1€R 5 br,

where K (-) denotes a continuous and symmetric kernel supported on the interval [—1, 1].
We define an estimator of 7." by

. _Z/ —Kd fi,, (i/N) hlabn(o) _u)du, (2.2)

d

where Ky(+) is a symmetric kernel function supported on the interval [—1, 1] such that
f_ll Ky(x)dx =1. In the quantity hg > 0 denotes a bandwidth and N is the number
of knots in a Riemann approximation (see the discussion in the following paragraph), which
does not need to coincide with the sample size n. A statistic of the type has been
proposed by Dette et al| (2006) to estimate the inverse of a strictly increasing regression
function, but we use it here without assuming monotonicity of the mean function p. We
shall see later that hy is usually chosen to be small to reduce error in the approximation
of fo — 1(0) > c¢)dt by fo f Ky (M)dudt Observing that ji, (t) is a



consistent estimate of p(t) we argue (rigorous arguments are given later) that

) B s

B hid/ol /00 Kd(M(SE) _;/:1(0) - u)dudm +op(l) = T+ + op(1) (2.3)

as n, N — 0o, hgy — 0. In Section (3| we will establish the asymptotic properties of the
statistic ’_ZAR,*C as an estimator of 7" for a twice continuously differentiable mean function.

For these investigations we will make the following basic assumptions for model (1.2)).
Assumption 2.1.
(a) The mean function is twice differentiable with Lipschitz continuous second derivative.

(b) There exists a positive constant €y, such that for all § € [0, €] there are ks closed

disjoint intervals Iy, ..., Ix, 5, such that

ks
{t €0,1] : |u(t) — p(0) —¢] <o} U{t €[0,1] : [p(t) — pu(0) + ¢| <6} = UIM,

where the number of intervals ks satisfies SUPg<s<e, ks < M for some universal con-
stant M. In particular there exists only a finite number of roots of the equation
wu(t) — pu(0) = £e. We also assume that |p(1) — p(0)] # c.

Our first result makes the approximation of 7. by deterministic counterpart

N .
1 * 1 pi/N) = p0) —u
T = — K ) 2.4
Ly |k - u 2.4)
in ([2.3) more precise. For this purpose let

mos(1) = A({ € 0,1 ¢ |u(t) = 5] < 5})

denote the Lebesgue measure of the set of points, where the mean function lies in a o-

neighbourhood of the point ~.



Proposition 2.1. If Assumption holds and mei0)s(p) = O(6") for some v > 0 as
0 — 0, we have for the quantity TJJ\?’C in (2.4),

Ty.—T. = O(max{hy, N'})

[

as N — oo, hg — 0.

Proof. By elementary calculations it follows that

[ (DI 2 ) > 0

= 1({le = (ui/N) = pO) < ha) [ Kafa)ds

= 1({u(i/N) = p(0) = hg < ¢ < p(i/N) = p(0)}).

Therefore, we obtain (observing that fjl Ky(z)dx = 1)

T - T = |5 2/ L, (PO 4y 1) i) 2 0]+ 0( %)
< %Z_: 1(|(i/N) — u(0) — ¢| < ha) + O(NY)
= mesyiona (1) + ON ™) = O mactt, }).

as N — oo, hg — 0. U

For ¢ > 1let || X]||, = (E|X|q)1/q denote the £,-norm of the random variable X. We begin

recalling some basic definitions on physical dependence and locally stationary processes.

Definition 2.1. Let n = (1;)iez be a sequence of indendent identically distributed random
variables, F; = {ns: s < i}, denote by ' = (n))icz an independent copy of n and define
Fr=0(..on-o,m-1,m0,M,...,m). Fort €[0,1] let G :[0,1] x R® — R denote a nonlinear

filter, that is a measurable function, such that G(t,F;) is a properly defined random variable
for all t € 10, 1].



(1) A sequence (€;n)iz1,.n is called locally stationary process, if there exists a filter G such

.....

that €;, = G(i/n, F;) for alli=1,...,n.

(2) For a nonlinear filter G with sup,c)o 1 [|G(t, Fi)|lq < 0o, the physical dependence mea-
sure of G with respect to || - ||, is defined by

3,(G, k) = sup ||G(t, Fr) — G(t, Fp)ll4- (2.5)

te€(0,1]
(3) The filter G is called Lipschitz continuous with respect to || - ||, if and only if

sup ||G(t, Fi) — G(s, F)|lq/It — s| < 0. (2.6)

0<s<t<1

The filter G is used to model non-stationarity. The quantity d,(G, k) measures the depen-
dence of G(t, Fj) on n; over the interval [0, 1]. When 6,(G, k) converges sufficiently fast to
0 such that ), 0,(G, k) < oo, we speak of a short range dependent time series. Condition
(2.6) means that the data generating mechanism G is varying smoothly in time. We refer
to Zhou and Wu| (2009) for more details, in particular for examples of locally stationary
linear and nonlinear time series, calculations of the dependence measure and for the
verification of . With this notation we make the following assumptions regarding the

error process in model ([1.2]).

-----

stationary process with filter G, which satisfies the following conditions:
(a) There exists a constant y € (0, 1), such that d4(G, k) = O(x*) as k — oo.
(b) The filter G is Lipschitz continuous with respect to ||-[|4 and sup,¢(o 3 [|G (¢, Fo)la < o0

(c) The long-run variance

o(t) = i cov(G(t, F;),G(t, Fo)), te]0,1]

1=—00

of the filter G is Lipschitz continuous on the interval [0, 1] and non-degenerate, that

is inf,e01 0(t) > 0.

10



Condition (a) of Assumption means that the error process {€;,}i=1,. , in model
is locally stationary with geometrically decaying dependence measure. The theoretical
results of the paper can also be derived under the assumption of a polynomially decay-
ing dependence measure with substantially more complicated bandwidth conditions and
proofs. Conditions (b) and (c) are standard in the literature of locally stationary time
series. They are used later for a strong Gaussian approximation of the locally stationary

time series; see for example Zhou and Wu| (2010).

3 Twice continuously differentiable mean functions

In this section we briefly consider the situation, where the derivatives of the mean function
at the critical set to do not vanish. These assumptions are quite common in the literature
[see, for example, condition (B.ii) in Mason and Polonik| (2009)) or assumption (Al) in
Samworth and Wand, (2010)). | We discuss this case separately because of (at least) two
reasons. First, the results and required assumptions are slightly simpler here. Second, and
more important, we use this case to demonstrate that the estimates of T,, T." and T, have
a bias, which is asymptotically not negligible and makes their direct application for testing
the hypotheses (L.5]), and difficult. The general case is postponed to Section
[ where we also solve the bias problem. We do not provide proofs of the results in this
section, as they can be obtained by similar (but substantially simpler) arguments as given
in the proofs of Theorem [4.1] and [.2] below.

Recall the definition of the statistic TJJ\}C in (2.2), where [, (t) is the local linear es-
timate of the mean function with bandwidth b,. Our first result specifies its asymptotic
distribution, and for its statement we make the following additional assumption on the
bandwidths.

Assumption 3.1. The bandwidth b, of the local linear estimator satisfies b, — 0,nb, —
00, bp/hg — 00, \/nb,/log*n — oo, and 7 /hy — 0 where

7= (b2 + (nb,) Y% logn) logn.

Theorem 3.1. Suppose that Assumptions and hold, that there exist roots

11



t1, ...ty of the equation p(t) — pu(0) = c satisfying (u(t]) # 0 for 1 < j < kT, and define

nl/4

_ log n - 1 1

an—an( )bn/\h,
. nb, % Nb,  Nhy ( )
N 1 _ _

If Nb,, — 00, Nhy — oo, v/nb,(Xn + Rl,n + Rz,n) = o(1), V/nb,hg = o(1), then

\/T<T+ —TF — bZZ t;r) +bic2,Kﬂ(0)i 1 >:D>N(O 72’+—|—72’+)
Ne M2, K = Al 2c0 4 l(t])] 71 5 ),
where

2+ _ 2(th) 2

) [

2,+ 0'2(0) 1 2 [l 2

- <;|/J(tj)|> /0 (t2,1c =t i) K3(1)at,

the constants cy ik and co i are given by

Co,Kk = Mo, KH2, K — /L%,K , CoaKk = M%,K — M1, KM3,K
and py i = fol 2 K (z)dx for (1=1,2,...).

Theorem establishes asymptotic normality under the scenario that fi(t) # 0 for all
points t € CT = {t € [0,1]: u(t) — u(0) = ¢}. This condition guarantees that the mean
function g is strictly monotone in a neighbourhood of the roots. Moreover, Assumptions
2.1(b) and imply the asymptotic independence of the estimators of 1(0) and p(t) for
any t € CT.

We conclude this section presenting a corresponding weak convergence result for the

joint distribution of (T:+., T,), where

n,c’ n,c

S 1 fiv, (i/N) — ji,, (0) —u
Ty,.= N Z/ h_de ( o du

12




denotes an estimate of the quantity 7., defined in ({1.7]).

Theorem 3.2. Suppose that Assumptions[2.1], and[3.1] are satisfied and that the band-
width conditions of Theorem hold. If there also exist Toots ty,...,t,_ of the equation
w(t) — u(0) = —¢, such that 1(t~) #0 (I =1,...,k7), then, as n — 0,

A A T ~
Vb, (T3, = T =08 T = T —b7) 2 N(0,5),

where
Kt .ot 9 .. k*
pho, i b i) bz co,xfi(0) 1
bi: — 5 n - J + n 2 - , (3.1)
> L] T 2w 2 W)

and the elements in the matriz ¥ = (iij)i7j:1,2 are given by Sy = 712’+ + 722’+, Yoy =

2,— 2,—
T, + T and

8= = ko0 3 pmy) (3 piioy) [ (o — i P

2 2 , - 2 24
where 77" and 75" are defined in a similar way as T, and 73" in Theorem .

Remark 3.1. The representation of the bias in (3.1)) has some similarity with the approx-
imation of the risk of an estimate of the highest density region investigated in [Samworth
and Wand| (2010). We suppose that similar arguments as given in the proofs of our main

results can be used to derive asymptotic normality of this estimate [see also Mason and
Polonik! (2009)].

Theorem and can be used to construct tests for the hypotheses and . Sim-
ilarly, by the continuous mapping theorem we also obtain from Theorem |3.2{the asymptotic
distribution of the the statistic TN,C =T f\?’c + TAJQ’C, which could be used to construct a test
for the hypotheses . However, such tests would either require undersmoothing or es-
timation of the bias b) and b, in (3.1), which is not an easy task. Therefore we next
investigate an alternative procedure based on the Jackknife principle, which will be the

basic tool for the bootstrap test discussed in Section [5

13



4 Jack-Knife bias corrected test

In this section we will address the bias problem mentioned in the previous paragraph adopt-
ing the Jackknife bias reduction technique proposed by |Schucany and Sommers (1977)).
Moreover, we also relax the main assumption that the derivative of the mean function
does not vanish at critical roots ¢ € C. Recalling the definition fi,, (t) of the local linear

estimator in (2.1) with bandwidth b,, we define the Jackknife estimator by

fio, (8) = 241, /5 (t) = fin, (t) (4.1)

for 0 <t < 1. It has been shown in Wu and Zhao, (2007) that the bias of the estimator
(4.1) is of order o(b3 + %), whenever b, <t <1 —b,, and |Zhou and Wu (2010) showed

that the estimate i, is asymptotically equivalent to a local linear estimate with kernel
K*(x) = 2V2K (V2z) — K(z). (4.2)

In order to use these bias corrected estimators for the construction of tests for the hy-
potheses defined in (1.5 - (1.7, we also need to study the estimate fi,, (0), which is not
asymptotically equivalent to a local linear estimate with kernel K*(z). However, as a

consequence of Lemma in the Appendix we obtain the stochastic expansion

1 o~ -

s, (0) = 1(0) = == " R !

= O(bi + _)7

Jei nb,

nb,
where the kernel K*(z) is given by
K*(z) = 2V2K (V2z) — K () (4.3)

with K (z) = (po.x — xp1.x) K (x)/co k. Since the kernel K*(x) is not symmetric, the bias
of fiy, (0) is of the order O(b3 + %) The corresponding estimators of the quantities 7"

and 7, are then defined as in Section |2, where the local linear estimator fi, is replaced by

its bias corrected version fi,, . For example, the analogue of the statistic in (2.2)) is given

14



_ _Z/ —Kd Fio, (i/N) h’]””(o) _u)du. (4.4)

d

The investigation of the asymptotic properties of these estimators in the general case
requires some preparations, which are discussed next.

We call a point t € [0,1] a regular point of the mean function , if the derivative p/
does not vanish at t. A point ¢t € C is called a critical point of pu of order k > 1 if the first
k derivatives of p at ¢t vanish while the (k + 1)st derivative of u at ¢ is non zero, that is
p®(t) =0 for 1 < s < k and p**+D(t) # 0. Regular points are critical points of order
0. Theorem or are not valid if any of the roots of the equation pu(t) — p(0) = ¢
or u(t) — p(0) = —c is a critical point of order larger or equal than 1. The following
result provides the asymptotic distribution in this case and also solves the bias problem

mentioned in Section (3] For its statement we make the following additional assumptions.

Assumption 4.1. The mean function p is three times continuously differentiable. Let
t, ...t and tf,..., ¢, denote the roots of the equations (t) — p(0) = ¢ and pu(t) —
,LL(O) = —¢, respectively. For each t; (s = 1,...,k7) and each I (s = 1,..., k™) there
exists a neighbourhood of ¢; and ¢t such that pis (v, +1) and (v 4 1) times differentiable
in these neighbourhoods with corresponding critical order v, and v}, respectively (1 <
s <k , 1<s<k'"). Wealso assume that the (v; + 1)st and (v} + 1)st derivatives of the

mean function are Lipschitz continuous on these neighbourhoods.

Assumption 4.2. There exist ¢ points 0 = 55 < 51 <. = 1 such that the mean

. < s
function p is strictly monotone on each interval (s;, $141] (0 <1 g q).

It is shown in Lemma [8.1] that under the assumptions made so far the set {t : |u(t) —¢| <
hn,t € [0,1]} can be decomposed as a union of disjoint “small” intervals around the critical
roots 7 € C* and t; € C, whose Lebesgue measure is of order hy ¢+ nd h! (V;H),
respectively, and therefore depends on the order of the corresponding root. In the appendix
we prove the following result, which clarifies the distributional properties of the estimator
ff\ac defined in if the sample size converges to infinity.

15



Theorem 4.1. Suppose that kt > 1, and that Assumptions and Assumption
are satisfied. Define v™ = max,<j<p+ v;" as the mazimum critical order of the roots of

the equation u(t) — u(0) = ¢ and introduce the notation

1 1 — et 1
= (004 et ) T R, = b (5 )

nb, nb,

1/41 2 ot 1 1 1
+ o nllogn, + :< )(b hﬁﬂ)
Fan =g, Mt Ban = (g g, ) O MR

Assume further that the bandwidth conditions hg — 0, nb,hq — o0, b, — 0, nb? — oo,
Nb,, — 00, Nhy — 0o and m, = o(hg) hold, where

T = (b2 + (nbn)_l/2 logn)logn = o(hg), (4.5)

then we have the following results.

(a) If b2 /hg — oo, V/nbyhy T (xit + Rf, + Ri, + Ri,) = o(1), Vnbha = o(1),

vt
Vnb,h /N = o(1), then
ot D + +
Vb hy (Tic - Tj) L2 N(0,0%" + 02T,

where

b = (/Kd(zv*ﬂ)dz)Q((v+ Ly S o*(t))

_2
{t: v =vt} |M(v++1)(t;r)|v++l

JOR

(4.6)

o =+ [ @ra( S e K he)

{7 vf=vt}

(4.7)

1 vt

(b) If bo /Ry =1 € [0,00), vVuhahi" V(X + Rf, + Ry, + Ri,) = o(1), then

ot
Viha T (T, = T) =2 N0, 7+ 037,
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where

+
2,4+ + 1 tl * * vt4+1
o :U+1!v++1 ///K VK
! ‘( ) | Z o) ’u(v++1 ( 'u++1 ( )
(U+ + 1) u++1 vF+1
X Kd<<21 +r Fl)(t?_) (U — u)) )dudvdzl,

and pyt =r~Yoo", where o3 is defined in

In general the rate of convergence of the estimator TJJ\EC is determined by the maximal
order of the critical points, and only critical points of maximal order appear in the asymp-
totic variance. The rate of convergence additionally depends on the relative order of the
bandwidths b,, and hg. Theorem also covers the case v™ = 0, where all roots of the
equation pu(t) — p(0) = c are regular. Moreover, the use of the Jackknife corrected estimate
iy, avoids the bias problem observed in Theorem

It is also worthwhile to mention that there exists a slight difference in the statement
of part (a) and (b) of Theorem [4.1 While part (a) gives the asymptotic distribution
of vaic — T (appropriately standardized), part (b) describes the weak convergence of

T Ve — Tne The replacement of Ty . by its limit 7," is only possible under additional

bandwidth conditions. In fact, if b,/ hﬁ = ¢ € [0,00), Theorem and Proposition

give

ot
Vaha T (T~ 1) = Ry B N7+ 03),

where p}t and py* are defined in Theorem , and R, is a an additional bias term of

order
vt 42

O(\/nhah2" ),

which does not necessarily vanish asymptotically. For example, in the regular case vt =0

this bias is of order o(1) under the additional assumptions nh3 = o(1) and b, /hq < co. Note
that these bandwidth conditions do not allow for the MSE-optimal bandwidth b,, ~ n=/%.
These considerations give some arguments for using small bandwidths hy in the estimator

(4.4) such that condition (a) of Theorem holds, that is hgy = o(b” *'). Moreover, in

numerical experiments we observed that smaller bandwidths A, usually yield a substantially
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better performance of the estimator Tic and in the remaining part of this section we
concentrate on this case as this is most important from a practical point of view.

The next result gives a corresponding statement of the joint asymptotic distribution
of (Tf\;yc, T]QC) and as a consequence that of T, = Tf\;’c + TJQ,C, where the statistic T N 18
defined by

o b [ (B0

Theorem 4.2. Assume that the conditions of Theorem [4.1] are satisfied, that k= > 1 and
define v~ = maxj<;<k- v; as the mazximum order of the critical roots {t; : 1 <1 < k~}.
If, additionally, the bandwidth conditions (a) of Theorem hold and similar bandwidth
conditions are satisfied for the level —c, we have

v+ v

~ ~ T
nbn (g (T = T,y T (T, = T0)) = N(0,3),

c

. . 2 2 2,— 2,—
where the matriz X = (3;;); j=1,2 has the entries 11 = o7 v oyt S =07 4oy,

i = So1 = —o?(0)((vF + D))FH((v™ + 1)) H / (K™ (1)t

Z [ Ka(z" 1) dz Z [ Ka(z th)d=

|t +1) (tl+) |1/t +1) |l +1) (&) /= +1)

X

+. ot
{tl FY —’U+} {tl_: vl_:v_}

and 0>, 02" are defined similarly as ovt, oo in [@.6), [@7), respectively.

The continuous mapping theorem and Theorem [{4.2] imply the weak convergence of the
estimator Ty, of T,, that is v/nb,hi ™ (Ty.. — T.) — N(0,0?), where v = max{v*, v~} and
the asymptotic variance is given by 02 = X1 11(vT > 0v7) + S5l (v+ < v7) + 2851 (vT =
v7).

Remark 4.1. In applications one might also be interested if there exist relevant deviations

of the sequence ((i/1))i=|nto|+1,....,n from an average trend formed from the previous period
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(1(i/1))i=1,....|nto)- This question can be addressed estimating the quantity
1 to to
/ 1(,u(t) — / w(s)ds > c)dt = )\({t € [to, 1]: u(t) — / w(s)ds > c})
to 0 0

Using similar mathematical arguments as given in Section[7]and [§lone can prove consistency

and derive the asymptotic distribution of the estimate

)

= LNtOJ co

o0

1 i, (1/N) — Oto [y, (8)ds — u
h—de< hd )du

where [i, is the bias-corrected local linear estimator of p1. The details are omitted for the

sake of brevity.

5 Bootstrap

Although Theorem is interesting from a theoretical point of view and avoids the bias
problem described in Section [3] it can not be easily used to construct a test for the hypothe-
ses (L.5). The asymptotic variance of the statistics Ty, and T’y . depends on the long-run
variance o2(-) and the set C of critical points, which are difficult to estimate. Moreover,
the order of the critical roots is usually unknown and not estimable. Therefore it is not
clear which derivatives have to be estimated (the estimation of higher order derivatives
of the mean function is a hard problem anyway). In this section, we develop an adaptive
methodology to address this problem. In particular, we propose a bootstrap test which
does not require the estimation of the derivatives of the mean trend at the critical roots.

The bootstrap procedure is motivated by an essential step in the proof of Theorem [4.1

which gives a stochastic approximation for the difference

ot
TJJ\EC ~Tr=1+ 0p<(\/ nbhf“)fl),
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where the statistic I’ is defined as

i 3 3 KM IO o (LI e () o

—1 =1 ha

and (V});en is a sequence of independent standard normal distributed random variables.

Based on this approximation we propose the following bootstrap to calculate critical values.

Algorithm 5.1.

(1) Choose bandwidths b, hy and an estimator of the long-run variance, say 62(-), which
is uniformly consistent on the set Uy’ U.(t]) for some & > 0, where U.(t) denotes a e-
neighbourhood of the point t.

(2) Calculate the bias corrected local linear estimate fi, (t) and the statistic T~f\§’c defined

in (4.1) and (4.4)), respectively.
(3) Calculate

n

V=3 ) [ P O e () ()

7j=1

(4) Let g, denote the the 1 — a quantile of a centred normal distribution with variance
V, then the null hypothesis in (1.6]) is rejected, whenever

nNb,hg (TR?C —A) > g, (5.2)

Theorem 5.1. Assume that the conditions of Theorem[{.1] (a) are satisfied, then the test
(5.2) defines a consistent and asymptotic level « test for the hypotheses (1.6)).

Remark 5.1.
(a) It follows from the proof of Theorem in the appendix that

1 if TF>A
P( test (5.2) rejects ) — < o if TS =A
0 if TF <A

Moreover, these arguments also show that the test (5.2)) is able to detect local alternatives
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ot
converging to the null at a rate O(nbnfl/ ’h, " *"). When the level ¢ decreases, the value

of T} increases and the rejection probabilities also increase. On the other hand, for any
given level ¢, the rejection probability will increase when the threshold A decreases (see
equation ([7.33) in the appendix).

(b) The bootstrap procedure can easily be modified to test the hypothesis referring
to the quantity 7.. In step (2), we additionally calculate the statistic T&c defined in ,
Tne= TAJJ\;C + TAJQ,C and the quantity

e Z6Q<j/n)<if(;(ﬂbn<i/w> ;d/zbnm) —oy (K*(W> ‘K*<n%)>>2’

=1

where

s (Bl =) ey _ e (BUN) O e (i) O ey

Finally, the null hypothesis (1.5 is rejected if annhd(TN,c — A) > (1_a, Where q1_,

denotes the (1 — a)th quantile of a centered normal distribution with variance V*

For the estimation of the the long-variance we define Sy, = >"'_, X; and for m > 2

Aj _ Sj—m+1,j T:L j+l,j+m’
and for t € [m/n,1 —m/n]
s i mA? .
() =), — 2wt ), (5.3)
j=1

where for some bandwidth 7,, € (0, 1),

= K(0) S ()

For t € [0,m/n) and t € (1—m/n, 1] we define 6%(t) = 6%(m/n) and 62(t) = 6*(1 —m/n),
respectively. Note that the estimator (5.3)) does not involve estimated residuals. The
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following result shows that 62 is consistent and can be used in Algorithm [5.1]

Theorem 5.2. Let Assumption - be satisfied and assume 1, — 0,n7, — 00,

2

m — oo and >~ — 0. If, additionally, the function o is twice continuously differentiable,

then the estimate defined in (5.3)) satisfies

. m 1
sup  |6%(t) — o*(t)] = OP(’/n_T? + o + 72+ m5/2/n>,.

te[’ynvlf’yn]
where v, = 7, + m/n. Moreover, we have

5°(1) ~ 0(1) = Op (= + 4 72+ m¥2 ). (5.4)

nrty

for any fized t € (0,1) and for s = {0,1}

ﬁ@-&@:@@h%+%+%+mwﬂ.

Note that error term /7%= + - + 72 in (5.4) is minimized at the rate of O(n=*T) by

m=n¥" and 7, < n V7

, where we write r,, < s, if r, = O(s,,) and s, = O(r,). For
this choice the estimator ([5.3]) achieves a better rate than the long-run variance estimator

proposed in Zhou and Wu/ (2010) (see Theorem 5 in this reference).

6 Finite sample properties

In this section we investigate the finite sample properties of the bootstrap tests proposed
in the previous sections. For the sake of brevity we restrict ourselves to the test for
the hypotheses . Similar results can be obtained for the corresponding tests for the
hypotheses and .

The selection of the bandwidth b,, in the local linear estimator is of particular impor-
tance in our approach, and for this purpose we use the generalized cross validation (GCV)
method. To be precise, let €, = X;,, — fu(i/n) be the residual obtained from a bias

corrected local linear fit with bandwidth b and define €, = (€, ..., €,). Throughout this
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section we use the bandwidth

A n_lébf_léb
b, = argmin GCV (b) := argmin L ,
5 (b) = argmnin (75 6) Jin) 2

where f’n is an estimator of the covariance matrix I',, = {E(¢€; ,€5)}1<ij<n, Which is
obtained by the banding techniques as described in Wu and Pourahmadi| (2009).

It turns out that Algorithm is not very sensitive with respect to the choice of the
bandwidth hy as long as it is chosen sufficiently small. As a rule of thumb satisfying the
bandwidth conditions of Theorem (a), we use hg = n~/2/2 throughout this section. In
order to save computational time we use m = [n*7| and 7,, = n='/7 for the estimator 42
in the simulation study [see the discussion at the end of Section . For the data analysis
in Section [6.2] we suggest a data-driven procedure and use a slight modification of the
minimal volatility method as proposed by Zhou and Wul (2010). To be precise - in order
to avoid choosing too large values for m and 7 - we penalize the quantity

ISE)j = ise[|U*__,62 (t)yus__, 62 ()]

r= Mp,Tjtr r= Mhtr,Tj

in their selection criteria by the term 2(7; +my/n)IS, where &%mj (+) is the estimator (/5.3))
of the long-run variance with parameters m; and 7; and IS is the average of the quantities
ISE, ;.

6.1 Simulation results

All simulation results presented in this section are based on 2000 simulation runs. We
consider the model (1.2]) with errors ¢;,, = G(i/n, F;)/5, where

(I) : G(t, F;) = 0.25] sin(27t) |G (t, Fi—1) + n;;
(I1) : G(t, F;) = 0.6(1 — 4(t — 0.5)>)G(t, Fi_1) + i ,

and the filtration F; = (1_oo,...,7;) is generated by a sequence {n;,i € Z} of indepen-
dent standard normal distributed random variables. For the mean trend we consider the

following two cases
(a): pu(t) =8(—(t —0.5)% + 0.25);
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Figure 1: Simulated sample paths for the four models under consideration. The horizontal
lines display the level ¢ which is given by 1.82 and 1.995 for the mean function (a) and by
1.672 and 1.78 for the mean function (b).

(b): u(t) = sin(2[t — 0.6]7)(1 + 0.4¢).

Typical sample paths of these processes are depicted in Figure[l] Note that the mean trend
(b) is not differentiable at the point 0.6. However, using similar but more complicated
arguments as given in Section [7] and [§] it can be shown that the results of this paper
also hold if u(-) is Lipschitz continuous outside of an open set containing the critical roots
USE A U

The threshold is given by A = 0.3 and A = 0.15. Following the discussion in Remark
5.1{(a) we display in Tables [I| the simulated type 1 error at the boundary of the null
hypothesis in (L.6), that is 7," = A. A good approximation of the nominal level at
this point is required as the rejection probabilities for T.," < A or T.;F > A are usually
smaller or larger than this value, respectively. The values of ¢ corresponding to T.f =
0.3 and T = 0.15 are given by ¢ = 1.82 and ¢ = 1.955 for the mean function (a)
and by ¢ = 1.672 and ¢ = 1.78 or the mean function (b). We observe a rather precise
approximation of the nominal level, which is improved with increasing sample size. For
the sample size n = 200 the GCV method selects the bandwidths b,, for 0.25, 0.26, 0.23,
0.19 for the models ((1), (a)), ((1), (b)), (({I),(a)), and ((I1), (b)), respectively. Similarly,
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for the sample size n = 500 the GCV method selects the bandwidths 0.2, 0.17, 0.21, 0.14 for
the models ((1), (a)), ((), (b)), ((II),(a)) and (({I), (b)), respectively. In order to study
the robustness of the test with respect to the choice of b, we investigate the bandwidths
by = bey — 0.05, by, bY = bey + 0.05. For this range of bandwidths the approximation of

the nominal level is remarkably stable.

Table 1: Simulated level of the test (5.2)) at the boundary of the null hypothesis (1.6). The
sample size is n = 200 (upper part) and n = 500 (lower part) and various bandwidths are
considered. The bandwidth b, is chosen by GCV, and b, = b, — 0.05, b, = b, + 0.05.

n model (a,I) (b,I) (a,1I) (b,IT)
A b, 5% 10% 5% 10% 5% 10% 5% 10%
b, 4 895 535 101 49 8.8 5.6 935
0.3 bey 3.5 8.2 415 8.05 4 8 6 10.7
200 bl 4.15 76 28 53 3.7 685 48 9.15

b, 545 875 58 925 6.9 10 6.45 11.55
0.15 by 6.45 10.8 535 87 645 10.7 7.25 11.05
bt 5.60 10.05 245 455 64 1015 575 9.95

b_, 5.2 945 585 101 585 10.05 5.55 9.9

0.3 bey 46 955 545 985 565 9.25 6 10.1

500 bt 5.15 9.1 5 895 365 T7.15 545 9.85
b, 76 121 65 96 7,7 11.15 75 11.3

0.15 by 6.50 11.25 5.1 9.15 7.75 122 5.15 9.25
bt 6.85 106 44 75 6.6 11.05 4.6 8.3

In Figure|2] we investigate the properties of the test as a function of the threshold
A and level ¢, where we restrict ourselves to the scenario ((I), (a)). For the other cases
the observations are similar. The bandwidth is b, = 0.2. In the left part of the figure the
level ¢ is fixed as 1.82 and A varies from 0 to 0.4 (where the true threshold is A = 0.3).
As expected the rejection probabilities decrease with an increasing threshold A. Similarly,
in the right part of Figure [2] we display the rejection probabilities for fixed A = 0.3 when
¢ varies between 1.44 and 2. Again the rejection rates decrease when ¢ increases.

We finally investigate the power of the test for the hypotheses with ¢ = 1.82
and A = 0.3, where the bandwidth is chosen as b, = 0.2. The model is given by with
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error (/) and different mean functions
p(t) = a(—(t —0.5)*+0.25), a€[7.59.5] (6.1)

are considered (here the case a = 8 corresponds to the boundary of the hypotheses). The
results are presented in Figure [3] which demonstrate that the test ([5.2)) has decent power.

08
06 08

fejecfon ate
rection rate

02
02

[eNe) o.2 o.4a 1.5 1.7 1.9

Threshold Delta Level c

Figure 2: Simulated rejection probabilities of the test in model for varying values
of c and A. Left: ¢ =1.82, A € [0,0.4] (the case A = 0.3 corresponds to the boundary of
the null hypothesis). Right: A = 0.3, ¢ € [1.44,2] (the case ¢ = 1.82 corresponds to the
boundary of the null hypothesis). The dashed horizontal line represents the nominal level
10%.

6.2 Empirical Studies
6.2.1 Global temperature data

Global temperature data has been extensively studied in the statistical literature under
the assumption of stationarity [see for example Bloomfield and Nychka (1992), Vogel-
sang| (1998) and Wu and Zhao (2007) among others]. We consider here a series from
http://cdiac.esd.ornl.gov/ftp/trends/temp/jonescru/ with global monthly temperature anoma-
lies from January 1850 to April 2015, relative to the 1961 — 1990 mean. The data and
a local linear estimate of the mean function are depicted in left panel of Figure [ The
figure indicates a non-constant higher order structure of the series and analyzing this series

under the assumption of stationarity might be questionable. In fact, the test of Dette et al.
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povier

Figure 3: Simulated power of the test in model for the hypothesis (1.6 with
¢ = 182 and A = 0.3. The mean functions are given by and the case a = 8
corresponds to the boundary of the null hypothesis. The dashed horizontal line represents
the nominal level 10%.

(2015) for a constant lag-1 correlation yields a p-value of 1.6% supporting a non-stationary

model for data analysis.
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Figure 4: Left panel: deseasonalized global temperature 1850-2015 and its fitted mean-
trend. Right panel: Yearly Rainfall of Tucumdn Province, Argentina, 1884—1996.

We are interested in the question if the deseasonalized monthly temperature exceeds
the temperature in January 1850 by more than ¢ = 0.15 degrees Celsius in more than
100A% of the considered period. For this purpose we run the test for the hypothesis
(1.6]), where the bandwidth (chosen by GCV) is b, = 0.105 and hy = 0.011 (we note again

that the procedure is rather stable with respect to the choice of hy). For the estimate
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of the long-run variance o2, we use the procedure described at the beginning of this
section, which yields m = 30 and 7 = 0.202. For a threshold A = 43.4% we obtain a
p-value of 4.82%.

Next we investigate the same question for the sub-series from January 1850 to December
1974. The GCV method yields the bandwidth b, = 0.135 and we chose hy = 0.013 and
m = 36, 7 = 0.234 for the estimate of the time-varying long-run variance (see the discussion
at the beginning of this section). We find that for A = 26% and ¢ = 0.15 the p-value is
6.6%. Comparing the results for the series and sub-series shows that relevant deviations
of more than ¢ = 0.15 degrees Celsius arise more frequently between 1975 and 2015. The
conclusions of this short data analysis are similar to those of many authors, but by our
method we are able to quantitatively describe relevant deviations. For example, if we reject
the hypothesis that in less than 26% of the time between January 1850 and April 2015 the
mean function exceeds its value from January 1850 by more than ¢ = 0.15 degrees Celsius,

the type I error of this conclusion is less or equal than 5%.

6.2.2 Rainfall data

In this example we analyze the yearly rainfall data (in millimeters) from 1884 to 1996 in
the Tucumén Province, Argentina, which is a predominantly agriculture region. Therefore
its economy well-being depends sensitively on timely rainfall. The series with a local
linear estimate of the mean trend are depicted in right panel of Figure 4] (note that the
range of estimated mean function is [71.0mm, 92.5mm]|) and it has been studied by several
authors in the context of change point analysis with different conclusions. For example, the
null hypothesis of no change point is rejected by the conventional CUSUM test, isotonic
regression approach of Wu et al| (2001) rejects the hypothesis with p-value smaller than
0.1%, and the robust bootstrap test of Zhou (2013) with a p-value smaller than 2%. On
the other hand a self-normalization method considered in [Shao and Zhang (2010) reports
a p-value about 10%.

Meanwhile, there is some belief that there exists a change point because of the con-
struction of a dam near the region during 1952 — 1962. As a result, a more practical
question is whether the construction of the dam has a relevant influence on the economic

well-being of the region via affecting the annual rainfall. To investigate this question, we
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are testing the hypotheses with a threshold A = 0.05 (here we calculated b, = 0.235,
m = 11, 7 = 0.24 and hy = 0.047 as described at the beginning of this section). For the
level ¢ = 7 the p-value is 6.05%. In other words the hypothesis that in less than 5% of the
113 years the mean annual rainfall is at least 7mm higher than the rainfall in the year 1880
can not be rejected. This result indicates that the effect of the new dam on the change of

the amount of rainfall is small.
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7 Proofs of main results

In this section we will prove the main results of this paper. For the sake of a simple
notation we write e; := ¢; , throughout this section, where ¢, ,, is the nonstationary error
process in model . Moreover, in all arguments given below M denotes a sufficiently
large constant which may vary from line to line. For the sake of brevity we will restrict
ourselves to proofs of the results in Section [4] while the details for the proofs of the results

in Section [3| are omitted as they follow by similar arguments as presented here.

Proof of Theorem . It follows from Assumption that there exist k¥ > 1 roots
t7 < ... <tl, of the equation p(t) = p(0) +c. Define v* = ming<; <+ (¢, — ;) > 0, with
the convention that t; = 0 and ¢, , = 1. Recalling the definition of the statistic TJJ\;C and

kT 41
the quantity T ]J\EC in (4.4) and (2.4]), respectively, we obtain the decomposition

T]—\i/_,c - T]—\i/v_,c = ALN + A27N7 (71)

where the random variables A; 5 and A; y are defined by

M= 3 [ (M o () = ) — (0, 0) - (O
- (7.2)

(note that we do reflect the dependence of Ay on n in our notation) and ¢; denotes a
random variable satisfying |¢; — (u(i/N) = u(0))] < |fis, (i/N) = i/ N) = (7, (0) = i(0))|
and [G; — (fiv, (i/N) — i, (0)] < [, (i/N) — p(i/N) — (v, (0) — p2(0))]. It is easy to see
that

G—c

2] = |55 D a5 G i/) = i/N) = (i (0) = )] (7.3

Recall the definition of 7, in (4.5) and define

Ap={ s () = pO] S, sup i, (8) — p(O)] BV} (7.4)
t€[bn,1—bn]U{0} t€[0,bn)U(1—bn,bn]
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where we denote max{a, b} by aVb. By Lemma in Section , we have lim,, ., P(4,) =1
and Lemma [8.1] yields

#i < 1w, (0/N) = i, (0) = ¢ < ha, |, (i/N) — u(i/N) = (i, (0) = p(0))] < 2mn}
< i [p(i/N) = p(0) = €| < ha +2m} = O(N(hy +m,) /D) (7.5)

almost surely, where A denotes the number of points in the set A. Observing the definition
of ¢; and ([7.5)) we obtain that the number of non-vanishing terms on the right hand side
of equality ([7.3)) is bounded by O(N (hg + Wn)ﬁ) Therefore the triangle inequality yields

for a sufficiently large constant M

1 1
|2 L(An)lla < M (8 + —— ) hz*((ha + ) 757).

Now Proposition B.3 of [Dette et al.| (2015) (note that lim, .. P(A,) = 1) yields the

estimate

1 1
Do = Op (0 + =g (ha+m,) 7757 ).

Notice that the assumptions regarding bandwidths guarantee that

1)+

Vnhah2 T Ay v = 0(1), if b2 hg = ¢ € [0, 0), (7.6)
»T
Vb hTT Ay y = 0(1), if b /by — oo, (7.7)

and therefore it remains to consider the term A; y in the decomposition ([7.1]).
For this purpose we recall its definition in ([7.2)) and obtain by an application of Lemma

and straightforward calculations the following decomposition

M= o (ML Z Y (G 4/8) = 16/ N)) = G, (0) = )
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where the terms [ and R are defined by

i SRS S e () ke (). o

Y (%) = 1(0) — e\ 74
R0 SR L)

ot

By Lemma [8.1| the term R is of order O(h, "+ (b3 + —-)). For the investigation of the

remaining term /, we use Proposition 5 of Zhou| (2013)), which shows that there exist (on a

possibly richer probability space), independent stand normal distributed random variables
{Vi}iez, such that

% %

max | Z e;j — Za(]/n)VA = 0,(n**log’n).
j=1

1<i<n
Jj=1

This representation and the summation by parts formula in equation (44) of Zhou| (2010)

yield

sup
te[0,1]

. y/n e t—g/n
ZeK ( )—;a(j/n)‘/jf( (T)‘ 0,(n**log?n),
where we introduce the notation

() = e () - R () (710

Using these results in ([7.9) and Lemma provides an asymptotically equivalent repre-

sentation of the term I, that is

1/41 ot
'~ 1) = M%h v*ﬂ). (7.11)
noy
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Here

n N

— nN_bihd ; ;Kd<ﬂ(i/N) ; 1(0) — C)a(j/ﬂﬁ“(%)‘/f

is a zero mean Gaussian random variable with variance

Var(I') = nsz En: ( > o(j/n) (z/an ]/n)Kd(u(i/N) ;dM(O) - c>>2

- ﬁz (/ ol (! 2 gy (MO =),

and the last two equalities define the quantities a,, and (3, in an obvious manner. Observing

the estimates

L Jy e (N = Gi/ny o o6/ N) = p(0) —
N;U ( b )Kd< ha >_
Yo g (=3[0 plt) = p(0) —cy e
/0 U(E)K< b, )Kd< ha )dt_0<<Nb Nhy J(bn A hg o )>
oyt
LY et =g nN i) = p(0) ey N kg
s 5 i (S H= 000 o),
we have that
oyt
vt 41 1 _1 2
ﬁ":Zznhd<N1bn+N1hd>(b"/\h‘;+“>+((Nlbn Nihd)(bn/\h‘;ﬂl))’ (7.13)
where a A b := min(a, b).
For the calculation of &, we note that
—(J/MN ot =/ pu(t) — p(0) —ey _
K ( b, )K( b, )Kd< hq )‘0' (7.14)

for sufficiently large n. This statement follows because by Lemma the third factor

36



vanishes outside of (shrinking) neighbourhoods U, ..., U+ of the points ¢7,... ¢ with
1

Lebesgue measure of order h;'"", (1 <1 < k*). Consequently, the product of the first and

second factor vanishes, wheneever the point j/n is not an element of the set
{s+t|te Uf;uj ;5 € [—bn, by}

However, if n is sufficiently large the intersection of this set with the interval [0, b,], is
empty. Consequently, for sufficiently large n there exists no pair (¢,j/n) such that all
factors in different from zero.

Therefore, we obtain (recalling the notation of K* in (7.10))

(i = Qtp + G, (7.15)

where
n

. #%h?l Z </01 g(j/n)K*<t —bj/n>Kd<u(t) _fZ(O) - C)dt>2,

j=1

n

oo = iy 2o | o (J) (MO0

=1 "

At the end of the proof we will show that

,2v+
hyT T (nby)tor T i BT /hg — 00
= (7.17)

1
Ry (nh2) Tt i BT fhg — 7 € [0,00)

72’U+
hy T (nby)toy T i BT /hg — 00
G, = . (7.18)

1
Ry (nh2) oyt i B T fhy — 7 € [0,00)

2
where 07"

from (7.1)), (7.6)), (7.7)), (7.8) and (7.11)) observing that the random variable I’ is normally

oy, poT and poT are defined in Theorem 4.1l The assertion now follows
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distributed, where the (asymptotic) variance can be obtained from (7.12)), (7.13)), (7.15),

and ({719,

Proof of (7.17): By Lemmawith m replaced by 1(0)+ ¢, there exists a small positive

number 0 < € < v /4 such that when n is sufficiently large, we have

t++e

A = nlethz jz; Z/ o(j/n)K ( _bZ/TL)Kd(u(t) _:d(o) — c)dt)2
i /: e () (O

where the last equation defines the quantltles a? ».1; in an obvious manner. We now calculate
o, for the two bandwidth conditions in (7.17).

’U+
(i) We begin with the case b% *!/hy — 0o, which means by +1/hd —ooforl=1,... k.
By Lemma [8.1] there exists a sufficiently large constant M such that
R

N /tFMh:lﬁH (K <_t - ﬂ”)K (’“‘(t) —0) = “ar(1+ O(h’”ﬁ“»(? 19)
n,l,j l_~_+1 1 b d d A
l

tf —Mh, n hg

Observing the fact that the kernel Ky(-) is bounded and continuous we obtain by a Taylor
expansion of p(t) — u(0) — ¢ around ",

2
s — il = O(hgt " 1(1j/n — t7] < 26,) (7.20)

uniformly with respect to ¢ € [0, 1], where

1

vl 41
tlJr—‘rMhdl t— i (v++1) t+ t_t+ vt+1
oz;;,z,j=/ ] a(t*)K*(b—j/")Kd(“ D (e R V1
1

o l
t+—Mhdl i n (Ul—i_ + 1)'hd
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_1

Substituting ¢ = ¢;" + z|ha(v;" + D!/ p D (65 [0+ observing the symmetry of Ky(-) and

using a Taylor expansion shows that

’u(vl +1) t+

* _
QOnij =

*“ /K (201 dz (t*)K( ;J/") (7.21)

(k) 1 i ] < 20),

where we have used the fact that [ zKg( 2o +1)dz < oo since Ky(-) has a compact support.
Equations ([7.19] - and the condition 2— — co now give

ﬁilK*(tT —j/n)>2
b,

k n
1 (vt + 1)y
n:—§:§: Ky ”l“d t+‘
T g / ?) 70w

< (1400 b, 1 in — o7 < 200) )

=30 P ([ Rtz (o 40T (— ) [

—1 m(vfﬂ (t+)‘ o 41

x (1+ O((nbn)f1 + hF/bn))
_2,t

= by (nb,) Loy (14 0(1))

which proves (7.17)) in the case b2 T /hg — 0.

1
Next we turn to the case l)7l/fLC“l’+Jrl — ¢ € [0, 00), introduce the notation o, ; = m Z?Zl a?
n'vd

n,l,j
and note that
k
a, = ngl, (7.22)
=1

+
Define ¢; = b,/ H/hd for 1 € {1,...,kT}. For those [ satisfying ¢, — oo, we have already
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shown that

+
—2vl 1

vl ot 41 %
h,' h,' hy
Qg = =0 =0 )

nby, nh? nh?

In the following discussion we prove that for those [, for which ¢; does not converge to
1

'U+ .
infinity, the quantity a,,; is exactly of order O(h,' o (nh2)~1). For this purpose define

1 ! )
Q= m/o (G(t;f,5,bn, ha)) "ds. (7.23)

where
tl++e

U(S)K*<t - 8>Kd<u(t) — p(0) — C)dt'

G(t,s,b,, h :/
( l d) ] bn hd

e

It follows from a Taylor expansion and an approximation by a Riemann sum that

0
|0sz nl| — b2h2 Z_ Sup ) (tl 7Sabn7hd)‘ ‘%G(t;“,s,bn,hd)‘.

IEl<s<d

The terms in this sum can be estimated by an application of Lemma that is

sup |G (4, 5, bn, ha)| < CX(Dyy), (7.24)
a +
sup | —Gy(t, s, b, hd)‘ < CX(Dy)) /b, (7.25)
%<s§% 83

where

Dlj:<j Ly, LT +bn)m(tl*—Mhdl“,thrMhdl“) )
n n

M and C are sufficiently large constants and A(-) denotes the Lebesgue measure. Straight-

forward calculations show that the number of indices j such that the set D;; is not empty
1

v+ 1
is of order O(nh,' "), while the Lebesgue measure in (7.24)) and of (7.25) is of order O(b,,)
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and O(1), respectively. Combining these facts we obtain

1

Oy =al, + O(nhﬁb ;> (7.26)
W Tl T '
(forall I =1,..., k™ such that ¢; < 00). As the function o is strictly positive on a compact
set it follows that
-
o=l (140(b+ny ")), (7.27)

where the quantity o, ; is defined as o, ; in (7.23) replacing the o(s) by o(t;"). Define

21+ 1 th4e B (W +1) (Y (+ _ Yo +1 9
7 9 (tl ) ! * t S I (tl )(t tl ) !
= 2
o i < t K ( )Kd( >dt> ds (7.28)

w2 b2 - by (v + 1)hg

—€

and note that the only difference between «;, ; and 7, is the term inside Ky4(-). A Taylor

expansion around ¢;" yields

p(t) = p(0) —c _ pli D) (e — 1) !
hq B (v + 1)lhy

for some t; € [t; Atf,t; V t] and the mean value theorem gives

p(t) — plc) — ¢ pl D) (= )
K, - K
d( hy > d( (vf +1)!hg )
— K (((1 — )l V() + BTV (E))(E — ) “) (D () — T (@) (¢ — )T
d (v + 1)hg (v + 1)hg

for some 6, € [—1,1]. Then similar arguments as used in the derivation of (7.26) show
that

o

ol — all, = o<hd o “n—l). (7.29)
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On the other hand, further expanding the squared term of (7.28]) yields that

”/ B t— s Iu(vl +1)<t+)<t tl )Ui’-{—l
Ot = b2h2// /_e b, >Kd< (v +1)!hg )

_ (vF 1) (4+ _ ot
(VS pr () (v — )"
) (=) K )dvatds.
b, ) (v + 1)lhg varas
For ¢,v satisfying |t — ¢;"| = O(min{by,, h' i B, |v — | = O(min{b,, h;’ﬂl}), straightfor-

ward calculations show

/01 K*<tb—S>K*<vb—S>ds =b, /Oo K*(U>K*(vb—nt +u>du. (7.30)

n n o0

To move forward, we introduce the notation

U+
pr D
ha(v;+1)!

5= (t—t) o —U’ TV 1w F

ha(v+1)!
v, +1, 9(’Ul ?hd) ‘ iivfrl) i—
pl (tl )

, 29 = (v — tl
By a change of variables and ((7.30]), we now obtain

U,hd * 1
= SR [ e (o oot )

x Kq(z )Kd( )dzldzzdu

g (tr)hﬁ (Ul )7 K* K* Kd( U +1)
M( +1) t+

- nh? d
(Uz +1)!
M(vl +1) (t+)

—1
S

vl++1
X Kd<<zl + cl’ o (v — u)> )dudvdzl

Finally, combining (7.26), (7.27) and ([7.29)) we have that

1
Oén,l:a/”< + by, +T+hl+1>
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’UT 1
and, observing that h,' = o(hy™*") whenever v;” < v*, we obtain from ([7.22)

1
|hd(f0+_{_1)]|y++1 /// taq
n = K*(u)K*(v) Kq(2) +
o 7 > T t+ JKa(z' )

{lw"=vT} |'u
(vt +1)!
plr ()

« Kd<<z1 . r) TH(U — u))erH)dudvdzl(l +o(1)),

which proves (7.17) in the case b2 ™' /hg — r*" 1 € [0, 00).

Proof of (7.18). Recalling the definition of &, in (7.16)) we obtain by straightforward

calculations and a Taylor expansion

- 0%0) [N o (i) = p(0) — ey 2 1
Gy = nbnhg/o (R*(1)) dt</0 KoM= ) (14 0 (bt ).
Similar (but easier) arguments as used in the derivation of ([7.20) and (7.21]) show
1
t) — — 1
/ Kd</~b( ) M(O) C)dt :‘hd(UJr + 1)!‘“_1+1
0

hqg
xS T / Ka(=")dz(1 + o(1),
{l)f =vt}

which gives

72U+

(X T [ Kl ) (14 o).

{l:vf:v‘*‘}

Consequently, if 52" +! /hy — oo we have

_opt

v++1 2+
~ d
= (1 +o(1)).
G = (14 o(1)

where 03" is defined by (£.7). This proves the statement (7.18) in the case b2 ' /hy — oo,
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while the second case follows by similar arguments observing that we have

_ 2v+
v+ ’U+Jr1
nhﬁi+1+1 —hd ==
d nb,

if b2t /hg — Tt € [0, 00).

Proof of Theorem [5.1 We have to distinguish two cases:

(1) The equation p(t) — p(0) = ¢ has at least one solution. Recall the definition of
the quantity I’ in (5.1), then it follows from the proof of Theorem 7 that

ot
Var(y/nb,hi 1 1) = o7t + o3t +0(1),

where 0" and 03" are defined in (@.6) and (£.7), respectively. Note that Var(I') =

1 ~
Wb%hi V, Where

17:éa%j/n)(ém(“(i/m;“(O)_C)(K*(Wvb;nm) _K<nibn>)>2

d

At the end of this proof we will show that

vt
/nbnhv++l 2 _
(Vnbahg )7 nQNQthQ) (V—V)=o(1), (7.31)
n'’d

which implies that

ot
lim /nb,h) g ./ (nNbyhg) = @11 — a)y/orT + o5 (7.32)
n—oo

Observing the identity

P(nNbuhg(Ty , — A) > ¢, (7.33)
N,c

ot

+ +

vt n vF41 v
Vibahy (T, = TF) i+ Vibah T (A =T

c

>
[ 2.+ 2,+ [ 2.+ 2,+
oy + 05 oy + 04
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the assertion now follows from (7.32) and Theorem [4.1] which shows that the random

variable .

abah T (T, — T

[ 2.+ 2,4
oy + 05

converges weakly to a standard normal distribution.

It remains to prove ([7.31]), which is a consequence of the following observations
(a) o(t) = o(t)(1 + o(1)), uniformly with respect to [ =1,... ,k*.

(b) The bandwidth condition m,/hq = o(1), Proposition and similar arguments as
(7.5)) show

) . 1
#(77)—#(0)—c Fiby (5) = b (0)—c\ i + vF 1\ 7a
R(9) (B0 o 3 (-] 215 )g)

{l:w"=vT}

where 7, is defined in Theorem [.1]

This completes the proof of Theorem in the case that there exist in fact roots of the
equation p(t) — u(0) = c.

(2) The equation x(t)—x(0) = ¢ has no solutions. In this case we have u(t)—p(0) < ¢
where ¢ > 0. Note that for two sequences of measurable sets U,, and V,, such that P(U,) — 1
and P(U, NV,) — u € (0,1), we have P(V,,) — u. Consequently, as the set A,, defined in
satisfies P(A,) — 1 the assertion of the theorem follows from

lim P(nNb,ha(Tx . — A) > g, An, u(t) — p(0) < ¢) = 0. (7.34)
n—00 ’
However, under the event A, and pu(t) — 1(0) < ¢ we have ¢, = 0 and Tf\?’c =0,if nis
sufficiently large. Thus ((7.34]) is obvious (note that 0 < A < 1), which finishes the proof

in the case where the equation pu(t) — 1(0) = ¢ has in fact no roots. O

Proof of Theorem Define Sy, = S277

i=kv1 €i)

X Sjom+1,j — Sjt1j+m ~ "L mA? .
5, = St = Sem oy _$2 I8 )

Jj=1
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Since p(-) € C?, elementary calculations show that uniformly for ¢ € [0, 1],
52(t) — 8*(1)| = Op(m*? /n) (7.35)

Similar arguments as given in the proof of Lemma 3 of Zhou and Wu (2010) yields
sup; | Aj]l4 = O(m~Y/2). A further application of Lemma 3 of Zhou and Wu/ (2010) gives

I_sw [0 —E@ Ol = O 2r), (7.36)
€|, 1—Yn

15%() — E(%(1)) [l = O(m!/*n =127, 1/2)
Elementary calculations show that

E(5%(1) = A (t) + Aa(t) + As(t), (7.37)

where

1 & -~ ,

Al(t) - Z sz—m—l,jw(th])
2m =

1 < - 4

Ao(t) = o— Z Si1grmw(t, 5)
2m ‘=

[ - _
As(t) = —5 Z Si1j+mSj-m-1,;w(t,J)

J=1

Recall the representation e; = G(i/n,F;). Define S’jﬁmﬂ,j = Zi:lv(j—m—‘rl) G(j/n,Fr),
and g;-lmﬂ = Z?ﬁj(ﬂ:rlm) G(j/n,F,). For s = 1,2, 3, define AS(t) as the quantity where the
terms Sj_y1,5 and S; 11 in Ay(t) are replaced by S7_,,.; ;S5 1, respectively.

Then by Lemma 4 of Zhou and Wu (2010), we have uniformly with resepct to t € [0, 1],

E(A2() — E(A,(1)| = O(v/m/n), s =1,2,3
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By Lemma 5 of |Zhou and Wul (2010)), it follows for s = 1,2,

[E(AL(1) — 0*(1)/2] = O(m™" +73),t € [yn, L —
[E(AS(1) = *(1)/2] = O(m™ + 7a),t € [0,7) U (1 = 7, 1].

Define I'(k) = E(G(i/n, Fo)G(i/n, Fy)), then similar arguments as given in the proof of
Lemma 5 of |Zhou and Wu| (2010) yield I'(k) = O(x'*). Elementary calculations show that
for1<j<n

E(S;')—m+1,j8;+l,j+m) = Zr(k?) = 0(1)7
k=1
which proves
E(A5(t)) = O(m™) (7.38)

uniformly with respect to t € [0,1]. From ([7.37)—(7.38]) it follows that

sup  |EG%(t) — (1) = O(v/m/n +m™' + 7'3),
te['Ynylf’Yn]

sup IEG2(t) — o?(t)] = O(/m/n+m " +7,).

tE[Oﬁn)U(l—%,l]

The theorem is now a consequence of these two equations and ([7.36)—(7.37). O

8 Some technical results

8.1 The size of mass excess

Lemma 8.1. Assume that the function pu(-) —m has k roots 0 < t; < ... <ty <1 of order
v, 1 <1 <k, and define v = %minogisk(ti+1 —t;) (with convention that ty = 0,tx1 = 1),
such that

(i) For1 < s < k, the (vs+1)nd derivative of ju(-) exists on the interval Iy = (ts—,ts+7),

and is Lipschitz continuous on [ts — 7y, ts + 7).
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(it) u(-) is strictly monotone on the intervals Z; and T} for 1 < s < k, where I, :=
(ts - 77758}7 I;r = (t87t8 + 7);

(iii) there exists a positive number €, such that mingp e 7, [1(t) —m| > €, where

Zs:=[0,ts — ] U [ts + v, 1] is complement of I .

If A, denotes the set
A, = {s:|u(s) —m| < h,}, (8.1)

then there exists a sufficiently large constant C' such that for any sequence h, — 0, we

have
A(Ay) < Chi,
where v = maxy << v;. Furthermore, there exists a sufficiently large constant M, such that
An =UBuiu (8.2)
when n is sufficiently large, where the sets B,y are defined by
By ={s:|s— |t < Mhy,, |u(s) —m| < hy}.
Proof. Define for 1 <[ < k,
At = {5+ 1(s) = m] < hay |5 — ] < min{,Ga}} (8.3)

where (, is a sequence of real numbers which converges to zero arbitrarily slowly. We shall

show that there exists a constant ng € N, such that for n > nyg

An = Uf:lAn,la (84)
A'n,,l g Bn,l,M: 1 S l S k7 (85)

where M is a sufficiently large constant. Note that (8.4) and (8.5) yield A,, C UF_, B, -
By definition of B,,; s and A, we have that U}_, B,,; ;s C A,,, which proves (8.2)). Then a
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straightforward calculation shows that
1 1
M Bpy) < Chyt™ < Chy™t,

and the lemma follows.
We first prove the assertion (8.4)). By definition, A, 2 U | A,;. We now argue that there
exists a sufficiently large constant ng, such that for n > ny, UleAn,l DA,.

Suppose this statement is not true, then there exists a sequence of points (s, )nen, such
that s, € A, and s, € NF_ A, ;, where A, is the complement set of A, ;. Since h,, = o(1)
we have h,, < € for sufficiently large n and by assumption (iii), there exists an [ € {1,...,k}
such that

spn €EL,NA,N fln,l.

Without loss of generality we assume that s, € Ifr NnA,N AM. The case that s, €
I NA, N A, can be treated similarly.

A Taylor expansion and assumption (i) yield for sufficiently large n € N

()
(Ul + 1)'

(v+1) ) — (Ul+1)t
(s — )+t 4 E ((i)? + f); () (s —t)"*  (8.6)

pls) = u(tr)

for s € A, ;, where t; € [t; A's,t; V s]. By the definition of A,; in (8.3) and the fact that
G, = o(1), we have that A, ; C Z; for sufficiently large n € N. This result together with
sn € I,V N A, N A, implies that t; + , < s, < t; + 7. However, by assumption (ii), ()

is strictly monotone in Z;", which yields that for sufficiently large n,

\1(sn) — p(t)] > [t + C) — p(ty)] > 2h, (8.7)

where the last > is due to (8.6)), the Lipschitz continuity of u*1(-) in the neighbourhood
of t; and the fact that (,, — 0 arbitrarily slowly. By the definition of A, in (8.1)), equation
(8.7) implies that s, & A,,. This contradicts to the assumption that s, € A,, from which

(8.4) follows.
Now we show the conclusion (8.5)). Since pu(t;) = m and the leading term in is of
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order |(s — t;)", the set A, ; can be represented as

h 'U+1
s =] < n ! — 1 < —c| <
{sls—tl< <]M1,Z+M27l(s)|> =t < Gulpls) =l <

(v ) (vp4+1) (4x)_,,(v;+1)
where M, ; = “(UﬁT’fl, and My (s) =~ l (2;1)4—?)!1 (tl)(s—tl)”ﬂr1 for some t; € [t;As, V).

By the Lipschitz continuity of z(*+)(-) on the interval [t; —+, t;+7], there exists a constant
M| such that |My,(s)] < M]|t; — s|. As ¢, = o(1) there exists an n; € N such that
s — 4| <

5 1\145| for all s € A,,; whenever n > n;. This yields

| M|

|M11+M25(8—tl)|> 2

1
. vi41
for all n > n;, s € A,,;. By choosing ng = maxj<;<;n; and M = max;<;<i (ﬁ) " and

noticing the fact that ¢, — 0 arbitrarily slow, it follows that

An,l g Bn,l,M
for n > ngy. Thus (R8.5)) follows, which completes the proof of Lemma . O

Remark 8.1. Observe that B, ; »N By, ;v = 0 for i # j if n is sufficiently large. Moreover,
B,,i.m can be covered by closed intervals. The Lemma shows that the set {¢ : |u(t) —m| <
hn,t € [0,1]} can be decomposed in disjoint intervals containing the root of the equation

w(t) = m, with Lebesgue measure determined by the maximal critical order of the roots.

8.2 Uniform bounds for nonparametric estimates

In this section we present some results about the rate of uniform convergence of the Jack-
knife estimator fi, (¢) defined in (4.1)).

Lemma 8.2. Recall the definition of i, in (4.1) and suppose that Assumption (a)
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holds. If b, — 0, nb, — oo, then

- ifn—t 1

i, (1) — p(t) — — > K~ dl=ow + ==
te[biglgbn}\ubm )= -3 (T )el =00+ o) @9

1 & -, /i/n 1

i — - — ) K* =0 + —

o (0) = p(0) = 253 (57 )es| = 002+ .

where K*(-) and K*(-) are defined in ([4.2)) and (4.3)), respectively

Proof. We only show the estimate (8.8)). The other result follows similarly using Lemma
B.2 of Dette et al.| (2015). By Lemma B.1 of Dette et al.| (2015) we obtain a uniform bound
for the (uncorrected) local linear estimate i, in (2.1)), that is

RN 71() FERS SR _‘_ s, L
s i (6) = () = R, — S ek, i/ — )| = O+ ).
€[bn,1-bn] i=1
Then the lemma follows from the definition of i, (). O
Lemma 8.3. If Assumption (a), Assumption are satisfied and 1:;1%71 — 00, b, — 0,
then
. logn
sup |, (1) = p(t)] = O (B} + —2=)) (8.9)
$€{0}U[bn,1—b] nby,
. logn
sup i, (8) — ()] = Op (12 + — 22 ). (8.10)
t€[0,bn )U(1—bp,1] nb,,
Proof. We only prove the estimate
logn
sup |, (t) — p(t :O<bi—i— )
o [, (8) = p(t)] = Op b

The case that t = 0 in and the estimate (8.10) follow by similar arguments, which
are omitted for the sake of brevity. By the stochastic expansion ({8.8]), it suffices to show
that

sup ’n_in iK*(/rgn— t)ei

te[bnal_bn] =1

~o,(52).
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Then Assumption , Proposition 5 of |Zhou| (2013) and the summation by parts formula
(44) in|Zhou| (2010) yield the existence (on a possibly richer probability space) of a sequence

(V;)iez of independently standard normal distributed random variables such that

::c%(fifkgiﬁ).

nb,

SW)’4L53K%UH_3@r4®

tE€[bn,1—bn] nbn i—1 bn

Note that (V;);ez is a martingale difference sequence with respect to the filtration gener-
ated by (V_wo, ..., V;). By Burkholder’s inequality it follows that for any positive x and a

sufficiently large universal constant C' the inequality

2

K

H g ViKy (i/n —t) i < CKH (g{vi[(gn(i/n _ t>}2)1/2

< On Y Vil (ifn = )|, = Ox Y | (ViE, (i/n = )] < Ok (b)

i=1 i=1

holds uniformly with respect to t € [b,,1—b,], where we have used that E|[V;|" < (k—1)!! <
k2 in the last inequality. This leads to

1 — K
sup H— Ky (i/n—1)V; :O< )
P gy 2 Kl = 0] = O\

Similarly, we obtain

su S 2K Gifn -1V,

1
p,
tE[bn,1—bn] nbn i1 ot

-1
—o()

Consequently, Proposition B.1. of Dette et al. (2015) shows that

1

()

I &<~ .,
sup ﬁszn(Z/”—t)V;
=1

te[bnyl_bn]

The result now follows using x = log(b,’!) observing the conditions on the bandwidths. [J
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