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Abstract

This paper investigates the problem of detecting relevant change points in the mean vector,
say g = (p1.4y- -+, pae)? of a high dimensional time series (Z;);cz. While the recent literature
on testing for change points in this context considers hypotheses for the equality of the means
ug) and uﬁf) before and after the change points in the different components, we are interested
in a null hypothesis of the form

Hy : |M§Ll)—,u;2)\ <A, forall h=1,...,d

where Aq,..., Ay are given thresholds for which a smaller difference of the means in the h-
th component is considered to be non-relevant. This formulation of the testing problem is
motivated by the fact that in many applications a modification of the statistical analysis might
not be necessary, if the differences between the parameters before and after the change points in
the individual components are small. This problem is of particular relevance in high dimensional
change point analysis, where a small change in only one component can yield a rejection by the
classical procedure although all components change only in a non-relevant way.

We propose a new test for this problem based on the maximum of squared and integrated
CUSUM statistics and investigate its properties as the sample size n and the dimension d
both converge to infinity. In particular, using Gaussian approximations for the maximum of a
large number of dependent random variables, we show that on certain points of the boundary
of the null hypothesis a standardised version of the maximum converges weakly to a Gumbel
distribution. This result is used to construct a consistent asymptotic level « test and a multiplier
bootstrap procedure is proposed, which improves the finite sample performance of the test. The
finite sample properties of the test are investigated by means of a simulation study and we also
illustrate the new approach investigating data from hydrology.

Keywords: high dimensional time series, change point analysis, CUSUM, relevant changes, pre-

cise hypotheses, physical dependence measure
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1 Introduction

In the context of high dimensional time series it is typically unrealistic to assume stationarity. A
simple form of non-stationarity, which is motivated by financial time series, where large panels
of asset returns routinely display break points, is to assume structural breaks at different times
(the change points) in the individual components. One goal of statistical inference is to correctly
estimate these “change points” such that the original data can be partitioned into shorter stationary
segments. This field is called change point analysis in the statistical literature and since the seminal
papers of Page (1954, 1955) numerous authors have worked on the problem of detecting structural
breaks or change points in various statistical models [see Aue and Horvath (2013) for a recent
review]. There exists in particular an enormous amount of literature on testing for and estimating
the location of a change in the mean vector y; = (14, ..., pas)T = E[Z;] of a multivariate time
series (Z;)j—, [see Chu et al. (1996), Horvéath et al. (1999), Kirch et al. (2015) among others]. A
common feature in these references consists in the fact that the dimension, say d, of the time series
is fixed. High dimensional change point problems, where the dimension d increases with sample size
have only been recently considered in the literature [see Bai (2010), Zhang et al. (2010), Horvath
and Huskové (2012) and Enikeeva and Harchaoui (2014), Jirak (2015a), Cho and Fryzlewicz (2015)
and Wang and Samworth (2016) among others|. Some of this work uses information across the
coordinates in order to detect smaller changes than could be observed in any individual component
series.

In the simplest case of one structural break in each component many authors attack the prob-
lem of detecting the change point by means of hypothesis testing. For example, Jirak (2015a)
investigates the hypothesis of no structural break in a high-dimensional time series by testing the

hypotheses
Hy:ppy=ppa=...=ppy forallh=1,....4d, (1.1)
where gy denotes the h-th component of the mean vector j; of the random variable Z; (t =
1,...,n). The alternative is then formulated (in the simplest case of one structural break) as
1
H, 1M§L) = Up1 = [h2 = = [p2 (1.2)
2
F Mhky+l = Bhkp42 = = Hhyn = ,ugl) for at least one h € {1,...,d},
where kj, € {1,...,n} denotes the (unknown) location of the change point in the h-th component.

While - even under sparsity assumptions - the detection of small changes in each component is
a very challenging problem, a modification of the statistical analysis (such as prediction) might not
be necessary if the actual size of change is small. For example, in risk management situations, one
is interested in fitting a suitable model for forecasting Value at Risk from data after the last change
point [see e.g. Wied (2013)], but in practice, small changes in the parameter are perhaps not very
interesting because they do not yield large changes in the Value at Risk. The forecasting quality
might only improve slightly, but this benefit could be negatively overcompensated by transaction
costs, in particular in high-dimensional portfolios. Moreover, even, if the null hypothesis (1.1) is not
rejected, it is difficult to quantify the statistical uncertainty for the subsequent statistical analysis



(conducted under the assumption of stationarity), as there is no control about the type II error in
this case.

The present work is motivated by these observations and proposes a test for the null hypothesis
of no relevant change point in a high dimensional context, that is

Hon: |l — P < Ay forall h=1,....d (1.3)
versus Hya : ]ug) — u22)| > Ay, for at least one h € {1,...,d}, (1.4)

where ugll) and uf) are the parameters before and after the change point in the hA-th component and

A1, ..., Aq are given thresholds for which a smaller difference of the means in the hA-th component
is considered as non-relevant.

The problem of testing for a relevant difference between (one dimensional) means of two samples

has been discussed by numerous authors mainly in the field of biostatistics (see Wellek (2010) for
a recent review). In particular testing relevant hypotheses avoids the consistency problem as
mentioned in Berkson (1938), that is: Any consistent test will detect any arbitrary small change in
the parameters if the sample size is sufficiently large. Dette and Wied (2016) considered relevant
hypotheses in the context of change point problems for general parameters, but did not discuss the
high dimensional setup, where the dimension increases with sample size. In this case the statistical
problems are completely different.
The alternative approach requires the specification of the thresholds Ay > 0, and this has to be
carefully discussed and depends on the specific application. We also note that the hypotheses
(1.3) contain the classical hypotheses (1.1), which are obtained by simply choosing A;, = 0 for all
h=1,...,d. Nevertheless we argue that from a practical point of view it might be very reasonable
to think about this choice more carefully and to define the size of change in which one is really
interested. In particular it is often known that Aj # 0 although one is testing “classical hypotheses”
of the form (1.1) and (1.2). Moreover, a decision of no relevant structural break at a controlled
type I error can be easily achieved by interchanging the null hypothesis and alternative in (1.3),
i.e. considering the hypotheses

IA:f()’A : |u§ll) — ,uf)\ > Ay, for at least one h € {1,...,d} (1.5)
versus ﬁA,A : |u§3) - M22)| < Apforallh=1,...,d. (1.6)

In this paper we propose for the first time a test for the hypotheses of a relevant structural break
in any of the components of a high dimensional time series. The basic ideas are explained in Section
2 (without going into any technical details), where we propose to calculate for any component the
integral of the squared CUSUM process and reject the null hypotheses whenever the maximum of
these integrals (calculated with respect to all components) is large. In order to obtain critical values
for this test we derive in Section 3 the asymptotic distribution of an appropriately standardized
version of the maximum as the sample size and the dimension converge to infinity. We also provide
several auxiliary results, which are of own interest, and investigate the case where the maximum is
only calculated over a subset of the components. These results are then used in Section 4 to prove
that the proposed test yields to a valid statistical inference, i.e. it is a consistent and asymptotic



level a test. It turns out that - in contrast to the classical change point problem - the analysis of
the test for no relevant structural breaks is substantially harder as the null hypothesis does not
correspond to a stationary process (non-relevant changes in the means are allowed). Section 5 is
devoted to the investigation of a multiplier block bootstrap procedure. In particular we prove that
the quantiles generated by this resampling method also yield to a consistent asymptotic level « test.
The finite sample properties of the new test are investigated in Section 6, where we also illustrate
our approach analysing a data example from hydrology. Finally some of the technical details are
deferred to Section 7.

2 Relevant changes in high dimensions - basic principles

In this Section we explain the basic idea of our approach to test for a relevant change in at least
one component of the mean vector of a high dimensional time series. For the sake of a transparent
representation we try to avoid technical details at this stage and refer to the subsequent sections,
where we present the basic assumptions and mathematical details establishing the validity of the
proposed method.

Throughout this paper we consider an array of real valued random variables {Z; ; } jcz nen such
that

Zjh = tjih + Xjn, (2.1)

where 15, € R for all j € Z,h € N and {X; 4 }jez nen denotes an array of centered and real valued
random variables, which implies p;, = E[Z; ] for all j € Z, h € N. It follows from the assumptions
made in Section 3 that for each fixed d € N the time series

(X1, X)) ez (2.2)

is stationary. Suppose that
Zy=(Z11, o Zoa)’ s 2= Znas ooy Zng)t € RY

are d-dimensional observations from the array {Z; 1} ez nen and assume that for each component
h e {1,...,d} there exists an unknown constant ¢, € (0, 1), such that

(1) :
=Uip, J=1,....|nty],
Hp, Hjh s [nts] (2.3)

2 .
”;L):/-‘Lj,h> ]:LnthJ+17"'7na

where |x] = sup{z € Z |z < z} denotes the larges integer smaller or equal than . In this case the
random variables {Zj,h}h:L,_.7d;]~:17.,_’n also depend on n, i.e. they form a triangular array, but for
the sake of readability, we will suppress this dependence in our notation.

We define Ay, = ug) — M(Q) as the unknown difference between the means in the h-th component
before and after the change point ;. Note, that in the case Apy, # 0 the actual location ky, = |ntp, |

of the change point depends on the sample size n, which is a common assumption in the literature



on change point problems to perform asymptotic inference. It simply ensures that the number
of observations before and after the change point is growing proportional to n. For each h with
App, = 0 the observable process {Z;,} ez is stationary and to avoid misunderstandings we set
tp, = 1/2, whenever Apy, = 0. The reader should notice that in this case the actual value is of no
interest in the following discussion. With this notation the hypotheses in (1.3) can be rewritten as

Hona o |App| < Apforallh e {1,...,d} (2.4)
versus  Hy At |App| > Ap for some h € {1,...,d}. (2.5)

To develop an appropriate test statistic for these hypotheses we rely on the widely used concept
of CUSUM-statistics. For each component h € {1,...,d} we consider the corresponding CUSUM-
process for the h-th component defined by

[ns] n |ns] n
1 ns n— |ns ns
Un(s) = =D Zjn— LngJ > Zin= ng J Y Zin- LngJ Yo Zin (2.6)
j=1

j=1 j=1 j=|ns)+1

Under the assumptions stated in Section 3 it is shown in Section 7.1 that

1
i VRICE RECERY 2.7

as n — oo and therefore our considerations will be based on the statistic

N 3 1
My, = M/O U7 1 (5)ds, (2.8)

where #j, denotes an appropriate estimator for the unknown location t; of the structural break,
that will be precisely defined in Section 3.2. The null hypothesis

Hop o |Apn| < A (2.9)

of no relevant change in the h-th component will be rejected for large values of Mi n, and in order

to determine a critical value we introduce the normalization

AA) Vs o
Tn,h - %h&hAh( Mn,h Ah )a (210)

where &3, denotes an estimator for the unknown long-run variance (see Section 3.3 for a precise
definition), and the quantity 73, is a function of the estimate of the change point defined by

N 21420, (1 — 1) 011
T = 7(tp) == N A (2.11)

which arises due to the integral in equation (2.8). It will be shown in Section 7.3.2 that for a fixed
component h € {1,...,d}

Téﬁ) Lo N(0,1)  asn — oo, (2.12)



if Ap = Apyp, where the symbol 2 represents weak convergence of a random variable. Moreover
monotonicity arguments show that the test, which rejects the null hypothesis (2.9) of a relevant
change point in the mean of the h-th component, whenever Tr(fh) exceeds the (1 — «)-quantile of
the standard normal distribution, is a consistent asymptotic level « test.

In order to construct a test for the hypotheses Hy o versus Hy a in (2.4) and (2.5) of a relevant
change point in at least one of the components of a high dimensional time series we propose a

simultaneous test, which rejects the null hypothesis for large values of the statistic
d_ (A)
wax T
Note that a similar approach has been investigated by Jirak (2015a), who considered the “classical”

change point problem in high dimension, that is

Hoclass :© |App|=0forallh e {1,...,d} (2.13)
versus Hpclass © |Apn| > 0 for some h € {1,...,d}.

In this case the weak convergence (2.12) does not hold (in fact Tr(ﬁ) = op(1) under Hy class) and a
different statistic has to be considered.

As it is well known that the (adjusted) maximum of standard normal distributed random
variables converges weakly to a Gumbel distribution if they exhibit an appropriate dependence
structure [see for example Berman (1964))], it is reasonable to consider the following

Tan = aa( max T15) — ba) (2.14)

for the high-dimensional change point problem (2.4), where a4 and by denote appropriate sequences,
such that the left hand side converges weakly at specific points of the “boundary” of the parameter
space corresponding to the null hypothesis.

To make these arguments more precise, define the sequences

ag = +/2logd, (2.15)
by = agq—log(4mrlogd)/2a; = /2logd — log(4mlogd)/(2+/2logd), (2.16)

and note that the parameter spaces corresponding to the null hypothesis (2.4) and the alternative
(2.5) are given by

Ho = {(w,y) ERIxRY |z, —yn| <Ay VhE {1,...,d}}

and H = R\ Hy, respectively (here x = (z1,...,24)", ¥y = (y1,...,vy4)") denote d-dimensional
vectors). Define for k = 0,...,d the “(d — k)-dimensional boundary of the hypotheses (2.4) and
(2.5)” by

A = {(x, y) € RQd‘ |zp, — yn| < Ap 'V h with equality for precisely k components} C Hp . (2.17)

For the case d = 2, we illustrate this decomposition of the null hypothesis parameter space in
Figure 1. In fact, a large part of this paper is devoted to prove the following statements (under
appropriate assumptions - see Theorem 4.1 in Section 4):



Figure 1: Decomposition of the parameter space corresponding to the null hypothesis in (2.4) into
the sets Ay, A1 and As for the case d =2 .

(1) If (uM, u®) € A4, the weak convergence
Tin — G
holds as both n,d — oo, where G denotes a Gumbel distribution, i.e.

T

P(G<z)=e° (2.18)

(2) If (uM, u?)) € Ay, and there exists a constant C, such that \ug) — Mg)‘ < C < Ay, whenever
‘”21) — ,uﬁf)\ # Ay, and limg_,» k/d = ¢ € (0,1], we have

Tan ENye! + 2logc
as n,d — oo.
(3) If (u(l),,u@)) € Ay and limg_, k/d = 0 we have
Tan % —0
as n,d — oo.

Let g1—q denote the (1 — a) quantile of the Gumbel distribution, then it follows from these consid-

erations that the test which rejects Ho a in favour of the alternative hypothesis H 4 A, whenever

7:i,n > gl-a (219)



is an asymptotic level a test. More precisely, it follows (under appropriate assumptions stated
below) that

a i (uW, u®) e A
Prgp (Tan > g1-a) — o if (4, @) € Ay, and limg_,o0 k/d = ¢ € (0,1] (2.20)
0 if (uM, @) e Ay and limg_,o0 k/d =0

as n,d — oo, where 0 < o/ < a. Additionally the test is consistent (see Theorem 4.3). In the
following sections we will make these arguments more rigorous. Moreover, in order to improve the
finite sample approximation of the nominal level we also introduce a multiplier bootstrap procedure

and prove its consistency in Section 5.

3 Asymptotic properties

In this Section we provide the theoretical background for the test suggested in Section 2. We begin
introducing some notations and assumptions. After stating the main assumptions we provide in
Section 3.2 the asymptotic theory for an analogue of the statistic 74, defined in (2.14), where
the centering in (2.10) is performed by the "true” squared differences |Apy|? and the estimates
of the variances op, and the locations of the change points t;, have been replaced by their ”true”
counterparts. In Section 3.3 we introduce estimators for the locations of the structural breaks
(which may occur at a different location in each component) and investigate their consistency
properties. These are then used to define appropriate variance estimators (note that variances
have to be estimated in the case of changes in the mean). Finally, we consider in Section 3.4 the
asymptotic distribution of the maximum of the statistics (2.10) where again centering is performed
by |Aup|? instead of A%. These results will then be used in the subsequent Section 4 to investigate
the statistical properties of the the test (2.19).

Throughout this paper we will use the following notation and symbols. Let z Ay and x V y
define the minimum and maximum of two real numbers x and y, respectively. For an appropriately
integrable random variable Y and ¢ > 1, let ||Y|, = E [\Y!q]l/q denote the LZ-norm. By the symbols
L. and - we denote weak convergence and convergence in probability, respectively. Moreover,
we use the notation x,, < y,, whenever the inequality z, < C - y,, holds for some constant C' > 0
which does not depend on the sample size and dimension and whose actual value is of no further
interest. Due to its frequent appearance, G will always represent a (standard) Gumbel distribution
defined by (2.18). In the high dimensional setup the dimension d converges to infinity with n — occ.

Recall the definition of model (2.1) and assume that the time series {X;}jeznen forms a
physical system [see e.g. Wu (2005)], that is

Xin=gnlgjej—1,...) (3.1)

where {€;}ez is a sequence of i.i.d. random variables with values in some measure space S such
that for each h € N the function gj, : SN — R is measurable. Note that it follows from (3.1) that



the time series defined in (2.2) is stationary. Let £{, be an independent copy of g and define

Xj/‘,h:gh(gjagj—b-"751>5675—11---)- (32)

The distance between X ) and its counterpart X ]’ 5 is used to quantify the (temporal) dependence
of the physical system, and for this purpose we introduce the coefficients

Vjhp = HXj,h - Xj,',thv (3.3)

which measure the influence of ¢y on the random variable X ;. Let us also define some additional
parameters. For h,i € N

¢n,i(j) = Cov(Xon, Xji) = Cov(Zon, Zji)

denotes the covariance function of the hA-th and i-th component at lag j Accordingly, the autoco-
variance function for the h-th component is given by ¢5(j) = énn(j) = Cov(Xon, X;n) and we
obtain the well-known representations

Wi =Y ¢ni(j) and of = én(j) (3.4)
JEZ JEZ
for the long-run covariance and long-run variance, respectively. If we have op,0; > 0, we can

additionally define the long-run correlations by

Yh,i
Onh0j

Ph,i = (3.5)

and it will be crucial for our work, that these quantities become sufficiently small with an increasing
temporal distance |h — i|. This will be precisely formulated in the following section.

3.1 Assumptions

Operating in a high-dimensional framework usually needs stronger assumptions than those for the
finite-dimensional case. Mainly, we need uniform dependence and moment conditions among all
components to exclude extreme cases and to ensure, that the unknown parameters can be estimated
accurately. In the high-dimensional setup considered in this paper the number of parameters
ty, op grows together with the dimension d, since even under the null hypothesis of no relevant
change points each component exhibits its own variance and change point structure. The precise

assumptions made in this paper are the following.

Assumption 3.1 (temporal assumptions) Suppose that there exist constants § € (0,1) and o > 0
such that for some p > 4 the physical dependence coefficients 9, ;, , and long run variances oy, defined
in (3.3) and (3.4), respectively, satisfy

(T1) suppenjnp S 07,

There exists constants 0 < o_ < o4 such that for all h € N



(T2) o_ < infheN Oh < O4.

Assumption 3.2 (spatial assumptions) The dimension d increases with the sample size at a poly-
nomial rate, i.e. we assume that for constants Cy and D

(Sl) d= C’lnD,
where the exponent D satisfies
(S2) 0 < D <min{p/2 —2,p/2 — B(p/2+1) — 1},

and p refers to the LP-norm || - ||, used to measure the physical dependence in Assumption 3.1.
Here B € (0,1) denotes a constant used to control the bandwidth of an variance estimator, that

will be defined in Section 3.4. Further we assume for the long-run correlations in (3.5)

(S3) supjp—ij>1 lpnil < pt+ <1,

(S4) |pn.il < Calog(|h —i| +2)727",

where p1 > 0, 7 > 0 and Cy > 0 denote global constants.

Assumption 3.3 (moment assumptions) Suppose, that there exists a positive sequence (My)gen
and constants C3 > 1 and Cy > 0, such that

(M1) maxf_; E [exp(|X1,4]/Ma)] < C3
(M2) My < Cyn™ with m < 3/8.

Assumption 3.4 (location of the change points) There exists a constant t € (0,1/2), such that
for all h € N the unknown locations |nty ] of the structural breaks satisfy

(C1) t <t <1—t.

Let us give a brief explanation for the Assumptions 3.1 - 3.4. The temporal Assumptions (T1)
and (T2) define the temporal dependence structure and bounds for the long-run variance. Further
(T1) implies the existence of the quantities o, v3,; and pp; defined in (3.4) and (3.5). Condition
(S3) and (S4) refer to the spatial dependence and are only needed to derive the desired extreme
value convergence. Assumption (S1) gives a relation between the number of observations and its
dimension, while (S2) is a slightly technical assumption, which enables reasonable estimations of
the variance o, and the locations ¢ of the structural breaks. For a proof of the uniform consistency
of the estimates for the latter quantity we must further rely on Assumption (C1), which makes
the change points identifiable and is a common assumption in the literature. Roughly speaking,
it simply ensures to have enough data before and after the change point in each component.
Assumptions (S1) and (S2) together with n — oo directly imply d — oco. It is also worth mentioning,
that (S1) can be replaced by d < n”, if one additionally supposes that d — oo.
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The moment Assumptions (M1) and (M2) are required for a Gaussian approximation and are
satisfied, if {X)n}jez ne(i,...ay is stationary with respect to the index j and for each h € N the
random variable X ;, is sub-Gaussian with parameters vy, V3, > 0, i.e.

E [exp(AX14)] < Viexp(A2vy), for all A € R,
where the constants (vp)p=1,..4 and (V4)n=1,.. q satisfy

d
max vy, < n3* and max Vi, <C.
h=1 heN

for some constant C' > 0. Choosing My = mauxz:1 /U, we directly obtain condition (M2). Condi-
tion (M1) follows by a straightforward calculation, that is

I}ﬁafE lexp(| X1 ]/Ma)] < 25111% Ve /Mi < 2Ce < oo

3.2 Asymptotic properties - known variances and locations

In this section we assume that the locations t; of the changes and the long-run variances oj, are
known. Recalling the approximation (2.7) we define

1
M), = M/o U7 1 (5)ds (3.6)

and investigate the asymptotic properties of the maximum of the statistics

Ton = ThU:L!fZMH (M3, — Apg) s (3.7)
where 7, = 7(t,) and the function 7 is defined by (2.11). Note that T;,, is the analogue of the
statistic Té,Ah)v where the thresholds Ay, estimates ¢, and &, have been replaced by the unknown
quantities Aup, tp and oy, respectively. Our first result shows that an appropriate standardized
version of the maximum of the statistics T}, ;, converges weakly to a Gumbel distribution. The
proof is complicated and we indicate the main steps in this section deferring the more technical

arguments to the appendix - see Section 7.

Theorem 3.5 Assume that the Assumptions 3.1 - 3.4 are satisfied and that additionally there exist
constants Cy, C,, (independent of h and d) such that the inequalities Cyp < |App| < Cy hold for all
h=1,...,d. Then

ad(rlgl%%Tn,h — bd> 2.q
as d,n — oo, where the sequences ag and by are defined in (2.15) and (2.16), respectively.

Proof of Theorem 3.5 (main steps). Observing the definition (3.6) and (3.7) we obtain by a
straightforward calculation the representation

. N
M (1= ) 2Thon] A

1
( /O U2 5 (s)ds — pii (s, th>ds> =7) + 18, (3.8)

11



where

pn(stn) = (tn A's — stp) (n,1 — pn2) (3.9)
and the statistics T T(Ll,z and ng are defined by
1
W Svn / Upn(s) — s,tp))%ds 3.10
e (n (1= t) 2 Thon | Apnl Jo (Unn(s) = pan{s: tn))"ds, (3.10)

n 1
~ W thG)SQChUMAMM 0 Ha (S, th) (Un(s) = an(s, th))ds. (3.11)

N

7!

n,

=8

For the following discussion, we introduce the additional notation

~(2) _ Gy/n '

Bt (1= t))2mhon] Apn| Jo

pn(s,ty) (Upn(s) — E[Uyn(s)])ds, (3.12)

Our first auxiliary result shows that the first term 7’ 751,2 in the decomposition (3.8) is asymptotically

negligible and is proved in Section 7.2.1.

Lemma 3.6 If the assumptions of Theorem 3.5 are satisfied, we have

d 1) P
adI}IllaXTf”)L — 0
=1 ’

as d,n — oo, where the sequence aq is defined in (2.15).

By Lemma 3.6 it suffices now to deal with the term T 7(12,)1 The next step in the proof of Theorem
3.5 consists in a (uniform) approximation of the distribution of the maximum of the statistics sz
by of the distribution of the maximum of (dependent) Gaussian random variables. The proof of
the following result is given in Section 7.2.2, where we make use of new developments on Gaussian
approximations for maxima of sums of random variables [see Chernozhukov et al. (2013) and Zhang

and Cheng (2016).

Lemma 3.7 If the Assumptions 3.1 - 3.4 are satisfied, there exists a Gaussian distributed random
vector N = (N, ..., Ng)* with mean E[N] =0 and covariance matriz (Zhﬂ')g,i:li such that

sup [Py T < ) P < o) = o)

for d,n — oco. Moreover, the entries of the matriz ¥ are bounded by |Xp ;| < |ppq|, where py; are
the long-run correlations defined in (3.5).

By Lemma 3.7 it suffices to establish the desired limiting distribution for the maximum of a Gaussian
distributed vector. Nowadays, this is a well-understood area of mathematics and we can rely on
results of Berman (1964), who originally examined the behavior of the maximum of dependent
Gaussian random variables. A straightforward adaption of these arguments shows that the sequence
of random variables {N;};en constructed in Lemma 3.7 satisfies

12



d
ad<1}11§i< Nj, — bd) 2 (3.13)

as d — oo, where the sequences a4 and by are defined in (2.15) and (2.16), respectively.
Now, combining Lemma 3.7 and (3.13) directly leads to

ad<1,111ai( (72,2 — bd> = (.

By the assumption |Auy| < Cy it follows that max?_, (un(s,tn) — E [Upi(s)]) = O(n~1), which
yields

ad(mai< T(?}z - bd) L q. (3.14)

Due to T rgl,z > 0, we obtain the inequalities
a 7@ _p,) < T —ba) < ') T(Q)—b
d r}?af{ ok d aq I}l;laX n.h d aq I}I}&X + aq m nh d
which together with Lemma 3.6 yields the assertion of Theorem 3.5. O

In the next step we will replace the unknown quantities ¢, and oy in (3.7) by suitable estimators,
say tp, and &3, and obtain the statistics
NLD

Top = —Y"— —A 1,... . 1
wn = 2t (W = Ad), he . a) (3.15)

We emphasize again that the statistics 7 n,h do not coincide with the statistics T éAh) in (2.10), which

are actually used in the test (2.19) except in the case where Au? = \,u(l) ,ugf)|2 = A? for all
h=1,...,d. Thus centering is still performed with respect to the unknown difference of the means
before and after the change points. In the following two subsections we give a precise definition of
the two estimators and derive an analogue of Theorem 3.5 in the case of estimated change points

and variances.

3.3 Estimation of long-run variances and change point locations

Determining the relative locations t; of the structural breaks and constructing an estimator for
the long-run variances oy for all components h € {1,...,d} is a rather difficult task in a high
dimensional setting. A further difficulty in the problem of testing for relevant structural breaks
consists in the fact that even under the null hypothesis there may appear structural breaks in
the mean and the corresponding process is not stationary. Therefore in contrast of testing the
“classical” hypotheses in (2.13) the construction of a suitable variance estimator is not trivial. A
standard long-run variance estimator in terms of ), <By qﬁh( ) for an increasing sequence {f, }nen
and appropriate estimators qﬁh( ) of the auto-covariance from the full sample may not be consistent
due to possible changes of the mean.
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Following Jirak (2015a) we define for each component h = 1,...,d the sets
Dp1:={Zjn|1<j< |nty]} and Dpo:={Z; | [ntn] <j <n},

which are the observations before and after the (unknown) change point |nt, |, respectively. Since
these points are usually unknown, we need to estimate them and for this purpose we propose the
common estimator

[ns]

tp = argmax |U,, 5, —argmax‘ Z;
(1t)|n ‘setltz

; Zm(. (3.16)

The following Lemma shows that these estimators are uniformly consistent with respect to all
components, where a change point exists. Its proof follows by an adaption of Corollary 3.1 in Jirak
(2015a), and is therefore omitted.

Lemma 3.8 Let

Sq={1<h<d||Auy| =0}. (3.17)
denote the set of all components h € {1,...,d}, where the corresponding time series {Z;}jez is
stationary, and define

= A 3.18
Iy = ;?éfsli‘ fin]- (3.18)

Suppose that Assumptions 3.1 - 3.4 are satisfied and assume further that the condition

logn

= 0. (3.19)

lim sup
d,n—00 :U’dn

1s satisfied. Then for a sufficiently small constant C > 0 it holds that

_C)

)

max |, — tr| = op(n
max |th — tn| = op(
Moreover, if additional the condition y}; > Cy holds for some constant Cy > 0 it follows that
max |t — t| = op(n=/?).
m SS‘ h = tal = op( )
Roughly speaking condition (3.19) guarantees that the decreasing sequence p; does not converge
too fast to 0 if the dimension of the time series converge to infinity. Otherwise it is not possible to

identify the (relative) locations of all change points simultaneously.
In view of Lemma 3.8 it is reasonable to estimate the unknown sets Dy, 1 and Dy, o by

={Zjn|1<j<nmax{St,,t}},

(3.20)
Dhg :={Z;n | n—nmax{S(1—1;),t} <j<n},

respectively, where S € (0, 1) denotes a user-specified separation constant. Let &,21 , and &,21 5 be the
standard long-run variance estimators based on the samples Dj, 1 and Dj, 2, respectively. Then we
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can use any convex combination of 6,21 , and &,% 5 to estimate the long run variances a,%, for example
6% = (6%, + 67,). To simplify the technical arguments in Section 7 we consider a truncated

version, that is
6% = min {si,max{sz,(%(&il +6i72)}}. (3.21)
where 0 < s_ and s; are a sufficiently small and large constant, respectively. The following

statement is a straightforward implication of the results in Section 3 of Jirak (2015a) and yields

the consistency of these estimators (uniformly with respect to the spatial component).

Lemma 3.9 Suppose that Assumptions 3.1 - 3.4 are satisfied and additionally that there exists a
constant Cp > 0 such that the inequality Cy < |App| hold for allh =1,...,d. Then we have

I;Lléf |6 — onl = 0p (n7")

for a sufficiently small constant n > 0.

3.4 Weak convergence

Equipped with Lemmas 3.8 and 3.9 we are now able to state the main result of this section, which
will be proved in Section 7.2.3.

Theorem 3.10 If the assumptions of Theorem 3.5 are satisfied, then the statistics Tmh defined in
(3.15) satisfy

Tom = ad(g}%ﬂ,h ~ba) 2 G (3.22)
as d,n — oo, where the sequences aq and by are defined in (2.15) and (2.16), respectively.

Recall again that the statistics Tn,h and TT(LAh) in (2.10) do not coincide in general. Thus Theorem
3.10 does not show that the test (2.19) is an asymptotic level a test because it does not cover all
parameter configurations of the the null hypothesis (2.4). However, if the vector (™), u(?)) is an

element of the set Ay defined in (2.17) we have Tn,h — 7% and it follows from this result that the

n,h
probability of rejection converges to «, that is

lim P(#(l)ﬂu@))eAd (7;[7n > gl—a) = Q.

d,n—o0
We conclude this section with a result, which can be used to control the type I error of the test
(2.19) for other values of the vector (pu), ().

Corollary 3.11 Let {Mg}aen be an increasing sequence of subsets of {1,...,d} (asd,n — oo). If
the assumptions of Theorem 3.5 hold, then

G if limg o [My|/d=1
ad< max Tn,h — bd) AN G +2loge if limg oo |[My|/d = c for some c € (0,1),
heMy . .
—o00 if limg_eo [Myl/d = 0.
Irrespective of the sequence { Mg}aen, the bound

lim supP(ad(lg% T — bd> > a;) <P(G > x) (3.23)

d,n—o00

is valid for all x € R.
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4 Relevant changes in high dimensional time series

Recall the problem of testing the hypotheses of a relevant change defined in (2.4) and (2.5). We
propose to reject the null hypothesis of no relevant change in any component of the high dimensional
mean vector, whenever the inequality (2.19) holds, that is 74, > gi— , where the test statistic
Tan is defined in (2.14) and gi—, denotes the (1 — o) quantile of the Gumbel distribution. The
following two results make the discussion at the end of Section 2 rigorous and show that the test
introduced in (2.19) defines in fact a consistent and asymptotic level « test.

Theorem 4.1 Suppose that the Assumptions 3.1 - 3.4 are satisfied, o € (0,1 — '] and that there
exist constants A_, Ay such that the thresholds Ay satisfy the inequalities

forallh=1,...,d. Then, under the null hypothesis Ho n of no relevant change, it follows

limsupP (T > g1—a) < o (4.2)

d;n—s00
Moreover, let Bg={h € {1,...,d} | Ay, = |Aun|} and assume further that
Ap — |App| > Ca >0 for all h € B, (4.3)
for some constant Ca > 0, then, under Hy A, we have
G if limgoo|Bal/d =1,
Tan 2.0 o+ 2logc if limg o0 |Bg|/d = ¢ for c € (0,1), (4.4)
—o0 if limg o |By|/d = 0.

Remark 4.2 Condition (4.1) is actually not a very strong restriction since the thresholds Ay
are defined by the user. Nevertheless, the condition is crucial since we use the factor 1/Ay as a
normalisation in the statistics Trg’Ah) defined in (2.10). Note that under the null hypothesis (2.4) the
inequality A, < Ay is equivalent to |Auy| < C,, which was one of the assumptions in Theorem
3.10. Consequently the assertion of Theorem 4.1 follows from Theorem 3.10 in the case where
|App| = Ay, for all h € {1,...,d}. However, in the general case the proof of Theorem 4.1 is more
complicated and deferred to Section 7.3.1, where we also handle the case [Apup| < Ap.

In the following result we investigate the consistency of the new test. Interestingly it requires
less assumptions than Theorem 4.1.

Theorem 4.3 Suppose that the Assumptions (T1), (T2) and (C1) hold. Then under the alternative
hypothesis H a of at least one relevant change point we have

P
7;[,71 — 09,
as d,n — 0o, which in particular gives

lim ]P)<7;l,n > gl_a) = 1.

d,n—00
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If the test (2.19) rejects the null hypothesis Hy A in (2.4) we conclude (at a controlled type I error)
that there is at least one component with a relevant change in mean. As there could exist relevant
changes in several components, the next step in the statistical inference is the identification of the
set

Rd:{lﬁhﬁd‘ \A,uh] >Ah}, (45)

of all components with a relevant change. Note that the hypotheses in (2.4) and (2.5) are equivalent
to Hoa : Rg = 0 versus Haa : Rqg # 0 . In light of Theorem 4.1 and 4.3 a natural estimator for
this set is therefore given by

Rala) = {1 <h<d| T4 > giiafaa+ bd} . (4.6)
The following theorem provides a consistency result of this estimate.

Theorem 4.4 Suppose that the Assumptions 3.1 - 8.4 hold and assume additionally that there exist
two constants 0 < C < 1/2, C, > 0 such that

c .
Apn| — Ap) = d App| < Cy. 4.
" min ([Apn| = Ap) =00 and  max |Auy| < C (4.7)

Then, the set estimator defined in (4.6) satisfies for a € (0,1 — e~ 1]

lim P (Rd c ﬁd(a)) ~ 1. (4.8)

d,n—o0

Moreover we have the following lower bound

lim inf P (Rd - ﬁd(a)) >1-a. (4.9)

d,n—00

5 Bootstrap

The testing procedure introduced in the previous sections is based on the weak convergence of the
maximum of appropriately standardized statistics to a Gumbel distribution, and it is well known
that the speed of convergence in limit theorems of this type is rather slow. As a consequence the
approximation of the nominal level of the test (2.19) for finite sample sizes may not be accurate.
A common way to improve the performance of the test, is to obtain the critical values from an
appropriate bootstrap procedure.

In the context of testing for relevant change points the construction of an appropriate resam-
pling procedure is not obvious as - in contrast to classical change point problems - the parameter
space under the null hypothesis is rather large. In particular it will be necessary to simulate the
distribution of the statistic 74, in case |Aup| = Ay, for all h € {1,...,d} such that one can replace
the quantile of the Gumbel distribution by the corresponding quantile of the bootstrap statistics.
A further problem is to mimic the dependence of the underlying times series, which we will ad-
dress employing a Gaussian multiplier bootstrap, where observations are block-wise multiplied with
independent Gaussian random variables [see Kiinsch (1989) or Lahiri (2003)].

17



To handle the problem of potential change points under the null hypothesis (2.4) of no relevant
changes, observations from blocks in a neighborhood of estimated change points will not be used in
the estimate. Furthermore, components without a change point will be ignored when the bootstrap
statistic is constructed. We begin describing this idea in more detail and show in Theorem 5.5,
that the bootstrap statistic converges weakly to a Gumbel distribution as well. In the sequel we
assume without loss of generalization that n = K L and will split the sample into L blocks of length
K, and additionally

L~n' and K~n'"* for ¢e(0,1). (5.1)

We obtain the following quantities, which control the number of blocks before and after the esti-
mated change point.

E}: =sup{l € N | (K + K/2 < tyn},

~ . (5.2)
L =inf{{ e N | (K — K/2 > {;n},

where ), denotes the estimator of the location ¢;, of the change in the h-th component defined in

Section 3.4. The corresponding sample means are given by

) KL, 1 KL
Z}: = E Z Zj,h and Z,—I’— = m Z Zj,h; (53)
hoj=1 h7 =KL} +1

which can be used to define an estimator for the unknown amount of change Apy, = pp 1 — pn2 in
the h-th component, that is

Alip = 2, — Z;. (5.4)

¢

Moreover, these estimators can also be used to define the “mean corrected” sample

Zj,h—Zh_ for ngf;,
Zip = 0 for KL, <j <KL, . (5.5)
Zin—Zif  for j> KL,

Finally, we define blocking variables (that are sums with respect to the different blocks) as

(K
Ven(k) = > Zjp{j <k} (5.6)
j=(t—1)K+1
and introduce the notation »
Vin = Ven(n) = > Zjn.
J=(6—1)K+1

From the representation (5.5) we directly obtain, that blocks near to the estimator #;, are ignored,

i.e. we have

Vin=0 ifee{L; +1,....L}.
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Further denote by
Z,=0(Zjp|1<j<n1<h<d)

the o-field generated by the sample (Z;1n)1<j<n,1<n<d and by {&/}sen a sequence of i.i.d. standard
Gaussian random variables, which is independent of Z,,. Now we consider a multiplier version of
the CUSUM-process from the L blocks, that is

Z&VM ns| nQ Z&Veh (5.7)

and introduce the bootstrap integral statistics (for each component)

1
= < 6)/77 < ))2/ Unle(s)k(s,tAh)ds I{| ALy | > n71/4}
0 7

Bn,h =~
SpT(tn)(tn(1 —tp
+ I{|Afi) < 071} by,

(5.8)

where k(z,y) = x Ay — zy denotes the covariance kernel of the standard Brownian bridge and

5 = Zfé Oh

is the variance estimate from the bootstrap sample. In an analogous manner to the previous
sections, we define a normalized maximum of the bootstrap statistics B, j, by

Bin = ad(I/?%i( By — bd>, (5.9)

where the normalizing sequences aq and by are given by (2.15) and (2.16), respectively.

Remark 5.1 Let us give a brief heuristic explanation, why (5.8) and (5.9) define an appropriate
bootstrap statistic. Our basic aim is to mimic the distribution of the test statistics 74, on the “0O-
dimensional boundary” of the null hypothesis Hy a, i.e. in case of |Apup| = Ay forall h=1,....,d.
IJ/h(Sv th)

Ay,
setting the representation

Note, that we have = sign(App)k(s,ty) and it was outlined in Section 3, that in this

3vn 1 9
Ton = Upn(s) — s,t ds,
P (= )2 mhon] Al Unals) = i, tn))

n 1
N (th(1 — th‘s)\){fhghmm ; 108, th) (Un,n(s) — pn(s, tr))ds

holds, where by Lemma 3.6 the first summand on the right-hand side is of order op(1). The

component-wise bootstrap statistic B, 5 is supposed to imitate the second summand in this de-
composition. However, this approach is only sensible for all components h, that actually contain
a change and for this reason we introduce the indicator function I{|Afin| > n~'/4}. To be more
precise, we will show in the Appendix that

d
Ban = ad<maxBnh — bd> = ad<maxBnh — bd)
’ h=1 " hess 7
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as d,n — 0o, where the set S; is defined in (3.17). The statistic By, will then be used to generate
bootstrap quantiles for the statistic 74,. In order to prove that this is a valid approach we require
the following additional assumptions.

Assumption 5.2 (assumptions for the bootstrap) For the constants p, D in Assumption 3.2 and
the exponent ¢ in (5.1) assume that
(B1) D <min{(1—4¢)(p/2—2),4(p/4 —1)} with ¢ > 3/4 and p > 8,
. 1
(B2) limy,— 00 ﬁgg =0,
where p1; is defined in (3.18).

Assumption (B1) is a rather technical condition relating the dimension d ~ n”, the number of
blocks L = n’ and the constant p, which was initially introduced in Assumption 3.1. Assumption
(B2) is only a restriction for the monotone decreasing sequence pj; = minpese [Appl, that is not
allowed to decrease arbitrarily fast.

We are now ready to state the main results of this section. Our first lemma shows, that we are
able to identify the set of stable components Sy correctly.

Lemma 5.3 If Assumptions 3.1 - 3.4 and Assumption 5.2 are satisfied, then
ad(ggs)dc Byn— bd) l> 0,
where the set Sy is the set of all components with no change point defined in (3.17) and the sequences
aq and by are defined in (2.15) and (2.16), respectively.
Theorem 5.4 If Assumptions 8.1 - 8.4 and Assumption 5.2 are satisfied, then
G if limg oo |SG|/d =1,
ad(%%gBm - bd) 2.0 G+2loge if limye|SE|/d = c force (0,1),
—oo if limg e [S§|/d =0

conditional on Z, in probability, where the sequences aq and by are defined in (2.15) and (2.16),
respectively.

Finally, the representation

By, = By —ba), Bon—ba) b, 5.10
d, max {ad <;Lnax h d) aq (2%348)5 h d>} ( )

€Sy

Lemma 5.3 and Theorem 5.4 directly yield the following main result of this section.
Theorem 5.5 If Assumptions 3.1 - 3.4 and Assumption 5.2 are satisfied, then
G if limgee |S3/d =1,
Ban = { max{G +2logec,0} if limg_os|SS|/d = c for c € (0,1),
0 if limg oo |Sg|/d =0

conditional on Z, in probability.
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Remark 5.6 In the following let ¢7_, denote the (1 — «)-quantile of the distribution of the
bootstrap statistic By, and define the bootstrap test by rejecting the null hypothesis (2.4) in
favour of (2.5), whenever

Tan > 91— (5.11)

where the statistics Ty, is defined in (2.14). If the alternative hypothesis of at least one relevant
change point holds, Theorem 4.3 shows 7y, RN 0o, which due to Theorem 5.5 directly yields
consistence of the bootstrap test. Under the null hypothesis, we consider different cases. Recall
the definition of the sets

Bd:{he{l,...,d} | ‘A,U,h’:Ah},
So=1{he (L.} || Am| =0},

where we always have By C S5 C {1,...,d}. A combination of Theorem 4.1 and Theorem 5.5 now
shows, that the rule in (5.11) gives an asymptotic level a test, whenever the limit limg o |S3|/d

exists.

6 Finite sample properties

In this section we examine the finite sample properties of the asymptotic and bootstrap test by
means of a small simulation study and illustrate its application in an example.

6.1 Simulation study

The results of the previous section demonstrate that a test which rejects the null hypothesis in
(1.3) for large values of the statistic 7g,, defined in (2.14) is consistent and has asymptotic level «,
provided that the critical values are either chosen by the asymptotic theory or estimated by the
bootstrap procedure introduced in Section 5. It turns out that a bias correction, which does not
change the asymptotic properties, yields substantial improvements of the finite sample properties
of the asymptotic and bootstrap test. To be precise, recall the decomposition in (3.8), that is

Top=Ty5 + T

where Tél,)L and T 7(12}2 are defined in (3.10) and (3.11), respectively. It is shown in Section 3, that the

1}1 is of order op,(1), while the maximum of the terms Tf,)l (appropriately

standardized) converges weakly to a Gumbel distribution. However, TT(Ll,)L is always nonnegative,

maximum of the terms Té

which may lead to a non negligible bias in applications, in particular when the sample size is small
relative to the dimension.

To solve this problem for the asymptotic test (2.19), note that we have

on(14+0(1))
V(tn(1 = th)) %] Apnl

3o,

} ~ altn (U= )| A

E [Tfll’)l /01 k(s,s)ds(1+o(1)) = 5
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and therefore we subtract the term
o

2v/n(tn(1 —t3))27, A

from each statistic T’ éAh) defined in (2.10). Similarly, a bias correction is also suggested for the
bootstrap test in Section 5. Recall that the Bootstrap statistic is already constructed to mimic the

distribution of the statistic 7 752}1 Consequently we use

31 L@ )2
Suth(ta(1 — 1h))2A0 /o (Un’h(s)) *

to mimic the distribution of TT(Ll})L and we add it (for each h) to the statistic B, ;, defined in (5.8),

while the statistics TrgAh) in (2.10) are left unchanged.
To guarantee a stable long-run variance estimation, we replaced the standard long-run variance

estimator used in the theory of Section 3.3, by an estimator using the Bartlett kernel [see Newey
and West (1987)], that is (for component h)

0+ D k<j> on(j) with k(x):{ Lo if |z <1

1<[j1<Bn /Bn 0 if ‘.Z" >1.

In order to have a more conservative test we use the maximum of the two variance estimates based
on the sets Dy, 1 and Dy, 2 defined in (3.20) as the final variance estimation.

We will focus on two scenarios with independent innovations in model (2.1), i.e.
(I) X;n~N(0,1) iid.
(IT) X ~ Exp(1) iid.
and on two models of dependent data, an ARMA-process and a MA-process, defined by
(IIT) X5 =02X;_1 —0.3X;_0 —0.4Y ), + 0.8Y;_1 p,

where Yy =ep + 00 i 36, i and g ~ N(0,1) Lid.
29

(IV) Xth =¢&jn+t % Z ki_gej_kvh, where Ek,h ™~ N(O, 1) i.i.d.
k=1

All innovations are constructed such that Var(X;;) ~ 1. Throughout this section we assume that

different components are independent and we are interested in testing the relevant hypotheses

Ho : |App| < 1forallhe{1,...,d} (6.1)
versus Haa @ |App| > 1 for at least one h e {1,...,d}, (6.2)
that is A, =1 for all h € {1,...,d}. Power and level of the tests are simulated for d-dimensional

vectors with means

0 ifj<|nt
E[Zjﬁ]: lj_thJ 7h:1)"'yda

po i > [nty]
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where different values of the parameter u are considered and the time of change is ¢, = 1/2. All
results presented in this section are based on 1000 simulation runs and the used significance level
is always a = 0.05. Further, the constant S involved in (3.20) was fixed to 0.9.

In our first example we investigate the finite sample properties of the asymptotic test (2.19) which
uses the quantiles of the Gumbel distribution. In Table 1 we display the simulated type I error
of this test at the “O-dimensional boundary” of the null hypothesis (that is A, = App, = 1 for
all h € {1,...,d}) for different values of n and d. It is well known that the approximation of the
distribution of the maximum of normally distributed random variables by a Gumbel distribution
is not very accurate for small samples and therefore we consider relatively large sample sizes and
dimensions in order to illustrate the properties of the asymptotic test. The results reflect the
asymptotic properties in Section 3. For the independent cases (I) and (II) the approximation of
the nominal level is more precise as for the dependent scenarios (III) and (IV), where the test is
more conservative. We also mention that the rejection probabilities are increasing with Apy, as
predicted in Section 2 and 4 (these results are not presented for the sake of brevity).

n=2000 n=5000 f n=10000

model d=500 d=1000 d=500 d=1000 d=500 d=1000
I  88% 111% 6% 75%  64%  7.4%
I  54% 59% 5% 5.5% 4% 5%
()  49% 45%  1.9%  25%  2.5% 4%
IvV)  97% 13%  64%  52%  62%  5.9%

Table 1: Empirical rejection probabilities of the asymptotic test (2.19) under a specific point at the
“0-dimensional boundary” of null hypothesis, that is Ay, = App, =1 for all h € {1,...,d}.

| A 0.9 0.95 1.0 1.05 1.1
model K

O 1 22% 42% 82% 14.7% 26.9%

0 4 52% 91% 17.3% 29.6% 47.8%

) 1 06% 09% 25% 7.8% 17.3%

(I) 4 09% 32% 92% 202% 36.6%
5

(I11) 0% 0% 06% 32% 13.7%
(D) 10 01% 1.3% 4.6% 21.6% 59.7%
(IV) 2 33% 59% 109% 21.5% 35.8%
(IV) 4 5% 103% 184% 325% 48.7%

Table 2: Empirical rejection probabilities of the bootstrap test (5.11) for n = d = 100 at specific
points in the alternative and null hypothesis (A, =1 for all h € {1,...,d}). Different block length
K in the multiplier bootstrap are considered.

Next we analyse the properties of the bootstrap test (5.11), which was developed in Section
5. Here we focus on relatively small sample sizes, that is n = 100, n = 200 and a relative large
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Figure 2: Simulated power of the Bootstrap test (5.11) for the hypothesis (6.1). The sample size is
n = 100 and the dimension d = 100. All differences are given by Aup = pu, where the choice p =1
corresponds to a point of the “O-dimensional boundary” Ay of the hull hypothesis. Left panel: Solid
line: Model (I), dashed line: Model (II). Right panel: Solid line Model (III), dashed line: Model
(1V).

dimension compared to the sample sizes, that is d = 50, d = 100. It is well known that the
multiplier bootstrap is sensitive with respect to the choice of the block length and this dependence
is also observed for the bootstrap test proposed here. Exemplarily we show in Table 2 the simulated
rejection probabilities for the different models (I) - (IV), different values of K and Ay = p. Here
the values |Apup| < 1 correspond to the null hypothesis. For |Aup| =1 (for all h € {1,...,d}) the
results of Section 5 predict that at this point the level of the test should be close to o = 0.05. Note
that for the case of independent innovations (model (I) and (II)) the choice K = 1 (which means
that no blocks are used) leads to the most reasonable results, given by rejection probabilities on the
“0-dimensional boundary” A, of the null hypothesis of 8.2% and 2.5%, respectively, while larger
values of K such as K = 4 yield a too large type I error. On the other hand in the dependent
models (III) and (IV), the block length needs to be carefully adapted to the time series structure.
For model (III) K = 10 seems to be optimal, while for model (IV) choosing K = 2 gives acceptable
results. The larger block length for model (III) might be required due to its autoregressive structure.
Moreover, inspecting the results in rows 6 and 8 of Table 2 shows that too small values of K lead to
a loss of power, while - similar to the first two models - too large values can cause an uncontrolled
type I error.

Next we display in Figure 2 the simulated power of the bootstrap test for all four models under
consideration (where we use the optimal K from Table 2). Note that the rejection probabilities are
increasing with Ay, as predicted by the asymptotic arguments of the previous sections. In the left
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panel we show the results for the independent scenarios (I) and (II), which are rather similar. On
the other hand an inspection of the right panel shows larger difference in the dependent case. The
different dependency structures in model (III) and (IV) yield substantial differences in power of the
bootstrap test (5.11). We conclude the discussion of the bootstrap test investigating the sample
size n = 200. The corresponding results are presented in Table 3 for the dimensions d = 50 and
d = 100.

d =50 d =100
| App] 0.9 0.95 1.0 1.05 1.1 0.9 0.95 1.0 1.05 1.1
model K
(I) 1 05% 23% 5.1% 14.7% 34.6% || 0.9% 2.3%  6.9% 18%  40.7%
(IT) 1 03% 1% 4.1% 1%  304% || 0% 12%  3.7% 10.6% 26.6%
(Imr)y 20 0% 0.6% 7.6% 46.6% 94.8% || 0% 0.3%  6.4% 51%  95.3%
(IV) 2 % 0% 9.5%  47.56% 100% 0% 0% 13.1%  100% 100%

Table 3: Empirical rejection probabilities of the bootstrap test (5.11) at specific points in the alter-
native and null hypothesis (Ap, =1 for all h € {1,...,d}). The sample sitze is n = 200.

6.2 Data example

In this section we illustrate in a short example, how the new test can be used in applications. Our
dataset is taken from hydrology and consists of average daily flows (m?/sec) of the river Chemnitz
at Goeritzhain (Germany) in the period 1909-2014. This data set has been recently analysed by
Sharipov et al. (2016) using a statistical model from functional data analysis. Following these
authors we subdivide the data into n = 105 years with d = 365 days per year. To avoid confusion,
the reader should note that the German hydrological year starts on the 1st of November.
Equipped with our new methodology, we are now able to test if there is a relevant change in the
mean of at least one component. To specify the term ’relevant’, we exemplarily set the thresholds

for all components to
Al :AQZ“':A365:O.63,

which is close to 10% of the overall mean of the data under consideration. For a significance level
of 5% the Bootstrap test defined in Section 5 rejects the null hypothesis of no relevant change for
the given thresholds. Moreover, we can also identify the components, where the individual test
statistic leads to a rejection, that is ad(TT(L’Ah) —bg) > g5_,,, where ¢gf__, is the (1 — a) quantile of the
bootstrap distribution used in (5.11). For the data under consideration we found four components
with a relevant change, given by h = 53, 99, 137 and 252 with corresponding estimators ntss = 56,
ntgg = 70, nti37 = 47 and niasy = 41, respectively. This corresponds to the 23th of December 1965,
the Tth of February 1979, the 18th of March 1956 and to the 10th of July 1950, respectively. In
Figure 3 we display for these cases the time series before and after the year. For example the panel

in the first row shows the average annual flow curves before and after 1950 and the other three
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Figure 3: Average annual flow curves for the river Chemnitz at Goeritzhain for the periods before
(gray) and after (black) the estimated year of change. The four figures correspond to different days
of the year, where a change point has been localised: 10th of July (first row), 18 of March(second

row) 23th of December (third row) and Tth of February (fourth row).
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years are interpreted separately. In all cases we observe a large difference between both curves close
the estimated component (marked by the vertical dashed line). We finally note that the approach
of Sharipov et al. (2016) identifies only one change point, namely the year 1965. In contrast our
analysis indicates that there might be additional change points in the years 1950, 1956, 1965 and
1979 corresponding to different parts of the hydrological year.
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7 Technical details

Throughout the proofs we will use that Assumption (C1) directly implies the existence of two

constants 7_, 74, such that the function 7 defined in (2.11) satisfies
0<7- <7(th) <74 <00

holds for all A € N.
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7.1 Proof of assertion (2.7)
Straightforward calculations yield

E [Unn(5)] = pn(s,th) +O(n™ ") App,
n Var (U, 4(s)) = o2 (s — s2) 4+ o(1),

)

(7.1)

uniformly with respect to s € [0, 1], where pp(s,ty) is defined in (3.9). An application of Fubini’s

theorem now gives

E[/;Ug,h(s)ds}:/l U2, (s)] ds

/{E U () — pin(s. 1)) + 2, 0)E (U (8)] — 22 (5. 1) b + o(1)

o2 _ 2
=%y /0 pi (s, s + (1) = Ay (L 10)

+o(1).
7.2 Details in the proof of Theorem 3.5
7.2.1 Proof of Lemma 3.6

Observing the definition (2.11) and Assumptions (T2) and (C1) it easily follows that there exist

constants ¢ and C such that the inequalties
< (th(l — th))QUh <C (7.2)
hold for all h € {1,...,d}. With these inequalities we obtain

3v/n 1
) _ _ 2
¢ (tn(1 = tn))?mhonl Apal Jo (Unn(#) = panls, tn) s

< ag rilczllx vn (Un,n(s) — pn(s, th))Z ds

< f%lfxsz%pl](f|Un h( ) Hh(svth)DQ'

Using (7.1) and max{_, [Aup| < C, this is further bounded by

d 2
2—(max sup Vn|Upp(s) — E Uy n(s)] |> +o(1)
\/’E h=1 s€[0,1]
Introducing the notation ey = 24/2log2d it follows that the last term can be bounded by the
random variable

e

15 (ks sup VAlDa(6) ~ E Do) ~ Y o)

and the claim follows from Theorem 2.5 in (Jirak, 2015a) noting that {Uy n(s) — E[Uy(8)]}sefo,]
corresponds to a CUSUM-process under the classical null hypothesis of no change point, that is
ugll) = uf) for all h € {1,...,d} (note that there is a typo in the original paper, which has been
corrected in the arXiv version).
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7.2.2 Proof of Lemma 3.7
A straightforward calculation yields
nCov(Uy, 1 (51), Uni(s2)) = k(S1, 52)Vh,i + Tnohi(s1,52),

where k(s1, s2) = s1As2—s152 denotes the covariance kernel of a Brownian bridge and the remainder

term satisfies

lim i sup  sup |rppi(s1,s2)] =0.
n—o0 s1,52€[0,1] hyi€N

An application of Fubini’s theorem shows that

. ign(Apn) sign(Apui) 7 (th, ti)
Cov (7@ 7Y _ sign( aT(th, . 3
OV( n,h’ nz) UhUiT(th)T(ti) + Tnyhis ( )
where the function 7 is given by
e, t) = 56 / 1 / k(1. ) (s, ) (51, 80)ds ds (7.4)
) - (t(]. . t)t/(]. _t/))Q 0 0 1 2 1,92 1 2 .

and the remainder term 7, 5, ; satisfies

lim v/n sup |rppq =0
n—00 h,ieN

Moreover, for the function 7 defined in (2.11) we obtain the representation

e T

and it follows that T(th)T(th) = ?(th, tn). Therefore we obtain as a special case the estimate

Var (ng) =147phh (7.5)

Furthermore the representation

[ns]

Unn(s) —E[U, Z - LZ;J ZXj,h =: U}, 5(s)
=1

yields

1
7 6/n /
— 5,1 [Un s)ds.

and the proof can now be performed in two steps:

Step 1: For two constants ¢, C' > 0 it holds that

sup
zeR

P <r}rllai(T( ) < x) P <rﬁa{< Ny, < x) ’ < Cn~°, (7.6)

where N is a d-dimensional centered Gaussian distributed random variable with same
covariance structure as (Tfl) ) ,Tﬁ%)T.
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Step 2: There exist two constants ¢, C' > 0 such that

sup

P (mdax Nh < x) —P (mcéx Ny, < x) ‘ <Cn™°¢, (7.7)

where N is a centered d-dimensional Gaussian random variable with covariance matrix
Y= (Eh,i)i,jzl,.‘.,d satisfying

Xhil < (7.8)
for all h,i € {1,...,d}.
Step 1: At the end of this proof we derive the following representation
7¢) = \/15 f: Cojn Xh, (7.9)
j=1

where the coefficients ¢, ;, are uniformly bounded, that is

sup |cn jnl < cop < 00
n,j,heN

Next we apply the Gaussian approximation in Corollary 2.2 of Zhang and Cheng (2016) to the
random variables Y, ; , = ¢y j ,X;n. For this purpose we check the assumptions of this result. By
Assumption (M1) we obtain a sequence (M})4en by M), = co - Mg, which still satisfies

d
ol iax E [exp( Yyl /M) < mlax miax E [exp(| X0l /Ma)] < Co.

Moreover, Assumption (M2) yields that M/, < n"™ with m < 3/8. This means that for sufficiently
small b we have m < (3 — 17b)/8 and by Assumption (S1) it follows that d < exp(n?). Using the
identity (3.1) the triangular array {Y;, ;4|1 < j <n,1 < h < d}y,en exhibits the following structure

YJh Cn,jh gh(Ej,E] 1,...) = §n7j7h(6j,€j_1,...).

Define the coeflicients

n ~ ~
19%,]'7}7,@ = I?:EIIX Hgn,i,h(Ei’ s ) - gn,i,h(5i7 yoeey Ei—gtls Eg—jv Ei—j—1y--- )Hpu

where €/ _ ; Is an independent copy of €;_;, and observe the inequality
oo

oo
d
E maxﬁy’]’ hp < m supmax|cmh|19j7 hp S €O E 6 < v,

h=1 =1
j=u j=u neN j=u

which holds uniformly with respect to n. By (7.5) there exist constants ¢; and cg, such that

O0<e < r}?E?Var( T(L})l) < rl?ai(Var< ( )> < e
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if n is sufficiently large. Since all requirements are met, Corollary 2.2 of Zhang and Cheng (2016)

implies the existence of a Gaussian random variable N having the same covariance matrix as the
7(2)
Tn,l

vector (T, ... ,Tﬁ;)T and satisfying inequality (7.6).

Step 2: We choose the random variable NV to be d-dimensional centered Gaussian with covariance
matrix given by

(tha )

sign(Apn) sign(Api)ynT(th, ti) sign(App) sign( A pn.
P ()T ()

onoiT(th)T(t;)

Yhi=

where the function 7 is defined in equation (7.4). Next denote with S the covariance matrix of the
vector N from Step 1. By (7.3) we have
d

04 := Y, — 3 =
d: ;Iz,nﬁx‘ hi— Shil = max

sign(App,) sign(Ap;)Yn, 7 (th, ;)

— 7@ | <, -1/2
onoiT(ty)T(t;) Cov( )| sn

n,h? " n,

and an application of the Gaussian comparison inequality, in Lemma 3.1 of Chernozhukov et al.
(2013) gives

: 173 2/3
<z - < < <
igg P(%lijh < x) IP’(I}?ai(Nh x)‘ 0, " max{1,log(d/04)} n-

The proof of Step 2 is now completed observing the bound |7(t,t;)| < |7(t;)||7(tn)], which is a

consequence of the (generalised) Cauchy-Schwarz inequality.

Proof of the representation (7.9). Recall the definition k(s,t) = s At — st, then

1 1t (l+1)/n Lns) nsl &
/ k(s th)Uyp(s)ds = - 2/ (s,tn) (ij ) — LnJ ZXj’h)dS
0 i=0 Vt/mn j=1
n—1 n
1 (i+1)/n
:nZ/ln stth (I{j <i} —i/n) X;pds
1=0
12 [t (i+1)/n
SIS s g < iy =iy ds ) x
"= iz Jim
Now observe the representation for T(,)Z in (3.12), where pp(s,t) = 2Aupk(s,t). Define
n—1 ;
N /““)/" o
Cpih = k(s,t)(I{j <t} —i/n)ds
Jsh (ta (1 — tp))27(tn)on| A  Jirn (s,t) (I{J }—i/n)

then the representation (7.9) holds, and the proof is completed observing the inequalities

1
6 <« [UFD/n 12
] < 2ds < ¢ := .
’67% ) T_O'_t4 ;/@n S > Co T_O'_t4
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7.2.3 Proof of Theorem 3.10

As |[App| > C, for all h € {1,...,d} we have §; = () and 8§ = {1,...,d}, and Lemma 3.8 implies
wihx i, — 1] = op(n /%) (7.10)

Observing that t;, € [t,1 — t] it follows that

t2(1 — tp)?
Cé h( h)

A = —1/2 11
h:i{ t}%(l—th)Q Op(n ) (7 )

Moreover, one easily verifies that the function ¢ — 7(¢) defined in (2.11) is Lipschitz-continuous on
the interval [t, 1 — t] and therefore we obtain from (7.10)
d . _
wihx (1) — 7(in)] = op(n ™). (712)
Finally, we note that for a sufficiently small constant C' > 0 the estimate

d ~ I n _
max 5,7 (tn) — on7(tn)| = op(n %) (7.13)

holds, which is a direct consequence Lemma 3.9 and assertion (7.12).
After these preparations we return to the proof of Theorem 3.10. We recall the definition (2.8)
and introduce the notation
™ \/ﬁ (

R () on| A

We will first show the weak convergence

Mi,h - AM%)

aq(max 1), —bs) = G (7.14)

For a proof of (7.14) we recall the definition of the statistic 7}, , in (3.7) and obtain from Theorem
3.5

ad(I}?éi(Tn,h — bd) 2. .

With the representation for M% , and M2, in (2.8) and (3.6), respectively, and the notation g, =
(tn(1 —tp))?/(tn(1 — £3))? it now follows that
d

ag r}r}%{( (T,’lh — bd) = agmax v (

(q Vn(gn — D) Ap;
h=1 N\ T (tg)on| A

T(th)on|Apn

—AR2) byt ) = Bua

where
Vvn >

d
B - (A T 1 —by;~+ (¢ DA, ———
n,d ‘= Qd I]Illalx dh1tnh d (qh ) ’uhT(th)Uh‘A/JzM

It is easy to see that this term can be bounded by

d
aq(m max X Gn Ty p — ba) — Rnd<Bnd<ad(Y}rLlai<Qthh—bd)+Rnd,
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where the remainder satisfies

d n
Rnd—adri?aXMh_HmaX Vi M%iﬂl

U T(tn)on|Apn|

which follows observing the inequalities (7.2), (7.11) and the condition Cy < |Apuy| < Cy,.
Thus (7.14) follows, if we can establish

ISH

ad(I}Llai(thnh b ) 2. q. (7.15)

For a proof of this result we fix x € R and define uy(x) = x/aq + bg. By

IP(O < I}ﬁi{ dn I}Illdjii(Tn,h < Ud(af)> < P<0 < Iiléf( GnTon < Ud(ar))

B . (7.16)
<P0< %lzilllth}lllii{(T n < ug( ))
and
d
IP’(m:m qn max Top > 0) = P(mjx qnTnp > 0) = [P(I}Illiii( dn mijn’h > 0),
we obtain

d
]P)(I’El(éti( dn I}Ill(éicTnﬁ < ud(x)> < P(Iirlféic anTnn < ud(az)> < P(I}?i? qn r}?(éichh < ud(x)> (7.17)

From (7.11) and d = Cyn? it follows that

d
agbg ( min

—1) =0,
h=1

P
— 1) — 0 and adbd(r;’bl:

which due to Slutsky’s theorem directly implies

d d —x d ~ d
P(mlnqh maxTn;Z < ug(x )) — e, ]P’(math max Ty, p, < Ud(l‘)) e’
h=1 n—00 h=1 h=1 ’ n—00

Thus we have established (7.15) and proved (7.14).

To complete the proof of Theorem 3.10 note that the assertion (3.22) is equivalent to

P(m%xfn,h < ud(a:)> e (7.18)

h=1 n—o0

where we use again u4(x) = x/aq + by. To prove this statement define

Q d (5’h7A'h Q d (5’h7A'h
:= min = max
d h=1 JhT(th) d h=1 JhT(th)’

and consider the set Q4 := {‘Q:{ — 1‘ \% |Q; — 1| < 5d}, where the involved sequence is given by
84 = (logd)~2. The inequalities (7.2) and the estimate (7.13) yield

max
h=1 op7(tn)

P (Qf — 1] > 61) = (| o 2171

- 1) > 5d> < IP’(‘ maxahTh - O'hT(th)‘ > 5dc> =o(1).
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By a similar argument for the term ‘Q; — 1‘ we obtain P (Q5) — 0. If mauxz:1 Tn,h > 0 holds, we
can conclude that

I 1 4 Vn .
N T —<M2 A 2)
Q3 W T QF WA T i)onl A T S

d \/ﬁ 2 2 7 1 d
§max—<M h—Auh>:T7h:—_maX h-
U)ol A VT ! "

Therefore the following inequalities hold
IP’(O < r}rﬁaiiTAT/L,h < ud(x)Q;) < IP’(O < mcéxTnh < ud(x)> < IP’(O < mcflii( A;L’h < ug(x) I) (7.19)
Observing the identity

IP(I}rLlai(T > 0) (Elh : Mi,h > A,u,%) = ]P’(I}Ibl(tj’:ti( Tp > O)

we can derive from (7.19)

IP’(I}}&{(T n < ud(az)Q;> < P(m%xfnh < ud(a:)) < P(m%x'ff%h < ud(az)Q:{>. (7.20)

Hence, we directly obtain
d .+ d &
P(miax T, , < ua(@)Q ) < P(QG) +P(max Ty, < ua(2)Qf N Q)
< o(1) + P(mix T, , < ua(@) + ua(w)a).
Now we fix € > 0 and note that the inequality ugq(z — ¢) < ug(z) + ug(x)dg < ugq(z + €) holds if n

(or equivalently d) is sufficiently large. The weak convergence (7.14) then yields

i (e < 00105) < s (g < e +9) <)

d,n—00 d,n—o00

Using Bonferroni’s inequality we can proceed similarly for the lower bound of (7.20), i.e

hmmf]P(I}beT < uy(x )QJ) > hmlanP)(l}LlaXT < ug(x)Qy N Qd)

d,n—o0 d,n—00

> lim mfIP’(maxT n S ug(z) — ud(:v)(Sd) -P(Q9

d,n—00 h=1

> lim mfIP’(maxT < ug(z — 5)) e o)
d,n—00 h—1

The assertion (7.18) then follows by € — 0, which completes the proof of Theorem 3.10.

7.2.4 Proof of Corollary 3.11

At first we consider the case where mg := |My| = ¢ d + o(d) for some constant ¢ € (0, 1] and note

that in this case

A~ ad A~
ad(maxT h—bd>:—a max Ty, n — Am,bm, + G, b, — agbg-
heMy Amy CheMy " MdTmd T T
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Theorem 3.10 yields a,,, maxpeam, Tn,h — Amybmy, 2. & and furthermore we have

aq
Ay d—00

bm, — agbqs —> 2log(c)
d—o0

A short calculation therefore leads to ad( maxheMd nh — bd) 2. 042 log(c). The case mg = o(d)
can be treated similarly. Finally, statement (3.23) is a consequence of the inequality

d
max 7, h < max 7, -
heMy h=1 "

7.3 Proofs of the results in Section 4
7.3.1 Proof of Theorem 4.1

By Assumption (C1) and the definition of #j, in (3.16), there exists a global constant C(t) > 1 such
that

(th(1—tp))?
iR SO (7.21)

Recall the definition of the set Sy in (3.17) , choose a constant A%2 > ¢ > 0 and consider the
following decomposition of the set {1,...,d} \ Sy

14 := {hE{l, d} ’ Ah— /\/ >\A,uh]>0}

(7.22)
Eqa={he{l,.. d}!Ah>|AMh|> (A —¢)/VC
Using the representation
) ) (A
Tan = max o s T30 = 0a). o (g ! =) (e T =)
the first assertion (4.2) follows from the following three statements
(A) )
T° —b 2
ad(gré%x o q) — —o0, (7.23)
H(A) ) P
77 —b - .24
ad(%%x n,h d | — —00, (7.24)
lim P(ag (max7(3) — by ) > g10) <. 2
Pl (s Tl =0 ) 2 1-0) < (729
Proof of (7.23): Observing the definition of 7 7(1Ah) in (2.10) we obtain the inequality
ad(max 7 h) — bd) < ag max LMQ h — @q min LA% — agby. (7.26)
heSy heSy ’T( )O’hAh hEeSy T( )O'hAh
The first summand of this expression is further bounded by
ag max vn Mi,h < ag max Vn M, (7.27)

heSa 7(th)onAn
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and arguing as in the proof of Lemma 3.6 yields aqmaxpes, v/ - Mn h 25 0. For the second

summand of (7.26) we can use i ‘)f A? > 0 and agbg ~ logd to obtain

ag min LAQ +agby — o0
heSy T(th)&hAh h d,n—00 ’

which yields (7.23).

Proof of (7.24): By definition of the set Zy, we get A2 > C(t)Apu; + ¢, which leads to

(8) v vn
7 — < —Y—__(M?, —Ct)A —bg) — _
ad(gg; ok bd) < ad(l}}g); T(th)fthh( nh — C(t) uh) d) ad}?élzr:l AT
(7.28)
For the second summand of the last expression it holds that
agy/n min — ¢ e aay/n — 00, (7.29)

hely T(tp)opAp ~ Tysp AL n—oo

From inequality (7.21), we obtain M%, < C (t)Mi’h, which gives the following bound for the first
summand of (7.28)

aq max# M2, —C(t)Au2) —bg) < ag maXL 2 —Ap3) —bg). (7.30)
( (i, ) ~ba) S (M — k) o)

heZy 7(tp)on AR ety 7(tp)onAy

Similar to (3.8) we can use the following decomposition

Vn 2 2 (1) (2)
T(th)O'hAh ( h h) h oh

where the quantities SS,)1 and 5’7(12,)1 are given by

3v/n 1
s = - / Un,i(s) — (s, tn))* ds,
T (e o ) e )
6/n 1
s@ — - /Mh S, th)(Upn(s) — pr(s, ty))ds,
S B e Jo 1 Ena) = s )

respectively. Now we have an upper bound for (7.30) given by

(1) (2)
adgrg%XS h—i—ad(zréaxsnh bd>.

Similar as in the proof of (7.23) one easily shows that a4 max SS})I op(1). In the case that S (2,)1 >0
€1lq ’ )
we have
61
5@ < gB) . / (U, th))ds,
n,h ~ ~n.h t}%(l _th) ( )Uh|AHh| :U’h S, h)( h( ) ,uh(s h)) s
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which gives

ad(zxé%x 5(2’})1 — bd> < ad<zrg%xmax {S( i)w 0} — bd) < max {ad<gg%xsn?j2b — bd), fadbd}.
d d d
Applying Lemma 3.7 yields

hmsupIP’(ad(zréaxS( ) _ bd> > :):) <P(G > z)

d,n—o0

for all € R and consequently the right hand side of (7.30) is of order Op,(1). Now (7.24) follows
from (7.28) and (7.29).

Proof of (7.25): Observing that dp, := A? — Ap? > 0 we obtain

ad(}?e;?j]’(,h) — bd> < ad(grgg( 7'(th)\<iAh (M%h — A,u%) — bd>, (7.31)

As a € (07 1-— 6_1] the quantile of the Gumbel distribution satisfies g1_o = — log(log(ﬁ)) >0,
and we can proceed as follows

App,
P(Gd(ﬁang(7 ) *bd> > glfa> < P(%é?j | A‘Z | ad(gg{anh *bd> > glfa>

< P(ad(maxrf’n h— bd> > gl_a>.
he&y ’
An application of Corollary 3.11 now yields

hmsupIP’<ad(2n%xTnh — bd) > gl_a) <P(G>g1-a) =q,
€

d,n—00

which gives assertion (7.25) and completes the proof of assertion (4.2).

It remains to show assertion (4.4) under the additional assumption of (4.3). Note that under the
latter assumption, we can further decompose the set &; into £ = (€4 \ By) U By and observe that
(4.3) yields

gd\Bd:{hE{l, d}]Ah—CA>\A,uh]> Ah— /\/ }
Again, we can examine both sets separately. For &; \ By we have
ad ( max T( ) _ bd> < ay < max Tnh — bd> —ag min AL (7.32)
heE\By ™l heEq\Bq heEg\By T(tp)onAp,

By definition of &; \ By we obtain that the second summand on the right hand side of (7.32) tends
(in probability) to —oo. Due to the lower bound minyee g, [Apn| > (A=) )/+/C (t), which holds
uniformly in d, we can apply Corollary 3.11 to the first summand of the right-hand side of (7.32),
which then gives

7% by ) 5 —x.
d <hggl¢?\);3d nh d> >

On the set By = &; we can directly apply Corollary 3.11, so that we obtain (4.4).
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7.3.2 Proof of Theorem 4.3

It follows from Theorem 3 of Wu (2005) that

[ns)

1 D
{\/ﬁ Z Zj,h —-E [Zj,h} }se[o 1] = {UhWS}se[O,l} ) (7.33)
Jj=1 ’

where {Wi},¢(o 1) denotes the (standard) Brownian motion on the interval [0, 1]. The definition of
pr(s,ty) in (3.9), E[U,n(s)] = pn(s,tp)(1 4+ o(1)) (uniformly with respect to s € [0,1]) and the
continuous mapping theorem yield

{Vr(Unn(s) = i, 80) oy = {00 BsYocpo (7.34)

where {B;} () denotes a (standard) Brownian bridge. Observing (3.8) we get

ey
(tn (L — tn)?
6y/n 1
vV ty) (U, _ 1,))ds.
+ (th(l _th))Q/O lu’h(57 h)( 7h(S) Mh(s h)) s
Statement (7.34) and the continuous mapping theorem imply
6 1
M i) = / th)on B(s)ds.

It is well known, that the expression on the right-hand side follows a centered normal distribution

1
Vi (M2, — Aud) = | (o) = s, 1) P

and a straightforward calculation shows that its variance is given by AM}QLTQ (th)ai. Replacing oy,
and t by the estimators 65, and t, we obtain from Lemmas 3.8 and 3.9 the weak convergence

U (2, - Ap) 2 N(0.003) (7.35)
T(tn)én ’

for each (fixed) h € N provided that |Auy| > 0. After these preparations we are ready to prove the
consistency of the test (2.19). If the alternative hypothesis Ha a is valid, we can fix k € {1,...,d},
such that dy := Ap2 — A2 > 0. From the definition of the test statistic Ty, in (2.14) we obtain
. n ~ vn
Tan>a (T(A)—b ) —a (L(MQ—A 2)+A7d —b),
dn = % Pk d d T(tg) oAk k H T(tg) oAy b

which gives

vn 2 2 91—« Vn
P(Tan > g1—a) > P ———— (M; — A > +by — ————di ). 7.36
(Tan > g1-0) = P(- 5700 (M = Aut) > 22 4 ba = 3 di) (7.36)
Using by ~ log d and T(&)% > /n leads to
Ilza 4 g — Ldk . (7.37)
aqd T(tk)O'kAk

On the other hand we obtain from (7.35)

\/ﬁ ) 2 D |Auk|
—— (M — A — N 0,1),
o (- 2 (0,1)

and the assertion of Theorem 4.3 follows.
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7.3.3 Proof of Theorem 4.4
Due to g1—a/aq + bg > 0 we deduce

P(Rd C ﬁd(a)) = ]P’(mln T( ) > g1— a/ad + bd>

heER 4 n.h
. NG - ,
> P(min —— YT (2, — A2) > g1 o/aq+ba)-

Using the notation dj, = Aul — A? we get

5 Vi Y
P(Rq C Ra(a)) > P(mln (M}, — Aup) > g1- o/aq + bg — min dh—)
B, T on ] d heRa 7 (En)6n| Apin]
vn
:]P’<m1nTn > o/ag + bg — min d —>
R h > g1-a/ad + ba R h En)on|Asan]
:IP’<a min Tn +bg) > a+2a4bg —a mmd—)
dheRd( h d) g1— dOd df R h (n)6n Al

By assumption (4.7) we have

C
dp > A Ap) A —»
" jain, dn > i (gl = B0) B 2 o0,

which implies (as 1 < 7(tp)on|Apn| < 1)

agbg — ag min dhL — —00
hERd (th)o'h‘Alu,h| dn—)oo

By arguments similar to those in the proofs of Section 3 one can show that for all z € R

hmmfIP’(ad f{n%l (Tn,h + bd) > x) >P(-G>x),
€

d,n—o0

which yields assertion (4.8). For a proof of (4.9) we apply Bonferroni’s inequality, which gives
P (ﬁd(a) - Rd) —Pp (ﬁd(a) C RayRa C ﬁd(a)) >1-P (ﬁd(a) ¢ Rd> P (Rd ¢ ﬁd(a)) :

By the arguments in the previous paragraph we have P (Rd ¢ ﬁd(a)> = o(1) and Theorem 4.1
gives

lim sup P (Rd )€ Rd> = limsup P (Héax T( ) > J1-a/aq+ bd> <a,

d,n—o00 d,n—00

which finishes the proof.

7.4 Proofs of the results in Section 5

To establish the bootstrap results, we recall the definition of the set Sy in (3.17) and we introduce
the set

Lq= {Vh €SS nty € (KE;,KZ;)}, (7.38)

which represents the event, that the locations of all change points are identified correctly. We need
the following basic properties.
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Lemma 7.1 If the assumptions of Section 3.1 and Assumption 5.2 hold, then
. C d —~ P .
(i) n” max|Afip — App| — 0 4f € <1/2,
(ii) P(LS) < nC for a sufficiently small constant C > 0.

Proof. For assertion (i) fix € > 0 and observe

KL;
d d 1 2
P(nC mhx |Afi, — A <IP>(C ‘ - Zip— ‘ 2m£)
(n max [Af, pn| >¢e) <P(n max KT, ; jh = Hhi| > €/ d
d 1 -
+P(ncmax‘7 Zin — lh ‘>6 2ﬂ£d)+01.
B e T Do Zin—in2|>e/ (1)

j=KLp+1
(7.39)

The first two summands of the right-hand side of (7.39) exhibit the same structure, so we only
treat the first of them. Note that on the event L4, it holds that

(Zin— pna) I{j < KL, } = X;I{j < KLy }.

Further there exists a constant 0 < Cy < 1, such that the inequalities Coyn < nt — K < KE;L < nfh
hold. This implies
KL, d KL,

d 1 1
P(ncmax‘f_ ZZj,h—,UhJ‘ >€/2ﬂ£d) SZP( —=_ ZX]’h) >n_C€/2>
=1 KL, = KL, =

h=1

Mg

(max’ZX]h) > Con'~ 06/2)

T

1

Since 1 — C' > 1/2 we obtain by the Fuk-Nagaev inequality (see Lemma E.3 in Jirak (2015b)) for

sufficiently large n

_ n _ _
(max‘ Z h‘ > Cyn! 06/2> <P o = pDHC=DpHL < D=p/241 _ (1),

where we also used D < p/2 — 2. Assertion (%i) is shown in the proof of Theorem C.12 in Jirak
(2015D). O

Proof of Lemma 5.3. This is a consequence of Lemma 7.1 (i) and the inequality (for any € > 0)

P(ad(maxBnh — bd) > 6) < P(max\A,uh] >n 1/4).
heSy
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7.4.1 Proof of Theorem 5.4

For the proof we introduce the following more simple version of the bootstrap CUSUM-process
{[Un h( 5)}sefo,1) introduced in (5.7)

LLSJ

(L) Zfﬂ Eh_izfévéha

where the truncation is not conducted within the blocks. We make also use of the following extra

~ 1 ~
fzh = 6\/5 2/ USLL
’ )?* Jo

onT(tn)(tn(1 =t

~. 6+/1 1 N
= Vn ))2/0 Uflf’z(s)k(s,th)ds

onT(th) (tn(1 =ty

notation

(s)k(s,tp)ds

=2

= Gy/n ! (L) .

mh O'hT(th)(th(l — th))Q A Un,h(s)k(svth)ds

n____ 6/ L
B"’h B Snr(tn)(En(1 = 1p))2 /0 Un,h(s)k(sath)ds-

The theorem’s claim is a direct consequence of the next five lemmas. We will use the notation
Pz, (-) = P(:|2,). and frequently apply that the implication P (A,) = o(1) = Pz, (4n) = 0p(1)
holds for all sequences of measurable sets {A;, }nen-

Lemma 7.2 The weak convergence
G if S5=A{1,...,d},
aq (gé%égflh - bd> 2! G+ 2logc if |S§| =c-d+o(d) force (0,1),
0 if [5G = o(d)
holds conditionally on Z,.

Proof. Without loss of generality assume that the sets S; and S are given by
S;=A{1,...,s} and Sg={s+1,...,d}

with s = |S5|. Let N = (Ny,...,N,)" denote a centered s-dimensional Gaussian vector with
covariance matrix ¥ = (Zij)g j—1 defined by

v Tt t)
Yooy (t)T(t)

where the function 7 is defined in (7.4). Our aim is to control the (conditional) Kolmogorov-distance
between Maxpess B;; p and Maxpess N}, Since the random variables {&},.y are independent, we
can directly calculate the conditional covariance

36
O'hO'Z'T(ti)T(th)(thﬂ — th)) ( (1 — t

COV|Zn (Bnh,B<> ) = ZVZhVE zﬁf hﬂfz
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with the extra notation

1
Ben = / k(s, tp) (I{E < |Ls|}— L[;J> ds.
0
Let 0, denote the distance

0; = max
1<h,i<s

COV|Z (E%h,éz’i) — Ehﬂ' .

Using the fact that maxpese max}_; [Ben] < 1 a straightforward adaption of Lemma E.8 in Jirak
(2015a) gives

36
(tn (1 —tp))2(ti(1 — t;)

]P’( max >n" ),SL* n=¢
1<h,i<s

for sufficiently small constants C,d > 0, where the set £, is defined in (7.38). Using the lower
bound o057 (t,)7(t;) > 0272 yields

L

1 ~ o~

ng VenVeiBenBei — YniT (thy ti)
—1

P(C(5)°) <n ¢ (7.40)
for the set
C(6) = {bale, <n~'}.
For a sufficiently small C' > 0 we have
P (P z, (L5 UCH)Y) = n9) <n“E [Pz, (L5 UC6)Y)] = n“P (L§ UC(H)T) = o(1).
Now, we can derive the following upper bound

sup

z€R h=1

Pz, <121%{<§f17h < a:) —P <mczllxNh < .CE) ‘

< sup Iﬁdmc((g) + Op(n_c). (7.41)

z€R h=1

Pz, <r]?%mi<§g7h < :L') —P (HlCEiLXNh < m)

The identities v, = o7 and 7(t,) = 72(ty) give Xp, = 1 fiir alle h € {1,...,d}, and by Lemma
3.1 in Chernozhukov et al. (2013) on the set £; N C() we have for the first summand in (7.41)

Sup Pz, (?%%B B S »’C> -P <géf}s>; Ny, < fL’) Iz ,ne(s) (7.42)
S Qd/3 max{1, 10g(d/0d}2/3lﬁdmc(5) <nC, (7.43)

Combining (7.41) and (7.42) yields for the Kolmogorov distance
o i (s P <) % (s <) < ) ran
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The proof now follows observing the bound maxj<p i<s |Xp.i| < maxi<pi<s|pn,i| for the covariance
matrix of N, which was derived (see the proof of Lemma 3.7) and using adapted scaling sequences
(see proof of Corollary 3.11), which yields

G if S¢={1,....d},
ad(maxNh —bd) N G +2logce if |S§| =c-d+ o(d) for c € (0,1),
hess
0 if S5 = ofd).

Lemma 7.3 Conditionally on Z, it holds that
s = P
agmax BY , — agmax B’ , — 0.
Chese b T Tdydse Dok

Proof. The covariance kernel k satisfies for all ¢, ¢/, s € [0,1] |k(s,t) — k(s,t")] < 2|t — t/|. Due to
(th(1 —t5))?7(ty) > t*7_ we derive the bound

1
~ ~ 1 ~(L) R
B, — B, | < — |0t k(s,t) — k(s,tp)|d
Gd| 103 By p = 0% B Nad\/ﬁﬁsﬁ%/o Jh} i (8)| k(s th) — k(s 1p)|ds

1 ~(L) ~
< agv/nmax max — |U 7/ (s)| max |t — tp].
S dfhes)gse[oﬁ} Uh\ i )\hegglh h

Choosing C' sufficiently it follows from Corollary 3.3 in Jirak (2015a) that for all € > 0

Pz (n“ th —tn| >e) = 0,(1). 7.45
2 (4 el —ial > <) = (1) (7.45
Theorem 2.5 and 4.4 from the same reference imply the weak convergence

1 =) €d\ D
~ U ‘ _ &
cd (ﬁhme%)g s%l[%,}i] Oh ’ ”’h(s) 4 ) — ¢

conditionally on Z,, in probability with eq = /2log(2d). This yields

_ 1 |~ L)
P ¢ — ‘[U( ‘ >e | =o0p(1
|Zn <ad\/ﬁn inas}g sIél[EOL,}i] b n,h(s) € O;D( )

for all € > 0, which completes the proof of Lemma 7.3. O

Lemma 7.4 Conditionally on Z, it holds that

o * P
agmax B>, —agmax B, — 0.
hess wh hese b

Proof. Define Pﬁzn () =Pz, (- N Lg) with £, introduced in (7.38). By Lemma 7.1 the claim follows

if we can verify

PL (’maxB* — max B*
120\l hesg ™M hese ™l

€
> —) < IP"EZ (max
aq n

* % €
o[ B, ~ Bl > =) = op(1). (7.46)
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We have the trivial bound

B}, - B

‘maXB h maXBnh < max
heSg heS§ ’ heS§

Assumption (T2) and (C1) imply op > o and 7(t)(tn(1 — t4))? > 7_t4, which yields

n 1 _ )
it ))2/0 (U5 (5) = UL (9)) k(s s

* % _
’Bn,h - Bn,h -

onT () (trn(1 = th
< f/ [0 (s) = D) | s, s

< \/ﬁsgl[%}i ’ n,z(s) - U;L;Z(S)’ < 57(11})1 + Sr(f})w

where we use the notation

L | Ls]

1
Snlf)L = Srél[%ﬁ] ﬁ‘ Z{; Gn([ns) Z §J

\Zfa )

In the proof of Theorem C.4 from Jirak (2015b) it is shown, that

2
s —

n,

sE[O 1]

W) _ ) _
Pl (marsin > ) = o)

for all € > 0. The second summand can be bounded by

‘ U;{SJ - LIS(JKH \/%L ;@‘A/j,h(n)‘

5@ _
nh sren[%l]

1 &Ko
< \m;@m(m\

and it follows again from the above reference

P"Zn <h€8“ vnL Z gj h

for all € > 0, which finishes the proof of Lemma 7.4

Lemma 7.5 The weak convergence

G if S¢={1,....d},
I

ad<maxBn,h bd> N G +2loge if |S§|=c-d+o(d) for c e (0,1),

hess
0 if |83l = old)

holds conditionally on Z,.
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Proof. Combining Lemmas 7.2, 7.3 and 7.4 already gives assertion (7.47) for the random variables
B ;. We use the additional notation

Snn(tn(1—t))?

Sntn(tn(1 — )2 axc
heS‘ onT(tn)(th(1 — tr))?

mi
hesg UhT(th)(th(l —-th))2

Q; = und Qd =
and the set Q4 = {|Q; — 1| vV ‘Q; — 1‘ < 5d} with 64 = (logd)~2. Let uq(z) = x/aq + by, then we
obtain for fixed € > 0 and d sufficiently large

Pz, (maxB h < uaz — 6)) —Pz, (Q) <Pz, <maXB( })l < ud(:c))
hess ess ™

< P, (Bl < vl +9)) + P, (09,
Combining Proposition 3.5 from Jirak (2015a) with assertion (7.45) one can easily verify that
Pz, (QF) = op(1) and the remainder of the proof can be done analogously to the proof of Theorem
3.10. O

Lemma 7.6 Conditionally on Z, it holds that

ag max B(

P
QL —agmax B, , — 0.
hess ™ hess 7

Proof. For fixed € > 0 we have

P <ad

maXBT(L})L —max By, p,
hess ™M hese

)

> €> <P <ad max
heSg

_P(géé}g}gl{\Auh] <n } >€> ]P’(}ILIégyAuh\ <n

B Bn,h) > e)

The proof now follows by

P (min |Afip] < n1/4> P (mm AL < ™Y min |Ap,| < 2n1/4>
hess hess

+

P Afip| < n Y% min |Apy| > 20714
(}lrelggl fin| <n” ,}l;felggl fin] > 2n

<P (}1;11%1 |App| < 2n~ 1/4> +P (mln |App| — mln ]A,uh| >n 1/4>
e C
<P (K min [App| < 2) +P <zna‘19x |App — Apig| > n_1/4) = o(1),
€55

where we also used that K = n'~¢ and that Assumption 5.2 implies 1 — ¢ < 1/4 together with

lim K mln |A,uh| =

n,d— o0
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