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Abstract

A multivariate monitoring procedure is presented to detect changes in the parameter vector of
the dynamic conditional correlation model proposed by Robert Engle in 2002. The benefit of
the proposed procedure is that it can be used to detect changes in both the conditional and
unconditional variance as well as in the correlation structure of the model. The detector is based
on quasi log likelihood scores. More precisely, standardized derivations of quasi log likelihood
contributions of points in the monitoring period are evaluated at parameter estimates calculated
from a historical period. The null hypothesis of a constant parameter vector is rejected if these
standardized terms differ too much from those that were expected under the assumption of a
constant parameter vector. Under appropriate assumptions on moments and the structure of
the parameter space, limit results are derived both under null hypothesis and alternatives. In a

simulation study, size and power properties of the procedure are examined in various scenarios.
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1. INTRODUCTION

Recent years brought a lot of research in the fields of modelling volatility and correlation and
testing for structural breaks, as well as in the intersection between both. In particular, the latter is
motivated by the importance of information on structural changes in such parameters for financial
applications. For instance, analysts need the aforementioned information for constructing optimal
portfolios or for anticipating crises. A usual observation here is that volatilities and correlations
increase in turbulent market phases.

While other articles often consider either variances or correlations, see, for instance, Wied and
Galeano (2013) and Pape et al. (2016), among others, this paper aims at monitoring structural
changes in both volatilities and correlations jointly. For that, we consider the well-known Dynamic
Conditional Correlation (DCC) model by Engle (2002) and provide a method to monitor its pa-
rameters which steer the conditional volatilities and correlations. With constant parameters, the
unconditional variances and correlations would be constant. Our method can be used to investigate
if this assumption is realistic in empirical datasets. If the parameters are not constant in the ob-
served period, then parameter estimates based on the constancy assumption are no longer reliable
leading to biased volatilities and correlations forecasts.

We deal with monitoring parameter changes in dynamic conditional correlation models. Thus,
based on an historical period of observations, we receive new data and the problem is to detect the
presence of a changepoint in the model parameters as soon as possible once it has happened. Our
approach is strongly motivated by those found in Chu et al. (1996) and Berkes et al. (2004). On
the one hand, Chu et al. (1996) developed sequential tests of structural stability in linear models.
Particularly, these authors considered two monitoring procedures: the first one is a fluctuation mon-
itoring procedure based on recursive estimation of parameters, while the second one is a CUSUM
monitoring procedure based on recursive residuals. On the other hand, Berkes et al. (2004) proposed
a sequential monitoring scheme to detect changes in the parameters of a Generalized Autoregressive
Conditional Heteroskedasticity (GARCH) model proposed by Bollerslev (1986). In this case, the
sequential changepoint detector depends on quasi likelihood scores, thus not using residuals. Their

idea was to use a historical data set to estimate the model parameters of the GARCH model, that



are used to evaluate the contributions of the data from the monitoring period to the Gaussian quasi
log likelihood function. Therefore, under the alternative of a parameter change in the monitoring
period, it is expected that the absolute gradient contributions of post break observations tend to
infinity.

The procedure proposed in this paper to monitor changes in the parameters of the DCC model
can be seen as a multivariate extension of the monitoring scheme proposed by Berkes et al. (2004).
Nevertheless, the extension is much more complex than it may seem. On the one hand, models
that allow for dynamic modelling of both the variance and correlation possess a far more complex
structure than other multivariate extensions of the univariate GARCH model. The challenge of
handling the model and its quasi likelihood scores gets even more demanding if a multiplicative
structure of the conditional covariance matrix is postulated as in the DCC model. On the other
hand, the DCC models and their properties are far less well investigated than univariate GARCH
models and especially the classical GARCH model considered by Berkes et al. (2004). For the
models with dynamic conditional correlation, important results like conditions for the existence and
uniqueness of a stationary solution or for the existence of unconditional moments of higher order
have just been proposed recently, see Fermanian and Malongo (2016), or remain to be established
which makes this type of model quite challenging in applications.

Even if we focus on the DCC model due to its enormous popularity for modeling multiple financial
returns, the results of this paper may be extended to models with structure similar to the one of the
DCC model of Engle (2002), e.g., the Conditional Correlation Model (CCC) of Bollerslev (1990),
the DCC model of Tse and Tsui (2002) and the asymmetric generalized dynamic conditional cor-
relation (AG-DCC) model of Capiello et al. (2006), among others. On the contrary, the extension
to other popular multivariate volatility models, e.g., the multivariate extensions of the GARCH
models as proposed by Bollerslev et al. (1988) or the BEKK model proposed by Engle and Kroner
(1995), that ensures the nonnegative definiteness of the conditional covariance matrix under milder
conditions on the parameters, is more complex as the structure of these models is quite different

to the structure of dynamic correlation models.



The rest of the paper is organized as follows. Section 2 introduces the DCC model proposed by
Engle (2002). Section 3 describes the monitoring problem and presents several assumptions needed
to ensure the existence and uniqueness of a stationary solution of the model under consideration.
Section 4 proposes our monitoring scheme and presents the asymptotic results. The performance
of the procedure in finite samples is investigated by simulation and application to real data in
Sections 5 and 6. Some concluding statements can be found in Section 7.

Additionally, the appendix contains several sections organized as follows. The first section provides
a detailed presentation of the first and second order partial derivations of the contributions of
individual observations to the quasi log likelihood function of the model. The second section
contains the proofs of the theorems and propositions in Section 4. Finally, the last one provides

the proofs of some additional calculation rules.

2. THE DyNAMIC CONDITIONAL CORRELATION MODEL
2.1. The Model and Basic Assumptions

Let {y:,t € Z} be a sequence of p dimensional random vectors, y; = (yit,...,Yp), following a

multivariate GARCH model given by
e = H e, (2.1)

where
H; = Cov (y4| F—1) (2.2)

is the positive definite conditional covariance matrix of y; given the information set F_1 =
o{yt—1,yt—2,...} and {e,t € Z} a Standard White Noise sequence in RP, ie. E () = Oy,
Cov (e) = I, Vt € Z, and the vectors ¢ are mutually independent. In the following, 0,, Opxp
and I, denote the p dimensional vector of zeros, the (p x p) dimensional matrix of zeros, and the
(p X p) dimensional identity matrix, respectively.

Among all available specifications of the conditional covariance matrix H;, we focus on the one

determined by the DCC model by Engle (2002), that assumes

H, = D;R,D, (2.3)



where D; = diag {h}f,...,h;tﬂ}, with h;, ¢ = 1,...,p, the individual variances, that can be

specified as univariate GARCH(1,1) models for instance:
hit = wi + oy 1 + Bihig-1, i=1,...,p. (2.4)

Furthermore, Ry := Cor (y;|F;—1) is the conditional correlation matrix of y; which can be decom-
posed as

Ry = Q;QiQ; (2.5)
where @y is a (p X p) matrix that is recursively determined as

Qi=1-a-B)Q+az_1z_, + BQi1 (2.6)

with zz = D, lyt the ’standardized’ vectors. The parameters « and S are nonnegative scalars which

satisfy a+ 3 < 1 and Q = [g;;] is both the unconditional covariance and correlation matrix

i:j::l:“'vp

of z;. Since this implies that the main diagonal elements are one, the unknown parameters in the
matrix Q are the entries of ¢ = vecl (Q) = (@1, - - - 7(jp,p—1)/7 where vecl() is the operator that
stacks the lower diagonal elements of a matrix into a vector. Finally, the normalizing matrix @} is

given by
Q= diag {[Q1"” . QU] )

where [(Q;];; denotes the i-th main diagonal entry of the matrix Q.

In summary, the vector of parameters in the DCC model is given as
0 = (Wlu aq, 517 e, Wp, Qp, /Bp7 «, 6) 6217 ) qp,p—l)/

which leads to a total number of d := 3 (p+ 1) (p + 4) unknown parameters in the model. Note

that @ can be decomposed as @ = (87}, 85)" where

/
01 = (LUl,Oél,ﬂl,... 7wp70[p76p)/ - (¢I1, ,QZS;))

with ¢; := (wj,aj,53;), j =1,...,p, is the vector of variance parameters and

02 - (avﬁanIa DR 7qp,p—1), - (a7ﬁ7wl),7

is the vector of correlation parameters.



An important issue in multivariate models with dynamic variance is that the positive definiteness of
the conditional covariance matrix H; has to be guaranteed for all t € Z almost surely. Proposition 2
in Engle and Sheppard (2001) provides sufficient conditions for this property. Particularly, the
matrix H; as specified in (2.3), (2.4) and (2.6), is positive definite for all ¢ € Z almost surely, if

Assumption 2.1 is satisfied:
Assumption 2.1. 1. w; >0, Vie {1,...,p}.

2. a; >0 and B; >0 with a;+ 3; <1 Vie{l,...,p}, see also Nelson and Cao (1992).
3. hi > 0, ViE{l,...,p}.

4. >0 and >0 with o+ < 1.

5. There exists 1 > 0 with Amin(Q) > 61 where Amin(+) is the smallest eigenvalue of a square

matrix.

6. There exists 69 > 0 with Amax (Q¢) < 02 YVt € Z where Amax(+) is the largest eigenvalue of a

square matriz.

Note, that Assumption 2.1.6. is not necessary to verify the positive definiteness of R; for all ¢t € Z.
This property is implied by the positive definiteness of (); and Proposition 1 in Engle and Sheppard

(2001). The fact that @ is positive definite for all ¢ € Z is implied by the decomposition

1—0&—6— - n /
Qt:il—ﬁ Q+a§ B 2t —n-12_p_1
n=0

and 6.70.(a) in Seber (2008):

a.s. l—-a—f = >
Amin (Q ) > Amin 7@ + Amin (04 ﬁnz —n— Zlfnf >
t (1—6 ) 5;‘0 it
l—-a-p l—a—-p
1_53 -3

a

w

IV

Amin (Q) > 61 > 0.



However, we use Assumption 2.1.6. to get fixed boundaries for the positive eigenvalues of R; for
all t € Z. Note that with 6.17.(a) in Seber (2008), we have
p P a.s.
1rgf<xp (Qtl;; < Z [Qt];; = Z/V (Qt) < PAmax (Q1) < pda (2.7)
== i=1 i=1
where Amax (Q¢) = A1 (Q1) 5.+, Ap (Q1) = Amin (@) “C" 0 are the ordered eigenvalues of Q.

Furthermore, we have

: l—a—p
i, (@l > ——5— (28)
Hence, (2.7), (2.8) and 6.95. in Seber (2008) imply boundaries for the eigenvalues of Ry:
11-—a-8 l—-a—p 9
. (O N\ s
)\rnln (Rt) Z )\mm (Qt) >\m1n (Qt) Z (1213%(}2 [Qt]u) 1 — 5 61 Z 1— B p52 (29)
-1 1-3
*\2 .
Amax (Rt) < Amax (Qt) Amax (Qt) < (12“2;; [Qt]u) 52 < m(SQ (210)

The results (2.9) and (2.10) will be used extensively throughout the article and the proof section

in the appendix.

2.2. The Estimation of the Model Parameters

Given an observed multivariate time series y1,...,yr, the quasi maximum likelihood estimator
(QMLE) of 6, denoted by fr, is obtained by maximizing the Gaussian quasi log likelihood (QLL)

function

T
LT(0|y1,...,yT):th(0|y1,...,yT), (211)
t=1

with the individual QLL contributions
1 _
L (Bly1,...,yr) = ~5 (p -log 27 + log det (Hy) + y, H, lyt) . (2.12)

Both the one step and the two step quasi maximum likelihood estimator are consistent. The
second one was proposed by Engle and Sheppard (2001) to reduce the calculation time, since the

one step estimation gets computationally expensive even for moderate dimensions of y;. However,



preliminary simulations showed that the one step QMLE yields considerably better estimates.
Hence, we use the latter one for our simulations and applications.

In the following, we denote the (one step) QMLE calculated from a sample of T' observations as Or.
The consistency proof of 67 won’t be stated in detail, but is based on the unique optimization
of L(-) which is the limit of the QLL function Ly (-) by the true parameter vector @ and on the
uniform convergence of Lp(-) to L(-) on the constrained parameter space U which will be defined in
the next section. The first part can be proved along the lines of the proof of Lemma 5.5 in Berkes
et al. (2003) while the uniform convergence can be shown by means of Theorem A.2.2 in White

(1994) and analogously to the approach in Section B.2.3.

3. THE MONITORING PROBLEM AND ASSOCIATED ASSUMPTIONS

Let 6; € R? be the parameter vector of the DCC model at time ¢. Assume a historical period of

length m that is not affected by any structural change, i.e.
Assumption 3.1. 0, = ... = 0,, with m a positive integer.

We are interested in testing the null hypothesis of a constant parameter vector
Ho: =60, t=1,....mm+1,...

against the alternative of a change in the vector of parameters at an unknown point in the moni-
toring period

0, t=1,...mm+1,.... m+k*—1

0% t=m+k*m+k*+1,...

/ /
with @ = (qﬁ’l, RN NGA w’) the parameters before the change and 6* = ( Vet B, w*’>
the parameter vector after the change where ¢! = (w¥,af,5;), i =1,...,p, and ¥* = vecl (Q*)
with Q* = [(j;"]] L Note that the change takes place at the k*-th point of the monitoring
Z7‘7: 7"'7p

period which is the (m + k*)-th point in the whole time series. Denote the number of unknown

parameters in the constant matrix Q as p~ 1= %p (p—1).



Similarly as in Berkes et al. (2003), we assume that there exist constants 0 < uw < u and

0 < p < 1, such that the parameter space can be constrained to the set U:

U= {u : max {t1,...,tp,b,a+b,|q],- .., |qp7|} < P, Amin (FQ(U)) > 01,
and w < min{xy,s1,t1,...,2p, Sp,tp,a, b} < max{xy,s1,t1,...2Tp, Sp, tp,a,b} < u}
where u = (21, s1,¢1,. .., Zp, Sp, tp, a, b, q1, . .. ,qpf)/ is a generic element of the constrained param-

eter space U. The functions Fg(u) and Fg,(u) are defined as follows:

Definition 3.1. Define fori € {1,...,p}, t€7Z andu € U:

o o0
) T; _ T
(i) wit(u) := 1 _ltl + 5 th 1yi2,tfk =7 _Ztv + 5 thyztfkfl'
v k=1 ¢ k=0

(13) Fp,(u) := diag {wlt(u)1/2, e ,Wpt(u)l/Q} .

(i) Fr,(u) := Fo; (u)Fq, (w)Fq; (w) with Fo(u) = diag {[Fo,(w)];,"*,. .., [Fo,(w)],*}.

, l—a—-0» N
(iv) Fo,(u) := ﬁFQ(u) +a Z vz (w)Zhp(u).
k=1
I ¢ @ .. g
q1 1 dp
(U) FQ(U’) = dp e Qp*—l
1 dp
o1 - Q-1 G- 1
Note that z;(u) = Fp, (u) "'y, which implies z;(u) = —2— Vi=1,...,p.

Wit (u)

To enable consistent parameter estimation, we assume throughout the paper:
Assumption 3.2. § € U.
The QLL function in (2.11) can be written as a function of an arbitrary element of the parameter

T
space u € U and is given as Ly(u) = Y l:(u) with
t=1

ly(u) = —% (p -log 21 + Zlogwit(u) + log det (Fg, (u)) + z;(u)Fg, (u)lzt(u)> . (3.1)
i=1



Note that the functions w;(u) and Fg,(u) depend on an infinite past of observations. While the
assumption of an infinite past may be adequate in the context of theoretical considerations, only

finitely many past observations can be obtained in practice. Thus, we need the following terms:

Definition 3.2. Define fori € {1,...,p},t €Z andu € U:

t—2
k— i
Z t; 1yz,tfk = 1 _ltl i Z ti‘cyzz,tfkfl'
¢ k=0
(i) I?Dt(u) := diag {\Tvlt(u)l/Q, .. ,\Tvpt(u)l/Q} .

—1/2

. l—a-b L S - N = _
() Fo,(u) == ﬁFQW) + az V12, ()2 (u) with Zi(u) = Fp, (u) ty,.
k=1

with  1y(u) = —% (p -log(2m) + Zlog Wit (u) + logdet (I?Rt (u)) +Z,(u)Fg, (u)lit(u)> .
i=1

3.1. The Existence of a Unique Stationary Solution

To verify the existence of a stationary and unique solution satisfying the DCC model, we have to

impose some additional assumptions, see Fermanian and Malongo (2016):

Assumption 3.3. 1max o; + 1max Bi<1l and |B|<1.
<i<p

Note that since E (z;2;|Fi—1) = Ry, the sequence {n;, t € Z} with n, = Rt_l/ta consists of indepen-

dent random vectors with E (1| F;—1) = 0, and Cov (1| Fy—1) = I,.

E[ln<52+ gﬁlvu \b)]

)\min 1 — — ) (1 _Q_B) mln sz
(( a—fB) Q) and  C, = 1<i<p ‘
1—p32 1—p32

Assumption 3.4.

with constants C)y =

10



Along the lines of Fermanian and Malongo (2016) and taking into account that the volatilities are

modeled as GARCH(1,1) processes, the model equations (2.1)-(2.6) can be written equivalently as

X =T Xe1+ G (3.2)

with !
X = (hu, e Tt YRy veel (Q1)' vec (thé)/) ’

/
—\/
2 2 /
G = (wl, e Wy WIZTg - Wy, (1 — o — B) vecl (Q) ,vecl (z¢21) >

_ B1 0 aq 0 ]
Opxp= | Opxp-
0 Bp 0 ap
and T, — ﬁlz%t 0 alz%t 0
Opxp= | Opxp-
0 ﬁngt 0 ozngt
0p—xp 0p-xp Bl | al-
L 0p-xp 0p—xp 0p-xp= | Op=xp= |

According to Fermanian and Malongo (2016) and for the model defined by (2.1)-(2.6), a stationary
solution of (3.2) exists if Assumption 3.3 is satisfied. If in addition Assumption 3.4 is satisfied, this

stationary solution is unique.

4. THE MONITORING PROCEDURE

The following monitoring scheme works along the lines of the univariate approach proposed by
Berkes et al. (2004). Denote by Ij(u) the gradient of the QLL contributions /; (u) with infinite past
n (3.1) and [}(u) the gradient with finite past in Definition 3.2. The explicit form of the gradient
is derived and presented in Section A of the appendix. Note that when the transpose of a vector

and the gradient can be confused, we use © to denote the transpose of a vector.

11



Since the asymptotics are carried out under the assumption of a growing length of the historical
period, it may be suitable to define some characteristics as the length of the monitoring period in
terms of m. Besides, this allows for a more adequate comparison of simulation results for different
lengths of the historical period. Hence, we denote the length of the monitoring period as mB.
Thus, the variable B indicates how long the monitoring period is compared to the historical period.

Furthermore, for any v € U, define

and assume
Assumption 4.1. D := D (60) s a finite and nonsingular matriz.

For a finite and observed sample, we use the estimate

— 13 . A
D,, = E Zlé(em)l:&(em)T
t=1
and the detector
m—+k 1
Ve= Y. D,’l;(6m)
t=m-+1

with stopping rule

Tm:min{kSmB: |Vk]>m$<1+k>b<k)}, (4.1)

m m

where b() is a threshold function and |- | the norm that yields the maximum absolute entry of
vectors and matrices. If 7, < 00, a change in the parameters is indicated while 7,,, = oo signalizes
that the detector did not cross the threshold function in the monitoring period and no changepoint
could be detected. As in Berkes et al. (2004), some moderate conditions are imposed on the form

of the threshold function b(-):

Assumption 4.2. b(+) is continuous on (0,00) and inf b(t) > 0.
0<t<oo

To avoid confusion with the model parameters, denote by & € (0, 1) the significance level for testing
the null hypothesis of no parameter change versus the alternative hypothesis of a change during

the monitoring period.

12



Therefore, the threshold function b(-) or at least the variable parts of the function should be chosen
such that

im P, {Tm <0} =a& and im Py, {Tm < 0} =1.

Berkes et al. (2004) choose the threshold function b(-) as a constant that is obtained via simulation.
Preliminary simulations suggested that the empirical size of the proposed multivariate procedure
depends strongly on the length of the monitoring period, i.e. on the parameter B, just as in the
univariate case presented by Berkes et al. (2004). To reduce this effect we include the length of the
monitoring period into the stopping rule (4.1). Moreover, we prefer a curved threshold function to
the linear one that results from choosing b(-) as a constant function. More precisely, we use the

threshold function, that was proposed by Horvath et al. (2004) and also used by Wied and Galeano

b(w)—max{(lf_ajv,a}

where v € [0,1/2) is a tuning parameter and € > 0 a constant that can be chosen arbitrarily small

(2013) among others, i.e.

in applications. A larger value of v results in a steeper threshold function that tends to detect early
changes in the parameters with a higher probability while a smaller value of the tuning parameter
leads to a lower slope of the threshold function which results in a higher probability to detect
changes that arise later in the monitoring period.

We scale this threshold function by multiplying a constant ¢ = ¢ (&) which is obtained via Monte
Carlo simulations such that the probability that the detector crosses the threshold function in the

monitoring period equals the theoretical size &.

As a last preparation for our main results, the random vectors y; need to posses eighth moments
and cross moments. Since this property is partly determined by the behaviour of the innovation

vectors, we assume
Assumption 4.3. The innovation vectors €; possess absolute eighth moments and cross moments.
The following proposition provides conditions that allow to pass the existence of these moments on

13



to the outcome vectors y;. We denote the vector of conditional variances as hy = (hi, ..., hpt)/ and,

adopting the notation of He and Terdsvirta (2004), the vector of squared outcomes as
/

y?) = (y%t, . .,yf,t) . Recall the equity y; = D;z; with z; ~ (0, R;) the ’standardised’ vectors.

Thus, a vector representation of (2.4) is given as
hi = w+ Ayﬁ)l + Bhi_1 (42)

with w := (w1,...,wp), A :=diag{a,...,a,} and B :=diag{f1,...,5,}-
By the use of Z; := diag{z1,. .. ,zpt}, we have yéQ) = tht which allows for an autoregressive

representation of (4.2):
ht =w+ Ci_1hs_1

with C; := AZ? + B. Note that the unconditional expectation of C; is time independent under
the stationary conditions 4.3 and 4.4. Denominate by ), the k-fold Kronecker product of identical

matrices and assume
Assumption 4.4. A4 (E {(X)jCo} ) <oo, Vjed{l,...,4}.

Proposition 4.1. Let {y;} be a sequence of random wvectors that satisfy (2.1)-(2.6) and n; the
random vectors defined as n 1= Rt_l/zzt with z; == Dt_lyt. Under Assumptions 2.1, 3.2-3.4, 4.3

and 4.4, the random vectors y; possess eighth moments and cross moments.

The evidence of Proposition 4.1 is the last piece we need for the next proposition that forms the

base for the following theorems:
Proposition 4.2. Under Assumptions 2.1, 8.1-3.4, 4.1 and 4.3-4.4, we have

/ﬁm — D a.s.

Theorem 4.1. Under Hy and Assumptions 2.1, 8.1-8.4 and 4.1-4.4, we have

. . V| G(1)]
lim P Tm <00} = lim P su >c| =P sup ————— >¢
m—»00 Ho { } m—oo Ho <1<k<I:an1/2 (1 + %) b (ﬁ) Ho tE(O?B} (1 + t) b (t)

m

where {g(t) = (G1(t),...,Gq(1)), t e [O,B]} is a d-variate stochastic process whose component

14



processes are d independent mean zero Gaussian processes {Gj(t),t € [0, B]} with covariance func-

tion E (G;(k)G;(1)) = min {k, I} + kL, for j =1,...,d.

Along the lines of Galeano and Wied (2014) or Berkes et al. (2004) and denoting {W;(t), ¢ € [0,00)}
fori=1,...,d as d independent one dimensional Standard Brownian Motions, we have that |G(¢)]

possesses the same distribution as max ‘(1 +t)W; (1 T t)‘ for all t € Z, which yields

1<i<p
t ¢
O Wi ()] 4 i (th)|
SUp ———— = SuUp max ————%+ = sup max 5
te0,8] (L +1)b(t)  1eo,pl<i<d b (?) te(0,B)1<i<d max (ﬁt ,e}
4 Wi )l
= sup D
. (Oi]gz‘gdmax{s%e}
"I+ B
when t = £ is substituted. The notation A; 4 As indicates that the random variables A; and

1-5

)

As possess the same distribution. Furthermore, choosing § = S(I%B yields

sup — —%—— = sup max =
te0,8)(L +1)b(t)  se(0,1]1<<d max { (1133)7 ,6}

G0 4 Wi (%)) B\ Wi (s)]
d 1+B d (1+B> ss&?l]lgfgdmax{87’€(1+ ) }

Thus, we can use Monte Carlo simulations to obtain critical values ¢ = ¢ (&) in dependence of the

significance level & based on the equality

P ( B >1/27 sup max Wi (s) > c(a)
— u
Mo\ \1+B 56(01]1<1<dmax{37 6<1+B) } -

d
1/2—~
=1—|Puy, | sup |W1(Si| Y < (1 ;B> c(@) =a
s€(0,1] max {S"Y € (%) }
or alternatively
14 B\'/?™7
Ph, | sup |W1(sz| Y < ( _; ) cla)] = (1—&)5.
se(O,l]max{s’Y’g (%) }

Simulations showed that the critical values obtained by using the limit distribution of the detec-

tor and simulating the maximum values of weighted Brownian Motions yield unfeasible high size

distortions in finite samples for medium- and even for large-sized historical periods. As a conse-

15



quence, the detector values tend to exceed the values of the scaled threshold function soon after the
beginning of the monitoring period. To extenuate the resulting size distortions, the critical values
can be obtained via Bootstrap type Monte Carlo simulations. Recall that ém is the estimate of the
parameter vector calculated from the historical data. We assume that the underlying DCC process
features a similar behaviour as the process determined by the parameters estimated from the his-

torical period if the latter one is sufficiently large. Hence, we simulate bpr = 199 realisations of a

DCC process whose structure is controlled by ém and denote them as Y*() .= {yi (i), .. ,y;%g +1)}
for i € {1,...,bpr}. An intuitive approach would be to calculate the detector values
(i) m+k S 4(d) —-1/2 MO
vi®l=] X [P EY ()
t=m+1

from each sample Y*() with [} @ (ém) the QLL contributions and

D) —

3|

Sy ) o 0]

the estimate of D, based on the first m observations of Y*(®). But since we are not interested
in using the exact limit distribution of the detector, the matrix D, is substituted by the identity
matrix to avoid the additional uncertainty that goes along with the matrix estimation. Further
simulations that are not part of this article showed that this approach yields a remarkable decrease
of the size distortions compared to the use of an estimate of D,. Denote the resulting detector

as ’Vk*(i)‘ and the maximum of the scaled detector values gained from sample Y*(@ as

#(4) ‘V’:(i)
LT (14 £) b (£)

m

, fOFiG{l,...,bBT}.

The (1 — @) quantile of {T*(l), . ,T*(bBT)} can be used as a critical value in finite sample appli-
cations. Although a detailed analysis of these critical values and their properties lies beyond the

scope of this article, they show a satisfying behaviour in simulations.
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Concludingly, we investigate the asymptotic distribution of the detector under a parameter change.
Recall that under the alternative of a structural break at an unknown point in the monitoring
period the parameter vector changes from 0 to 8* at the k*-th point of the monitoring period.
Therefore, we need to impose further assumptions on the parameters of the post break period that

resemble Assumptions 3.3, 3.4 and 4.4:

Assumption 4.5. 1rEax of + 1n<1ax BFf<1 and |B*<1.
1<

Assumption 4.6.

4
P [m <[ﬁ*]2 el AL t||2> <0
)\min 1—a*—p* ok (1—04*—,8*) min q”
with constants Cy = (( . 26 )q ) and Cy = 2<l< :
1— [B*] 1—[p*]

Assumption 4.7. A0, (E {®jCﬂ ) <oo, Vjed{l,...,4},
where Cf == A*Z2 + B* with A* := diag {a’{, o a;} and B* := diag {,Bi“, - ,ﬂ;}.
Theorem 4.2. Under the alternative of a structural break and Assumptions 3.1-8.4 and 4.1-4.7,

we have
n’%i—l;nooPHl {Tm < OO} = 1.

Since it takes some time until the influence of the post break observations on the detector is
strong enough to indicate the presence of a changepoint, it has to be assumed that in general
the changepoint location is not consistent with the first hitting time 7,,. Thus, once the sheer
presence of a change in the parameter vector is signalized, the position of the changepoint has to
be estimated. A possible estimator works analogously to the estimators in Wied et al. (2012) and

in Wied and Galeano (2013) and is defined as

~ 1 m+7m—1 m+k .
k= I 4.3
1a<rkg<r;nmax1 m Tm — t:%l ( ) k, ;_1 ( ) (43)

Though a detailed analysis of its properties lies beyond the scope of this paper, estimators of this
type showed satisfactory behaviour in simulations and applications which is why we use (4.3) to

estimate the location of the changepoint throughout the next sections.
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5. SIMULATIONS

This section is devoted to the investigation of the procedure’s performance under various simulation
settings. Under the null as well as under alternative hypotheses, some parameters have to be
specified. First, we choose the length of the historical period as m € {500,1.000,2.000}. In
terms of trading days this equals roughly 2, 4 and 8 years, respectively. We assume that the
length of the monitoring period is considerably smaller than the length of the historical period with
B €{0.1,0.2,...,0.5}. The dimension of the random vectors is p € {3, 5} and the tuning parameter
is chosen as v € {0,0.2,0.4}. These values support the ability of the monitoring procedure to detect
early or later appearing structural breaks. In any case, we simulated 1.000 time series and applied
our procedure to them. Note that all of the simulations are carried out for a significance level

of & = 0.05.

5.1. Simulations Under the Null Hypothesis

First, we investigate the behaviour under the null hypothesis of no structural break in the pa-
rameter vector. For each vector component, we choose all of the variance parameters either as
#; = (0.01,0.05,0.9)" or as ¢; = (0.01,0.2,0.7) for all s € {1,...,p} where the second case indicates
a stronger effect of single shocks on the volatility of future observations. The correlation structure
is determined by the parameters («,/3) = (0.05,0.9) and the constant unconditional correlation

matrix Qp which is defined as

1 05 03 02 01

1 05 0.1 05 1 05 03 02
Qs= 105 1 05 and Q5=1{03 05 1 05 0.3
0.1 05 1 02 03 05 1 0.5

0.1 02 03 05 1

The results from Table 1 suggest that the empirical size increases with B which is plausible since
larger values of this parameter imply a growing length of the monitoring period and thus more
uncertainty. While larger values of m and ~ reduce the size distortions, higher dimensions tend

to increase the probability to commit a type I error. Especially the influence of variations in the
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length of the historical period and the dimension are as expected. Furthermore, the empirical size
is distinctly higher when the variance parameters are chosen as ¢; = (0.01,0.05,0.9)". This result
was expectable, since the sum «; + ; is closer to one, i.e. we are closer to a unit root process than
in the second scenario. Note that the direction of the effects may not be the decribed one for all of
the scenarios since we only did a relatively small number of replications due to the high demand of

computational ressources.

$i = (0.01,0.05,0.9)" é: = (0.01,0.2,0.7)
m = 500 1.000 2.000 | m = 500 1.000 2.000
~=0 0.124 0.088  0.068 0.068 0.077  0.047

B=0.1]|~v=0.2 0.133 0.084 0.074 0.067 0.070  0.052
~=0.4 0.116 0.082  0.070 0.064 0.058  0.066
~¥y=0 0.150 0.101  .0.094 0.069 0.057  0.088
B=0.2|v=0.2 0.151 0.086  0.091 0.069 0.077  0.087
~=0.4 0.118 0.080  0.083 0.065 0.060  0.060
~¥y=0 0.177 0.111  0.089 0.120 0.087  0.081
p=3|B=03|~v=0.2 0.151 0.094 0.073 0.095 0.075  0.083
~=0.4 0.143 0.084  0.086 0.071 0.054  0.069
=0 0.213 0.113  0.118 0.106 0.109  0.104
B=04|v=0.2 0.193 0.120  0.105 0.110 0.098  0.106
~+=0.4 0.147 0.094 0.072 0.077 0.066  0.063
~vy=0 0.197 0.118  0.141 0.129 0.110  0.122
B=0.5|v=0.2 0.179 0.135  0.097 0.100 0.109  0.115
~+=0.4 0.166 0.111  0.090 0.086 0.073  0.073
~¥y=0 0.139 0.093  0.079 0.080 0.085  0.062
B=01|~=0.2 0.141 0.104  0.067 0.071 0.066  0.047
~v=0.4 0.117 0.093  0.072 0.070 0.048  0.060
~¥y=0 0.153 0.099  0.083 0.079 0.080  0.082
B=02|~=0.2 0.161 0.112  0.085 0.088 0.081  0.068
~v=0.4 0.148 0.083  0.073 0.074 0.069  0.059
~¥y=0 0.181 0.109  0.087 0.102 0.118  0.116
p=5|B=03|~v=0.2 0.161 0.110  0.098 0.087 0.098  0.090
~v=0.4 0.148 0.087  0.085 0.074 0.064  0.071
~¥y=0 0.181 0.117  0.122 0.121 0.106  0.125
B=04|~v=0.2 0.199 0.109  0.111 0.102 0.108  0.101
~v=0.4 0.151 0.114  0.088 0.073 0.079  0.086
~¥y=0 0.198 0.111  0.131 0.152 0.126  0.140
B=0.5|v=0.2 0.186 0.111  0.123 0.122 0.120  0.118
~v=0.4 0.182 0.107  0.107 0.092 0.084  0.059

Table 1: Empirical size for various parameter combinations.
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5.2. Simulations Under Various Alternatives

In this section we investigate the performance of the proposed procedure confronted with different
types of structural breaks. More precisely, first we simulate changes in the variance parameters
followed by changes in the unconditional correlation matrix Q.

Since the results under the null showed a strong dependency on the length of the monitoring period,
the simulations under alternative scenarios will be limited to the case of monitoring periods with
length 0.2m. This choice of B yields small deviations between the empirical and the theoretical
size as the results from Table 1 suggest. Since the length of the monitoring period depends on m,
we define the location of the changepoint k* in terms of m as k* = [mBA*| where [-] is the largest
integer smaller than a given real number and the fraction A* is chosen from {0.05,0.3,0.5}. This

indicates changes located at the beginning or later in the monitoring period.

5.2.1. Changes in the Variance Parameters

We establish two settings of changes in the variance parameters. First of all, we assume that
#; = (0.01,0.05,0.9) changes to ¢F = (0.005,0.2,0.7)" followed by a change from ¢; = (0.01,0.2,0.7)"
to ¢* = (0.05,0.05,0.9)" for all i € {1,...,p}. These settings will be denoted as Scenario 1 and 2.
Note that next to the actual variation in the parameters which implies a change in the conditional
variance structure, Scenario 1 contains a decrease in the unconditional variances of all componenents
while Scenario 2 implies a variance increase. The results for Scenario 1 can be taken from Tables 2
and 3 and those for Scenario 2 from Tables 4 and 5.

The power depends positively on the length of the historical period and negatively on the dimension
of the random vectors. While the first result was expectable the negative influence of p on the
power may be explained by the fact that the share of the 3p variance parameters in the group of
all parameters decreases with growing dimension. Thus, changes in the variance parameters might
be harder to detect if p gets large. The ability to detect parameter changes is distinctly higher
for changes located at the begin of the monitoring period than for later ones which is a typical
property of sequential monitoring schemes, see e.g. Wied and Galeano (2013) or Pape et al. (2016).

Furthermore, parameter changes that lead to decreased unconditional variance can be detected
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Empirical first hitting times Estimated changepoint location
A* m v | Power | Mean SD Qo.25 Qos Qors | Mean SD Qo2s  Qos  Qo.rs
500 0 0.973 44.87 14.49 35 42 51 18.05 10.39 11 16 23
(k* = 5) 0.2 | 0971 40.28 15.77 30 38 48 16.08 9.76 9 14 21
0.05 0.4 0.971 40.24 18.28 29 38 50 16.03 10.32 9 14 21
1.000 0 1.000 60.40 15.46 51 57 68 24.40 11.71 17 22 29
(k" = 10) 0.2 0.999 52.88 16.09 42 50 60 21.18 10.53 14 19 26
0.4 1.000 47.09 19.83 36 45 56 19.20 11.89 12 17 24
500 0 0.916 66.47 15.56 58 66 7 31.62 9.50 27 31 36
(k* = 30) 0.2 | 0.891 63.86 17.27 54 64 75 30.46 10.17 26 30 35
0.3 0.4 | 0.849 64.25 22.60 54 68 79 31 12.26 26 31 38
1.000 0 0.998 110.78 20.19 97 109 122 60.59 12.06 55 60 66
(k* = 60) 0.2 | 0.998 107.62 22.10 94 106 119 59.84 13.31 55 60 66
0.4 | 0.994 107.05  29.89 94 108 123 58.73 17.64 54 60 66
500 0 0.724 77.82 17.47 70.75 81 91 43.54 13.39 38 47 51
(k* = 50) 0.2 | 0.703 76.83 19.48 70 81 90 42.58 14.30 36 47 52
0.5 0.4 | 0.558 71.13 28.28 66 80 91 39.39 17.75 31 46 52
1.000 0 0.965 148.56  22.61 135 149 163 92.07 20.31 87 97 103
(k* = 100) 0.2 | 0.972 148.36  24.02 136 149 162 93.03 19.56 88 97 103
0.4 0.931 150.02 36.68 140 156 172 92.43 24.40 90 98 104

Table 2: Power against changes in the parameters that imply a variance decrease (Scenario 1) and
properties of the first hitting times 7,,, and estimated changepoints k for p = 3.

Empirical first hitting times Estimated changepoint location
A” m v | Power | Mean SD  Qoz2s Qos Qors | Mean  SD Qo2 Qos  Qors
500 0 0.927 | 44.46  13.82 36 42 50 17.23  9.07 11 15 22
(k" = 5) 0.2 | 0913 | 39.51 15.13 30 37 45 15.31  8.99 9 13 19
0.05 0.4 | 0.892 | 38.88 16.83 29 37 48 15.46 10.01 9 13 20
1.000 0 0.997 | 60.62 14.83 51 58 67 23.61 11.11 16 21 28
(k" = 10) 0.2 | 0997 | 51.60 14.42 42 49 59 20.66 10.31 14 18 25
0.4 | 0996 | 47.04 18.90 37 45 57 18.85 11.01 12 17 24
500 0 0.859 | 66.82  15.25 58 67 7 32.15  9.05 27 31 37
(k* = 30) 0.2 | 0.848 | 64.89 16.99 56 65 76 31.01  10.60 26 30 37
0.3 0.4 | 0.806 | 64.09 22.07 55 66 78 30.23 11.81 25.25 30 37
1.000 0 0.993 | 108.95 17.86 97 107 119 | 59.93 12.89 54 60 65
(k* = 60) 0.2 | 0.992 | 106.35 20.53 94 106 118 | 58.72 13.69 54 59 64
0.4 | 0992 | 107.68 28.43 97 109 123 | 58.45 16.38 54 60 66
500 0 0.680 | 79.04 16.92 73 82 91 43.53  12.98 37 46 51
(k" = 50) 0.2 | 0.673 | 76.54  20.58 70 82 91 4248 14.36 37 46 51
0.5 0.4 | 0.553 | 70.67 30.36 65 82 93 38.90 18.00 31 46 51
1.000 0 0.973 | 147.58 2232 136 148 161 91.81 19.18 86 96 102
(k" = 100) 0.2 | 0972 | 145.77 25.43 135 148 161 90.26  21.93 84 97 102
0.4 | 0.947 | 148.30 38.44 139 155 169 | 90.00 25.49 87 97 103

Table 3: Power against changes in the parameters that imply a variance decrease (Scenario 1) and
properties of the first hitting times 7, and estimated changepoints k£ for p = 5.

much more reliably than changes that entail variance increases. This property underlines the results

under the null which suggested a stronger tendency of the detector to cross the threshold function if

21



Empirical first hitting times Estimated changepoint location
A* m ¥ Power | Mean SD Qo2 Qos Qors | Mean SD Qo.2s Qos Qo.rs
500 0 0.768 | 64.97 19.92 51 66 80 24.62 16.68 12 20 32
(k" = 5) 0.2 | 0.702 56.90 23.55 39.25 57 75 21.57 15.39 10 17 29
0.05 0.4 | 0.558 49.34 29.99 21.25 48 75.75 | 20.44 17.00 7 15 29
1.000 0 0.974 | 116.05 32.61 95 114 138 39.92  30.82 16 29 55
(k* = 10) 0.2 | 0.955 | 107.65 38.44 80 107 133 36.77  30.67 14 26 49
0.4 | 0.810 | 107.81 49.94 72 109.5 146 39.06 35.14 14 25 53
500 0 0.527 | 76.44 15.92 65 79 90 32.30 11.46 27 32 37
(k* = 30) 0.2 | 0.482 73.28  18.45 61 76 88 31.38 12.84 25 31 36
0.3 0.4 | 0.271 62.76  27.40 46 68 85 29.00 14.92 20 30 36
1.000 0 0.809 | 151.87 28.70 130 155 176 58.77 15.35 52 60 65
(k* = 60) 0.2 | 0.727 | 145.37 33.39 121 149 172 55.86 16.11 48 59 65
0.4 | 0457 | 142.46 47.80 122 153 179 54.78  22.12 46 59 65
500 0 0.346 81.76 14.91 72 84 95 44.04 15.42 36 48.5 54
(k* = 50) 0.2 | 0.292 76.91 19.49 70 81 92 40.72 16.24 29 46 52
0.5 0.4 | 0.172 58.26  35.67 18 72 87.25 | 32.97 23.10 6.75 39.5 52
1.000 0 0.505 167.32 24.59 153 172 187 86.40 22.86 74 94 102
(k* = 100) 0.2 | 0.445 161.34 32.89 146 168 184 83.36  25.98 71 91 101
0.4 | 0.221 138.81 61.53 122 164 182 74.26  37.55 52 90 101

Table 4: Power against changes in the parameters that imply a variance increase (Scenario 2) and
properties of the first hitting times 7,,, and estimated changepoints k for p = 3.

Empirical first hitting times Estimated changepoint location
A* m ~ Power | Mean SD Qo.25 Qo5 Qo.75 | Mean SD Qo.2s Qos  Qors
500 0 0.738 | 67.80 19.61 54 70.50 83 25.32 17.10 1225 20 34
(k" = 5) 0.2 | 0.644 | 60.38 23.72 43 62.5 80 23.15 17.21 11 18 31
0.05 0.4 | 0409 | 46.89 30.46 15 49 72 18.67 16.67 6 13 26
1.000 0 0.964 | 127.63 32.68 105 127 151 43.43  31.97 18 33 62
(k" = 10) 0.2 | 0935 | 117.04 39.51 90 116 145 38.39 31.36 15 27 54
0.4 | 0.704 | 112.02 55.44 73 120  157.25 | 41.77  37.69 14 27 59
500 0 0.491 76.75  16.17 66 80 89 3091 11.62 25.5 31 36
(k* = 30) 0.2 | 0394 | 72.05 20.39 59.25 73 89 30.59  12.72 24 31.5 36
0.3 0.4 | 0.193 | 56.33  34.87 30 64 88 25.09 17.89 8 29 34
1.000 0 0.742 | 155.38 29.41 137 159 178 58.46  15.89 53 60 65
(k* = 60) 0.2 | 0.671 | 149.38 3391 128 154 176 57.44 15.32 51 60 65
0.4 | 0.363 | 135.31 58.76 114.5 151 181 53.02 26.20 43.5 59 65
500 0 0.292 | 79.91 14.59 70 82 92 41.55 15.36 31 46.5 53
(k" = 50) 0.2 | 0.265 | 76.12 19.48 65 81 91 39.81 15.82 29 46 52
0.5 0.4 | 0.127 | 46.23 36.34 4.5 56 78 25.44  21.42 2 24 48
1.000 0 0.461 | 166.82 23.85 150 171 186 83.79 21.66 71 91 100
(k" = 100) 0.2 | 0.384 | 160.36 33.85 144.75 169 185 82.73 24.10 68.75 90.5 101
0.4 | 0.175 | 125.46 71.73 64.5 156 182 65.53 39.96 31.5 80 99

Table 5: Power against changes in the parameters that imply a variance increase (Scenario 2) and
properties of the first hitting times 7, and estimated changepoints k£ for p = 5.

the initial variance parameters are chosen as ¢;

= (0.01,0.05,0.9) rather than ¢;

(0.01,0.2,0.7)’.

In addition and consistently with the results under the null, the power decreases with the tuning
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parameter . This result occurs as well if the structural break is located at a later point in the
monitoring period and should be detected with a higher value of v more easily.

The results concerning the estimated changepoint locations in Tables 2-5 suggest that the position
of changepoints located at a fraction of A* = 0.3 of the monitoring period can be estimated without
large distortions while earlier and later changes respectively are systematically placed too early
and late respectively in the dataset. Note that the results for the estimated changepoint locations
depend strongly on the properties of the first hitting times since these define the length of the

subsample that is used to locate the changepoint.

5.2.2. Changes in the Correlation Parameters

Another possible alternative scenario is a change in the correlation structure. We assume that the
variance parameters as well as a and [ stay constant while the unconditional covariance matrix

changes from Q = I, to Q* where the latter one is a matrix whose main diagonal entries are equal

to one while all of the diagonal entries are A with A € {0.1,...,0.9}. The variance parameters
and « and [ are chosen as in Section 5.1.
p=3 p=5
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Figure 1: Power against correlation changes.
Black: ¢; = (0.01,0.05,0.9)', fori = 1,...,p; Gray: ¢; = (0.01,0.2,0.7)", fori =1,...,p.
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The power results for changes at fraction A* = 0.05 of the monitoring period are illustrated in
Figure 1 for simulated time series of dimension 3 or 5, a historical period consisting of 1.000 data
points and tuning parameter v = 0.2. The results reveal problems to detect correlation changes
of moderate magnitude for both choices of the vector of variance parameters. However, the power
curve has a large slope for higher values and converges to one. While smaller changes in the
correlation parameters can be detected more frequently if the variance parameters are chosen as
#; = (0.01,0.05,0.9)" rather than ¢; = (0.01,0.2,0.7)’, the opposite is true for larger values of A.

The fact that some of the power results are quite low suggests that the QLL function seems to be

very flat in some regions such that several kinds of parameter changes are hardly detectable.

6. EMPIRICAL RESULTS

To investigate the performance of the proposed monitoring scheme under real conditions, we apply
the procedure to a group of asset returns. We choose the assets of some insurance companies that
are listed at different stock exchanges in Europe. More precisely, we use the log returns of the assets
of Allianz (abbreviated by All), AXA , Generali (Gen), ING and Munich Re (MRe) due to the fact
that a conjoint modeling seems to be adequate for the returns of assets from the same industrial
sector and monetary area. As Engle (2002) argued, the DCC model is well-suited to model the
typical features of multivariate time series of asset returns. Since Bollerslev (1986) stated that even
GARCH models of order (1,1) are capable of explaining the behaviour of log returns very well, we
use GARCH(1,1) models for the univariate conditional variance equations (2.4), which is in line
with our approach in Section 2.

Since the results in Table 1 suggest that the size increases considerably with the length of the
monitoring period and hence with B, we monitor the data under the use of a stepwise approach.
In each step, we only use the first [mB] observations following the historical period as monitoring
period. If a changepoint is detected in this subsample, we cut off all of the observations before the
estimated location of the structural break and use the following m data points as new historical
period followed by a monitoring period of [mB] points. If no changepoint can be detected in the

monitoring period we cut off the first [mB] observations of the previous historical period and use
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~=0.2,B=0.2, m =500 | v = 0.2, B = 0.2, m = 1000
Tm k Tim k

2000/06/09  2000/05/22 | 2004/01/27  2003/12/22
2002/10/15  2002/10/10 | 2008/01/21 2008/01/04
2006/03/01  2005/12/05 | 2012/12/04  2012/10/15
2008/05/28  2008/05/22

2010/08/04  2010/06/09

2012/07/26  2012/07/05

2014/07/09  2014/07/07

Table 6: First hitting times and estimated changepoint locations.

the following m data points as new historical period. The results for v = 0.2, B = 0.2 and different
lengths of the historical period can be taken from Table 6. Additionally, the estimated changepoint
locations for m = 1.000 are visualized in Figure 2 with two of the monitored time series. The figure
shows that the time series of asset returns are splitted up into calm and more turbulent phases.

The estimated changepoint locations in Table 6 can be linked to important economic events of the

0.15
1
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1

Allianz log returns
-0.05
1

-0.15

2000 2005 2010 2015

Zeit

0.00 0.05 0.10 0.15

Generali log returns

-0.10

2000 2005 2010 2015

Zeit

Figure 2: Log returns of the Allianz and Generali assets with the detected changepoints for
m = 1.000 from Table 6 (dashed gray lines).
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last two decades. The changepoint in 2002 marks the end of the crisis caused by the bursting of
the dotcom bubble and the start of a calmer period that was interrupted in 2008 by the financial
crisis followed by the debt crisis. The last changepoint might signalize the beginning of a recovery

phase of the stock markets.

1998/05/11  2003/12/23  2008/01/07  2012/10/16
-2003/12/22 -2008/01/04 -2012/10/15 -2016/10/25

Dan 0.00002 0.00002 0.00001 <0.00001
Daxa 0.00001 0.00002 <0.00001 <0.00001
Dcen 0.00002 0.00003 <0.00001 <0.00001
drIne 0.00002 0.00001 0.00002 0.00001
OMRe 0.00001 0.00001 0.00002 0.00009
&aul 0.099 0.072 0.083 0.034
Baxa 0.085 0.040 0.095 0.045
BGen 0.096 0.097 0.058 0.028
&ING 0.082 0.113 0.093 0.125
BMRe 0.120 0.063 0.117 0.072
Bau 0.879 0.811 0.905 0.944
Baxa 0.887 0.920 0.895 0.936
Bgen 0.877 0.786 0.941 0.967
Bine 0.900 0.806 0.900 0.667
Burire 0.853 0.703 0.883 0.924

0, \2 0.182 0.171 0.167 0.140
& 0.011 0.022 0.032 0.013
B 0.988 0.978 0.883 0.986
Ganaxa 0.422 0.597 0.779 0.778
Gai.Gen 0.401 0.442 0.536 0.406
danING 0.519 0.523 0.774 0.697
dau,MRe 0.651 0.505 0.745 0.704
Gaxacen 0.424 0.487 0.579 0.538
daxaING 0.621 0.470 0.761 0.762
GAXAMRe 0.457 0.510 0.666 0.607
4Gen.ING 0.468 0.245 0.511 0.442
GGen, MRe 0.366 0.366 0.439 0.256
GING,MRe 0.513 0.435 0.645 0.475

0> H2 2.698 2.532 3.027 2.908

0”2 2.704 2.537 3.032 2.911

Table 7: Model parameters estimated from the data between successive detected changepoints
for m = 1.000 from Table 6 and the euclidical norm of the estimated parameter vectors and the
estimated vectors of variance and correlation parameters.

Estimates of the model parameters calculated from the data between two sucessive changepoints
can be taken from Table 7. To measure the magnitude of the changes in the estimated parameters,
the table also contains the euclidian norm of the parameter vectors estimated from the subsamples

as well as the euclidian norm of the estimated vectors of variance and correlation parameters,
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respectively. The largest change in the parameters in terms of the euclidian norm can be found
between the period before the financial crisis and the period of the crisis itself. A large part of this
phenomenon seems to be caused by the fact that the correlation of asset returns tends to increase

in times of crisis, see Sandoval Jr. and De Paula Franca (2012) among others.

7. CONCLUSION

We present a method to detect changes in the parameter vector of the DCC model proposed by
Engle (2002) which is based on quasi log likelihood scores and allows to detect changes in the
conditional and unconditional variance and covariance structure. We analyze the size and power
properties of the presented procedure and apply it to a group of log returns that belong to the
assets of several insurance companies. In applications it turns out as a heavy problem that the
assumption of a historical period which is free from structural breaks cannot be checked with a
known retrospective method. The search for a solution for this problem is left as a task for future

research.
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APPENDIX

A. THE PARTIAL DERIVATIONS OF THE DCC QLL FUNCTION
A.1. Notation and Transformation Matrices

Recall that the QLL function of the DCC model introduced in Section 2.1is given as:

T
Ly (0) = Z l: (0)
=1

with  1,(0) = — (p -log 2w + log det (Hy) + yinlyt)

N = N =

(p -log 27 + 2log det (Dy) + log det (R:) + zéRt_lzt)

As argued in Hafner and Herwatz (2008), it is sufficient to look at the lower diagonal entries of R
in detail since the latter one is a symmetric matrix with ones on the main diagonal. Throughout
the next sections, several matrices are used to interchange the position of the entries in vectors and

matrices, see for instance Hafner and Herwatz (2008) or Liitkepohl (1996):
e vec(-): the vec operator that stacks the entries of a matrix into a vector.

e vech(:): the vech operator that stacks the diagonal and lower diagonal entries of a symmetric

matrix into a vector.

e vecl(-): the vecl operator that stacks the lower diagonal entries of a symmetric matrix into a

vector.
e Ky, the commutation matrix: vec (A’) = Ky, - vec(A) for a (m x n) matrix A.
e D, the duplication matrix: D, - vech(A) = vec(A) for a symmetric (p x p) matrix A.

° D;{ , the Moore Penrose inverse of D,. In general, this is not the elimination matrix L, with

L, - vec(A) = vech(A) which is some generalized inverse.

e D, _, the matrix that results after deleting those columns from D, that refer to the main

diagonal entries of a symmetric (p x p) matrix A when D, is multiplied by vech(A).
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° D; _, the Moore Penrose inverse of D, _. This matrix is obtained when those rows that refer
to the main diagonal elements of a symmetric (p X p) matrix A in vector vech(A) are deleted

from D}f. Note, that for a symmetric (p X p) matrix A, we have vecl (A) = D, _vec (A).

e The number of lower diagonal elements of a (k x k) matrix is denoted by p* = (k + 1)k if

the main diagonal entries are included and by p~ = %(k: — 1)k if they are excluded.

A.2. Some Calculation Rules for Matrices

The following rules will be needed throughout the next sections:

CR1 For the transformation matrices, we have
D]—)‘r,* = (Dpv_)/ N
The proof of this statement can be found in Section C.
CR2 Liitkepohl (1996), 10.4.2(1): X ~ (m,m) symmetric:

Ovec(X) Ovec(X) CR1 RN
W(X)'_Dm 7 Oved(X) =D = Q(Dmﬁ) '

CR3 For symmetric matrices X ~ (m,m) and Y (X) ~ (n,n), we have

Ovech (Y(X))  OlLpvec(Y (X)) Ovec(X) L Ovec (Y(X))D
Dvec(X)  Ovec(X) dved(X) " dvec(X) M

This is a direct consequence of CR2.

CRA4 For symmetric (n X n) matrices X and Y (X), we have

Ovec(XY X)

Ovec (Y)
Ovec(X)!

(XX XYL, +1, XY
X @ X) ey T XY @lit Lo XY)

The proof of this statement can be found in Section C.
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A.3. The First Order Derivations with Respect to the Variance Parameters

Since the conditional correlation matrix R; does not depend on the variance parameters, the par-
tial derivations of the QLL contributions with respect to 6; are similar to (3.2) in Nakatani and
Terasvirta (2007):

ol:(9)  Ologdet Dy 10y H; 'y 1 dvec (D)

_ 1 plp-l =11
5o, = o6, "3 ooy~ 1 o, Ve (D —Di'R ez —anB D).

/
Using vj; = (1, yjzt, hjt) yields that the partial derivations of the non zero diagonal entries of D,

with respect to ¢; = (w;, o, B;) are given as:

1/2
8hilt/2 1 _1/2 8h] t—1 ah it
= = —h; Vi1 + Bi—=2 and I~ — 03, for i # j.
git (9@%)1 9 gt 7,t—1 /8] a¢] 8(;51 3 7& J
Thus, we have i i
g1t 03xp 03 O03xp ... 03 O34, O3
03 O3xp g2t O3xp ... 03 O3xp O3
ovec(Dy)
001
03 O3y, 03 O3y, ... gp—1: O3xp O3
103 O3xp 03 O3xp ... 03 O3xp gpt]

Note that for theoretical considerations we use representations that depend on an infinite past of
observations g; while for simulation or parameter estimation we use the recursive form based on

starting values for time ¢t = 0.

Ohi Oh;t—1 1 Ohit 9 Ohit—1 = 2
=1 i : = =Yit— % : = 'Zl it—n—
. Do, + e, 1= 5 ° Do Y1+ B Do, nzz:oﬁ Yit—n—1
Ohiy Ohit—1 = wj T
o —=hit 1 +Bi—F—=) Bihitni1=——3+a) B> BiViin ko
0p; 0B go (1-6)° ;] 1;) !

Starting values for estimation or simulation can be chosen as in the ccgarch package in R where

! T
ho = (h10, - - -, hpo)’ is chosen as (s%, . ,sg) with sj2. = %tzlyz j=1,...,p.

!/ /
2 2 ; oh oh
Hence, vjo = (1,sj,sj) ,j=1,...,pand (8¢1107"" 8¢Pp°) = 0px3.
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A.4. The First Order Derivations with Respect to the Correlation Parameters

Throughout this section, we consider the partial derivations of the QLL contributions with respect
to those parameters that determine the correlation structure of the DCC model. Similar to (3.3)

in Nakatani and Terésvirta (2007), we have

0l;(6)  109logdet Ry 10y, D;'R;'D;'y;  10dvecl (Ry)' dvec (Ry)' dlogdet R

892 - 2 892 2 892 2 802 Ovecl (Rt) ovec (Rt)
/ /

_ 1 0ved (R;)' dvec (R,)' Ovec (Rt_1> dvec (Dt_lRt_lDt_l) oy, D R Dy,

2 00y  Ovecl(Ry) Ovec(Ry) Ovec (Rt_l) Ovec (Dt_lRt_lDt_l)
1 0ved (Re)' st 1 1 dvecl (Ry)" 4 1 1 1 _1 /
= _587022Dp7_vec (Rt ) — 587022Dp’_<_1) (Rt ® R, ) (Dt ® D; )vec (yeyy)

Ovecl (Rt)/ + -1 -1 —1 -1 -1
-2 s (1) - (5 ) (07 0 ) )

_ Ovedl (Ry)

— Tvecl (R;1 [Hp - ztzgR;ID .

The second equality results from an extensive use of the chain rule, see 10.2.1(6) in Liitkepohl
(1996). The third one uses 10.3.1(8), 10.3.3(10), 10.4.1(3), 10.4.2(1) and 10.6(1) in Liitkepohl (1996)
and CR1 from Section A.2. The remaining equalities utilize CR2 and simple matrix computations.
In the following, we consider the partial derivations of the lower diagonal entries of R; with respect

to the correlation parameters in detail. According to Hafner and Herwatz (2008), we have

Ovecl (R;) D+ Ovec (R;) D+ Ovec (R;) Ovech (Qy)
00,  TPT 00, TP dvech(Q,) 06,

(A1)

where

Ovec (R;)  Ovec(R;) Ovec(Qy) Ovech(QF) cre Ovec (Q;Q:QF)  Ovech (Q7) (A.2)
dvech (Qy)  Ovec (QF) dvech (QF) dvech (Q)  dvec(Qr)  Pdvech (Qy)" '

With a slight difference to Section 4.3 in Hafner and Herwatz (2008), the derivation of vec (Q; Q:Q7)

with respect to vec (Qy) is given as

Ovec(Q;QiQ7) cra

Ovec (Qy) . §
ovec(Qr) 7 (QrQ @I, +1, © Q7 Q:) (A.3)

(Qf@@f)m
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and the derivation of vech (Q}) with respect to vech (Q;) as

Ovech (Q; 1 -3 :
fm = —idiag {vech <Qt 2)} - diag {vech (I,)}

with g4 = [Q¢];; and Qt_?’/z = [qi;i/QL’jzlw7p. Thus, (A.2) and (A.3) imply
Ovecl (Ry) . « Ovec (Qy) . . Ovech (Q7) Ovech (Qy)
80’2 - Dpv— (Qt ® Qt) 8Vec (Q;:k)/ + (Qt Qt ® ]Ip + ]:[p ® Qt Qt)] Dp aVeCh (Qt)/ 80/2
. . . . Ovech (Q7) | Ovech (Qy)
— + + t
= [Dp,— (Q; ®Q7)Dp+ Dy _(QiQ: @, + 1, ® Q7 Q) Dp@vech (Qt),] 06,
The derivation of vech (Q;) with respect to 82 can be split up into:
&%CEQO = —vech(Q) + vech (2,-12;_,) + B@vecg?t_l) =1 iﬂvech(Q) + nz:%ﬁ"vech (2t—n-121_p_1)
Lvecahﬁ(Qt) = —vech(Q) + vech (Q;_1) + 58V€Cha(ﬁQt_l) =7 i 5vech(Q) + ngoﬂnvech (Qi—n_1)
dvech (@) . dvech(Q) dvech (zi—12}_1) Ovech (Qi—1) cr3 1 —a —f3
ovecl (Q) (1-a=§) Ovecl(Q)’ T dvecl(Q)’ +h ved(QY —  1-p LD

As in the ccgarch package, we fix the initial values of (8veg10(éQ°), avecahﬁ(QO)) as (0,0).

A.5. The Second Order Partial Derivations with Respect to 6

Along the lines of Nakatani and Terasvirta (2007), the Hessian of the QLL contributions can be

split up into several blocks:

821,(0)  9%1,(0)
96,00, 00,00,
0000’ 9211(0)  9211(0)
90,00, 00,00,

A.5.1. The Calculation of gz%zz

Taking into account that the conditional correlation matrix R; does not depend on the variance

parameters, the upper left block of the Hessian is given analogously to (3.6) in Nakatani and

Terasvirta (2007):
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u(0) _ 1.0 (fWec(DO

96,007 ~ 7569’1 90, vec (QD;1 — D{lelztzé — ztzgRtlDt1)>

1 Ovec (Dt)/ -~ _ o ]
= e [—2(Dit @ DY) + (w2 @ D RIDTY) + (D7 RD @ 2024
+ (D7t @ D R s + (D R s © DY) + (s RTD @ DY)
_ 1 _1\1 Ovec (Dy)
+ (Dt 1 & ZtZ;,Rt 1Dt 1)i| 6701
1 —1p-1 1 —1y-1 -1 &*vec (Dy)'
+ {2 (vec (Dt R; ztzg) ® ]I3p> +3 (vec (ztzgRt D; ) ® ]Igp) - (vec (Dt ) ® 13p> 56,00
A closer look at the individual parts of the derivation yields
d%vec (D)’ 0 dvech (D;)’ 0 dvech (D)’
— = ——2D| =(D,®I3,) —+ — .
90,00, ~ 907"\ a@, Or) = Do ®ly)garvec| —5q
Denote the non zero derivation blocks of the main diagonal entries of D; as
9(3) = 82h"1t/2.
‘ 90;0¢;
Thus, the second order derivations of vech (D;) are given as
95) O3x3p2  03x3 O3x3pp—1) --- 0O3x3 Ozxep O3x3
03x3 O3x3p2 géf) O3x3p(p—1) --- 0O3x3  Osxep Osx3
ivec dvech (D)’ B
0, 96, - ~
O3x3  O3x3p2 O3x3 O3x3pp—1) --- 91(,2,)1’t O3x6p Os3xs
103x3  O3x3p2 03x3  O3xspp-1) ---  O3x3  Osxep 9;(,3) ]

!/
Note, that with Vj; := %Ldjf = (03, 03, %Z;;) , we have

@ _ 1 1 Ohy( Ohiga\ 11 (o ?hii
9it” = 1 h?’tﬂ o9, Vi1 + Bi 20, + 5 hﬂ/Q Vit—1+ Bi 06:04),

with
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0?hiy 0?hi 1 0?hiy 0?hi 1 OPhy  Ohy Phig—1 1

) (Owi)” s (Owi)? -0 dwida; g dwido; 0 Ow;i0B;  Ow; A OwidBi — (1- ;)
82hit o 32/1“_1 B a2hit 3hzt 92 th - 0 L
’ (0a;)? i (Ba)? 0 dc;0B;  Oa + 5 Ba;00; Z%nﬂ, Yit—n—1

82hit Oh; t—1 8 hzt 1 5hzt n—2 2w; k = 1 2
° =2— + 5 = B = 7 T 204 Bi' )y B ﬂiyi, —n—k—l—2-
087 0B (98:)° Z (1- Z kz ; t

Analogously to the approach in Section A.3, a vector of zeros can be chosen as starting value for
the recursive calculation of the second order partial derivations of the conditional variances with

respect to the variance parameters.

A.5.2. The Calculation of gelta(e’) and g;it{gz,i

Analogously to (3.9) and (3.10) in Nakatani and Terdsvirta (2007) under limitation to the partial
derivations of the lower diagonal entries of R; with respect to the correlation parameters, the off

diagonal blocks of the Hessian equal

2 /
o°L(0) 19 (8\/ec(Dt)V€C (2Dt_1 — D 'R 22 — ztz,ﬁRt_lDt_l)>

00,00, 200, 96,
1 vec (Dy)' | Ovec (D{lelztzo Ovec (ztznglDfl)
32 o6, o0, * o,

~1
1 0vec(Dy) , , . 7 Ovec (Rt ) Ovec (Ry) Ovecl (Ry)
T2 86, Kztzt @D ) * (Dt @ ZtZt)} ovec (R;)" Ovecl (R;)" 065

crz Ovec(Dy) 1 p—1 “1p-1 11 P L\ Ovecl (Ry)

e DO (s ) ¢ (05 20 )] (05 25
o2,(0)  [0%,0)] oved (R v [/nt. s mira 1 Svec (Dy)
20,00, ~ |00,00,| ~ 08, Or- (R'zzi @ B'D;Y) + (R'D @ Ry )] e

36



A.5.3. The Calculation of g;ita(zi

Finally, the lower right block of the Hessian is given as

021,(0) 0 [ ovecl (Ry) 1 0 [ Ovecl (R;) 1 el
00,00, —079,2 o0, vecl (Rt ) + a6, o0, vecl (Rt 22 IRy )
 Qvedl (Ry) Ovecl (Rf) - Ovecl (R{lztzng)
N 00, 00, 00,
1y _ Y 0 Ovecl (Ry)’
- Kvecl (Rt 1) ® ]Ip_+2> - <vec| (Rt L2 Ry 1) ® ]Ip_+2> 50, vec ( 90,
Dy [(Ri' @R ") — (R 2R @ RyY) — (R @ Ry M2z R; ) | D _Oved (1)
p— | (L t t 1t t t ¢ AtZdy P, 06,

~ Ovecl (Ry)'
00,

/ /!
+ Kvecl (Rt_l) ® ]Ip+2> + (vecl (Rt_lztz{Rt_l) ® ]Ip+2>

0 vec ovecl (R;)’
005 005 '

A closer look at the second order partial derivations of the entries of the conditional correlation

matrix with respect to the correlation parameters yields

00, "\ o0, ) " 08, \ 96,
dvech (Q;)" dvech (Q7) . )
( 39(2 : 8vech((Qtt)) D}, (@:QF @ Tp + 1, ® QiQy) (D;;_) . (A4)

0 (8V€C'<Rt>') 0 (MWD' @ Q) (D} )/>
p\%t t P

+ 4 vec
00,

With 10.5.5(4) of Liitkepohl (1996) the first summand of (A.4) equals

) Ovec (Qz{ 2 Qr) + <D;_,* (Q;&k b2y Q:) Dp & ]Ip*+2) 82/ vec (avecahe(Qt) ) .
2 2

Ovech (Q;)’ D’
00y,

+

Furthermore, 10.5.5(7) of Liitkepohl (1996) gives
Ovec (QY)

dvec (QF ® Q} Ovec (Qf
Q20 _ (0 01) [P0 5 vec (@) vee (@) & 25 )]
dvech (Q7) Ovech (Q4)

. Ovec (Q})
th -
W 06, Pdvech (Q,) 06}
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Note that

0 vec dvech (Qy)"\ K ivec <8vech (Qt)>
06, 96, RN AR AT A 6/,

and that 0/ vec (aveggth)) can be split up into several block matrices:
2

9%vech(Q:) 9%vech(Q:) 9%vech(Q:)
(ba)? 9a0p dadvecl (Q),

9%vech(Q¢) 9%vech(Q¢) 9%vech(Q¢)
900 (08)?

Bﬁavecl(Q)
vec 82vech(Q})l vec 82vech(Qf)'/ 9 _vec Ovech(Q¢ )/
L Ba@vecl(Q) 8B8vecl(Q) 8vec|(Q)

Ovecl (Q
3 9%vech (Qt_ 1)

2
(9a)? e + s — LDy
0 hQ 92vech(Q Ovech(Q 9%vech(Q 2—a—2
el 4 8 Vee;aaﬁt 22 Veca(ﬁt 6 vecaﬁ)t - (ﬁﬁ)QBLpD”’*
2 2
—5vec (LD, -) uaiﬁ)ﬂvec(L Dy.—) 0yt p xp

With the use of 10.5.5(4) in Liutkepohl (1996), the second summand of (A.4) equals

Dt @ Ovech (Qt)’ Ovech (Qt*)' D’ Ovec (Q:Q; ® I, + I, ® Q:Q7)
P, 0605 dvech (Qy) P 00,

* x 0 dvech (Q3)
T (D;’f QiQ:® 1, + 1, ® Qi Q¢ D, ® ]Ip*+2> 50, vec ( 26, ¢

with

ovec (QQ; @ T, + I, ® Q:Q})

0 x 0 ;
30’2 = (I, ® Kpp ® 1) {\ma(g;% ® vec (I) + vec (I,) ® Vec@(g)/;Qt)}
dvec (QiQ:) « Ovec (Qy) Ovec (Q7)
and 870,2 = (]Ip & Qt) 89,2 + (Qt 02y ]Ip) 870/2
Ovech (Q}) . dvech (Q)
(I, @ Q¢) me +(Qf ®1Ip)Dp| — 57—

o),
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B. THE PROOFS OF THE LEMMAS AND THEOREMS
B.1. The Proof of Proposition 4.1

/
Denote y, := vec (yt(Q)yf)/) with y§2) = (y%t7 . ,ygt) , hy := vec (h4h}) and Y, := Ey,y;]. Thus,
the existence of the eighth moments and cross moments of y; is implied by Y, < oo.

Note, that with 7.2(7) in Liitkepohl (1996), we have

.y, = vec (Zhih} Z}) vec (ththng)’ = [®,22] hih; | ®,27] (B.1)

= vec [yy;] = [®4Zf] vec [h;hi] (B.2)

where @), denotes the k-fold Kronecker product of identical matrices. This yields

vec(Y;) =E ({®4ZE] vec [hthQD . (B.3)

In the (extended) CCC model that is considered by He and Terésvirta (2004), the random vectors z;
are i.i.d. and independent of h; which allows for a simple factorization of the expectation in (B.3).
Unfortunately, in the model with dynamic conditional correlation this does not work anymore. To
enable the factorization, we use the independent random vectors n; := R, Y 2,2,5 with 7, ~ (0,1,).

Denote Ri/Q = [Fijt) and note that

i7j:17"'7p
p p Db
- 2 - .
Zit = Zrz’j,tnjt and zj; = erij,trik,mjtnkt :
j=1 Jj=1k=1
1/2 51/2
2R/

Note that all entries of Rt1 /2 are bounded by one in modulus since the i-th main diagonal of R,

P
is > ffjt and equal one for all i,5 € {1,...,p}. This property yields
g=1 "

p P
2z < ZZ Injene] =: 22 Vi€ {1,...,p}.
j=1k=1

Thus, using the independence of 7; and h; , we have for (B.3):
4
vec (V) <E ([zﬂ > E(vec [hih(] ). (B.4)
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First, we will argue why the first factor in B.4 is finite. Repeated substitution yields

= R, '?2 = RV D Yy, = R7Y2D DR, DY ¢

Thus, the entries of 7; are weighted sums of the random variables €14, . . ., €, whose eighth moments
and cross are finite by Assumption 4.3. This implies that E ([2,52]4> is finite if this property applies
to the weights. The latter one is implied by Lemmas B.7 and B.14 and with the arguments of the

proof of Lemma B.13 in Section B.2
The finiteness of the second factor on the righthand side of (B.4) can be shown analogously to
the approach in He and Terdsvirta (2004). If GARCH(1,1) models are postulated to explain the

conditional variances, we have along the lines of the proof of Theorem 2 in He and Terdsvirta

(2004):

2
e hy— [®,Ci 1] hi1 = vec(ww') + Z [Ek1 © Ega] hy—1 (B.5)
k=1

where {(Ej1, Erz2),k € {1,2}} is the set of all permutations of (w,Cy_1).

o vec[hihi] — [(®,C1—1] vec [hy_1h}_,] (B.6)
3
= vec[vec (ww) ' + Y | B @ By @ B by + Z B @ BE @ ER)| by
k=1 k=1
where {( kll), ce E )) Jke{l,. }} is the set of all permutations of (w,w,C}i_1)

and {(El(fl S El(j% ) ked{l,..., 3}} is the set of all permutations of (w,Ci_1,Ct_1).

e vec [hhj] — [®,C:—1] vec [hHh;,l] (B.7)

6
— vec [vec (ww') vec (ww')'| + Z [EY 0 By @ By @ B |y + 3 [BR @ B © B © Y| by
k=1 k=1

+(Cm1 9w+ w®Ci1) @ ®,Ci-1 4 [®,C1-1 ® (Cio1 @ w +w @ Cy_1)| Kp2p) vec (hy_1hy )

where {( 1(911)7 cey E,SB) ke {l,... ,4}} is the set of all permutations of (w,w,w,C;_1)

and {(E,(czl), .. ,E,(Ci)) Jkedl,. .., 6}} is the set of all permutations of (w,w,Ci_1,C¢_1).
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Consider the matrix polynomials WU)(L), j = 1,2, 3, in the lag operator L with

V(L) =S 9% L and Vje{1,2,3)
1=0
with ), = L1, ) = ~®;,,Cie1 and ¢} | =0 for all | > 2 and j € {1,2,3}. Along the

lines of He and Terdsvirta (2004), the inverses of WU)(L), j € {1,2,3}, exist if
Amax (E[®;C0]) <00 Vi€ {1,... .4} (B.8)

Thus, multiplying the matching inverses W) (L) from the lefthand side to (B.5)-(B.7), the prop-
erty (B.8) allows a filter representation of hy, vec (hih;) and vec (h;h}) on the process {h;}. Since
hi < oo for all t € Z almost surely, (B.8) yields the finity of the righthand side of (B.4). This
implies the existence of the eighth moments and cross moments of y; which completes the proof.

B.2. The Proof of Proposition 4.2

The proof of Proposition 4.2 is organized as follows: First of all, we show that the finite past

~

— m A~
variation matrix Dy, (6) = L 3 1/(8)1;(6)" is a suitable substitute for the matrix with infinite past
=1
D,u(6) = £ S U(O)L(O)7, ie.
=1

sup | Dy, (u) — Dy (u)| 23 0. (B.9)

uelU

To ensure the existence of the limit matrix D(u) = E (lg(u)l()(u)T) for all uw € U in the first place,

it has to be shown that

E (s:g lé(u)lf)(u)TD < 0. (B.10)

Since the QMLE 8, is a strongly consistent estimator of @ it remains to verify the uniform conver-

gence of D,,(-) to D(-). The latter properties imply

Dy, (6,) “¥ D(6) = D. (B.11)
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B.2.1. The Proof of sup |D,,(u) — D, (u)| %5 0

uelU

Along the lines of Berkes et al. (2003), we use a multivariate version of the classic mean value

theorem (MVT) throughout the proof section:

Lemma B.1. Let f : R' — R be a function that is continuous in all of its arqguments. Furthermore,
let  and y be some | dimensional real valued vectors. Then, there exists a vector ¢ € R with

|€ — x| < |z —y| and | — y| < |x — y|, such that

of (x)
|f (=) = f(y)| = ’ 5% [z —yl. (B.12)
z={
Proof: Denote x := (z1,...,2;)), vy := (y1,...,y) and y, := (x1,...,2i_1,%, Tit1,...,2;) . Note
that | — y;| = |zi — yi|. A componentwise application of the univariate MVT implies that for all

i€ {1,...,1} there exist & € [x;,5] and &; =: (w1,...,25_1,&, Tit1,...,x;) with

of ()
8{Ei

|z — i -

|f (@) = f ()| = ’

z=§;

Thus, choosing & := (&1,...,&)" yields |§; — | < [& — x| < |; — yi| and |€; — y| < |a; — y, for all

i€ {l,...,p} as well as (B.12) which completes the proof. [ |

With Lemma B.1, we have

—~ 1 m
sup | Dy (1) — Din(u)| = —sup | [l ()™ = 1w}l (w)" |
uelU MuelU ;5
2d LN
< — su ve(u)|su U(w) —U(u B.13
< map fow)lsup (3 (i) = th(w)] (B.13)

where v (u) € R is such that |vs(u) — I4(u)| <

Iy(u) = bi(w)] and [vn(u) = (w)| <

" (Oly(u) Ol (u)
;( 8u2 B 811,2 )|}

/
with uy := (r’l,... r’) where r; := (2, 5;,t;)', 7 =1,...,p, and u := (a,b, ql,...,qp_)/.

For the sum in (B.13), we have

1<j<p yeUu uelU

i [Zé(u) - lé(u)}| = max{ max sup
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& (Bli(u)  Oli(uw)
(I) The Proof of 225 ;:1 < T~ o
Throughout the next sections, we will use the following statement repeatedly. The lemma is a

“0(1).

generalisation of Lemma 2.2 in Berkes et al. (2003). Adopting their notation let

logzx, = >1
logt x :=

0, else

Lemma B.2. Let {X;, t € No} be a sequence of identically distributed but not necessarily inde-

pendent random variables satisfying

Elog™ | Xo| < oo. (B.14)

o
Then, we have that Y k7a* X}, converges with probability one for any a € R with |a| < 1 and any
k=0

fized j € Np.

Proof: Analogously to the proof of Lemma 2.2 in Berkes et al. (2003), it suffices to show that
the conditions for the Borel-Cantelli Lemma are satisfied for all { > 1. Note, that the function
f: Ry — Ry with f(z) = % has a minimum located at xpmin = —ﬁ and is strictly monotonic
increasing for larger values of z. Thus, there exists some constant (y € (1, () with %; > C(]f for any
integer k > ko where kg is the smallest integer that is larger than zmi,. Thus, for our counterpart

of (2.5) in Berkes et al. (2003), we have

0o k ko—1 k 00 k 0
> P <|Xk| > M) <> P <|Xk| > ;) +> P <|Xk\ > I<:J> <ko+) P (|Xk:| > C(]f) - (B.15)
k=0 k=0

k=ko k=0

Along the lines of Berkes et al. (2003), the righthand side of (B.15) is finite if (B.14) is satisfied.
Hence, the Borel-Cantelli Lemma yields the almost sure convergence for any nonnegative integer j

which completes the proof. =
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o0
Lemma B.3. Denote Tj; :== pky]zt_k_l, forj=1,....pandt=1,...,m. Under Assump-
k=t—1 ’
tions 2.1, 3.1-3.4, 4.3 and 4.4, we have for alli,j € {1,...,p} and for m — oo:

Tj = O(1); and

3

t=1

= 0(1).

m
ZlTityityjt
t=

Proof: Note that {yjzt, te Z} and {yi1y;i,t € Z} are sequences of unconditionally identically dis-

tributed random variables. With Assumptions 4.3 and 4.4, we have for all 7,5 € {1,...,p}:

Elog™ <y§t> <E (y?t> <oo and Elog" (yity;r) < Elog™ (yfty§t> <E (yfty?t) <oo. (B.16)

Hence, Lemma B.2 yields Tj; = O(1), ¥V j € {1,...,p} and t € Z.

Additionally, for any 4,j € {1,...,p} and for m — oo, we have

[ 1,2 | 2 a.s
ZT]t—ZZpth - 1—2211“ i = Zpthyﬂ— pryﬂzO(l)
t=1k=t—1 t=11=0 t=0 1=0 1=0
and
m m m—1
a.s.
> Tiyicyje| = Zyzt%tzpm Yl <D P iy - =
t=1 =1 1=0 t=0
where the last equality is implied by Lemma B.2 in both cases. |

Lemma B.4. Under Assumptions 2.1, 3.1-3.4, 4.3 and 4.4, we have for all j € {1,...,p} and for

m — oQ:

e sup g (vAvjt(u)% —wjt(u)%)

uelU lt=1

m /. _1 _1
e sup (> (wjt(u) 2 —wji(u) 2)
uelU [t=1

o sup |35 [(Rie(w)@je()) 7 — (wir(wwje() 2]
uelU It=1

Proof: Analogously to the arguments in the proof of Lemma 5.4 in Berkes et al. (2003), there exist

positive constants C := = and Cy := % with
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0 < Cr < wjie(u) < wjg(u) < Co (1 +> Pky?‘,t—1> =001) vie{l,...,p}. (B.17)
k=0

Since Wjz(u) = min [Wjs(u), wj¢(u)], the MVT yields for any j € {1,...,p}

< sup ; S (@) (wjt(u) — Wj(u)) < TCIETﬁ = 0(1). (B.13)

For the second statement, (B.17) and (B.18) yield

< sup i Al) (th(u)% - W]t(u)%) = 0(1).

uelU t=1 th ('LL

i

(W) ™2 = wje(u)77)

Finally, with the MVT and (B.17), we have for any i,5 € {1,...,p}

sup > [ it (w)jo () "2 — (Wit(U)th(U))_%}
uel 4
= zggz (Wit ()W ()it (w)wje () "2 [(Wzt(u)wyt(u))% (Wzt(U)W]t(U))%}

0112 225; 5 (Wig ()W () ™2 |war (u)wje(u) — VAVit(u)\TV]t(U)‘

1 m

< 270{’225; ( wig(u) — Wlt(u)‘ Wi (u) + ’wjt(u) - th(u)‘ Wzt(u)>
< Lsup i (T-t\Tv-t(u) + T'twt(u)) < P max sup wiit(u )iTt = 0(1).
- Qc%ueUtzl I Je - C‘f’ 1<j<puev ez J = ’ n

Lemma B.5. Under Assumptions 2.1, 3.1-3.4, 4.3 and 4.4, we have for any j € {1,...,p}:

o sup |2=Eoll s o1); ang
ueUteZ J

. sup in: <8vec<;?t(u)) B 8vec(g?t(u))> a.s. 0(1)
uel |t=1 7 J
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Proof: Using (B.17), (B.16) and Lemma B.2, we have for any j € {1,...,p} and m — oo:

Ovec (F 11
e sup Ovec (Fp, (u))’ < Z—— sup wyi(u w2 2 O(1) (B.19)
ueUteZ 35173' 21— PueUte
Ovec (F o1
e sup Ovec (Fo,(w))] < - sup wy(u % sup Zp yjt ro1 = 0(1) (B.20)
ueUteZ 653‘ 2uEUt€Z ueURET |
Ovec (F ! 1
e sup Ovec (Fp,(w)) ng sup wji(u % sup ka yjt b1 = O(1). (B.21)
weU teT, ot 2 UyeU tez ueU,teZ =g

Thus, the first statement is an immediate consequence of (B.19)-(B.21).

The second statement follows from (B.22)-(B.24) below. With Lemma B.4, we have

. /
[ Ovec (FDt (u)) dvec (Fp, (w)' || _ 1 u ,
su - ‘ = su w T3 —w(u)77 )| = O0(1) (B.22
UGB tz:; aQsj 8xj 2 Pueg ;( Jt Jt( ) ) ( ) ( )
Furthermore, (B.17) and Lemmas B.3 and B.4 yield
. /
aup |30 [ 2 (Fou)  ovee (Fp, )
uwelU |37 68] 8Sj
- 3 “2 —wjy(u)? ~1/2 “ 0
< g3 (Rt —wi0 )| s S+ gor St on.

Finally, we have

m [ Hvec (EDt (u))l _ Ovec (Fp, ()’

su
et 2 ot ot
1 p m 00 t—2 P m 0o
—-3/2 1/2
§§C1 / UZ[ kp* ygt k— 1] lzkl) ?Jgt k1|t C / EZ Z kpky?,tfkq (B.24)
= t=1 Lk=t—1 k=0 = t=1 k=t—
with
m oo m o0
Yood T kpy e =D D (Ut =)y Zp le’yfﬂrztp Zﬂ . (B.25)
t=1 k=t—1 t=11=0 t=0 =0

Since (B.25) is O(1) almost surely with (B.16) and Lemma B.2, the same applies to (B.24) which

completes the proof. [ |
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Lemma B.6. Under Assumptions 2.1, 8.1-3.4, 4.8 and 4.4, we have for m — oo:

e sup g: (/F\Dt(u) - FDt(u)> =) O(1); and
uelU It=1

o sup |3 (Fo,(u) — Fo,(w)| 2 0(1)
uelU [t=1

Proof: For the first statement, Lemma B.4 implies

m

> (Wat )i — th(U)%)

t=1

= 0(1).

sup
ucU

i(?pt(u)—FDt( )|: max

<<
—1 1<j<p

For the second statement (B.16), (B.17), and Lemmas B.2, B.3 and B.4 yield

sup Z (FQt (u) — Fg, (u))‘ = sup a ZZbkfl (?t(u)zt(u) z (u)zt(u))‘
veU =1 wel 421 k=1
m o0 . L
< sup max IS i ki k | (Wir (W k() 7F = (Wi (0w ()]
u€U1<Z ]<p i1 k1
< ~ 3w o 3| % o).
sup, max Zp | 9B 1D | (Wi () w) ™ — (wikwsoi(w)) H]| 2 O()

t=1

In the following, the proofs for terms with finite and infinite past work analogously and will be

omitted for one of these cases.
Lemma B.7. Under Assumptions 2.1, 8.1-3.4, 4.8 and 4.4, we have for m — oo:

o sup [Fp,(u)] = O(1), sup [|Fg,(u)| = O(1), and sup [Fp,(u)] = O(1); and
ueU,teZ ucU,teZ uecU,teZ

(1).

(1), sup ‘I?Qt(u)‘a':s'(’)(l), and sup ’I?Rt(u) =

e sup ’ Fp,(u)
ueU e ueUte

ueUteZ

Proof: Statement (B.17) and Lemma 2.2 in Berkes et al. (2003) yield

sup [Fp,(u)] = sup max wi(u)/? = O(1)

weUteZ weUteZ1<i<p
l—a—-0b o & ;
and  sup |Fg,(u)| < sup  max g +a sup Z bz 1 (u)zy_p_q(u)
ueU e weUter 1<isp= 1= ueUEZ |2y
1-2u = Yit—k—1 Yjt—k—1 a.s.
< +p sup  max Z 7 : ik O(1).
1—p ueUteZ 1<i,j<p Wit k—1(u) 2 wjp—1(u)
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The last equality is a result of Lemma B.2 and

. . 2 2 2 2
Eloo™ Yit Yit < Elog* Yit Yjt <E Yit Yit
0g (Wit@)uz W (u)i2 ) = 08 wir (W) 72 Wi ()72 | =\ wig (1) 2 wiyg () 172

< Cr'E (viuh) < oo

Concluding, Fg,(u) is a correlation matrix for all ¢ € Z almost surely. Hence, the absolute entries

are bounded by 1 almost surely which completes the proof. |

In the following, denote by S, the set of all n! permutations of {1,...,n} and sgn(o) the sign
of the permutation ¢ that indicates whether an even or odd number of pairwise interchanges of

neighbouring entries in (1,...,n) is necessary to obtain the permutation o.

Lemma B.8. Under Assumptions 2.1, 8.1-3.4, 4.8 and 4.4, we have for m — o0o:

o sup_|det Fo,(u)| = O(1);

ueUteZ

e sup )det ?Qt(u) = 0(1); and
ucU,teZ

e sup Y (det I/:\Qt (u) — det Fg, (u)) = 001).
ueULteZ [t=1

Proof: Note that the determinant of a matrix equals the products of its eigenvalues. Hence,

Assumption 2.1-6. implies

sup |det Fg,(u)| <
uel te?.

P
SUP  Amax (FQt(u))] :55-
ueUteZ

For the second statement, Lemmas B.6 and B.7 yield

det F —det F
sup |3 (det o, (1) - det Qt<u>)|
= sup ;gsjp([Fqu)]w)-.-»[FQt<u>]po(m Fou o) - Fou ()]
m - p .
- [F F F
203" 3 5 (o~ Fart] ) T Fatlg T Fato],,
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m J—1 p—J
<pl(p—1) su Fo,(u) — Fo,(u))| max su Fo,(u max su Fo,(u
<pl(p )UGU&Z ;( Q:(u) = Fo,(u) max. LEUEGZ‘ Q. )I] max. LeUfEZ( Qi )”
o) .
Lemma B.9. Under Assumptions 2.1, 3.1-83.4, 4.3 and 4.4, we have for m — oo:
e sup det FQ*( u) 2 O(1); and
ucUteZ
e sup fj [(det ?Q*(u))z — (det For (u))Z} = 001).
uel lt=1 ¢ ¢
Proof: For the first statement, we have
LN -1/2 1—a—0b\?? 1—u\?/?
sup det For = su Fo,(w)| . < sup <) §< > =0(1).
uEUIPEZ @ ( ) uEU,IPEZil;[l { Q ( )Lz uelU 1-b 1- P ( )
For the second statement, consider the interval Ig: (u) := [é* (u), _f(u)} with
& (u) == min {det Fo; (u),det Fo; (u)}  and & (u) := max {det Fo; (u), det Fo; (u)}
Hence, with the MVT and for any ¢ € Z and u € U, there exists a & (u) € Igs(u) such that
m 2 ~
sup |- [(det Fo; (u))” — (det Fo; (u)) ] = sup 22@ ) |det Fo; (u) — det Fo; (u)]
uelU t=1 uelU t=1
~ m = _1 p 1
<2 sup f;tk(u) sup Z <H [FQt (U)} ..2 - H [FQt(u)]ii2>‘
ueU,tEZ uelU t=1 i=1 w =1
_ m . _1 1 Jj—1 1 P = _%
=2 sup 5* u) sup <F t(u) f - F t 2) F t 2 F t(u)
uEULET 2 )ueU ;; [ “ LJ Faul 1;[ @ k—IZ!H[ “ }kk
MYT y LA ~2 (e l—a—b\""z
< 2 s f(u) s = |F5 : ( F F ) s ()
<2 s G) uéz‘}; > 5 Fa)],) ([Faw] , ~ Fa.l; )| sup (=255
-1
1- u) = . U ..
< — sup & (u) p sup Fo,(u) — Fo,(u))| = O(1
(175) 7 oo g psup 3= (Fau( ~Fau() | o)
with Lemmas B.6, B.9 and (2.8). [
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Lemma B.10. Under Assumptions 2.1, 8.1-3.4, 4.3 and 4.4, we have for m — oo:

I
O

(1),

1 8.
o SUp  SFTm
weviez 9% R (1)

i

1 a.
weUtez. det Fry(u)

O(1); and

= 0(1).

e sup
ueUteZ

& 1 1
t; (det ERt (u) - detFg, (u))

Proof: For the inverted determinants, statement (2.9) yields

p
as. [1—a—2>5 51 P
S _ e
sup det FRt(U) > < sup Amin (FRt(u))> > [ 1—-9b p(SQ]

ucUteZ ueUteZ
1 a.s. 1—-0 p(52]p
= su | =0O(1).
uEUzPeZ det Fp, (u) [1—a—b 5 (1)

For the last statement of the lemma, consider Ig, (u) := [{t(u), ft(u)} with

&(w) = min {det Fp, (u),det Fr,(u)} and  &(u) = max {det Fp, (u), det Fp, (u)} .

Thus, with the MVT and for any ¢t € Z and u € U, there exists a & (u) € I, (u) such that

1
& (u)

m ~ 2 ~

Z ({det For (u)} det Fo, (u) — {det Fo: (u)} det Fg, (u))’

t=1

sup

sup
uelU

sup i (det Fr, (u) — det Fp, (u)>|

t=1

= — < su
— \det Fg,(u) detFg, (u) u€UE,

sup
u€U teZ ft U) uelU

1

&*(u)

1 ~

( sup det Fg,(u) sup

m

3 ([det For(w)]” — [det Fo; (u)f)‘

t=1

ueUtezft U) ueUteZ uwelU

= o(1)

f: (det Fo, (u) — det Fo, (u))

t=1

2

1
+ sup —5—| sup detFgq:(u)|l sup
wel,iezé? (1) |uet ten uel

with Lemmas B.8 and B.9. [ |

Denote by X () the matrix that results from X ~ (n x n) by omitting the i-th row and the j-th

column with 1 <14,5 < n.
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Lemma B.11. Under Assumptions 2.1, 8.1-3.4, 4.3 and 4.4, we have for m — oo:

e sup detFg,(u)®) = O(1); and
ueUteZ

o sup |3 (det Fr, (u)(9) — det Fr, (u)(9)| 2 O(1).
uelU lt=1

Proof: The proof works analogously to the proof of Lemma B.8 and uses the arguments in the

proof of Lemma B.10.

Lemma B.12. Under Assumptions 2.1, 8.1-8.4, 4.3 and 4.4, we have for m — oo:

o sup |5 (Fp(u)t ~Fp,()™!)| “ O(1); and
ueUteZ lt=1

e sup |3 (Fr(u)™! = Fr,(u)!)| = 01).
ueUteZ It=1

Proof: With Lemmas B.4, B.10 and B.11, we have:

m m
su F Lt _Fp,(w)7 )| = su max Wor(w) "2 —wi(u)"2)| 2 O(1
ueU,er ;< D, (u 0. () ) ueUEeZ 1<j=<p|iZ 1( () () > e
m
and sup F 1 Fp (u)!
ucUteZ ;( Rt Rt( ) )
= sup max i édet Fr, (u)) — ———det Fp, (u)®9)
ueltez 15,5<p | \ det Fg, (u) det Fg,(u)
< sup f: Al — 1 max  sup ‘det Fr,(u ’9)‘
" uettez |{= \det Fg,(u) det Fg,(u) )|1<ij<p wevten
1 m N - -
+ su ——— | max su det Fp, (1)) — det Fp, (u)®7)| = 01
| Ger Py | 112, Sup |2 (det P (1) R (W) ) | 2 0(1)

Lemma B.13. Under Assumptions 2.1, 3.1-3.4, 4.3 and 4.4, we have for m — oo:

o sup [Fo,()"2| % 0(1), sup_[Fo, (w2 % 0(1), and sup_[Fa; ()% % 0(1);
ucU,teZ ueU,teZ ucU,teZ
o sup [Fp, ()2 0(1), sup [Fo,(u)? = 0(1), and sup_|Fo; ()% = 0(1),
ueUteT, ueULtET, ueUteT,
Proof: First of all, (B.17) implies  sup ‘FDt(u)l/g‘ = sup max wy(u)/*E O1).
ueULET wel,te7z1<i<p
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Furthermore, consider the eigenvalue decomposition of Fg,(u)!/? with U;(u) the matrix whose
columns are the orthonormalized eigenvectors that belong to the ordered eigenvalues of Fg,(u)
which form the main diagonal of the diagonal matrix A;(u). Note that due to the normalization we
have sup |Uy(u)| < 1and sup [Fg,(u)| 2 O(1) which implies Amax (Fo,(u)) = O(1). These

uEUEL uelU ez,
statements yield

1 1 1
sup ‘FQt(u)z = Ssup ‘Ut(u)At(u)QUt(u)/ §2p2 sup |Ut(u)| SUP  Amax (FQt(u))2 :O(l)
ueUteZ uecU,teZ ucU,teZ uecU,teZ
1 1
1| @.S. l1—a-0 1 a.s. 1—u\14
and su Fox(u)z] < su ———— min |F5(u << > =0O(1).
ueU,er‘ i s s T min, [Fat],| = (1= 2p o) n
Lemma B.14. Under Assumptions 2.1, 3.1-3.4, 4.3 and 4.4, we have for m — oo:
e sup [Fp,(w)7H = 01) and sup [Fg,(w)7l E O(1); and
ueUte, uwEULET
e sup ’?Dt(u)_l “001) and sup ’?Rt(u)_l = 001).
ueUtET ueUteT
Proof: Note that (B.17) implies sup |Fp,(u)™ = sup max th(u)*l/2 < 01—1/2 = 0(1).
ueUteZ weltez 15J<p
Toprove sup |Fg,(u)~! 2 O(1), we investigate the matrix Fg, (u)~! in detail. For this purpose,
ueUteZ

keep in mind that Fp,(u)~' = [det Fp,(u)] " A(u) with As(u) = (az(u)) , the adjoint

ij=1,...,

matrix and a;j.(u) the cofactor of [Fg,(u)];

;; which is defined as a;;;(u) := (—1)" M;j ¢ (u) with
M;j+(u) = det Fg, (u)®?) the minor of [Fg, (u)];;- Since the entries of Fg,(u) do not exceed one in
modulus, M;;(u) is bounded by a constant:

p—1
sup max |M;::(u)|| < sup max
ueglsmgp' igal )"—ue&gm 2 1:[

0€Sp_1 k=1

[P ()]

—1)!
| < =D (B.26)

Thus, analogously to the argumentation in Lemma B.10, (2.9) and (B.26) yield

_ 1 : | @.s. 1-0 p(SQ p

1 (4.9) L) — 1)
sup |Fg,(u < sup max  sup |det Fp,(u < [ ] p—1)!
ueUte ‘ () ‘ ueUtez |det Fp, (u) | 1<i,j<p uGU,tEZ‘ () l—a—10b6 ( )
which completes the proof. [
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Lemma B.15. Under Assumptions 2.1, 8.1-3.4, 4.3 and 4.4, we have for m — oo:

o sup [Z(w)Z,(u)] = O(1); and
ueUteZ

m

3 () - 2wzw)

t=1

e sup
uelU

~

Proof: With Fy, (u) := Fp, (u)Fg, (u)Fp, (1) and Assumption 4.3, the Lemmas B.13 and B.14 yield

sup ’ Fr, (u)l/Qete’tFHt (u)1/2
ueUteZ

sup ‘?Dt(u)*l‘

sup |2t(u)ig(u)]§p2 sup ‘IEDt(u)
ucUteZ

ucUtEZ ucUteZ

2 4 2
<p? < sup ’FDt(U)_ID ( sup ’FDt(u)l/QD < sup ’FRt(u)l/QD sup |es€y]
ueU,teZ ueU,teZ ucU,teZ teZ

2 4 4 2
< pb ( sup ‘/F\Dt(u>1‘> < sup ‘IA:Dt(u)l/ZD <sup ‘I?Qzﬂ (u)l/QD ( sup ‘?Qt(u)lm‘)
ucUteZ ucUtEZ uelU ueUteZ

x sup |ere;| = O(1).
teZ

Furthermore, with (B.17) and Lemma B.3, we have

Zyzty]t [ Wzt W]t( )) % - (Wit(u)wjt(u))i

sup
uelU

(2w - zt<u>z;<u>)’ — sup_ max

weU1=h,J<p |

[NIES
[E——"

t=1

=~ Sup max
C% u€U1<Zv-7<p

i( Tt (u) + Tjewie (u ))yz‘tyjt

m
Z Tiiyityt
t=1

max sup w;(u) max ( itYitYjt| +

20 1<Z<pu€Ut€Z 1<4,5<p

) = 0(1).

Denote Ky(u) := Fp,(u)™! + Fp,(u) " *Fg, (u) 2 (u)Z,(v) and analogously K1:(u) in dependence

of a finite past of observations.

Lemma B.16. Under Assumptions 2.1, 3.1-3.4, 4.3 and 4.4, we have for m — oo:

e sup ’f(\lt(u) = 0(1); and
ueUteZ

o sup |2 (Ku(w) - Ku(w))| = O(1).
uel lt=1
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Proof: The Lemmas B.12, B.14 and B.15 imply

sup ‘Elt(u) ’
ucUteZ

< sup_ [Fp, ()| +p* sup [Fo, ()| sup [Fr ()| sup [(w(w)] = o)
ueU e uEUET ueU e ueUET
and  sup Z (?u(u) - Klt(u))
uelU t=1
<p* sup [Fr ()7 sup [z(wzi(w)|sup > (Fp,(u)™ = Fp,(w)™)
u€eUteZ ueUteZ uel |3
+p?  sup ‘FDt(u)_1 sup ]?t(u)/z\;(u)‘sup Z(?Rt(u) —FRt(u)_l)
ucUteZ ucUteZ uel |1
47 sup [Fo) | sup [Frw) ! sup 3 (21n) — z(wa)| 2 00)
ueUleZ ueUteZ uel |4
|
Lemma B.17. Under Assumptions 2.1, 3.1-3.4, 4.3 and 4.4, we have for all j € {1,...,p} and
m — 00:
o sup |%W|%0(1); and
ueUteZ
(9l (w) 8lt(u)> as.
e su — = = 0O(1
Proof: The Lemmas B.5, B.12 and B.16 imply
F ! s
swp | P < gy Pl gy )2 o)
weUtez | Orj ueUte or; ueUte,
~ /
m Al w)  Oly(w) m (ovec (Fp,(u)) dvec (Fp, (1))’
and su - = su — 2 Kj(u) - —— 2 Ky (u
UEB 1;( 8” 8rj ueg ; al’] 1t( ) 6!’] 1t( )
m_ [ Ovec </F\Dt(u)>, dvec (Fp, (u))’
<p sup ]Ku ’SUP > 5 - Dt
weU tex. uel 1= rj or;
dvec (Fp, (u s
+ su su K — Kt (u
puEU,IPEZ 8] uEB ;( 1t 1t( )>
3V€C(FDt(U))/ (e -1 -1)| as.
+ su ———"|su Fp,(u)™" —Fp,(u = 0O(1).
puGU,lPEZ 8rj uelpJ ;( Dt( ) Dt( ) ) ( )

o4



(IT) The proof of sup
uelU

= 0().

(ol (u)  Ble(w)
t;( atuQ a 5u2 )

Denote Koy(u) := Fg,(u)~t —Fg, (u)"1z;(u)z}(u)Fg, (u)~! and analogously Ko(u) in dependence of

a finite past of observations.

Lemma B.18. Under Assumptions 2.1, 8.1-8.4, 4.3 and 4.4, we have for m — oo:

o sup |Ky(u)| = O(1); and
ueUteZ

m

S (Kar(u) — Ka(u))

t=1

= 0(1).

e sup
uelU

Proof: With Lemmas B.12, B.14 and B.15, we have

sup | Koy (u)|
ueU,teZ

< sup |Fp¢t(u)*1|fp2 sup |FRt(u)*1| sup |z:(u)zj(u)| sup |FRt(u)’1|a‘:‘q'O(1).

ueUteEZ ueUteZ ueU,teZ ueUteZ
m
and sup E (Kzt(u)—th(u))
uwelU |37

> (Frw)™ = Fr(w)™)

< sup |?t(u)’z\;(u)|< sup ‘ERt(u)_l‘—k sup ‘FRt(u)_1|> sup
=1

u€eU,teZ ueU,teZ u€eU,teZ uelU

m

> (2w - 2tz

t=1

sup ‘FRt(u)_l‘ sup = O(1).

ueU,teZ uelU

+ sup ‘ERt (u)_1
ueUteZ

Lemma B.19. Under Assumptions 2.1, 3.1-3.4, 4.3 and 4.4, we have for m — oo:

e sup 78\/6‘:}1(62?@)) a5 O(1); and
uceUteZ
m Ovech(Fq, (u ! dvech (F, (u) ' a.s.
e sup Et:1< guz @) Eﬁru? ) > = 0(1).
ucelU
Proof: With sup ‘FQ(U) a; 1, we have
uelU
h (F ! l—a—1>
o sup Ovech (Fg, (u)) _ a _ o()
ueUteZ | dvecl (FQ(u)) 1-b
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dvech (FQt (u))l 1 C- / s.
® su S + su nz 1wz, 1 (u = (1
ueU,tpeZ da 1—p ueU,er nz::oﬂ t—n—1(w)Z;_p_1(w) (1)
dvech (FQt (u))/ u - n—1 / s.
¢ sup < + sup n zi 1wz ()] E 01
ueU e, ob (1—p) weUicT nz:% P t—n—1(1)Zy_p,_1(w) (1)

where the validity of the second and third statement is implied by () from Section B.3.1 and
Lemma B.2. Thus, the first part of the Lemma holds with Lemmas B.7 and B.15. Furthermore,

with Lemmas B.6 and B.15, we have

/
. i dvech (Fg, (u))’  Ovech (FQt(u)) 4
wet | dvecl (Fy(u)) dvecl (F5(u)) B
" [ Ovech (Fo, (u))  Ovech (FQt( )) - .
- - b —Zi
0525 ; 0 oa 5:5 ;’;) 2o (W2 (1) = Ze— k(W24 (u)
1 G as.
S sup Z(Zt k(u)zi g, (u) = Zp—p(u)Z; 4 ( = 0(1)
- uEUtEZ —1
dvech (Fg, (u)) 8vech FQt mox (
® sup L = sup b | vech (Fg, —vech ( Fg,
uelU =1 ob wel ;’;) Q )) ( Q( ))
1 - a.s.
< su F ~F =0
11— uEUfEZ ; ( Qt Qt

Lemma B.20. Under Assumptions 2.1, 8.1-3.4, 4.3 and 4.4, we have for m — oo:

® sup in: (FQ; (u) ® FQ;(u) —IA:Q;(u) ®?Qt* (u)) 2 0(1); and
uelU [t=1

o sup |5 (Fo: (u)Fq,(u) — Fo: (u)Fq,(w)| 2 0(1).
uelU [t=1

Proof: With Lemmas B.6 and B.7 and the univariate MVT, we have

sup (3 (Fa; (u) ® Fo; () — Fo; (u) @ Fo; (u))

77

H( (IFou(wl* Fo ), = [Faw)], " [Faw)] )|

m

—-1/2 12 [g —1/2
= 23251@f§p‘[FQt(“)]jj \Sgg{ggp ; ([FQt( i = [Faw)] )
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-1/2 4 —3/2 m R
< 2sup (i Fo. ()l 35up |, min, [Fo.(u)]; p ;(th(U) - FQt(U))‘
1—u - = a.s.
< (174) s |3 (Fautw) ~ Faw) | 2 011
t=1
and - sup |3~ (Fo; (w)Fa,(u) — Fo; (wFe, (u))’
u t=1
< su F Fo-(u —IA:*u + su Fos (u)| su Fo,(u) — Fo,(u
o [Pl sup 3 (For () = For ()| + sup [Fo; ()] sup |3 (Fau() —Fa >)’
:( sup |Fq, ()l + sup !FQ;<u>]> sup |3 (Fou(u) — Fau ()| 2 0(1)
ueUteZ ueUteZ uel |p—1 u
Denote

dvech (Fq: (u))

Kau(w) 1= D (Fo; (w) @ Fo; (w))Dy + D (Fo (u)Fa(w) © L + 1 ® Foz (wFa, (u) ) Dy et

and analogously K. 3¢(u) in dependence of a finite past of observations.

Lemma B.21. Under Assumptions 2.1, 8.1-3.4, 4.3 and 4.4, we have for m — oo:

o sup |Ks(u)] = O(1); and
ueUteZ

o sup |So7; (Kii(u) — Kan(u))| 2 O(1).

uelU

Proof: First of all, we have

Ovech (FQ; (u))
dvech (Fg, (u))’

<1 sup ( min ’[FQt(U)]ijg)/z < (1 —u)3/2 =0(1). (B.27)

sup <
2ucutez \1<i<p

weUtEZ

Furthermore, the MVT and Lemma B.6 yield

sup i aveCh FQ ( )) — Ovech (FQ: (U)> = — max sup i< —3/2 [?Q (u)} _3/2)
wev |“= \ dvech (Fq, (u))"  dvech (Fq, (u))’ 21<J<pueU 2 W]
3 5/2
<> s in [F N S F _F
B 4u6£5€Z (1SmJ|2p[ @ (u)}33> ugg ;( Q. (u Q. (u ))’

2 0(1). (B.28)

zm: (FQt —Fo(u ))

t=1

_3 3 (l—u)5/2s 0
u
4 17p uelU

o7



In combination with the Lemmas B.7 and B.20, (B.27) and (B.28) imply

Ovech (Fo-
sup |K3(u)] < sup |Fo;(u) @Fo;(u)|+ sup [Fo;(u)Fq,(u)| sup duech (Fo; (w)

wEULLET uw€EU,LET wEULLET ue,tez | Ovech (Fg, (u))’
2 1y 32
< (s [Foitl) +p sup [For] sup ol (1=2) = on)
ueU,teZ u€UtEZ u€UtEZ —pP
- K < . «(u) — For Fo-
and  sup ;(thm) Ra(w)| < sup ;(F@ (w) @ Fo; (u) — Fo; (u) @ Fo; (u))‘
Ovech (FQ (u ) m R N
+2 sup | s Fo: (u)Fo, (1) — For (u)Fq, (u
ueUEeZ dvech (Fg, (u nel z;( a: (WFa.(u) = Fo; (WFa.( ))
" [ Ovech (F dvech ( Fo; (u s
+2 sup ’FQ sup Z Y @ (W) , ( ) = 0(1)
UEULLET ueU |1= \ Ovech ( FQt( ) 6vech( ()

Lemma B.22. Under Assumptions 2.1, 83.1-3.4, 4.3 and 4.4, we have for m — oo:

8vec|(?iqt(u)),

a.s.
e sup = 0(1); and
ueU e, Ouz M)
ovecl(Fr, () ovecl(Fg,(u))’ ,
. sup z;’;( ved(Fr, ) _ e (o >> = o(1)
u

Proof: With Lemmas B.19 and B.21, we have

Ovecl /F\Rt (u !

0 "| a.s.
e sup (au))lg sup | Ksi(u)|| sup W “0(1)
ueULtEL 2 ueULtEL uEU tEZ :
™ ovec(Fr, (w))  Oved (Fr, ()’
- mpf (= -
m / ’
< sup || sup |3 (2l el ) )
uelU,teZ uel [t=1
dvech(F ’ m ’N s
v sup | 2N qup |$ (K u) — Raaw))| 5 0(1).
ueU,teZ uelU |t=1

Lemma B.23. Under Assumptions 2.1, 8.1-3.4, 4.3 and 4.4, we have for m — oo:

e sup ’6(19252) “ 0(1); and
ueUteZ
(9 (u) 8lt(u)> a.s.
e su - = O(1).
wp |2 (%2 - 3)] = 00)

o8



Proof: With Lemmas B.19 and B.18, we have

alt(u) 8V€C|(FRt (’LL)), ‘
e sup ’— < sup |——5 1|+ sup |Ko(u
weUtez | 012 weUte7. Juz ueUteZ| ()
(9 (w) 8lt(u))‘ ™ dvecl(Fr, (u))’ avecl(?Rt(u))/
e su o 28 ) < sy Kot (u)| su L
UEB t;( Ouaz Ousz uEU,er| t( )| p tg Ous g
Ovecl u m ~
+sup # sup |5 (Fr, () — Py () )
ueU,teZ uelU It=1
dvecl (F (u) ! mo o
+ sup %}?u) sup | > (KQt(u>—K2t(u)>‘
ucUteZ uelU It=1

Thus, with Lemmas B.17 and B.23, we have sup | Dy, (t) — D, (1)
uelU

proof of (B.9). [

=0 (%), which completes the

bu)lp(u)| < oo

uelU

Along the lines of Berkes et al. (2003), we have

o(w)lo( ‘<<SUP8

uelU

uelU

with Lemmas B.17 and B.23. This implies

L)l (u ‘<<>o

uelU
B.2.3. The Proof of the Uniform Convergence of D,,(-) to D(-)

We use Theorem A.2.2 in White (1994). The requirements are satisfied since U is a compact set

and I}(u)l}(u)? is ergodic, continuous in u for all y; and measurable in y; for all u € U. We choose

/ (u)lé(u)T’ Thus, the finiteness of the expectation is implied

uclU
by (B.10) which yields the uniform convergence of D,,(-) to D(-). [

B.2.4. The Proof of Proposition 4.2.

Since D,,(-) converges uniformly to D(-), (B.11) follows directly from the consistency of the
estimator 6,, and the positive definiteness of the variation matrix D, i.e. Assumption 4.1, which

completes the proof of Proposition 4.2. [ |
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B.3. The Proof that the Second Order Derivations are of Finite Expectation
B.3.1. Notation

In the following, for ¢ € (0,1) and 4,5 € {1,...,p}, we adopt the notation

00
° Gg (i’j’ 80) = Zgonyiv_n_lij—n—l b Z ] 30 Zn@ Yi,—n—1Yj5,—n—1
n=0

Gg (i7j7 90) = Zn(n - 1)90n_2yi,—n—1yj,—n—1

Z s Jyu Zb Zj,—n— 1 Zj,fnfl(u) L] G1 1,7,U ann IZZ —n— 1 )Zj’,nfl(u)

(1,4, u Zn 1"~ 2, Zi,—n—1(u)zj,—n—1(u)

2
o Z(u) = (Zzso(lb)> ZZZSO w)zeo(u
s=1

s=1t=1

Note that G* (i, j, u) ES C%Gy (4,7,b) for all w € U.

Furthermore, with ¢ := max {¢1, p2} and 1, p2 € (0,1), we have for 7, j,k, 1l € {1,...,p}:

G (4,5, 1) Gp (K, 1, p2) = ZZ%% "Yi,—n—1Yj,—n—1Yk,—~m+n—1Yl,—m+n—1

m=0n=0
(e.) m
<> (@é)m > (@%)nyi,—n—lyj,—n—1yk,—m+n—1yl,—m+n—1. (B.29)
m= n=

With Assumptions 4.3 and 4.4 the double sum in (B.29) is stochastically bounded, since under the

1/2
/<OO

use of the Cauchy Schwarz inequality, we have E|y;sy;syreyie| < {E (%253/]25” 2 [E (v2,y7)]
which implies Elog™ (yisyjsyrey) < oo for all s,t € Z and all 4,5, k,l € {1,...,p}.

Thus, Lemma B.2 can be applied to the sum on the righthand side of (B.29).
Analogously, all products GY,, (4, j, 1) GY,, (k,l,p2) or GF,, (4,4, u) GF,, (k,1,u) with 1,2 € (0,1)
and my,my € {0,1,2} are of finite expectation. This property can be expanded to products of
four terms of type GY, (i,4,¢) or GZ, (i,j,u), 4,5 € {1,...,p}, m € {0,1,2}, ¢ € (0,1), which

can be shown by the use of Assumptions 4.3 and 4.4 and an application of the generalized Holder

inequality, that is Lemma 1.16 in Alt (2006) with m =8, ¢ =1 and p; = 8,7 = 1,...,8. While
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considering products of terms of type GZ, (i, j,u), one or several factors can be substituted by Z(u)
which leads to a decomposition into finitely many summands that are of finite expectation each.

We denote the property of finite expectations of all of these products as ().

Furthermore, denote Fr,(u)~! := [r;o(u)] - and recall that the arguments in the proof of
’ Z?.]: 7"'7p

Lemma B.14 imply

sup

_ a.s. 1— b p(SQ
Tij,t(u)
ueUteZ

p
- r - _ | —- 9
1_a_b51} (p— 1) =6, Vije{l,. .. p}. (B.30)

B.3.2. The Partial Derivations of w;(u)

The following statements on the magnitude of the partial derivations of w;o(u) with respect to the

variance parameters will be used in the next sections:

* (avgifu))z - 111(11”2 * <8W5§f“))2 = icg (i, 13)" (B.31)
. (awat(“)) = i(l fif + i(l Gl i) + 16! G o) (B.32)
) L gy PGy (o
. 8W5§f“) 8W5§f“) - i(l HG )+ LG (0,1) G (i, 1), (B.34)

Furthermore, the following statements on derivations of the derivations of the roots of w;o(u) will

be useful:

)3 o) GY (Gt o(w)r _ GY (4,4t

. 8w30(u) < i 1 . aW]()(’U,) < GO (]v]; t]) ° aWjo(U) < Gl (]ajlv t]) (B35)
d; 207 (1—t;) s 207 ot 207
2 1 20y . 3 Yii4.)2

|9 wJo(uZ) <! . ‘3 Wyo(lé) < S0 (m;tj) (B.36)

2 2 5

(Oz;) ACE (1—t)) (0s;) 402

. 82Wj0(7;)% < GglJ (jm]; t]) + Gg (.]a ];7 t]) ° |82W.7‘0(u)é < Ggs(j7j’ t]) (B37)
(0t;) iTes 20 dz;0s; 407 (1—1t;)

o [P | — MRS AVEAZ) Pwio(w)® | _ G (j’j;tj)Q + GO g
Oz 0t ; 207 (1 — tj)2 4C7 (1 —t;) 05,0t 407 207
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B.3.3. The Partial Derivations of Fg,(u) and Fq:(u)
In the following, we will have a closer look at the first and second order partial derivations of the

(4, 7)-th entry of Fg,(u):

9 [Fqo(u)l;; 0[Fg,(w)].. a
= Qgi l _ ‘ib + G§ (i, j,u) o Qg; Jis R +aGi (i, j, u) (B.39)
0 [FQO(U)]ij . 0 [FQO(u)]ij . 2a 2/
. W =0 ° (81))2 = — - b)3 +aG3 (4,4, u) (B.40)
o? [FQU (u)]ij . 1 P
0adb T (1-1b)? +Gi (g, (B.41)

The entries of Fgr (u) are either 0 or [Fg,(u)]; 1/2 , for i € {1,...,p}. Hence, only the derivations

of the main diagonal entries will be considered.

L ) PR O Pl P (M)2<M< o
4 \l-a-0

)2 Gi(i,i,u)? (B.42)

3 1/ 1-b \? 2
R— —_— z y y 2 p—
< <1—a—b> Gi(4,i,u) +2(1—a—b> L (B.43)

0 [FQS (U’)]” _ 3 -3 0 [FQO (u)]“ 0 [FQo (u)]” 1 -3 9? [FQO (u)]“
T oa0b 4 [Foo ()] Ja ob ) [FQo ()] T 9adb

32 [ 1-b \¥ | , 1/ 1-b \* 1
<4<> G(Z’Z’U)Gl(l’z’u)+2<l—a—b> ( . (B.44)

1—a-0

B.3.4. The Proof that the Expectation of 0 loa( ,) is Finite

(RER) = i o

+ ZO(U)Z/O(U) ® FDo( ) FRO FD(J -t

( )7) + (Fou (@)™ Py ()™ Fooy () @ 20 () ()
+(FDo(u)’1®FDO( )" Fr, (u )+ (FD0 ) 'Fg, (u )*1zo(u)z’0(u)®FDo(u)*1>
( )

( ")

20(w)2 () F gy (u) ™ Fp, (u) ™ @ Fp, (u) ™!

-1 D Ovec (Fp, (u))

+(Foo ()™ @ 20(w)zh(w)Fy () Fop, o

(B.46)
+E <E (vec(FD0 (u)"*Fg, (u)_llo(u)26(u)> ® H3p>

+% (vec(zo(u)zg(u)FRo(u)_lFDO(u)_l) ®]Igp) — <vec(FDO(u)_1) ®H3p)] W) (B.47)
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First of all, we have a closer look at the summands in (B.46). We use different matrices

vl = [S)LJZL...J)’

n (B.46). This general approach yields that

[ € {1,2}, that have to be specified appropriately to obtain the terms

ovec (Fp, (u))’ 1) (2)) Ovec (Fp, (1))
8u1 (V ®© v ) 8u’1

is a block diagonal matrix with (3 x 3) blocks

v&)v,ﬁ) Owpgo(u) Owgo ()
WE0 (u) al’k ar;

for k € {1,...,p}

on its main diagonal. Note, that with (x) the terms (B.31)-(B.34) are stochastically bounded. For
1,2
the first summand in (B.46), we have \;Zvloi(jj) = wio(u)™2 < C;% Thus, the expectation of this

k3

summand is finite. For the second and third summand in (B.46), we have

1,2
Vii Vii -3 9| — . 5
and for the fourth to seventh summand, we have
vi iy Yio yko 5%
Vi Yi | _ i _ 5.0 E (0 | Bt
( WzO(u) ) (WZO kzl Wk:O Tik 0 )D = 1 kgl (y Oyk0> ( )

Hence, with (%) it is obvious that products of one of the terms (B.31)-(B.34) and (B.48) or (B.49)
are of finite expectation. Furthermore, note that (B.47) is finite if the following expectations are

finite for all w € U, i1,...,14 € {1,...,p} and =,y € {x;,, si,, ti, }:

_ 0% w;0(u)'/? _1/2 Dwiyo(u)'/?
E | wio(w) Y2 |r, Z(u) S0 ) < P2E [ z(y) L2 B.
<wlo<u> a0 ()] 200505 ek (525, (B.50)
% wqyo(u)/? _12 0%w;,o(u)/?
E | w; o(u) /22800 ) o ort/2g (L0 ) B.51

The finity of (B.50) and (B.51) is a direct consequence of (B.30), (x) and (B.35)-(B.38). Therefore,

2
combining the previous results finally yields gulloa(z,) < 00
1
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B.3.5. The Proof that the Expectations of gilloa(s,) and g a( ,) are Finite
2

2lo(u vec u))
- (gulloa(UD B _%E (W [<ZO(“)26(“)FRO (u)™! ® Fp,(u)~'Fr, (u)J)

+ (Fpy ()™ Fy (1) ™ @ zo(w)2h (u)F ry (w) )| 2 (D) W) (B.52)

The cross derivations are of finite expectation if the following expectation is finite for all u € U,

Z-17---72‘5 S {17-”7])}, T e {xilvsilatil} a’ndye {%b,(hw-w%*}:

ow,/? 2 3 [Fos(w)] owt?_ O [Fgy(w)]
Owiig ~1/2 0 isis | < §2 —1/2E 10 7 0 i5is5 B
| 5t 2w i o) wig P ——5 = | <8, a2 —— (B.53)

The finity of (B.53) is implied by (B.30), (*) and the statements in Sections B.3.2 and B.3.3 which

completes the proof.

B.3.6. The Proof that the Expectation of guloa(s') is Finite

It has to be shown that the following expectations are finite:

E (WD;_ (Fro ()™ & Fg (1)) Dp,—a\/edgw> (B.54)
: (W S R L L ) (B.55)
e (2 D (F 1 © Py (0 2020 (1)) - 2 ) (B.56)
E _(vecI(FRO (u) ™ [Ip — z¢(u)Z} (u)F g, (u) ] )’D;ﬁ o, vech ézfo(u» p) dvecl (Fq (63;)2 ® Fog (u )]
(B.57)

E -<vecI(FRO (1)~ [T, — 22 ()2} (u)F o (1) ] )'D;_ ® WD}) (1p @ Kpp @1,

. lavec (FQg(u? Fonl)) i vec 1) + vec 1) 0 22 (FQgSf: Fanl) (8.59)
E Kvecl(FRo ()~ [T, — 24 (1)} () F y () ] )'D;_ (FQO (W)* ® Foq (u)*)Dp ® Hp+z)
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E Kved (Fro ()™ 1, — 22 ()2} ()F ey ()] ) D - (Feog (w)Fey () ©1T, + I, @ Foy ()F oy (1)) Dy @ ]Ip+2>

X 0 vec ((’)vech(FQO(u))/>1 . (B.60)

81/2 8u2

The following statements will be useful for the next parts of this section:

-1/2 a.s. 1-0b

o d(i,j) == ([Foo W) Fo(w);) < 1—— (B.61)
Gi(k,k,u) _ Gk, k,u) 1
Fao ()l ~ aGi(hk, byw) — (B.62)
Fo,(w)]..
o [Fo(u);d(i,j) <1 = m < [Foo(w)})* < [1+aGi(j.j.w)]"?.  (B.63)
Qo\U)l4;

The finity of (B.55) and (B.56) is a direct consequence of the finity of the following expectations
forueU, € {a,bq,...,q-} and for all iy,...,i5 € {1,...,p}:

a[FQ:(u)]ilil ’ a[FQt(u)]izi3 ’ — 3 3 a[FQT(U)]““
EQ Z ] [a[Fquwl i) Z(0) | < %€ [ax

d[Fo-(w)]. . 17 o[Fo-(w)].  1° — 2
E(l[‘»?a(x”] [FQ;;(u)F|r;i5,o<u>|32<u>) sdiE([ [Qg(w)]““] (=5) Z<U>)

which is implied by (B.30), (*) and the statements in Section B.3.3. Analogously, the finity of (B.54)

3
Piiso(®)] Z(u) by

Furthermore, the finity of (B.57) and (B.58) is a consequence of the finity of the following expec-

2

[1 + aGg(i37 i3a u)] Z(”))

2 a.s. 9

is obtained by substituting Tisow)| < 6

tations for all u € U, iy,...,i5 € {1,...,p} and z,y € {a,b,q1,...,q)- }:

_ 2 0[Fqy )], 3[FQ5(U)L ) o

E n-li?,o(U)\ Z(u) ——gp— ——— =55 [Fo, (u));, 2
1 ofFau]. . O[Fes®]
< 82 (T ) P E | Z(u) e £
2
2 8[FQ*(U)] - ofFo,w]. . 1°
. r;iZ’O(u)’ Z(u) % [FQO(U)]i3i3 < 5>12<E Z(u) [W‘|
2

_ 2 a[FQS(U)] _ 8{F S(H)]- . 1/2 8[':‘93(")] .

E i1i2,0( )‘ u) ox igig 5 igig {FQS(U)LMB <(53 <1iaib) E Z(u) - igig
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Finally, with _82vech (FQS (u)) 92vech (FQS (u)) -
0p+ 5 p—
* (8(1)2 aaab r
o (e (a)) [
Ol Ouf dadb (a0)? O
| Oy 0y p- Optpxp-

the terms (B.59) and (B.60) are finite if the same applies to the following expectations for all u € U,

i1,...,i6 € {1,...,p} and z,y € {a,b,q1,...,qp-}:
E(
E(

With (B.30), (%) and the statements from Section B.3.3, the terms (B.64) and (B.65) are finite

wich completes the proof and yields E (gil;ézl) ) < 00.
2

02 [Fo, ()], . — 9% [Fgo(w)];,;
a0l 2 Fay 7, [gféy”) FI: (zwﬁéﬁséyﬂﬂ (B.64)
_ 2 [Fo(w)ly,, 0° [Foo (W), e s2 9 [Fo (u)];
rili%o(u)‘ Z(u) Fo ()l 0uty ) < E (z(w [1+ aG§(ia, is,u)]/? axay> :

1313

(B.65)

B.4. The Proof of Theorem 4.1

We use Theorem A.2.2 in White (1994). Since U is a compact set and [}'(u) is continuous in u for
all 1 and measurable in y; for all w € U, it remains to verify the dominance condition. Choosing the

dominating function as sup |I}'(u)| and using the results of Section B.3 implies E sup |l (u)] < oc.
uclU uelU

This yields

m

Zl" —E (I5( ))‘ = lsup >

mueU i=1

sup
uelU

(17 (w) — E (I (u))]]| %3 0. (B.66)

Recall that with Lemmas B.17 and B.23, we have

= 0(1). (B.67)
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Using the consistency of the QMLE as well as (B.66) and (B.67), we can argue along the lines of
Berkes et al. (2004) that

S D (0)
iy " [Wp(1+1) = (1+)Wp(1)] D~/2|
sup — sup
1<k<mBm1/2 (1 + %) b (%) t€(0,B] (1+1)b(2)

where the limit process {Wp(s), s € [0,00)} is a d-variate mean zero Gaussian process with co-
variance function E (Wg(k)WD(l)) = min{k,l} D. A simple recalculation of the properties of
the processes yieds that {[WD(I +t)— (1+t)Wp(1)] D~ V2, t o, oo)} and {G(t), t € [0,00)}

possess the same distribution which completes the proof. |

B.5. The Proof of Theorem 4.2

Assume that the vector of parameters @ changes to 8* at the k*-th point of the monitoring period
and there is a positive constant A* that determines the fraction of the monitoring period where the
changepoint is located, i.e. \* := %. To avoid that \* is shrinked towards zero with m tending

to infinity we assume A\* as constant over time. In the following, we consider the decomposition for

k> k*:
m+k R m+k*—1 R m-+k .
i:%;—&-ll; (Hm) i:%ﬂ l <9m> i:n%;rk*l; (Qm)

ml/2 (1+%)b<%) - ml/2 (1+%)b(%) +m1/2 <1+%)b(%> (B.68)

For the first summand in (B.68) that sums the gradient contributions of pre break observations,

we obtain along the lines of the proof of Theorem 4.1 or the proof of Theorem 3.1. in Berkes et al.

(2004):
m+k*—1 R
> 1 (Om
iz () 4wy WBO+XB)—(1+XB)Wp(1)| 569
ke <k<oomn /2 (1 + %) b (%) te [\ B,oo) (1+t)b(t)

The second summand in (B.68) contains the gradient contributions of the post break observations
that are determined by parameter vector 8*. Thus, an expansion of [ (ém) into a Taylor series

at 0* yields
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m+k A~ m+-k . ; mitk
> U (0m) - [ S UO)+ (In—07) % I (a*)l ‘
sup [E=mHR i=m4k* i=mtk*
k* <k<oo ml/2 (1 + %) b (ﬁ)

m

=op(1)

as m — oo. Along the lines of Theorem 4.4 in Berkes et al. (2004), we can deduce

(O — 0%) = (0 — 0) + (6 - 0%) = —;zm: HENIAC) [1+0p(1)} +(0-67).

Note that since 6* is in the interior of U, there exists U, a neighbourhood of 6* inside of which
m
%i;lg’ (u) converges uniformly to its expectation with Theorem A.2.2 in White (1994) and the

results of Section B.3 that imply the finity of the expectation of the dominating function sup |l (u)].

uelU
This property implies the convergence in probability of
. , m+k N —1 m
‘(em —6) Y (o) - [—m* [E©)] E©) S 60O) + (k— k" +1) (6 - 6°) EW <0*>>} ‘
i=m-+k* i=1
e 2o m'/2 (14 55) b ()

to zero. Furthermore, the triangle inequality yields

—1

[Wfk l0n) - =t [E g o)) | B 07) Sti(6) ] (k= k" +1) (6 - 6°) E (1§ (6°))

su i=m-+k* i=1
k*gkzoo ml/Q( )b( )
5 e - = e o)) e 00) S
I 0 o WO 210 o [EZ R 1) (067 E G (67)
gl T 2 (14 £ )b (E) wtiee mi2 (14 E)b ()
with
m+k N -1 m
> 1(0%) - EEEE @ (0)) ] E(zgw*))zz;(e)l
i=m+k* i=1
sup
e Shoe mi? (14 £)b (%)
-1
) W (1+48) = Wor (14 X%) = (£~ A [E5(6)) ] E(E (67) W)
—  sup B.70
P G+ 0b() B70)

where D* := Cov [lj, (0*)] and {Wp=(t), t € [0,00)} a zero mean Gaussian process with covariance

function Kp+(s,t) = min{s,t} D*.
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In addition, we have

(k= k" +1) (0 - ) E (1§ (6))] ==L (0 - 0%) E (15 (67)]
e m2(1+E)b(E) e (14 E)b(E)

as m — oo almost surely. Since the thresholds (B.69) and (B.70) are stochastically bounded if the
variable parts in b(-) are chosen such that the procedure keeps its size under the null, this completes

the proof. ]

C. THE PRrROOFS OF THE CALCULATION RULES IN SECTION A.2

C.1. The Proof of CR1:

Recall that D, _ is a (p? x p~) matrix while D;_ is of dimension (p~ x p?). Furthermore, D,, _ is
a matrix whose entries are zero or one and whose column sums are all equal to 2 whereas the row
sums are 1, i.e. every column has two ones but none of them is in the same row as any of the ones

in a different column.

Thus, the eigenvalues of D;7_Dp7_ are all equal to 2 with multiplicity p~. According to page 335
in Seber (2008), this implies that the singular values of D, _ are v/2 and the singular value decom-
position of D, _ is given as
o[V |y

0

D, =

Pt Xp~
with orthogonal matrices U ~ (p? x p?) and V ~ (p~ x p~) that contain the orthonormalized
eigenvectors of D, _Dj, _ and Dj, _D,, , respectively. Hence, with 5.5.1(9) of Liitkepohl (1996), the

singular value decomposition of the Moore Penrose inverse of D,, _ is given as

1
D;—_:V %'H]f U/:lv \/E'pr U/ZED;_
) O 0 2 )
ptxp= pTxp~
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C.2. The Proof of CR4:

We use 17.30(h) in Seber (2008):

Z ~(xm), UZ)~(gxr), V(Z)~(rxt)

Ovec (UV) dvec (U)
(

B ovec (V)
dvec(Z) Vel Ovec Z)/ +lel)

dvec (X))
We consider symmetric (n x n) matrices X and Y (X) and choose U := XY and V := X.

This yieldsg=r=t=1=m =n and

Ovec(XY (X)X)
Ovec(X)!

Ovec (X Y)

Ovec (X)
Ovec (X)'

dvec (X)'
Ovec (X)
dvec (X)'

=(Xol,) + (I, ® XY)

Ovec (Y)
Ovec (X)'

UXVY

(XeL)|(YeL) + (I, ® X) + (I, ® XY)

B ovec (Y)
=X eL)(Yol,)+X&l,) (I, ®X) Bvec (X) + (I, ® XY)
Ovec (Y)

=X ®X) dvec (X)'

+ (XY ®L,+1,® XY).
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