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WEAK CONVERGENCE OF A PSEUDO MAXIMUM LIKELITHOOD
ESTIMATOR FOR THE EXTREMAL INDEX

BETINA BERGHAUS AND AXEL BUCHER

ABSTRACT. The extremes of a stationary time series typically occur in clusters. A
primary measure for this phenomenon is the extremal index, representing the recipro-
cal of the expected cluster size. Both a disjoint and a sliding blocks estimator for the
extremal index are analyzed in detail. In contrast to many competitors, the estima-
tors only depend on the choice of one parameter sequence. We derive an asymptotic
expansion, prove asymptotic normality and show consistency of an estimator for the
asymptotic variance. Explicit calculations in certain models and a finite-sample Monte
Carlo simulation study reveal that the sliding blocks estimator is outperforming other
blocks estimators, and that it is competitive to runs- and inter-exceedance estimators
in various models. The methods are applied to a variety of financial time series.

KEY woRrDs. Clusters of extremes, extremal index, stationary time series, mixing
coefficients, block maxima.

1. INTRODUCTION

An adequate description of the extremal behavior of a time series is important in many
applications, such as in hydrology, finance or actuarial science (see, e.g., Section 1.3 in
the monograph Beirlant et al., 2004). The extremal behavior can be characterized by
the tail of the marginal law of the time series and by the serial dependence; that is, by
the tendency that extremal observations tend to occur in clusters. A primary measure
of extremal serial dependence is given by the extremal index 6 € [0,1], which can be
interpreted as being equal to the reciprocal of the mean cluster size. The underlying
theory was worked out in Leadbetter (1983); Leadbetter et al. (1983); O’Brien (1987);
Hsing et al. (1988); Leadbetter and Rootzén (1988).

Estimating the extremal index based on a finite stretch from the time series has
been extensively studied in the literature. Common approaches are based on the blocks
method, the runs method and the inter-exceedance times method (see Beirlant et al.,
2004, Section 10.3.4, for an overview). The first two methods usually depend on two
parameters to be chosen by the statistician: a threshold sequence and a cluster iden-
tification scheme parameter (such as a block length). In contrast, inter-exceedance
type-estimators are attractive since they only depend on a threshold sequence. Some
references are Hsing (1993); Smith and Weissman (1994); Weissman and Novak (1998);
Ferro and Segers (2003); Stiveges (2007); Robert (2009); Robert et al. (2009), among oth-
ers. The present paper is on a slight modification of a blocks estimator due to Northrop
(2015), which, remarkably, only depends on a cluster identification parameter. This
makes the estimator practically appealing in comparison to other blocks methods.
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In many papers on estimating the extremal index, either no asymptotic theory is
given (such as in Stiveges, 2007; Northrop, 2015), or the asymptotic theory is incomplete
in the sense that theory is developed for a non-random threshold sequence, while in
practice a random sequence must be used (as, e.g., in Weissman and Novak, 1998;
Robert et al., 2009). As pointed out in the latter paper, “the mathematical treatment
of such random threshold sequences requires complicated empirical process theory”. In
the present paper, the mathematical treatment is comprehensive, working out all the
arguments needed from empirical process theory.

Let us proceed by motivating and defining the estimator: throughout, Xi, Xo, ...
denotes a stationary sequence of real-valued random variables with stationary cumulative
distribution function (cdf) F. The sequence is assumed to have an extremal index 6 €
(0,1]: for any 7 > 0, there exists a sequence u, = u,(7) such that lim, s nF(u,) =7
and such that

lim P(My, < uy) =e . (1.1)

n—oo
Here, F =1 — F and M., = max(Xy,...,X,).

For simplicity, we assume that F is continuous and define a sequence of standard
uniform random variables by U, = F(X,). For z € (0,1), let u, = F* (z'/™), where F*
denotes the generalized inverse of the cdf F. Then nF(u,) = n(l — z'/") — —log(z) as
n — oo and therefore, by (1.1)

P(NY, < a) =P(Myp < up) — "8 =27, (1.2)

where Ny., = F'(My.,) = max{Uy,...,U,}. In other words, N7, asymptotically follows
a beta-distribution with parameters (6, 1), inspiring Northrop (2015) to estimate 6 by the
maximum likelihood estimator for the beta-distribution, based on a sample of estimated
block maxima (see below). A slight modification of this estimator can be worked out by
considering a further transformation to Zi., = n(1 — Ny.;,). Equation (1.2) immediately
implies that

P(Zi.m > x) =P(NT,, < {1 —x/n}") — exp(—bz), n — 00, (1.3)

that is, Zy., asymptotically follows the exponential distribution with parameter 6.

Now suppose that we observe a stretch of length n from the time series (Xs)s>1.
Divide the sample into k, blocks of length b,,, and for simplicity assume that n = b,k,
(otherwise, the final block would consist of less than b, observations and should be
omitted). Fori=1,... ky, let

Mni = M(G-1)bu1):(ibn) = MAX{X (1)1 -+ Xty }
denote the maximum over the X from the ith block. Also, let N,; = F(My;) =
max{U;_1)p,+15- - - » Ui, } and Zp; = bp(1—Npi). If by, is sufficiently large, then, by (1.3),
the (unobservable) random variables Z,1, ..., Z,; form an approximate sample from the
Exponential()-distribution. Moreover, as common when working with block maxima of
a time series, they may be considered as asymptotically independent, which suggests to
estimate 6 by the maximum-likelihood estimator for the Exponential(#) distribution:

En _
d, = <I;;Zn) g
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Note that 6,, should not be considered an estimator, as it is based on the unknown cdf
F'. Subsequently, we call 6,, an oracle for 6.

In practice, the U, are not observable, whence they need to be replaced by their
observable counterparts giving rise to the definitions

Nni = Fn(Mm) and an = bn(l - Nni)a

where Fj,(z) =n~1 Yoo 1 1(Xs < x) denotes the empirical cdf of Xy, ..., X,,. We obtain
the estimator

6, = 0 = <];§;zn)l (1.4)

which is, up to an error of order olp(kglﬂ), equal to the estimator {— é Zfﬁl log(Nbn)}—1
considered in Northrop (2015) (where no asymptotic theory is given). While deriving
the asymptotic distribution of the oracle 6, may appear tractable (essentially, a cen-
tral limit theorem for rowwise dependent triangular arrays is to be shown, followed by
an argument using the delta method), asymptotic theory on the estimator 0,, is sub-
stantially more difficult due to the additional serial dependence induced by the rank
transformation (which on top of that operates between blocks instead of within blocks).

A central contribution of the present paper is the derivation of the asymptotic distri-
bution of 6,,. It will turn out that the impact of the rank transformation is non-negligible,
resulting in different asymptotic variances of 6,, and the corresponding oracle 0,. We
also present asymptotic theory for a modification of 0,, based on sliding block maxima.
The asymptotic expansions derived in this paper also suggest an estimator for the as-
ymptotic variance of 6,,, which is the second main contribution. A third contribution
consists of a bias reduction method to improve the finite-sample approximation.

The remaining parts of this paper are organized as follows: in Section 2, we present
mathematical preliminaries needed to formulate and derive the asymptotic distributions
of the estimators for . Consistency and asymptotic normality is then shown in Section 3.
In Section 4, we propose a simple device to reduce the bias of the estimators. Estimators
of the asymptotic variance are handled in Section 5. Examples are worked out in detail
in Section 6, while finite-sample results and a case study are presented in Section 7 and 8,
respectively. The complete proof of the main result for the disjoint blocks estimator is

given is Section 9, and additional proofs are postponed to a supplementary material
(Appendices A and B).

2. MATHEMATICAL PRELIMINARIES

The serial dependence of the time series (X)s will be controlled via mixing coefficients.

For two sigma-fields Fi, F2 on a probability space (2, F,P), let
a(F1,F2) = sup |P(ANB)—P(A)P(B)|.
AeF1,BEF,

In time series extremes, one usually imposes assumptions on the decay of the mixing
coefficients between sigma-fields generated by {X;1(Xs > F* (1 —¢,)) : s < £} and
{Xs1(Xs > F©(1 —¢€p)) : s > £+ k}, where g, — 0 is some sequence reflecting the
fact that only the dependence in the tail needs to be restricted (see, e.g., Rootzén,
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2009). For our purposes, we need slightly more to control even the dependence between
the smallest of all block maxima (see also Condition 2.1(v) below). More precisely,
for —oo < p < ¢ < oo and € € (0,1], let B;., denote the sigma algebra generated by
Us:=Us1(Us > 1 —¢) with s € {p,...,q} and define, for £ > 1,

(675 (E) = sup a(Bi:kn Bz-&—f:oo)
keN

Note that the coefficients are increasing in e, whence they are bounded by the standard
alpha-mixing coeflicients of the sequence Uy, which can be retrieved for ¢ = 1. In Con-
dition 2.1(iii) below, we will impose a condition on the decay of the mixing coefficients
for small values of €.

The extremes of a time series may be conveniently described by the point process of
normalized exceedances. The latter is defined, for a Borel set A C F := (0,1] and a
number z € [0, 00), by

n
N{(A) = "1(s/n € A,U; > 1—x/n).

s=1

Note that N,gx)(E) = 0 iff N1., < 1 — 2/n; the probability of that event converging to
e~ % under the assumption of the existence of extremal index 6.

Fixm>1landx; > --- > 2y, >0. For 1 <p <q<n,let ]—“;?i,{;;’”ﬁm) denote the
sigma-algebra generated by the events {U; > 1 —xj/n} for p <i < gand 1< j < m.
For 1 </ < n, define

ane(x1,...,2m) =sup{|P(AN B) - P(A)P(B)| :
Ae FlEremm) g glnrm) 1 oo gy,

l:s,n s+l:n,n

The condition A, ({un(z;)}i<j<m) is said to hold if there exists a sequence (¢y,), with
¢, = o(n) such that a, ¢, (z1,...,2m) = o(1) as n — co. A sequence (gp), with ¢, =
o(n) is said to be A, ({un(z;)}1<j<m)-separating if there exists a sequence (¢,), with
Cn, = 0o(qy) such that ng, tan e, (71,...,2m) = o(1) as n — oo. If A, ({un(x;)}1<j<m) is
met, then such a sequence always exists, simply take ¢, = Lmax{na% Zn, (nly)*?}].

By Theorems 4.1 and 4.2 in Hsing et al. (1988), if the extremal index exists and
the A(up(z))-condition is met (m = 1), then a necessary and sufficient condition for
weak convergence of N\ is convergence of the conditional distribution of N\ (B,,) with
By, = (0, qn/n] given that there is at least one exceedance of 1 —z/n in {1,...,¢,} to a
probability distribution 7 on N, that is,

lim P(NS(By) = j | N(Ba) > 0) =n(j)  Vj=1,

where ¢, is some A(uy(x))-separating sequence. Moreover, in that case, the convergence
in the last display holds for any A(u,(z))-separating sequence g,. If the A(uy(z))-
condition holds for any = > 0, then 7 does not depend on x (Hsing et al., 1988, Theo-
rem 5.1).

A multivariate version of the latter results is stated in Perfekt (1994), see also the
summary in Robert (2009), page 278, and the thesis Hsing (1984). Suppose that the
extremal index exists and that the A(up(z1),un(x2))-condition is met for any z; >
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xo > 0,21 # 0. Moreover assume that there exists a family of probability measures
{(r§) 10 €[0,1]} on J = {(i,§) :i >4 >0,i > 1} such that

lim P(N((B,) = i, N{*2)(B,) = j | N&(B,) > 0) = 757" (i, ) V(i,j) € T,

n—oo
where ¢, is some A(up(z1),un(x2))-separating sequence. In that case, the two-level
point process N1 = (N, Ni™) converges in distribution to a point process with
characterizing Laplace transform explicitly stated in Robert (2009) on top of page 278.
Note that

! (6,7) = (@16 =4), (i) = () 1( = 0).
The following set of conditions will be imposed to establish asymptotic normality of
the estimators.

Condition 2.1.

(i) Extremal index and the point process of exceedances. The extremal index
0 € (0,1] exists and the above assumptions guaranteeing convergence of the one-
and two-level point process of exceedances are satisfied.

(il) Moment assumption on the point process. There exists 6 > 0 such that, for
any ¢ > 0, there exists a constant C} such that

E[INSV(E) = NF(E)PH] < Oy —22) VO Z a1 > 22 2 0.

(iii) Asymptotic independence in the big-block/small-block heuristics. There
exists co € (0,1) and Co > 0 such that

ey () < Col™M
for some n > 3(249)/(6 —p) > 3 with 0 < p < 6 A (1/2) and with § > 0 from
Condition (ii). The block size b, — oo is chosen in such a way that
ky = o(b2), n — 0o, (2.1)
and such that there exists a sequence ¢, — 0o (to be thought of as the length of
small blocks which are to be clipped-of at the end of each block of size b,,) satisfying
= o(bY*), ko, (£,) = o(1);

all convergences being for n — oo.
(iv) Bound on the variance of the empirical process. There exist some constants
c1 € (0,1),Cy > 0 such that, for all y € (0,¢1) and all n € N,

Var { zn:I(Us >1-— y)} < Cy1(ny +n*y?).
s=1

(v) All standardized block maxima of size b,,/2 converge to 1. For all ¢ € (0, 1),
we have

2k
lim P (min N, < c) =0,
n—00 i=1

where N/, = max{Us : s € [({ — 1)b,/2 + 1,...,ib,/2]}, for i = 1,...,2k,, denote
consecutive standardized block maxima of (approximate) size by, /2.
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(vi) Existence of moments of maxima. With § > 0 from Condition (ii), we have

lim sup E[Z%°] < oo.
n—oo

(vii) Bias. As n — oo,
E[Z1.] =07 4 o(k;Y/?).

Assumptions (i)—(iii) are suitable adaptations of Conditions (C1) and (C2) in Robert
(2009); in fact, they can be seen to imply the latter. Among other things, these conditions
are needed to apply his central result, Theorem 4.1, on the weak convergence of the tail
empirical process on [0,00). Note that the assumptions are satisfied for solutions of
stochastic difference equations, see Example 3.1 in Robert (2009). The Assumption in
(2.1) is a growth condition that is needed in the proof of Lemma 9.1. As argued in
Robert et al. (2009), it is actually a weak requirement, as in many time series models it
is a necessary condition for the bias condition in (vii) to be true (see Section 6 below).
Finally, a positive extremal index can be guaranteed by assuming that

lim lmsupP(Nppp, >1 -2 |U1>1-2)=0 (2.2)
m—0 p—oo
for any x > 0, see Beirlant et al. (2004), formula (10.8). We will additionally need this
assumption for the calculation of the asymptotic variance of the estimators.

In a slightly different form concerning only the tail, Assumption (iv) has also been
made in Condition (C3) in Drees (2000) for proving weak convergence of the tail empirical
process. In comparison to there, the extra factor n?y? allows for additional flexibility,
in that it allows for O(n?)-non-negligible covariances, as long as their contribution is at
most 32. In Section 6, we show that the assumption holds for solutions of stochastic
difference equations, such as the ARCH-model, and for max-autoregressive models.

Recall that Nzg is approximately Beta(f, 1)-distributed. As a consequence, every
standardized block maximum N,; must converge to 1 as the sample size grows to infinity.
Still, out of the sample of k,, block maxima, the smallest one could possibly be smaller
than one, especially when the number of blocks is large. Assumption (v) prevents this
from happening; note that a similar assumption has also been made in Biicher and Segers
(2015), Condition 3.2. Imposing the assumption even for block maxima N . of size b, /2
guarantees that also the minimum over all big sub-block maxima (needed in the proof
for the disjoint blocks estimator) and the minimum over all sliding block maxima of size
b, (needed in the proof for the sliding blocks estimator) converges to 1.

Assumption (vi) is needed to deduce uniform integrability of the sequence Z12:bn. It
implies convergence of the variance of Zy.;,, to that of an exponential distribution with
parameter . Finally, (vii) requires the approximation of the first moment of Z;,,, by
that of an exponential distribution to be sufficiently accurate.

3. MAIN RESULTS

In this section we prove consistency and asymptotic normality of the disjoint blocks
estimator A% defined in (1.4), as well as of a variant which is based on sliding blocks and
which we will denote by éi} We begin by defining the latter estimator.

Divide the sample into n — b,, + 1 blocks of length b,,, i.e., fort =1,...,n—b,+ 1, let

sl
nt = My (i4p,—1) = max{ Xy, ..., Xpqp, 1}
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Analogously to the notation used in the definition of the estimator for disjoint blocks, we
will write N5\ = F(MZL) and Z5) = b, (1 — NL) and define their empirical counterparts
Ng = Fo(Mg) and Z8) = b,(1 — Ng}), where F), is the empirical cdf of Xi,..., X,
Just as for the disjoint blocks estimator, the (pseudo-)observations Z St are approximately
exponentially distributed with mean =, which suggests to estimate 6 by the reciprocal

of their empirical mean, i.e.,

n—bp+1 -1
nsl sl
On = (n —b, +1 Z ZM) '

Note that no data has to be discarded if b,, is not a divisor of the sample size n. While 65
is based on a substantially larger number of blocks than the disjoint blocks estimator,
the blocks are heavily correlated. The following theorem is the central result of this
paper and shows that both estimators are consistent and converge at the same rate to
a normal distribution. The disjoint blocks estimator has a larger asymptotic variance
than the sliding blocks estimator.

Theorem 3.1. Suppose that Condition 2.1 and (2.2) is met. Then
VEn (03— 0) ~ N(0,0%03)  and  En(0; — 0) ~ N(0,6%32),

where

(o) (u) (o) (U)
74 /0 oy 77 /0 e

1+0) (l—i-a)
5 _ [C<”>€<U)] C” Y = 0)] 4—4log(2)

with (7, 7)) ~ 7l In particular, Udj =03+ {3 —4log(2)}/60? ~ 0% + 0.2274/62.

It is interesting to note that the asymptotic variance of the disjoint blocks estimator is
substantially more complicated than if one would naively treat the Z,; as an iid sample
from the exponential distribution with parameter € (as is done in Northrop, 2015; the
variance would then simply be #2). A heuristic explanation can be found in Remark 3.3
below. A formal proof is given at the end of this section, with several auxiliary lemmas
postponed to Section 9 (for the disjoint blocks estimator) and to Appendix A in the
supplement (for the sliding blocks estimator). Explicit calculations are possible for
instance for a max-autoregressive process, see Section 6.1, or for the iid case.

FEzxzample 3.2. If the time series is serially independent, a simple calculation shows that
7(i) =1(i = 1) and 75" (i,5) = (1 —0)1(i = 1,j =0) + 0 1(i = 1,5 = 1). This implies

0=1, E[G'¢"=0 E[G71G =0)]=1-0

and therefore 940(2ij = 1/2 and %02 ~ 0.2726. It is worthwhile to mention that these
values are smaller than the variances of any of the disjoint and sliding blocks estimators
considered in Robert et al. (2009), respectively. Moreover, it can be seen that the same
formulas are valid whenever § = 1: the fact that 6= > >°°°, in(i) implies that 7(1) = 1.
By (9.9), we then obtain 75’ = (1 —0)1(i=1,j =0)+o1(i=1,j = 1).
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Remark 3.3 (Main idea for the proof). Define

k k
A 7e 1 n ~ . 1 n
T = =" Zn, TH = =" Znu. (3.1)
ky, “ kp, 4
=1 =1
—bp+1 —bp+1
Tsl _ 1 " § : Zsl Tsl _ 1 " § : Zsl (3 2)
on=batl t—1 " on=bytl =1 " .

In the following, we only consider the disjoint blocks estimator, the argumentation for
the sliding blocks estimator is similar. For the ease of notation, we will skip the upper
index and just write T,, instead of T,fbh, etc. Asympotic normality of 0,, may be deduced
from the delta method and weak convergence of \/E(Tn —6~1). The roadmap to handle
the latter is as follows: decompose

Vkn (T = 07 = k(T = T) + k(T — 071). (3.3)

Using a big-block /small-block type argument, the asymptotics of the second summand on
the right-hand side can be deduced from a central limit theorem for rowwise independent
triangular arrays. Depending on the choice of the block sizes, an asymptotic bias term
may appear, which we control by Condition 2.1(vii). The first summand is more involved,
and also contributes to the limiting distribution: first, for z > 0, let

1 n
en(z) = N ;{1(0; >1—x/by) —x/by} (3.4)

denote the tail empirical process of X1,..., X, and let

1 &

Hy, (z) = o > 1(Zni < 7) (3.5)
"i=1

be the empirical distribution function of Z,,..., Z,,. Then

kn kn n
V(T = T,) = kaf S (Vi = Mai) = 2SS (N — 10U, < Na)} (3.6)
" oi=1 i

nykn i=1 s=1

kn n
_ /;/2 SOSTHUUs > 1= Zi/ba) = Zoa b}

n =1 s=1
1 En max;™y Zn; .
-5 ;en(Zm-) = /0 en(z) dHy, (2).

Since Z,; is approximately exponentially distributed with parameter 6, one may expect
that Hj, (2) converges to H(x) = 1 — exp(—6z) in probability, for n — oo and for any
x > 0. Moreover, on an appropriate domain, e, ~ e for some Gaussian process e (Drees,
2000, 2002; Rootzén, 2009; Robert, 2009; Drees and Rootzén, 2010), whence a candidate
limit for the expression on the left-hand side of the previous display is given by

/ e(z)e % dx.
0
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The latter distribution is normal, and joint convergence of both terms on the right-hand
side of (3.3) will finally allow for the derivation of the asymptotic distribution of 6,,.
These heuristic arguments have to be made rigorous.

Proof of Theorem 3.1 (Disjoint blocks). Write T, = T¥ and T,, = T, Recall the defi-
nitions of e, and Hy, in (3.4) and (3.5), respectively. For ¢ € N, let

max Zy; . l . 4
D, = / en(x)dHy, (x), Dpy= / en(z)dHy, (), Dy= / e(ac)@e_ax dz.
0 0 0

Also, let G, = Vkn (T, — ET,) and let G be defined as in Lemma 9.3. Suppose we have
shown that
(i) For all § > 0: limy_,o limsup,, oo P(|Dp ¢ — Dy| > 6) = 0;
(ii) Forall £ € N: Dy, g+ Gy, ~» Dy + G as n — oo;
(ii)) D¢+ G~ D+ G ~N(0,03) as £ — oo.
It then follows from (3.6) and Wichura’s theorem (Billingsley, 1979, Theorem 25.5) that
Vn(T, —ET,) = Dy + Gy ~ N(0,03), n — oo.

By Condition 2.1(vii), we obtain that /%,(T}, — 6~') ~ N(0, Uﬁj). The theorem then
follows from the delta-method.

The assertion in (i) is proved in Lemma 9.1. The assertion in (ii) is proved in
Lemma 9.5. The assertion in (iii) follows from the fact that Dy + G is normally dis-
tributed with variance 0% as specified in Lemma 9.5, and the fact that by Lemma 9.6
0?—)0% for £ — oo. O

Proof of Theorem 3.1 (Sliding blocks). Let I;[,iln denote the empirical distribution func-
tion of the Z%, i.e., ﬁzln () = ﬁn“‘l Spmbetl1(Z8, < 2) and let

nt’

max; Z5, ) ¢ ) 14
Dle = / en(x) dH,iln (z), szl,e = / en(x) dHZln (z), Dzl = / e(x)@efgx dz.
0 0 0

With this notation the proof follows along the same lines as for the disjoint blocks, with
Lemma 9.1, 9.2 and 9.3 replaced by Lemma A.1, A.2 and A.3, respectively. O

4. BIAS REDUCTION

Throughout this section, let (1},,Ty) € {(T, TH), (T=}, Ts")} denote any of the quan-
tities defined in (3.1) or (3.2). A Taylor expansion allows to approximately decompose
the bias of the estimator §,, = 7,;! into two parts:

fin = E[TY — 0] ~ —0*E[T,, — 67| = —0?E[T},, — T,)] — 0> B[T), — 07 =: pin1 + fina-

The second component o is inherent to the time series (X;s)sen itself. In many ex-
amples, it can be seen to be of the order O(b,!), see for instance Section 6 or similar
calculations made in (Robert et al., 2009, Section 6). The first component g, is es-
sentially due to the use of the empirical distribution function in the definition of the
estimator. The following lemma gives a first-order asymptotic expansion, which turns
out to be the same for the disjoint and sliding blocks estimator.
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Lemma 4.1. Additionally to the conditions of Theorem 3.1 suppose that Condition 2.1(iii)

is met with co = 1. Then

) 1
lim k, E[T), — T,)] = —~

n—00 7N

where (Ty,, T,) € {(TI, T, (T3, 7)Y as defined in (3.1) and (3.2).

A proof can be found in Section B. As a consequence, we obtain that p,; = k10 +
o(k; D). Plugging-in 0, as a consistent estimator for 0, we can estimate u,1 by fi,1 =
k, 19,, and subtract it from 6, to obtain the bias-reduced estimator

en,bc = %T_len

Note that if we are additionally willing to assume that k, E[T;, — 071] = k, E[Z14, —
9~1] = o(1) as n — oo (cf. Condition 2.1(vii)), we obtain that y, is in fact the dominat-
ing bias-component. In common models, the assumption k,, E[T,,—07!] = o(1) is satisfied
as soon as ky, /b, = o(1) (see Section 6). In comparison to the assumption k, /b2 = o(1)
imposed in Condition 2.1(iii), this requires larger block sizes. Similar assumptions have
also been made for the bias-reduced estimators in Robert et al. (2009).

5. VARIANCE ESTIMATION

For statistical inference on 6, estimators for the asymptotic variance formulas in The-
orem 3.1 are needed. Unfortunately, the formulas itself are too complicated to base
such estimators on a simple plug-in principle. Rather than that, we rely on an asymp-
totic expansion of the disjoint blocks estimator resulting from a careful inspection of
the proofs. Note that, since O'dJ =02 — {3 —4log(2)}/6?, an estimator for the variance
of the disjoint blocks estimator can 1mmedlately be transferred into one for the sliding
blocks estimator. As explained below, this is particularly useful since a straightforward
extension of our proposed estimator for agj to the sliding blocks estimator would require
the choice of an additional tuning parameter.

By the central decomposition in (3.3) and the calculations in (3.6), we can write

T = \/kn(TﬁU —6071) as

k
1 n
\/—sz_e +Zn1_Zni

1 B . | |
N \/FZ{ZM_Q 1+k1n Zj=1 ZsEIj{l( s szl)_ szl}}
=1

dj _
TTL

where

— kn ni ni
Buj = Znj =07+ Yoer 5 Lim {10 > 1 = o) — Zui},
and where I; = {(j — 1)k, +1,...,jk,} denotes the jth block of indices. The proof of
Theorem 3.1 shows that By, ..., By, are asymptotically independent and centered, and

that their empirical mean multiplied by /k,, converges to a centered normal distribution
with variance o3,. Hence, their second empirical moment should be a consistent estimator
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for 03, As the sample By, ..., By, depends on unknown quantities, we must replace
these objects by empirical counterparts, leading us to define

» 7 a 1 kn 3 an Zni

Bpj = Znj —Tn + Zselj Tn 2 {1(Us > 1 - b ) — b }

7 n 3 Ani rdj
= Znj + Zselj i f:l 1(Us >1— %) -2-13,

where U, = Fn(X s). The following proposition shows that

kn,
= B %=k - (3 4log)} ()

j=1
are in fact consistent estimators for crgj and 0521, respectively, provided that moments
of order slightly larger than 4 exist. To simplify the proofs, we assume beta-mixing
of the times series, since it allows for stronger coupling results than alpha-mixing. We
also impose a further growth condition on the block size, which allows for a further
simplification within the proof.

Proposition 5.1 (Consistency of variance estimators). Additionally to the assumptions
imposed in Condition 2.1 suppose that by, = o(k2) for n — co (hence, by/> < k,, < b2),
that Condition 2.1(iii) is met with the alpha-mizing coefficient a.,(¢) replaced by the beta-
mizing coefficient $1(€) (see the proof for a precise definition) and that Condition 2.1(ii)
and (vi) are met with 6 > 2. Then, as n — oo,

6§j 2, U?lj and 645 o2,
The proof is given in Section 9, while the finite sample performance is investigated in
Section 7.

Following the above route to derive an estimator for the variance of the sliding blocks
version is substantially more complicated. The corresponding decomposition of TS =

VEa(T3 = 671) is

—bn+1
1 " n sl _p—1 ol .
1 zZ3,—8 1 78 7
Tn = Vkn {”_I’Z“ o T it 2oemt {1(Us > 1 — 324 — th}}
noot=1
1 n—>bp 75l _g—1 1 n—bp+1 ZSlt ZSlt
= \/F { ”Sbn + n—bp+1 Zt:l {1(US >1— ﬁ) — ﬁ}} + O]P(l)
nos=1
1 kn—l
- By +op(1),
VEn =
where

sl sl
Brsllj = i Zselj (ZTSLIS - 071) + Zsefj #n—i-l Z?:_lbn—’—l{l(US >1- %) - %Zt )
and where the op terms are due to omitting final blocks and due to n/(n — b, + 1) =
1+ o(1). Unlike for the disjoint blocks estimator, the Blej are not asymptotically inde-
pendent. It can be seen from the proof, see in particular Lemma A.3, that a further
‘blocking of blocks’ is necessary to obtain asymptotically independent random variables.
Precisely, let k) < k,, be an integer sequence converging to infinity, which formally should
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satisfy k% = o(kp/ ") with § from Condition 2.1(ii). Form blocks of length k¥ from
the Bfllj, that is, let

Ik, *
Alel = Zj:n(l—l)k;tﬂ szlj, L=1,qn = [Fa/ (k7))

Up to an incomplete final block (which we can absorb into the op(1)), we can then write
TS = \/kan S-i Ash + op(1). Motivated by the proof, the A%, can now be regarded as
asymptotically independent, which suggests to estimate
1 & l
~2 isl 2 isl _ ylan Asl
. DA A=, 0 B
=1
where
psl 1 sl sl 1 —bn+1pq (7 z3 Zs!
BrSLj = b Zselj(zfzs -1 ) + ZSEI]' n—bp+1 Z?:l {1Us>1- Tnt) D L}

n

In comparison to 631, this estimator requires the choice of an additional tuning parameter

ky. We therefore do not pursue it any further in this paper.

6. EXAMPLES

Two examples are worked out in this section. For the max-autoregressive processes,
considered in Section 6.1, explicit calculations for the asymptotic variance formulas in
Theorem 3.1 are possible. These allow for a theoretical comparison with the blocks
estimators from Robert (2009) and Robert et al. (2009). Moreover, we show that all
assumptions imposed in Condition 2.1 are satisfied. In Section 6.2, we consider solutions
of stochastic difference equations such as ARCH-processes. Complementing results from
(Robert, 2009, Example 3.1) we show that Condition 2.1(iv) is satisfied.

6.1. Max-autoregressive processes. Consider the max-autoregressive process of or-
der one, ARMAX(1) in short, defined by the recursion

Xs = max{aXs_1, (1 — a)Zs}, s € Z,

where « € [0, 1) and where (Z;)s denotes an i.i.d. sequence of standard Fréchet random
variables. A stationary solution of this recursion is given by

X, = j>aa((1 —a)dd Z,_j,

which shows that the stationary distribution is standard Fréchet as well. The sequence
has extremal index 6 = 1 — « and its cluster size distribution is geometric, i.e., 7(j) =
/Y1 —a) for j > 1 (see, e.g., Chapter 10 in Beirlant et al., 2004). Moreover, it follows
from Proposition 5.3.7 in Hsing (1984) and some simple calculations that

w7 (1, j2) = aj2—1{(a _ oiimiatly (gl < g < i)
+ (072 —ao)1(a/ T2 <o < ajl*jrl)}

= osz_l{(o* — ™M1 =g+ 2) + (& —a0)1(j1 = jo + 2 + 1)}
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for j1 > jo > 0, where z = [logo/loga] € Ny. The formula in Proposition 5.3.7 in
Hsing (1984) is wrong for j» = 0, but can be corrected to

J1

7 (1,0) = (i) — D0 7 (1, 2) = (1= a)ad 11 < 2) + (0" —0) 11 = 1+ 2)
Jo=1

for j; > 1. Based on these formulas, some straightforward calculations show that

A 4 o{l +2(1 - a)}

E[ {G)Cza] = (1—a)?
and that "
BT LG = 0)] = 10— — o= + 1)

Note that, for a — 0, we obtain E[¢{”¢S”] — ¢ and E[¢{” 1(¢” = 0)] — 1 — o, which
corresponds to the iid scenario. The latter two displays imply that

E[(;7¢7] +0 1EH)1(§):0)]:W
and hence
o2 — 1+ 02_8log2—5+a
d7 21 —-a)? 17 9(1 — )2

Since § = 1 — o, the asymptotic variances of v/k,, (én /0 — 1) simply reduce to the affine
linear functions (1 4 «)/2 and (8log2 — 5+ «)/2 for the disjoint and the sliding blocks
estimator, respectively. These functions can be compared with the asymptotic variance
formulas in (Robert et al., 2009, Formula 5.1) and in (Robert, 2009, Page 285, variance
of éﬂ) Note that the variance of HAETT)L in Robert (2009) is exactly the same as the one of
the disjoint blocks estimator in Robert et al. (2009). The asymptotic variance formulas
depend on an additional parameter 7 > 0 to be chosen by the statistician. Assuming
we would have access to the optimal value (which can be calculated numerically, but
must be estimated in practice), we obtain the variance curves depicted in Figure 1. We
observe that, for the Armax-model, the PML-estimators analyzed in this paper have a
smaller asymptotic variance than the (theoretically optimal) estimators in Robert et al.
(2009) and Robert (2009).

Regarding the additional assumptions in Condition 2.1, some tedious calculations
show that Condition 2.1(ii) is satisfied for § = 1. (Xs)sez can further be shown to
be a geometrically ergodic Markov chain, see Formula (3.5) in Bradley (2005). As
a consequence of Theorem 3.7 in that reference, (Xj)scz is geometrically [-mixing,
whence Condition 2.1(iii) is satisfied (and also the condition on beta-mixing imposed in
Proposition 5.1). It can be further be shown that, with Us = exp(—1/Xj), we have

n
Var { Z 1(Us >1— y)} <ny{l+2a/(1—-a)}
s=1
for all y € (0,1), that is, Condition 2.1(iv) is met. Moreover, a simple calculation
shows that P(min2n N’. < ¢) < 2k,P(N,; < ¢) = O(knc'=9/2) = o(1), provided
that k, = o(b2). Hence, Condition 2.1(v). Based on an explicit calculation of the
distribution of Z,1, it can also be seen that Condition 2.1(vi) is satisfied for any ¢ > 0,
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FIGURE 1. Asymptotic variances of /kp(f,/0 — 1) within the
ARMAX («)-Model for the sliding and disjoint blocks estimators analyzed
in this paper (PML) and in Robert et al. (2009) (RSF).

and that E[Z1,,] — 0~ = O(b,;!). The latter implies that Condition 2.1(vii) is satisfied
if k, = o(b?), i.e. if (2.1) holds. Finally, it can easily be seen that (2.2) is met.

6.2. Stochastic Difference Equations. Consider the stochastic difference equation
Xs=A,X,_1+ By, s €N, (6.1)

where (As, By)s are i.i.d. [0,00)%-valued random vectors. If Ay = a1 22 and By = agZ?
for some ag, @1 > 0 and some i.i.d. real-valued sequence (Zs)s, the above equation defines
the popular (squared) ARCH(1)-time series model. For simplicity, we assume that the
distribution of (A1, By) is absolutely continuous.

The existence of a stationary solution of (6.1) as well as the tail behavior of the
stationary distribution F' of X has been studied in Kesten (1973), Theorem 5. More
precisely, consider the condition

(S) There exists some k£ > 0 such that
ElogA; <0, E[Af] =1, E[A}max(logA1,0)] < oo, E[Bf]€ (0,00).

Under this assumption, there exists a unique stationary solution of (6.1) and the cdf F of
X, satisfies 1 — F'(x) ~ cx™" as ©x — oo for some constant ¢ > 0. Moreover, F' is contin-
uous (Vervaat, 1979, Theorem 3.2) and, in particular, in the max-domain of attraction
of Gy, the generalized extreme value distribution with extreme-value index 1/x.

Explicit calculations for the (two-level) cluster size distribution have been carried out
in (Perfekt, 1994, Example 4.2). Unfortunately, the formulas are complicated and do
not allow for simple expressions of the asymptotic variances in Theorem 3.1.

Slight adaptations of Assumptions (i)-(iii) of Condition 2.1 have been checked in
(Robert, 2009, Example 3.1). We complement those results by showing that also (iv) is
satisfied. The result is inspired by Section 4 in Drees (2000) and is in fact a modification
of Lemma 4.1 in that paper to the present needs. Its proof is given in Section B in the
supplement.
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Lemma 6.1. Suppose that Condition (S) is met and let (Xs)s denote a stationary so-
lution of (6.1). Then Condition 2.1(iv) is met.

7. FINITE-SAMPLE PERFORMANCE

A simulation study is performed to illustrate the finite-sample performance of the
proposed estimators and methods. Results are presented for three time series models:

e The ARMAX-model from Section 6.1:
X = max{aX,_1, (1 — a)Zs}, s €7,

where a € [0,1) and where (Z5)s is an i.i.d. sequence of standard Fréchet random
variables. We consider a« = 0,0.25,0.5,0.75 resulting in § = 1,0.75,0.5,0.25.
e The squared ARCH-model from Section 6.2:

X,=(2x107°+ XX, 1)Z%, seZ,

where A € (0,1) and where (Zs)s denotes an i.i.d. sequence of standard nor-
mal random variables. We consider A = 0.1,0.5,0.9,0.99 which implies 6 =
0.997,0.727,0.460, 0.422, respectively (see Table 3.1 in de Haan et al., 1989).

e The Markovian Copula-model (Darsow et al., 1992):

X, =F(U,), (Uy,Us1)~Cy,  s€eL.

Here, F~ is the quantile function of some arbitrary continuous cdf F, (Us)s
is a stationary Markovian time series of order 1 and Cy denotes the Survival
Clayton Copula with parameter ¢ > 0. For this model, § = P(max;>1 Hi:l Ay <
U), where U, Ay, Ag,... are independent, U is standard uniform and A has
cdf Hy(s) = 1 — (14 s)~0+/9) 5 > 0, see Perfekt (1994) or Beirlant et al.
(2004), Section 10.4.2. We consider choices ¢ = 0.23,0.41,0.68,1.06,1.90 such
that (approximately) # = 0.2,0.4,0.6,0.8,0.95 and fix F' as the standard uniform
cdf (the results are independent of this choice, as the estimators are rank-based).
Algorithm 2 in Rémillard et al. (2012) allows to simulate from this model.

Additional simulation results for the AR-model and the doubly stochastic process
from Smith and Weissman (1994) turned out to be quite similar to the ARMAX-model
and are not presented for the sake of brevity. In all scenarios under consideration, the
sample size is fixed to n = 8,192 = 2!3 and the block size b, for the blocks estimators is
chosen from the set 22,23,...,29.

7.1. Comparison with other estimators for the extremal index. We present
results for five different estimators: the bias-reduced sliding blocks estimator from this
paper, the bias-reduced sliding blocks estimator from Robert et al. (2009) (with a data-
driven choice of the threshold as outlined in Section 7.1 of that paper), the integrated
version of the blocks estimator from Robert (2009), the intervals estimator from Ferro
and Segers (2003) and the ML-estimator from Siiveges (2007). Results for other versions
of these estimators (e.g., the disjoint blocks versions or the versions based on a fixed
threshold) are not presented as their performance was dominated by the above versions
in almost all scenarios under consideration. The parameters o and ¢ for the Robert-
estimator (last display on page 276 of Robert, 2009) are chosen as ¢ = 0.7 and ¢ = 1.3.
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0 PML-sliding RSF-sliding Intervals ML-Siiveges Robert

0.25 0.91 1.35 0.53 0.22 1.77
0.50 1.58 2.24 0.99 0.63 2.07
0.75 2.03 2.34 1.17 0.96 2.31
1.00 1.78 0.12 0.88 0.11 2.22
0.422 3.18 4.85 2.53 3.19 4.00
0.460 3.53 5.45 2.71 1.92 4.26
0.727 1.07 1.46 1.08 1.44 1.19
0.997 0.50 1.33 5.34 2.19 0.65
0.95 1.26 1.99 9.53 4.19 1.08
0.80 0.79 0.72 5.75 2.33 1.16
0.60 1.71 2.75 0.60 0.37 2.33
0.40 3.14 5.23 2.86 3.68 4.74
0.20 2.74 5.28 2.81 14.03 4.59

TABLE 1. Minimal mean squared error multiplied with 10% for the
ARMAX-model (top 4 rows), the squared ARCH-model (middle 4 rows)
and the Markovian copula model (bottom 5 rows). The estimator with
the (row-wise) smallest mean squared error is in boldface.

The intervals estimator and the Siiveges-estimator require the choice of a threshold wu,
which we choose as the 1 — 1/b,, empirical quantile of the observed data.

In Figures 2-4 we depict the mean-squared error E[(§ — 0)2] as a function of the
block size parameter b,, estimated on the basis of N = 10,000 simulation runs. For
almost all models and estimators, the MSE-curves are U-shaped, representing the usual
bias-variance tradeoff in extreme value theory. The minimal values of these curves are
of particular interest, and are summarized in Table 1. We observe that the sliding
blocks PML-estimator outperforms the other two blocks estimators in most scenarios.
For the ARMAX-model, this is in agreement with the theoretical findings presented in
Figure 1. In general however, there is no clear best estimator in terms of the MSE.
For the ARMAX-model, the Siiveges-estimator performs best, followed by the intervals
estimator. For the ARCH-model (which may be regarded as the more relevant model,
given its frequent use for the modeling of financial data) the picture is different: for
small values of 6, the intervals estimator performs best, while for larger values the
PML-estimator is the winner. For the Markovian copula model, each of the estimators
under consideration performs best for one particular choice of the parameter. The sliding
blocks PML-estimator is generally the most robust one, none of the reported MSE-values
exceeding a value of 3.6 - 1073,

7.2. Estimation of the asymptotic variance and coverage of confidence bands.
We consider the ARMAX- and squared ARCH-model as described above. We are inter-
ested in the performance of

.92 Adj4 ~2 -2 AsIN4 ~ 2
Tay = (07) 0 4j and 73 = (0},)"03

as estimators for the variances of \/knéﬂj and \/knéle, respectively. Results can be found
in Figure 5, where we depict the curves
~2

7 27 72(by) 2
R
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FIGURE 3. Mean squared error for the estimation of # within the ARCH-
model for four values of 6 € {0.422,0.460,0.727,0.997}.
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Markovian Copula Model, Theta=0.2
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FIGURE 5.  Mean squared error E[(72/Var(f,) — 1)?] within the

ARMAX-model (left) and the squared ARCH-model (right).

2,0)} and
Var(v/kn0, (bn)) is approximated by the empirical variance of v/k,0, (b,) over additional
10,000 simulations. Qualitatively, we observe a similar behavior as for the estimation
of 0 depicted in Figures 2—4: the curves are U-shaped and possess a minimum at some
intermediate values of b,,. Due to the fact that estimator 7A's21 is based on an additional

estimated on the basis of 10,000 simulation runs. Here, (72,0,,) € {(72, g, (72
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ARMAX-model Squared ARCH-model
b./0 || 025 0.5 0.75 1 0.422 0.46 0.727 0.997
disjoint 16 0 0 0.13 0.50 0 0 0.27 0.95

32 0.03 063 085 0.91| 007 0.10 0.94 0.88
64 079 0.93 0.94 0.95| 076 0.79 0.92 0.87
128 0.94 0.94 0.94 0.93 | 0.93 0.93 0.90 0387
256 0.94 0.92 0.92 0.91 | 0.93 0.92 087 0.86
512 0.91 0.89 088 085 | 0.90 0.90 0.85 0.82
sliding 16 0 0 0.02 0.18 0 0 0.09 0.92
32 0 0.46 076 0.85 | 0.02 0.04 0.92 0381
64 0.69 0.90 0.93 0.92 | 067 0.70 0.90 0.79
128 0.92 0.93 0.92 088 || 0.90 0.91 0.87 0.78
256 0.92 0.90 087 0.83 | 0.91 0.90 083 0.75
512 0.87 084 081 073 | 08 08 0.79 0.70

TABLE 2. Empirical coverage probabilities of 95%-confidence bands. Val-
ues above 90% are in boldface.

estimation step (which is potentially biased, if b, is small), the approximation works
better for the disjoint blocks estimator.
We are also interested in the coverage probabilities of the confidence sets

CIlfa - [én - kgl/g'f-ul—a/% én + k;1/27ﬁu1—a/2]

for 0, where (72,0,) € {(73, 0%, (72,0:)} and where Ui_q/2 denotes the (1 — a/2)-
quantile of the standard normal distribution. Empirical coverage probabilities for 1—a =
0.95 based on N = 10,000 simulation runs are presented in Table 2, with coverage
probabilities above 0.9 in boldface. It can be seen that the probabilities strongly depend
on the block size b,,, with at least one reasonable choice for every model, usually close to
the MSE-minimal choice in Figures 2 and 3. The larger width of the confidence sets for
the disjoint blocks estimator (not presented here; it is due to the larger variance) results

in a slightly better performance compared to the sliding blocks estimator.

8. CASE STUDY

The use of the PML-estimators and the corresponding confidence sets is illustrated
on negative daily log returns of a variety of financial market indices and prices including
equity (e.g., S&P 500 Composite, MSCI World), commodities (e.g., TOPIX Oil & Coal,
Gold Bullion LBM, Raw Sugar) and U.S. treasury bonds between 04 January 1990 and
30 December 2015 (n = 6, 780 observations for each index). Clusters of large negative
returns can be financially damaging and are hence of interest for risk management.

In Figure 6, we depict estimates of the extremal index for four typical time series
as a function of the block length parameter, ranging from b = 10 to b = 357. The
solid curves correspond to the bias corrected sliding blocks estimator, alongside with
a 95%-confidence band based on the variance estimator from Section 5 and the normal
approximation. Interestingly, the curves appear to be quite smooth. For comparison, the
(far rougher) dashed lines correspond to the intervals estimator from Ferro and Segers
(2003). As highlighted by many other authors, there is no simple optimal solution for
the choice of the best block length parameter and a unique estimate for the extremal
index. The dotted lines in Figure 6 correspond to the following ad-hoc solution (which is



20 BETINA BERGHAUS AND AXEL BUCHER

S&P 500 COMPOSITE TOPIX OIL & COAL PRDS.
e 2
© | @
o o
x x
(0] [0}
2 o | 2 <]
- O - O
© ©
§ < § « |
= © = O
> >
i w
N N
o o
= = :
o T T T T T T T T o T T T T T T T T
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
Block Size b Block Size b
Baltic Exchange Dry Index (BDI) LME-Aluminium U$/MT
e S

Extremal Index
00 02 04 06 08

Extremal Index
00 02 04 06 08

T T T T T T T T T T T T
100 150 200 250 300 350 0 50 100 150 200 250 300 350
Block Size b Block Size b

o 4
(63}
o

FIGURE 6. Extremal index estimates for four financial time series as
a function of the block size. The solid line is the bias-reduced sliding
blocks estimate, the shaded region is the pointwise 95%-confidence band.
The dashed line is the intervals estimator. The dotted lines correspond
to the plateau-search algorithm described in the main text.

essentially searching for a plateau in the plots): first, calculate absolute differences d(b) =
0(b+1) —0(b)|,b = 10,...,356. Let D denote the empirical mean of d(10),. .., d(356).
The chosen block length b is the minimal block length such that the sum over five
successive values, d(b) 4 --- + d(b + 4), is smaller than D/2. It can be seen that this
choice approximately catches the plateaus visible in the plots.

For the ease of comparison, this procedure has been repeated for all 20 time series
under consideration (despite the fact that the entire curves provide a more detailed
picture of the extremal dependence) . In Table 3, we state the resulting estimates of the
extremal index and the width of the corresponding confidence intervals. Interestingly,
the extremal index lies around 0.3 for most of the equity indexes (S&P 500 Composite,
MSCI World, etc.), while it is around 0.45 for many of the commodity prices (Coffee,
Cotton, Aluminium). The smallest value of 0.12 is attained for the Baltic Exchange
Dry Index, an index measuring the price of moving the major raw materials by sea
and usually regarded as an efficient economic indicator of future economic growth and
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Index / Prices Extremal Index Width of C-Interval
S&P 500 COMPOSITE 0.29 0.10
RUSSELL 2000 0.31 0.09
G12-DS Banks 0.26 0.09
G7-DS Banks 0.26 0.10
EU-DS Banks 0.26 0.08
S&P500 BANKS 0.22 0.08
MSCI WORLD EX US 0.36 0.11
TOPIX OIL & COAL PRDS. 0.45 0.08
Gold Bullion LBM 0.33 0.10
LMEX Index 0.27 0.10
Crude Oil-Brent Cur. Month 0.35 0.10
S&P GSCI Commodity Total Return 0.30 0.09
Baltic Exchange Dry Index (BDI) 0.12 0.02
Raw Sugar Cents/1b 0.54 0.17
Coffee-Brazilian Cents/lb 0.49 0.13
Cotton Cents/lb 0.42 0.12
LME-Aluminium U$/MT 0.49 0.14
S&P GSCI Precious Metal 0.42 0.12
Palladium U$/Troy Ounce 0.46 0.11
US T-Bill 10 YEAR 0.44 0.12

TABLE 3. Sliding Blocks Estimates of the extremal index and width of
corresponding confidence intervals for negative daily log returns of 20
financial market indices and prices.

production. In particular, this index is free of speculation which might explain why the
extremal index is much smaller than for the other time series under consideration.

9. PROOFS

Throughout the proofs, C' and C’ denote generic constants whose values may change
from line to line. The notation o, op, O, Op always refers to n — oo, if not mentioned
otherwise.

Lemma 9.1 (Approximation by an integral with bounded support). Under Condi-
tion 2.1, for all 6 > 0,

lim limsup P(| Dy ¢ — Dy| > 6) = 0.

=00 n—oo

Proof. For some € € (0,¢1 A ¢a), let A, = A,(g) denote the event {min®" N,; > 1 —
e/2} = {maxf;l Zni < €b,/2}. By Condition 2.1(v), we have P(A4,) — 1 as n — co. We
may write
Dy, — Dy = Ryy14, +op(1)
as n — 0o, where, with I; = {(j —1)b, +1,...,jb,} for j =1,...,k, (and I; = & else),
kn K

Rn,é = k;?’/g Z Z Z f(Usa Zm‘)gn,é(zm')

i=1 j=1s€l;
and
fWUs, Zi) = WU > 1 = Zmy — 2 g y(Z,) = 1(bpe /2 > Zni > 0).



22 BETINA BERGHAUS AND AXEL BUCHER

Now, decompose R,, ¢ = Ry, g0+ Ry 01+ Rye—1+ Ry 2 according to whether the second
sum over j is such that j =4,j =i+ 1,7 =i— 1 or |j —i| > 2, respectively. It suffices
to show that Ry, 014, = op(1) and R, ¢ +1 14, = op(l) as n — oo, and that
hm limsup P(|Ry, 0214, | >6) =0 (9.1)
=00 n—yoo
for all § > 0.
First, since Ry, o0 = k53/2 Zfﬁl Zni Gnp(Zni), we have E|R,, ¢ 0| < k,'?E | Zi| = 0o(1)
as n — oo by Condition 2.1(vi). B
Second, we can write Ry, 1 = Rp o1 — Rn0 = Rpe1 — op(l), where

kn—1
nélzk

)gn @(Z )

i=1 s€l;y1

whence it suffices to show that R, 41 14, = op(1). For that purpose, define

U =U1(Uy > 1—¢),  Z77 =b,(1— NI =b,(1 - max Ue/?). (9.2)
se

Note that Z E/ %is l’)’g(Z 1bnt1} 46, Measurable, whence the mixing coefficients become avail-

able. On the event A,, we have R, L1 = Rn 010 where Rn 1 ls defined exactly as R, L1

but with Us and Z,,; replaced by U and Z /3

i » respectively. By stationarity, we obtain

e/2

E|Rn@1| - k _1 3/22E|: Ub +s>1_ - )gnK(Z€/2):|.

Recall Theorem 3 in Bradley (1983) (coupling for strongly mixing random variables): if
X and Y are two random variables in some Borel space S and R, respectively, if U is
uniform on [0, 1] and independent of (X,Y’) and if ¢ > 0 and v > 0 are such that ¢ <
|Vl = (E|Y]")'/7, then there exists measurable function f such that Y* = f(X,Y,U)
has the same distribution as Y, is independent of X and satisfies

P(Y = Y*| > q) < 18(|Y [|l,/a)"/® Va(o(X), o(¥))?/@Hh, (9.3)
Apply this theorem with X = Uf | Y = Z2% v =2+ 6 and q = g, = [|Z5)[lass to
obtain that
e /2% 4420
DIl < K230 B0 1 > 1~ Bt )] 4 18- alo (0, ) o2 )
s=1

where Z;/f* is independent of X and has the same distribution as Z;/f. Note that
Oé(U(Ugn+S),O'(Z;/12>) < @, (8). Since US < Uy, it follows that

_ s bn 4426
IRl < kA BIZL )+ 0+ 18 % Y- 0 (575 )
s=1

which converges to 0 by Conditions 2.1(iii) and (vi). To conclude, R, 114, = op(1).
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The sum Ry, s, 1 can be treated analogously so that it remains to show (9.1). Decom-
pose Ry, ¢2 = Sy 01 + Sne2 where

kn 1—2

S’n,EJ = k;3/2 Z Z Z f(USa Zni)gn,E(Zni)

i=3 j=1 s€l;
and where Sn7g7271S defined analogously with the second sum ranging from ¢+2 to k. We
will only treat S, ¢ in the following, as S, ¢2 can be treated analogously. Recall (9.2)

and note that, on the event A,, we have f(Us, Zni)gni(Zni) = f(US, Z:2)gno(Z57).
Therefore, again on the event A,

kn i—2 k

_ n 1 an _

Snen =k P03 3 U 23000207 = 1 D eria(Z an e (Z37) =2 s
i=3 j=1sel; " =3

where, for p,q € {1,...,k,}, p < q, and = > 0,

enpra(z) = \/1]? SO W > 1 /) — /b,

" i=p sel;
We will show that (9.1) is met with R, ¢214, replaced by 5’2 +1, and for that purpose
we consider the first central moment of 5’57&1.
Note that |e1.j(z) 1(z > £)| < jb,/Vk, and that, for all 2,y > 0 with y—q < 2 < y+q
for some ¢ > 0, we have
lex:j ()] < lexj(y + @) V ler; ((y — a) V O) + 2qV/ kn,

as can be shown by a case-by-case study and monotonicity arguments. The previous
two inequalities, together with (9.3) with X = (Uf,..., U@il)bn), Y =27/ v=2+6

nt
and g = g, = ||Z:L/12H2+5/\/k‘n, imply that

k
Q 1 - /2% /2% €
E[|55, 111 < ?ZE {{\elzz’—ﬂ&f + )| + leri—2((Z3"" = ) V O)l + 211237 | 246}
" =3

. 1 245 Frp 4426
x1(%E g, > Z> >0 —q,)| + ElS(vkn) 5+25 Z = v, (by,) 5420,
i=3 m
where Z;f* is independent of (Us,...,U éil)bn) and has the same distribution as fo.
The second sum on the right-hand side is of the order (note that n > 3)
240 4426 7+36 _ 4426 7435 _ )
1/2+4 4420 =T== 7430 ——
O(bn/{n/ 10+46 e, (bn) 5+25) — O(k%o—%é by, 775—}-26) _ O((kn/bi) 10140 by, 5+2§)

which converges to 0 by Condition (2.1).

Since || Z5||l246P(Z:F > £ — gn) converges to 0 for n — oo followed by £ — oo, it
remains to consider the sums over E [|e1i—o(Z5" £ qn) 1(%E + g > Z517 > £ — q,)].
We only treat the sum involving the plus-sign. After conditioning on Z;f* we are
left with bounding E |e1.;_2(2)| for z € [¢,eb,] (note that %E +qn > Z7* implies that

even odd

Z¥ 4 qn < bpe/2+2q, < bye for sufficiently large n). Decompose e1.;—2 = e§¥e% +e99d,
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where €571, and €994, denote the sum over the even and the odd blocks, respectively.

It suffices to treat both sums separately, and we give the details for the sum over the

even blocks. Let
Vi=V;(z) = Z {1(UF > 1= 2/bn) — z/bn},
8612]'

such that V% (z) = ky, "/ ]U:/Qlj_l Vj. Note that a(o(V;),0(Vj41)) < o, (bn). Repeat-
edly applying the coupling construction from (9.3) above (with v =2, Vj* =V} and, in
the jth step, X = (Vi",..., V") and Y = Vj41), together with Theorem 5.1 in Bradley
(2005), we can inductively construct an iid sequence (V;");>1 such that V" has the same
distribution as Vj; for any j and such that

B(V; = V71 2 ) < 18- ko, (bn) /7,

where ¢, = ||Vjll2/Vkn. Note that, since z < eb,, we have ||Vj|2 < Cvz+ 2% by
Condition 2.1(iv). Now

even - 1/2]—1 3« ., —1/2 "
Bl (2)] < kB | SEYT v [+ ik B - vy,

Since V;* is a centered iid sequence, we have the bound

- {Vaf (o) }1/2 <2 Ville.
By the Cauchy-Schwarz-inequality, we further have
E|V; = Vi <dp +EV; = V7I1(V; = V]| = q,) < d, +2|V;ll2 VI8 Ky e, (b) P
As a consequence,
E |67 ()| < {V/i/kn + ik, +9 - ik, P, (02)* [V 2

for any z € [0, eby], where ||Vj|l2 < Cvz+ 22 < C(1+z) by Condition 2.1(iv). A similar
bound for the sum over the odd blocks finally implies that

E [leri—2(Z:5% 4+ qn) 1(BE +gn > Z217 > 0 — q,)]
< C{\ifkn + ikt +9 ik, Pac, (b)PYE [(1+ Z20 + qn) WZH > € — qn)]

nl

/2] =1 1%
B| S

after conditioning on fo*. Note that the limes superior for n — oo of the moment

on the right-hand side can be made arbitrary small by increasing . To finalize the
treatment of E[|S; ,,|] we are hence left with bounding the expression

k.
1 & . o .
D AV ik ik 49k P, (02)77) < O+ - R P, (ba).
" =3

Since e, (by)?® = O(b;2n/5) = O(b;6/5), we obtain that k‘iﬁa@ (bn)?® = O((kyn /b2)3/7),

which converges to zero under the assumption that k, /b2 = o(1). O

Lemma 9.2 (Approximation by a Lebesgue integral). Suppose that Condition 2.1 is
met. Then, as n — oo,

¢
Dy = D;,K +op(1), where D;M = / en(2)0e% dz.
0
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Proof. Recall that H(x) = 1 — exp(—6x). We have to show that

l
/0 en(z) d(H, — H)(2) = 0p(1), 1 — o0,

which follows from Lemma C.8 in Berghaus and Biicher (2016), provided we can show
that

sup |Hy, (z) — H(z)| = op(1), n — oo.

z€[0,4]
The last display in turn follows from pointwise convergence (in probability) of Hj,. to
H by a standard Gilvenko-Cantelli-type argument. For the pointwise convergence, note
that E[Hy, (z)] = Hy, () = P(Zy < z) — H(z) by (1.3). By similar arguments
as in the proof of Proposition 3.1 in Robert et al. (2009) (but under slightly different
assumptions) it can be shown that

ILm ky Var{Hj, (x)} = e %%(1 — e7%7).

This implies pointwise convergence in probability and hence the Lemma. O
Lemma 9.3 (Joint convergence of fidis). Under Condition 2.1, for any x1,...,Tpy €
[0,00),

(en(:zl), ceosen(Tm), Gn)/ > (e(azl), cone(Ty), G)/,

the random wvector on the right-hand side being N1 (O,Edj (x1,... ,xm))-distributed
with

r(xi,z1) ... r(z1,zm)  h(xy)
Edjx,...,xm = : :
(@ ) r(Tm,x1) . T(Tm,Tm) h(zpm)
h(z1) ... h(zp) 62

Here, r(0,0) = h(0) = 0 and, for x >y > 0 with x # 0,

r(x,y) = G:EZZijwéy/x)(i,j), h(z) = /0 Zz’péx’y)(i,()) dy — z/6,

i=1 j=0 i=1

where, fori>7>0,i>1,

7
W) = PINEY = )}, NEY = 3 )
=1

with n ~ Poisson(0x) independent of iid random vectors (C\V/™, (Y™ ~ 7* i € N.

Proof. Note that weak convergence of the first m components of the vector follows from
Theorem 4.1 in Robert (2009). Regarding joint convergence with the (m + 1)st compo-
nent, we only consider the case m = 1 and set x1 = x; the general case can be treated

analogously.
Recall the definition of £, in Condition 2.1(iii). Decompose blocks I; = I;" UI;", where

LN ={(i—1b,+1,...,ib, — £y}, I7 = {iby — Ly + 1,...,ib,}.
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and let

kn
S@) =k {1(U > 1= 2/by) — w/ba}
i=1 sert
kn
Gl =k,'?> Z5-E[Z}),  Z} =0bu(1 - maxU,).

; SGIZ.+
As a consequence of Lemma 6.6 in Robert (2009), e, (z) = en(x) —e€,} () = op(1). Let us
show the same for G,,. Denote G,, = G, — G, and Z = Zni— Z+ For e € (0,¢1 A ca),
let A = {min® N* > 1 — ¢} and note that IP’(A*) — 1 by Condition 2.1(v). It then
suffices to show that G 1,4+ = op(1). We can write G, 1 4+ = G,n =G, +op(1),
where

=k 1/22{2* ZAYUNE >1—¢)

Now, N, + > 1 — ¢ implies that Z, = Z-, where the latter variable is defined in terms
of the U€ instead of the Uj;. Hence G, = k 1z zk" S: ., where

ni’

={Zy; —EBIZ ]} 1N > 1-¢)

is B?(iq)bn H}:(ibn)-measurable. As a consequence, by stationarity
- 9 Jn
Var(G,;) = Var(5;,,) + ?Z(k — 1) Cov(S51, Sy 144)
" oi=1
p
< 3Var(S5,) + — S (kn — 1) Cov(Siy, S5114) (9.4)
=2

Let us first show that Var(S%;) = o(1) as n — oo, which would follow, if we show that,
for any p € (2,2+49), |Z,;| < |Z,;] — 0 in L, (the inequality follows by studying the
cases Nt > 1 —¢ and < 1 —¢). Since £, = o(b,) we have, for any y > 0,

P(Z, #0) = <maxU > max U, ) (9.5)

eh SGI

< P(bﬁlal;( U, <1— y/bn) +P(rﬁ§f<Us >1- y/bn)

< IPJ<lebnffn > y(bn - gn)/bn) + gny/bn
— exp(fey),

which can be made arbitrary small by increasing y. Hence, Z_; = op(1). Since E|Z;|P <
CE|Zyp, -0, |P < oo for any p € (2,2 + ) by Condition 2.1(vi), we can conclude that
Z,1 —0in Ly,

It remains to treat the sum over the covariances on the right-hand side of (9.4). By
Lemma 3.11 in Dehling and Philipp (2002) (which is a slightly more general version of
Lemma 6.3 in Robert, 2009), for any p € (2,2 + 9),

| Cov(S51s S5 114)] < 10(E |51 [7)* Pac, (i — 1)ba)' 2/

nl»
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(note that S5, is Bf, . ;. 11z, -measurable). Now, for i > 2, a, ((i—1)b,) < ag,(i—1) <

C(i — 1)7" by monotonicity of a,,(¢). The sum over the covariances in (9.4) can thus
be bounded by a multiple of

kn [e%)
(BIS51P)*P> " ey (i = 1)) 727 < (B S5y [P)P Y amn0=2/m),
=2 i=1
The series converges and the moment converges to 0 by arguments as given above.
Now, since (e;, (2), Gy, ) = op(1) and P(A7) — 1, it suffices to show that (e, (), G77) 1 4+
converges weakly to the claimed normal distribution. This in turn follows from the
Cramér-Wold device, provided we show that for any A1, Ay € R

()\16:';(23) + )\QG:) 1A$ ~ )\16(.TU) + XaG.

The left-hand side can be rewritten as (k,:l/2 ngl fin) 1y = o Zf;l fin +op(1),
where f;, = fin 1(Z] < eby) and

Fin =X o A1Us > 1= /by) = 2/ba} + Xa(Z; — BIZ]).

Note that fi,n 18 B (i 1y, 41):qiby ey~ Measurable. A standard argument based on char-
acteristic functions (see, e.g., the proof of Lemma 6.7 in Robert, 2009) shows that the
weak limit of k,'/* Zfﬁl fin is the same as if the (f;)i=1,..k, Were considered as iid.
Now,

S Bllfinl) g Ellfinl]

N P 2~ "'n N
(Zk Bl Fin?)” (E0Finl2)”
By Minkowski’s inequality, for any p € (2,2+4), sup,, E[|f1n P] < oo by Condition 2.1(vi)
and (ii). As a consequence, provided lim, . E| ffn] exists, Ljapunov’s condition is

satisfied (Billingsley, 1979, Theorem 27.3) and k,'"/* ngl fin converges to a normal
distribution with variance equal to limy e E[f7,,].

The latter limit is equal to lim,, . E[ fﬁn], whence it remains to be shown that

lim E[ff,] = Air(z,z) + 2\ A0h(z) + A3/6%,

n—oo

which in turn follows, observing the expressions for the limiting covariances r(z,z) in
Theorem 4.1 in Robert (2009), from

lim,,—oc Cov { Zse# 1(Us >1—x/by),bp(l — max ¢ 4 US)} = h(x),

lim,, o Var {bn(l — max US)} =602

Repeating arguments from above, we may replace the set I1+ by I in the preceding
display, whence it is in fact sufficient to show that

lim Cov(N\"/(E), Z1.,) = h(z), lim Var(Z.,) = 672

n—oo n—oo

By an application of Theorem 2.20 in van der Vaart (1998), the second assertion follows
directly from Zj.,, ~» exp(¢) and Condition 2.1(vi). For the first convergence, abbreviate
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NS = Ny (E) and note that

(x,y) y
PINE) = i, Zun > y) = BN = 0N = i) — (P2 (00) #2020
0 y>x >0,

see Perfekt (1994); Robert (2009), that is, (Ny" (@) , Z1.n) converges jointly. By uniform
integrability, we may deduce that

EN®Z,.,) = Z / P(Z10 >y, N®) = dy—>z /
The lemma finally follows from E[Z}.,] — 6~ and E[N}"] — . O
Lemma 9.4. Under Condition 2.1, as n — o0,
{(en(x),Gn)/} ~ {(e(x),G),}

in D([0,00)) x R, where (e,G) is a centered Gaussian process with continuous sample
paths and covariance functional as specified in Lemma 9.3.

x€[0,00) z€[0,00)

Proof. This follows directly from Theorem 4.1 in Robert (2009). O
Lemma 9.5. Under Condition 2.1, for any £ € N,
Do+ G~ N(0,07),

as n — 0o, where

¢ e ¢
o7 = 92/0 /0 r(z,y)e @) dz dy + 29/0 h(z)e % dx + 672

Proof. As a consequence of Lemma 9.2, Lemma 9.4 and the continuous mapping theorem,
we have

0 1
Dy +Gp= 6/ en(x) e dz 4+ Gy, + op(1) ~ (9/ e(x) e dz +G.
0 0

The right-hand side is normally distributed with variance O’%. O
Lemma 9.6. Under Condition 2.1, as £ — oo,

oF — aﬁj,
where Ug and agj are defined in Lemma 9.5 and Theorem 3.1, respectively.

Proof. Since

lim o7 = 0%, = 02/ / (z,y)e @) dady + 20/ h(z)e % dz 4672, (9.6)

{—00

we only have to show, that 0' = ad First of all, note that, for z > y,

r(z,y) =0y Z igrs (i, 7) = 0 B¢ ¢,

i=1 j=0
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where (C{y/ ) (gy/ ) ~ ﬂéy/ *) Using this representation and substituting o = 4 we obtain

02/ / .CC y —0(z+y) dz dy _ 292/ / 0r F C(y/Z)C y/w] —0(z+y) dz dy

= 2«93/ E[ 1U>C§U>]/ 22e 0047 Qg 4o = 4/ 7[ 67 do,
0 0 o (1+0)?

which is exactly the first summand in O‘?h

Consider the second integral in ¢2,. By the definition of p(z ¥ in Lemma 9.3 we have
[e.e]
Z l-pgr,y) (i,0) = [Z C(y/z) 1 (Z C(y/z) _ 0)}
i=1 Jj=1 J=1

where 7 ~ Poisson(fz) is independent of iid random vectors (¢/*, ¢3/") ~ 75/* i € N.
With the identity P(¢{5 = 0) = 1 — o, which we will show later, the latter expectation
can further be rewritten as

iE [i G (ﬁjc;z/” = 0) [Py = k)

_ Z kE (y/x) 1 (gé/a:) _ O)] P(géy/m) — 0>k_1P(77 — k)

- Sk 1l = 0] -y O
k=1 !

=E[¢Y" 1(¢Y" = 0)]0ze . (9.7)

Hence, substituting o = y/z,

1

h(z) = 022 / B[ 107 = 0))e " do — 2 (9.8)

0
and therefore
00 (o) 1 (o) _ =0
20 / h(z)e % de+ 672 =401 / Ela” 16 I g - 02,
0 0 (1+0)3
which corresponds to the remaining summands in cr?ij.
It remains to be shown that
P((5 =0)=1-o0. (9.9)

By the definition of wég) in Section 2, we have
P =0)=1-P( >0)=1-— lim P(N™(Bn) > 0[Ng?(Bn) > 0)
=1- hm P(Niq, >1— %25 |Niyg, >1-7)

n—oo
x
=1— lim p(Fegn)

n—oo

>1-0|Nig, >1-2).

318
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Finally, by (2.2), we can use identity (10.21) in Beirlant et al. (2004), which is an
implication of Theorem 3.1 in Segers (2005), to deduce that, as n — oo,
n-(1-%)

z
n

z
(M) > 1 - o] Ny, > 1-2) =B(

n

>1—0’|U1 >1—7> +o(1),
which converges to ¢ as asserted. O

Proof of Proposition 5.1. Let

1
Be(t) = sup BBl By 00) = supgsupZZ!P (Ai N Bj) = P(A)P(By),
i€l jed

where the last supremum is over all finite partitions (A4;)ie; C B, and (Bj)jes C Bj .0
of Q2. Decompose

k
1 < »
=— Y B2 = Ap + 2453 + Ans,

where
1=— E Apo = — - 3= -—
n k ~ n]? n kn le n] n]y n kn

—_

j=
By the Cauchy-Schwarz inequality, it suffices to show that A,3 = op(1) and that A,; =
O‘?lj + op(1).

Let us first show that A,3 = op(1). Note that Us > 1 — Z,,;/b,, iff U, >1— an/bn,
almost surely. As a consequence, by a similar calculation as in (3.6), we can write

k
N N 1 ~ 1 < A
an - an - an - an + - — Tn + — (an Zm)
0 kn, po
en(Znj) | 1 2 1 7 en(Znj) —-1/2
= + - =T, — Vkn(Tn —T) = + Op(k
Ve Tt R I ) = E e Onl )
almost surely, where the Op-term is uniformly in j = 1,...,n. We may further write

en(Znj) = —v/n/kn - Fn(1 — Zy;/by),

where Fy,(u) = n~ /23" {1(Us < u) — u} denotes the usual empirical process. By
weak convergence of that process (a consequence of the assumption on beta-mixing) we
can conclude that maxj_; |en(Zn;)| = Op(by/?). Hence,

Apz = ;%2 > {en(Zng) + Op(1)}? = {;%2 Zn: ei(Zm)} + Op(by %k, 1) + Op (k)
n =1

1 o0 N

< o mtlen(Zug)| [ lenl2)] B, (2) + or(1).
n J=1 0

Repeating arguments from the proof of Theorem 3.1 (Wichura’s theorem), it can be

seen that the dominating term on the right-hand side of this display is of the order

Op(+/by /ky), which converges to 0 by assumption.
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It remains to be shown that A,; = aﬁj + op(1). For that purpose, write A,; =
Cn1 + 2C,0 + Cy3, where

k
1 < —1)\2
Cn1 = . E (Znj—677)

1 B i | |
CnQ:ki (Zn]_g 1){236@% i;l 1<U8> 1_%)_%}

1 kn Zoiy _ Zni |2
Cus = © {zselj S LU > 1~ Znt) — b:z}
"

Il
i

From the proof of Lemma 9.6 we know that aflj = 02, where 02, is defined in (9.6).
Therefore, it suffices to show that

oo oo o0
C 2 072, Cho LN 0/ h(x)e_ex dz, Cps LN 92/ / r(x,y)e_e(xﬂ/) dx dy.
0 0 0
The first convergence can be shown by considering expectations and variances: first,

E[Cn1] = E[(Zn1 — 071)?] — 672 by Condition 2.1(vi) and weak convergence of Z,;.
Second,

k
1 1 Ok — 4 _ _
Var(Cny) = = Var {(Zu— 071} + = > — Cov{(Zm — 0 Y2 (Zpire— 0712
n Te=1 "

which is of the order O(k;;!) by a standard inequality for covariances of strongly mixing
time series and by finiteness of moments of Z,,; of order larger than 4.
Consider Cj9. For integer £ > 1, let

CnZ(g) = ]{372 Z {(an - 6_1) Zse[]- f(Us, Zm’)} 1(Zni < E)a

Gri€{l,...kn}

where f(u,z) = 1(u > 1 — z/b,) — z/b,. Using similar arguments as in the proof of
Lemma 9.1 it can be shown that, for any 6 > 0, limsup,,_, ., P(|Cpn2(¢) — Cpa| > 0)
converges to 0 for £ — oo. Therefore, by Wichura’s theorem (Billingsley, 1979, Theorem
25.5), it is sufficient to show that

0
Cra(0) = Ca () = 9/ h(x)e™% dz, n — oo,
0

holds for any ¢ € N. For that purpose, we will show that E[Cy2(¢)] — C2(¢) and that
Var(Chra(¢)) — 0 as n — oo.

Recall Berbee’s coupling Lemma (Berbee, 1979): if X and Y are two random variables
in some Borel spaces S; and So, respectively, then there exists a random variable U
independent of (X,Y’) and a measurable function f such that Y* = f(X,Y,U) has the
same distribution as Y, is independent of X and satisfies P(Y # Y™*) = B(0(X),o(Y)).
Apply this lemma with X = (Us)ses, and Y = Z,; (with [i — j| > 2) to construct
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a random variable Z*, ~ Hy, (Hy, denoting the cdf of Z,1) independent of (Us)ser,
satisfying P(Z,; # Z7;) < B(byn). Write

E [(Znj = ) Xser, fUs, Zni) 1(Zni < 0)] (9.10)
= E[(Znj = $) Xser, fWe: Zi) W(Z3; < 0)]
+E [(an = 5) Xser, 1 Us, Zni) WZpi < 0) = f(Uss Z3y) W(Z3sy < 0)} 1(Zni # Z::Z-)}

By Holder’s and Minkowski’s inequality, the second expectation on the right-hand side
of this display can be bounded in absolute value by

1Znj = gl Xser, U1 Usy Z0i) 1(Zni < Olls + 1f (Us, Z3) L(Zyiy < 013} 5(ba) /2.

This bound converges to 0, since |f(Us, Zpni)| < 1 and since the assumptions imply that
limsup,,_,o | Zn1 — 5ll3 < C and that b,3(b,)'/3 = o(1).

As a consequence, rewriting the first summand on the right-hand side of (9.10), we
obtain that

E[Cy2(0)] = Elha(Z21) 1(Z2y < 0]+ o(1),

where hy(z) = E [(Zn —07") Yo, f(Us,z)]. By Condition 2.1(ii) and (vi) h,(Z})
is uniformly integrable. Hence, to obtain that E[Cp2(¢)] — C2(¢) we only have to show
that h,(Z%) 1(Z} <€) ~ h(Z)1(Z < {) with Z being exponentially distributed with
parameter 6. This in turn follows from the extended continuous mapping theorem, since
Z% ~ Z and hy(xn) 1(zy < ) — h(z)1(z < ¢) for any sequence z, — = # (. To
see the latter, note that, for z < ¢ and n large enough, Minkowski’s inequality and
Condition 2.1(ii) and (vi) imply that

| (2n) = hn(2)] = | E [(Zn1 — 0){NZ(E) = N(BE)}| < C x |an — x|/ 2+9),

Consider the variance of Cp2(¢). By the Cauchy-Schwarz inequality, up to negligible
terms, it can be written as

kit Y Cov ((Zog = 071 Soer, S (Vs Zni) 1 Zui < 0),
(4,4,5,5")€J

(Zny —671) Zs’elj, fWUs, Znir) W Zpir < E)) (9.11)

where J denote the set of all (i,4',5,5") € {1,..., k,}* such that any two of the indexes
are at distance larger than 2. We have to show that all covariances in this sum converge
to 0, uniformly in the indexes.

First, consider the case where either iV j < i’ Aj ori’'Vj < iAj. Recall Lemma 3.11
in Dehling and Philipp (2002): for real-valued random variables X, Y and real numbers
r,s,t > 1 such that 1/r +1/s+ 1/t = 1, we have

| E[XY] — EIX]E[Y]| < 10X [l |Y [sa(o(X), o (Y )", (9.12)
Therefore, for some € € (0,9), the covariances inside the sum in (9.11) are bounded by
1(Zuj — 07 S, s Zui) U Zus < 03 fon (b)) 25,

which can be seen to be o(1) by Minkowski’s inequality and the Cauchy-Schwarz in-
equality:.
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The other cases are slightly more difficult. Consider the case i1 < j' < j < i'. Apply
Berbee’s coupling Lemma with X = (US)Ste,UIjU[i, and Y = (Us)sey,. Then the mixed
moment inside the covariance can be written as

. (an a 0_1) ZSGIJ f(US’ Zni) 1(Zm’ < E)(an/ - 9_1) Zs/elj/ f(US/, Zni/) 1(Zm" < Z)}
=E [(an N 0_1) Zselj f(Us, Z:;Z) 1(Z:Li <)
X (Zny =07) 2ser, fUs', Znir) WZni < 5)} + o(1),

where the remainder term has been handled by Holder’s and Minkowski’s inequal-
ity just as in (9.10). A second application of Berbee’s coupling Lemma (with X =
((US)ser» (Us)ser,ur,) and Y = (Us)ser, ) allows to rewrite the dominating term in the
last display as

B |(Znj = 071 Soer, U Z3) 1Z5 < 0)
X (Zngt =07 Ler, JUs, Z5) UZ3y < 0)] +0(1)
=B |(Zny = 07) Cacr, (U Z3) 125 < 0)
X El(Zng = 071 Lyer, [Us, Z5) UZiy < 0)] +0(1),

where the latter equality follows from (9.12). Since

E [(Zw — 0 Y sey, FWUs, Z3) 1(Zy; < g)]
=B [(Zuj = 07") Cser, (U, Zui) 1Zui < 0)] +0(1)

we finally obtain that

Cov ((an — 071 ngj f(Us, ZE)1(Z2, < 1),
(an/ — 9*1) Zs’elj/ f<US/7Z:Li’) ]_(Z:”/ < 5)) — 0(1)

All other cases can be treated similarly by a successive application of Berbee’s coupling
Lemma. Also, C,3 can be treated similarly. O
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SUPPLEMENTARY MATERIAL ON
“WEAK CONVERGENCE OF A PSEUDO MAXIMUM LIKELTHOOD
ESTIMATOR FOR THE EXTREMAL INDEX”

BETINA BERGHAUS AND AXEL BUCHER

ABSTRACT. This supplementary material contains the remaining lemmas needed for
the proof of the sliding blocks version of Theorem 3.1 (Section A) and the proofs of
Lemmas 4.1 and 6.1 from the main paper (Section B).

APPENDIX A. AUXILIARY LEMMAS FOR THE PROOF OF THEOREM 3.1 — SLIDING
BLOCKS

Lemma A.1 (Approximation by an integral with bounded support — sliding blocks).
Under Condition 2.1, for all § > 0,

lim limsup P(|D5!, — DS!| > §) = 0.

{—00 n—oo ’
Proof. The proof is similar to the proof of Lemma 9.1, whence we only give a sketch proof.
For some ¢ € (c1,cg) let A, = Al () denote the event {min!~"** N,;; > 1 — ¢}. Note
that P(A!,) — 0 by Condition 2.1(v). Recalling the definition of f from the beginning
of the proof of Lemma 9.1, we may then write D — D3, = RS, 14, +op(1), where

kn—1 kn
Rsl _k' 3/2222[) IZ](‘ S,ZSI ZSI>€)
i=1 j=1s€l; tel;

Now, decompose Rn = =R ) 2+R 1.3 according to whether the second sum over j is such
that |j—i| <2or|j —z| >3, respectlvely Similar as in the proof of Lemma 9.1, it can be
shown that RS, , 14, = op(1) and that lim/_,o limsup,,_, (|Rné3 g | > 6) =0. O

Lemma A.2 (Approximation by a Lebesgue integral — sliding blocks). Suppose Condi-
tion 2.1 is met. Then, as n — oo,

0
Dne = D’SZ + op(1), where D;LS}Z = / en(z)0e™% da.
0

Proof. As in the proof of Lemma 9.2 the result follows if we can show that Var{H Zln (x)} =
o(1) for any = € [0,¢]. This in turn follows from similar arguments as in the proof of

Proposition 3.1 in Robert et al. (2009). O
Lemma A.3 (Joint convergence of fidis — sliding blocks). Let
1 n—bp+1
e o N D D
" t=1
Under Condition 2.1, for any x1,...,Ty € [0,00), as n — oo,

(en(:cl), oy en(Tm), Gf})/ ~ (e(azl), coe(Tm), GSI>/,
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the random wvector on the right-hand side being Npi1 (O,ESI(wl,...,xm))—distm’buted
with

r(zy,z1) oo (T Tm) h(z1)
S wy, . o) = : :
(I'la y L ) r(:vm,xl) T(m’m’xm) h(l‘m)
h(zy) h(xpm) %

where r and h are defined in Lemma 9.3.

Proof. For notational convenience, we will only show the joint weak convergence of
(en(z),GS) for some ﬁxed x > 0; the general case can be shown analogously. Let
Al = {min?=P" T N3, > 1 — ¢}, where € € (0,¢1 A ) and note that P(AL) — 1 as
n — oo. Due to the Cramer—Wold device it suffices to prove that, for any A1, Ao € R,

{Alen(;v) + )\QG%I} 114;I ~ )\16(.%‘) + )\QGSI.

We may write

n n—bn+1
1/2
Men(w) +00Gh = 2 Y {10 > 1 40) — 21+ 22y Z (7L —E[z])
s=1
kn—1
=3 S [2R0W > 1- ) - £} + 2EEZL - BZ] + or (1),
Jj=1 SEIJ' "

where the op is due to omitting summands from the last block. Choose some integer
sequence k¥ < kj, such that k¥ — oo and k¥ = o(k)/*"*}) as n — oo, where ¢ is defined
in Condition 2.1(ii). Moreover, set ¢ = |kn/(k); +2)|. For j =1,...,¢}, define

j(k:+2)—2 -
U Go) (ki t2)+1 Li and Jim = Lieg+2)-1 Y Ljeg +2);

i.e., we combine k;, consecutive I;-blocks in one big block J;" of size k;b, and each of

the big blocks is separated by a small block Jj_ of size 2b,, formed by merging two
consecutive I;-blocks. With this notation we obtain

Aen(z) + MG = HY + H +o0p(1),  HF \/? Z o

where, for j =1,...,q},

+ @ oz x Aan sl 78
S =\l L MO > 1= ) = E Lz, - mizh))

First, we will show that H_ 14 = op(1). As in the proof of Lemma 9.3 we have
Hy 1y = H; 14 +op(1) = H; + op(1), where H;, is defined exactly as H,,, but with
S replaced by

nj

e— __ % € T\ _ oz )‘2n e,sl sl
S =\ ZSE# M >1- ) - & 0 Lizes — izl
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with Z55' = b, (1 — max’T0" "1 U2). By an inequality similar to (9.4) and the argumen-
tation subsequent to that inequality, it suffices to show that [|S; ||, = o(1) for some

€ (2,24 6) and that q” "o Cov(S,; Sy, 14,)| = o(1). The first assertion follows from

an 5S *
1550 < 2 P{MINEL (Bl + 2ol 235 ~ BIZ3A} = 01/ VD)

by Condition 2.1(ii) and (vi) and the definition of ¢). For the second assertion, note

e .
that Snj is B?(jk2+2j_2)bn_l_l}:{j(k;;_i_Q)bn}-measurable, whence

| Cov(S7, Shpy)] < 101857 13-y (k5 ba) —2/7

By Condition 2.1(iii) the sum 2]22 ey (KD, )1 ~2/P converges to 0, which implies the
assertion.

It remains to be shown H, 14, converges to a normal distribution with the claimed
covariance. As in the proof of Lemma, 9.3, we can write

HJlA/n:

5+ op(1), S’L = S:{j 1(maxS€Jj+ 75 < eby).

For i # j, the observations S:[j and S:{,L- are separated by at least one block of size
b, and measurable with respect to the BZ -sigma fields. Further, by Condition 2.1(iii),
q}oe, (bn) < kpae,(by) =o(1). A standard argument for the characteristic function then
shows that the weak limit of (¢)~1/2 S+ is the same as if the sample (Sn] )i=1,.qx
was independent, which we will assume subsequently By arguments as before, we can
then pass back to an independent sample (S:{j)j:l,-..,qz? and weak convergence follows
from the classical central limit theorem for rowwise iid triangular arrays.

By Condition 2.1(ii) and (vi) and Minkowski’s inequality, we have E[|S;j|2+5] =
O(kx(29)/2)  Hence,

q}i EHS:]‘|2+5] +.‘2+6]

_ q* —6/2 EH n,

* LM —in —+ 27""5
(3251 BlIIS; %) E[18,;07] 2
by the definition of &, provided that lim,, oo E[(S;];)?] exists (which we will show below).
Therefore, Ljapunov’s condition is satisfied and Aje,(z) + AaGS! converges weakly to a
normal distribution with variance lim,,_,o E[(S;f;)?]. Hence, it remains to be shown that

lim E[(5)%] = A2r(z, 2) + 2\ Aoh(x) + 2320081

n—oo

and this in turn follows from the proof of Theorem 4.1 in Robert (2009) (for the first
summand in the latter display) and Lemma A.4, A.5 and A.6 below (note that, with
n* = kib,, we can write S o= Mepr + A2GSL + op(1 ) and that all assumptions in
Condition 2.1 are satisfied if n and k), are replaced by n* and k). O

_ O(k;6/2k;kll+5)0 _ O(k;5/2+6/2) _ 0(1)7

Lemma A.4. Suppose Conditions 2.1(ii), (iii) and (vi) are met. Then, for any x €
[0,00), as n — oo,

Cov(en (), Gfll) — hg(x),
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where hg(0) = 0 and, for x 7é 0,

(©
Z[Z / { / Zpgz p—OB0=00) ;g g).~0ey dyﬂ,(ém)(i)e—@x} dg—gg:|7

where py is defined in Lemma 9.8 and where, for x >0,
U
PG =P(N =i), Ny =3¢
i=1

with n ~ Poisson(0x) independent of iid random variables & ~ m,i € N.

Proof. For the sake of a clear exposition, we will assume that both Us; and Z t are
measurable with respect to the B¢ -sigma fields; the general case follows by multiplication
with suitable indicator functions as in the previous proofs. Introduce the notation A; =
Zselj 1(Us >1—2x/b,) and B; = ZSGI 7. We can write

kn kn— k
< 1 n Rn 1 n S
Cov(en(m), Gnl) = m Z Z COV(AZ‘, B]) + ‘n “ b +1 Z COV(Ai7 an,nfb»,fkl)'
n i=1 j=1 " i=1

The second sum on the right hand-side is negligible, since both ||4;|2 = HN(:) (B2 =
O(1) and ||erlln7bn+1||2 = O(1) by Condition 2.1(ii) and (vi). Regarding the first sum,
by stationarity, we can write

kn kn—1
—Z Z Cov(A4;, Bj)
i=1 j=1
kn 1kp—1
- Z > Cov(A;, Bj) + O(bn/n)
=1 j=1
ki — 1 ol k=
= nn COV(A1,31)+ n Bh)+COV(Ah,Bl)}+O(1)
h=2

Split the right-hand side according to whether Cov(A;, B;) is such that either i — j €
{0,1},ori—je{-1,2}ori—j€ {—kn+2,...,kn—2}\{—1,0,1,2}. Up to negligible
terms, this allows to write the right-hand side of the previous display as R,1+ Rpo+ Rn3,
where R, = b, ! Cov(Ag, By + Bs), Ry = b, ' Cov(As, By + By) and

kaly k1

Rn3 =

(Ap, By).

(A1, Bp) +
h=3 h=4

Both sums in R,,3 converge to 0: first, ||A;|l24+5 = O(1) and || Bj||24+5 = O(by). Second,

the variables defining A; and By, are at least (h — 1)b,-observations apart, while the

variables defining A and By, are at least (h—2)b,-observations apart. As a consequence,
by Lemma 3.11 in Dehling and Philipp (2002),

kn o)
|Rns| < CY a2/ (hby) < Cby" Y " h™" = o(1),
h=1 h=1
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The term R,3 is also negligible: we have

2by,
b, Cov(As, Bs) =b," Cov(Ay,By) =0, > Cov{} 0, 1(Us > 1 —x/by), Zik}.
t=bn+1

The covariance on the right-hand side can be bounded by a multiple of av., (t — by, )%/ (3+9).
The remaining sum over the mixing-coefficients converges, such that b, ! Cov(As, By) =

O(b,!). The covariance b, ! Cov(As, B1) can be treated similarly.
It remains to be shown that
2by,
R, = b—Cov(Ag,Bl+Bg ZCOV{Z (Us>1-— bi),Zfllt}

n s€ls

converges to hg(x). To this end, define functions f,, g, : [0,1] — R by

ZE[Z W, > 1- )78 e e 5L L)1,

s€la

> 31U > 1 )z 1{g € [t ),

t=bn+1 s€lr

With this notation, we obtain

1
Cov(en(z), G) = /0 (Fa(€) + gn(€)} A€ — 20 B[Z24] + o(1).

By uniform integrability of Z5 we have E[Z8] — 07!, as n — oo . Furthermore, for any
n, fn and g, are uniformly bounded by || > .7 1(Us > 1—5)[2 % [|Z sl |2, which again
is uniformly bounded in n by Condition 2.1(ii) and (vi), i.e., sup,, (|| fulloo =+ |gn]loc) < 0.
Hence, by dominated convergence, the lemma follows if we shovv that, for any £ € (0, 1),

nh—>Holo fn(l - g) = lim gn(g)
= Zz/ Zpg’” 1 —Oz(1= £)y)( —1 0)6_953’ dy+6’_1p(gm)(i)e_0’”. (A.1)
i=1 70

We only do this for g,, as f,, can be treated similarly. Fix £ € (0,1) and note that

gn(§) =E [Z 1(Us > 1- &>Zi{(u1+§>bu+n]

s€ls

Let us first show joint weak convergence of the two variables inside this expectation, and
for that purpose consider

F(i,y) _P<Zs bt LUs > 1= 32) =0, 230 1 yeyn 1) >y)

n T 14+&)by | +bn
- P(Zil’:bnﬂ WU, > 1 &) =i, S0t @ 51— ) 0)
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For y € (0,z], we can write Fy,(i,y) = Y_;_y An(l, 1), where

An(l,i) = P(ZL(“@”“ 1Us >1 - &) =1, 1Us>1—- &) =i—1,

s=bp+1 s=[(14+&bn]+1
n 24-&)bn |
S rgpmper MU > 1= ) =0, C 1 (U, > 1 - ) = O)'

Let us show that we can manipulate any sum inside this probability by adding or sub-
tracting r,, summands, where r,, is some integer sequence with r, = o(b,,). Indeed, for
any fixed x > 0 and sufficiently large n:

P( MU >1=35)=0) 2 1-mPU1 >1- ) =1-5* =1, n— oo

Now, by omitting the last r, summands of the first sum inside the probability defining
Ap(l,7), this sum becomes asymptotically independent of the remaining sums in the
probability (at the cost of an additive ., (r,)-error). The same can be done for the last
sum and we obtain

An(li) =P( LG 1w > 1 - ) = 1) x (SO 1, > 1- ) = 0)
% P<Zs 11 10 > 1= g) =i = L3 ey LU > 1= ) = O)
+ O(acy (n)) + O(rn/br).

This expression converges to p(@”)(l)p(gy)(O)pg(l_g)x’(l_g)y) (¢ — 1,0) by Theorem 4.1 in
Robert (2009). As a consequence,

’L y N Zp §a: 1 —&)z,(1- f)y)( 1 O)p(éy)(O).

In the case y > « similar arguments imply that
Fo(iyy) — p*0 (0)p (0) = p&(i)e ™.
Since both » . 1(Us > 1 — %) and Vi n(L(14€)bp | +1) A€ in Ly, s(P), weak convergence

implies convergence of moments, whence

an

s bn+1

e}

x
LY / S IO g gyt gy / P& (i)e™ dy.
i=1 70 =0 z
Calculating the integral on the right-hand side explicitly yields (A.1). O
Lemma A.5. Suppose Conditions 2.1(iii) and (vi) are met, then, as n — oo,

Var(GiLl) — 2(10g(042) — 1).

Proof. As in proof of Lemma A.4 we will assume that the Z%, are measurable with
respect to the Bf -sigma fields. Similar as in the beginning of the proof of Lemma A .4,
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one can show that
bTL

1
Var(G3) = Zcov T 73 1) +o(1) = 2/0 ha(€) d€ — 2E[Z81]% + o(1),

where hy, : [0,1] — R is defined as

bn
(€)= E;E (1+t)] Hee 5 b)) = E[ZZI1ZZI,(L1)”5J+1)]-
t—

Condition 2.1(vi) implies E[Z8}] — #~1. The limit of the integral over h,, can deduced
from pointwise convergence and the dominated convergence theorem. To see this, note
that sup,, ||hn o < sup,, E[Z2112] < 00, due to Condition 2.1(vi). Regarding the pointwise
convergence, suppose we have shown that, for any £ € (0,1), there exists some random
vector (X©),YV©) with dirtybution function depending on &, such that

(an,Z (Lbn§J+1)) ~ (X(ﬁ),Y(ﬁ)) (A2)

In that case, h,(§) = E[Z% Zﬁl(tbnng)] converges to B[X©Y )] by Condition 2.1(vi).

Let us show (A.2). Fix z,y € RT and write
Fo(z,y) = B(Z3) > 2,23 (e 1) > V)
= P(Nypp,e) < 1= 50 Nippug ), < 1= 58 Nipusayp(ern) < 1= g5)-
Now, if 7, is an integer sequence such that r, = o(b, ), then, for sufficiently large n,
P(Niy, > 1—35) <52 =0, n — 00,

which is why we can omit or add r, observat10ns in the maximum without changing the
limit of its distribution. Similar as in the proof of Lemma A.4 this gives

Fo(2,y) = P(Nype) < 1= &) X P(N(ppej ey, < 1= 52)
X P(Nipy 1y niern) < 1= ) 4+ Oae, (1)) + O(™2),
which, by (1.3), converges to
Fe(z,y) = exp(—08z) exp(—0(1 — &) (z V y)) exp(—08y) = exp{—0(E(z Ay) + 2V y)}.

This implies (A.2), with (X©),Y©)) being defined by its joint survival function F :
[0,00)2 — [0,1]. Now, it is easy to see that

lim () = BXOYO = [ [ Felopady = s

Finally, putting everything together, we obtain
! 2 2/t 2 2{log(4) — 1}
sly _ : _ — _ L
Tim Var(G})) = 2/0 lim i (§)dg — o = 92(/0 el 1) -

as asserted. O

Lemma A.6. Under the above conditions, hg = h, where hg and h are defined in
Lemma A.J and Lemma 9.3, respectively.



MAXIMUM LIKELIHOOD ESTIMATION OF THE EXTREMAL INDEX 43

Proof. By the definition of p* and p(;’y) in Lemma A.4 and Lemma 9.3 we obtain that

mn n2
Zpsz) (@=0ma-0v(; _ o) = P(ZCJ i Zcﬁ/m — Z Cwm )
j=1 j=1

with independent random variables 1, ~ Poisson(£6z), na ~ Pmsson((l —&)0x), ¢ ~
m,i €N, and (¢, ¢Y") ~ 75/* i € N. For this reason, we can write

Z me) (A-020-0m) (; _ [{ZCJ +Z (y/ac)} (ZC(W) )}
[Z€]:| <Z w/e) _ 0) [Zg(y/w 1 (ch/z) )}

Jj=1 Jj=1

By Wald’s identity, we have E [ j:l Cj] = &x. Independence of 79 and C(ym,j € N,
further implies

(Z 47 —0) = 3Py = 0) B = k) — e~ 21-0,
k=0

where we used that P(¢{%/* = 0) = 1 — y/z, see (9.9). Finally, (9.7) implies that

2
E [Z Cﬁ/m) 1 (ZC(W _ 0)] [dy/z) 1@{%/@ _ 0)]9(1 _ €)$e—(1—§)9y

J=1

Altogether, we obtain

Z Zp<sz> <<1 &z, (1- &)w( ~1,0)
Z 1 :

= e 0700 4 B 1(C™ = 0)]0(1 — e (-9

Now, noting that -2, ip©” (i) = E | 771:1 (| = &z, we can rewrite hy as follows

[Z / { / Zpsx A-920-90) ;1 )06y dy+p@x)(i)69m} df—x]

= 2/ / Exe™ d¢ dy + 2/ / WY = 0)]0(1 — &)xe de dy

2
+ 9/ gxe™0% d¢ — %

r 2
= / ze % dy —i—/ E[CY™ 1(¢Y? = 0)]0ze™% dy + %e*% - %
0
' (o) (o) 2 —fox L
= ; E[(;7 1(¢5 = 0)]6z* exp do — 7
)

From (9.8) we finally obtain that hg(x) = h(x). O
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APPENDIX B. ADDITIONAL PROOFS

Progf of Lemma 4.1. We begin with the disjoint blocks estimator and write (Tn, T,) =
(T,CL]J, TdJ) Recalling (3.6), we can write ky, E[T}, — T,] = Sn1 + Sn2 + Sn3 + Sna, where

ZE 1(Uy > 1 — Zn1) — Zm]

n

Fp — 1 &
Sna = S EQUs > 1 - %2) - Ze2),

kn bn

ko —1 2

Sns =~ D EM(U:>1- ) 4u]
n s=bp+1

N ki
St = = { YL > 1 - Fe) = Fu] 4 FUEL(U, > 1 - G) - 2]

i=3 " s€ly sel;
Note that S,1 = —E[Z,1] — —071, as n — oo, by Condition 2.1 (vi). Hence, it remains

to be shown that S,2, S,3 and S,4 vanish as n — oo.
Consider S,2. Choose some integer [ € N and let n be sufficiently large such that
by > 1. Write Spa = (k, — 1)/kn{S/5 + S5}, where

bp—l br,
Sh=Y BAU,>1-%2)—22) g = 3" E[(U,>1-2%=2)- 2]
s=1 s=by—1+1

The absolute value of S, , can be bounded by

l .
5 EllZn] —i—l]P’(maxU > r§§+xlU)

which goes to 0 as n — oo for any fixed [ by Condition 2.1 (vi) and similar reasons
as in the proof of Lemma 9.3, see (9.5). For the treatment of S:Q fix ¢ > 0 such that

q < limp oo | Zn1ll2 = V/2/6. Then, for sufficiently large n, we can use the coupling
construction leading to (9.3) (with X = U and Y = Z,;2) to find a random variable Z*,
that has the same distribution as Z,,9, is in dependent of U and satisfies

P(|Znz — Zis| > q) < 18(| Znall2/a)**c(0(Us), 0 (Upa))/°.
By a monotonicity argument, we have
|E[{1(Us > 1 - Zn2) — 22} 1(| Zy — Zip| < q)]]
\E[{l (Us > 1 — Zazty — Zatay 4 (| 7,0 — Z2o| < q)]|
_ . _ 2
+|E[{1Us > 1 - Zi=0) - B0} 1( 25 — 23| < g)] | + 5

n

Furthermore, since Z7, is independent of U,
|E[{1(Us > 1 - 2922 — Zaa0h 4 (17,5 — 75| < g)]|
= |B{10, > 1= 55 = = 1( 20— 23] > 0)].
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Combining everything we obtain

bn—1
St < Z|E LU, > 1= 4m2) — 223 1(| Zyg — Zo| < q)]|
bn—1
+ZyE LU, > 1= Zm2) — Z23 (| Z,y — Z3o| > )|

b

2q(b, — 1 =

< 2O =D 412 lo /)Y als)
n s=Il+1

As a consequence, since a(s) < Cs™" < Cs~3 by Condition 2.1 (iii),

limsup |Spa| < 2¢ + 54C(vV/2/(0q) 2/525_12/5

n—oo s—1
This bound in turn can be made arbitrarily small by first choosing ¢ sufficiently small
and then choosing [ sufficiently large. Hence, lim,_,~ |Sp2| = 0. Along the same lines,
we obtain that lim, e |Sps| = 0.
The term Syp4 can also be treated by a coupling construction. Here, we choose ¢ =
qn = k;; 1% for some ¢ € (0,3/4). By similar arguments as before, we obtain that
kn

Snal <23 {200 + 54001 Zutl2/40)* *baca((i — 2)5)*}
1=3

kn

< 4k + 108 - k%/5(1+€)b;7/5||Zn1|I§/5C Z(i _ 2)—12/5
=3

_ O((kn/b%)2/5(l+8)b;3/5+4/58) _ 0(1>7

by Condition 2.1 (iii) and by the choice of €. The proof for the disjoint blocks estimator
is finished. X
Sliding Blocks. By the definition of 75! and T%! we can write

kn BT — T3 = S8, + 55, + 55 + 58, + S5L + o(1),

as n — 00, where

Ssl _ 1 e El1(U 1 Znt erzlt
m =3, (1= 5) - 5
" og=1 t=1
2b b
1kn—1 2 = VA Zsl
Sh=p 5 > > B|1(Ui> ) -]
T b1 t=1
b 2b.
1k 2 - X 1 sl
sl n Z
b= > Bl ) -]
o s=1t=bp+1
kn—1
15 kn Zilt
Sh=p > Y B [ (s 1 ) - 4
n =3 " osel tel;
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o 3B S (1 ) - ]

1=3 sel; tel

Ssh and S8, + S5L are negligible by the same reasons as for the treatment of Sz and
Sna above, respectlvely Regarding S5, we can write

o331 (o1- ) - %]

s=1 t=1
bntl n n
=3 ZZE[ (U >1——1) an} ZZEZS1
t=1 s=1 ”tlst

The first summand on the right-hand side vanishes by similar arguments as we used
to show the negligibility of S,2 above. Furthermore, the second sum on the right-hand

side converges to —% for n — oo, by Condition 2.1(vi). Hence, lim, o, S5 = —%.
Similarly, lim,,— e SZIQ = —%, which finishes the proof. O

Proof of Lemma 6.1. A function f is slowly varying with index o € R, notationally
f € RV,, if limy_,o f(tx)/f(t) = z“ for any x > 0. Recall the Potter bounds (Bingham
et al., 1987, Theorem 1.5.6): if f € RV,, then, for any 01,2 > 0, there exists some
constant tg = to(d1,02) such that, for any ¢ and = with ¢ > to, tx > to:

52 y—o f(tx)
(1 = 61)2z” min(x ) < 0
Let U(z) = F©¥ (1 —1/2) = {1/(1 — F)}*(2). Since 1 — F(x) ~ cz™", the function
x> 1/(1 — F(x)) is regularly varying with index . We obtain that U € RV;, by, e.g.,
Proposition 0.8 (v) in Resnick (1987),
For non-negative integers j > ¢ define

< (14 01)z® max(z%2, 27%).

J J
M= [ Ax Yirrg= D HeyryBie
kit k=i+1

Then X; = Ilj41;X; + Yig1; and (Iiq1.5, Yiq1:;) is independent of X;. We obtain that
PU; >1-y,Uj>1-y)=P{X; > F" (1 - y), i1, X + Yiyr; > FT (1 - y)}
< Po+ Pao
where
1 =P{X; > F~(1—vy),ILi11,;X; > F (1 —-y)/2},
w2 = P{X; > F* (1 —y), Y11y > F(1—y)/2}.
Consider P,2. By independence of Y;1.; and X;, we get the bound
Poo SP{X; > F© (1= y)}P{Yi1; > F* (1 —y)/2}
< YP{X; > FC(1—)/2)
=y[l = F{F™(1-y)/2}]

S 2I€+2y2
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The last inequality follows from the Potter bounds applied to 1 — F (01 = d2 = 1): we
may choose ¢ sufficiently small such that

L= F{FT(1-y)/2} <2(1/2)" "1 = FIF (1 -y)}] =2y Yy e (0,c1).

Now consider P,;. By Markov’s inequality and a change of variable, for any & € (0, k),

Pnlz/oo ]P’{Hi+1:ju>Fe(1—y)/2} F(du)

Fe(1-y)
> ¢ U@/t u
S/‘_(ly)E[Hi—sz}{ 2u } Fldu)

~xwagpe [T,

By the Potter bounds applied to U € RV, with 61 = 1 and 2 € (0,1/§ — 1/k), we
have, for all sufficiently large ¢ and for all x > 1,

U(tx)
<20 here 7 = 1 1/€.
0@ = x7, where 7 =1/k + 63 < 1/€

With ¢t =1/y > 1/c; and x = y/v > 1 we obtain, after decreasing c¢; if necessary,
v (U(1/v) }f /y 2¢
dv < 2% y/v) dv = -y
IRty o WA

As a consequence, P, < 45/(1 — 7€) E[AS]—y.
The derived bounds on P,; and P2 directly yield the bound

E{anl(Ui>1—y)}2:Zn:]P’(Ui>1—y)+2 Y PU>1-yU;j>1-y)
i=1

i=1 1<i<j<n
< ny + 2n? - 25722 4 op « iE[AE]S
S ny Yy 1— Té— p— 1 Y.
The assertion follows from the fact that E[A?] < E[Af] =1 by condition (8S). O
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