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"CHANGE IN SPACE’-POINT ESTIMATION, PART I:
LOWER BOUND FOR RATES OF CONSISTENCY

By MARCEL BRAUER! AND ANGELIKA ROHDE?

! Ruhr-Universitit Bochum
2 Albert- Ludwigs- Universitit Freiburg
Given n discrete observations of a homogeneous diffusion process with a
piecewise constant diffusion coefficient containing one point of discontinuity
po, we study the semiparametric problem of estimating its ’change in space’-
point pg in the high-frequency setting. We establish a lower bound for the

minimax rate of convergence n~3/4, which is slower than the n~!l-rate in
traditional change-point problems.

1. Introduction. Let
(11) dXt = O'(Xt)th

be a homogeneous stochastic differential equation (SDE), with a Wiener
process W, and a diffusion coefficient o of the form

ap if x < po;

(1'2) 0@7) = U(Jéo,ﬁo,PO(x) = {50 if 2> po

with ag, By > 0, ag # Bo, and the point of discontinuity py € R. Subse-

quently, we refer to pg as ’change in space’-point in order to distinguish it

from the classical change-point where the structural break occurs in time.

As 072 is locally integrable, there exists for every initial distribution p a

weak solution of (1.1) which is unique in law Engelbert and Schmidt (1985).
We will denote the vector of high-frequency observations by

() — (Xén)le(n)’ o ’X£n>> = (Xo, X1/ns Xor /s - X1) -

In case 0 = 04, the transition density, that is the solution of the Kol-
mogorov backward or Fokker-Planck equation Liptser and Shiryayev (1977)

1, . 0° 0
50 (y)aT/gpt(l‘,y) = apt(%y),

*Supported by the DFG Collaborative Research Center 823 (Teilprojekt C1)
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is given by Harada (2011)

—x)? _
s foo () + 55 0 or o <

j

—2)? _ Copra)?
Qirtﬁ [exp <_(%tﬁgcg ) - %f ©Xp <—%)] for z,y > p
> forx<p<y

pt(ﬂf,y) = 2
2 1 1 y—p xr—
atB Vomt FP\ T2\ T T

2
2 1 _ 1 (y=p _z=p
\a+ﬂ\/ﬁexp< 2t(a B)) fory<p<uz.

Note that the transition density is highly non-differentiable in the parameter
p of interest.

2. Main result.
THEOREM 1. There exists some n > 0, such that

lim inf inf sup Py g p, <n3/4 |pn — po| > 77) > 0.
n Pn po€R
PROOF. For simplicity of the proof we assume, that the diffusion starts in
the ’change-in-space’ point Xy = p. We prove the lower bound by reduction
on two hypotheses and bounding the corresponding Kullback-Leibler diver-
gence, see the Kullback version of Theorem 2.2 in Tsybakov (2009). For this
aim, we shall show

dP, .
(2.1) sup B, q 5log 202 (XM) < oo,
TeAn,p d]P)T7auﬁ
with
Ay ={rin®ilp—r <n}.

Due to the four different regimes of the transition density, the expression is
of quite a complicated nature. By the Markov property,

n P

which for r» < p is equal to

Xp—Xp_1)? - Xp—2p+X1_1)?
i 1 g exp (_( k2A01:2 1) )_i_ziJrgeXp (_( k 2pA+a2k 1)
8 o (Xp—Xp—1)2 a—f

1
— Xp—2r4+X,_1)2 {r<Xp-1,Xx<p}
k=1 exp (—W) — m exp <_W>
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| Xi—Xi—1)? X204 X 1)\ |
o1 5ED (_%> + ot exp< %)
*log 2 2 1{Xk71§T<Xk§P}
@ 1 Xg—r Xp_1—7
P <_2A G T) )
- X —Xp—1)? Xe=201 X5 1)\ |
a+ﬁexp(—%)+ g Xp( (ksz—anl))
*log 2 2 1{XkST<Xk—1§p}
@ 1 Xg—r Xk—1—T
exp | —gx (5T — g
_ exp (—1A Xi—p Xkl—ﬁ>2> ]
28 2 a
+log 1
Xp—Xp-1)? Xp—2r+Xp_1)2 {r<Xp_1<p<Xi}
oHrﬁeXp( % g+§exp< %)
[ 2
1 Xi—p Xi_1—p
|2 eXp(‘?A(’“a ‘%1)) X
(0%
. (Xp—Xp-1)? a—pB (Xe—20+Xk-1)2\ T i
g | (_ 2ot ) T s P (_% 1
(Xp—Xp—1)? a—f (Xp—2r4+Xj_1)2 {Xk—1,X<r}
_eXp <_ PN ! ) + mexp( k= 2Aa2k 1) )
[ (Xp—Xp—1)? a—p (Xp—2p+Xk_1)2
o exp (_ 2032 ' ) ~ ot &P ( YN ! |
& (Xp—Xg_1)?2 a— (X —2r+Xp_1)2 {Xk—1,Xx>p}
| XP\— 7 2ape — ot X (R
exp <_21A (XIE—P Xk—l—ﬂ)2> i
+log 2 1{Xk§r<p<Xk,1}
1 Xp—r Xp_1—1
_exp T 2A o B |
_ A
exp <_21A (Xkﬁfp _ Xk;l*ﬁ) )
+ log 1
L (Xeer  Xea—r)2 {Xp_1<r<p<Xy}
exp [ —ox (T — 755

—z{

@ O, @ G O, D B, O
1+ L+ L0+ 0+ 10+ 1)+ 1P+ L0}

While it is sufficient for our purpose to bound the expectations of the first

five summands

LS)7L§€2);L;§3),L;§4),LS)

separately, a subtle combination of parts of the last four terms seems nec-
essary to achieve the final goal. Without loss of generality, we may assume
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a > (. The analysis is structured as follows. In Subsections 2.1 — 2.4, bounds
on the first five summands are deduced separately. In Subsections 2.5 and 2.6
bounds are achieved by suitable combinations of the remaining summands.

2.1. Proof of 3, IELS) < oo. First note that in case r < X, Xx—1 < p,
we have
0<(p—Xp)(p— Xg-1)

(X —2p+ Xip1)” _ O, Xi-1)?
2Aa? = &P 2Aa?

< €exp (—
and analogical

0< (r—Xg)(r— Xg-1)

<~ exp <— (Xk — 32—;2Xk1)2> < exp <_W> .

Therefore for k > 2,

Ep,aﬁ [Ll(cl)]

(Xp—Xp1)? /11
< Ep,a:ﬁ [2A @ B @ 1{7"<Xk—1an§P}

(p-r?(1 1

< 9A @ pozBT<Xk 17Xk;<P)
(p—r?*(1 1

= oA ﬁ / / pA z y k 1)A(P7 )dyda:
(p—r)2 1 2a

< —

- 2A a2 \/ aoz+ﬁ k 1>A(p7 z)de

(p=1) (1_1> 2 ( (z — p)*
2A\/27TA a+ 3 V2 (k _1Aa—|-/3 2(k —1)Aa?

(p—1) (1_1) 2 — 2
= 2AV2TA o? a+ﬂ\/27r(k—1)AOé+ﬁ

C(p-ntf1 1 4 1
T 4A27 <52_a2> (a+P)2vVEk—1
And

Ep,aﬂ [Lgl)]

) as
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2A

< Ep,aﬁ [

2

(Xi — p)?

)

(

1

s

1
a2> 1{T<X1§p}]

< (p;Ar) (;2 —~ sz) Pyas (r < X1 < p)

-n? /1 1 p
= (pzAT) (ﬂQ - a2> /T p’i(p,w)dw
(=P (1 (z — p)?
o (o) e | mee ()
_ lp=r)?* <1_1> 2
= 2\21A3/2 a+p’

For p —r < 2n3/% = 2A3/4 and summing over k,

zn: Epa,s |:L](<31)]
k=1

(p—r)3 1 1 2 " (p—r)! < 1>
= 2V/21A3/2 <_a2>a+ﬁ+k22 AN a2 (a+B8)2VE—-1
(1 1| 23a0m 2 \R2A% 4 1
_<62 a2> 2v27A32a+ 8 AN T (a+ B2 VE—1
_<11>'4A3/4 2 +4A 401
B ) [ Vor a+ B (a+8)? I vk —1
<(L-1) LN T S [
“\B @) |[VaravB T 7 @ BPly V3T

1 1) [4a%r 2 4a 4
:<52‘a2>_¢%a+5+w<a+5>22ﬁ]
_(1 1>—4A3/4 2 8/A 4
\BZ Q)| VeratB o (atp)

which is bounded.

2.2. Proof of >, EL,?) < 00. In the same way, we arrive at
(2)
Epa,6 [Lk: ]
(Xk -7
g

1 (Xp — Xp_1)?
= Fros {m

2Aa2

Xk—l —T 2
o - 1{Xk71§7'<Xk§P}
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= (p2A) <52 _Og> Ppas(Xp—1 <r <X <p)
p—r (1 1
A (aﬁ - 042> Epap [(r = Xi-1)lix <rexi<n]

where

Ppas(Xk—1 <7 < Xp <p)

/ / PA@ )P, 1ya(ps 2)dyda
< % exp [~ Y=Y gy (p,z)d
< 27TA04+ﬁ A p IAG2 yp(k—l)A p,x)dr

p—1r 2 T (z —1r)? o
< )
S Varna+s ) o exXp < A2 p(k_l)A(p,:C)dl‘

v 2 i 2 (o~ @-p?
_,TwAcHﬁ/ Jigﬂ 1 AoH—BeXp(_ 27802 >6Xp<_2(k—1)m2> v

-r A ( (x — r)2> p
exp | — x
- \/ A(a+8)2VE 2r Ao P 2Aa?
p—r 2ce

VoA (a+B)2VE -1

and

EPO"B T_Xk 1)1{Xk 1<T<Xk<P}]

/ / r = 2)pA (2, Y)P 1y (P, ) dyd

<2 [ [ e (U5 ) vt -y (prie
( _

p— r —x)?
< 2WAa+ﬁ/oo(T_9f)eXP (_ZAa2> P'(ok_l)A(P,l“)dx

p— 2 /T r—zx 2 . ((m—T)2>e ( (x —p)? )d
= xp [ — xp | ————— | dx
VoA a+ B ) orti—Aa+ B P\ 2802 ) TP\ T2k — 1)AR?
p—r 4a? 1 T r—x (a:—r)2
< exp [ —

21 (a+ B2 VEk —1J_o Ac? 2Aa?
p—r 40 1

21 (a+ B2 VE—1

dzx
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Summing over k, we obtain for p —r < 2n73/% = 2A3/4

S By [ 1]
k=2

“fp=7)? /1 1\ p—7r 2« 1
Sg[ 20 (52_042>\/27rA(a+5)2\/k—1

+p—7‘ 1 1\p—r 40 1
A \af o?) 27 (a+B8)?*VE-1
BAT 11 20
Pl (N N e
~ 2AV21A (B2 a2) (a4 )2 vn
3
4Nz [ 1 1 402
)= 9
"o (aﬁ oﬂ) @rpp"
_Pa (1 1) 20 +4<1_1> da?
V2 \B2 a?) (a+p8)?  m\af  a?) (a+B)?
which is bounded.

2.3. Proof of >, EL,(;’) < 0o. We obtain
3
Epap [Lg )]

<E

1 (Xi—7 p—r\> (X1—p)?
2A o B T 2A02 loasn
2
p—r 1 1
< ( QA) <,82_042> Pp,aﬁ(Xl S?”)

p—r (1 1
+ A (a,@ - ag) Ep s [(7’ - Xl)l{Xlgr}]

p,a,B

where

1 2 " x — p)?
~vraia Lo () e
. 2a cI)<7"—p>

a+f \VAa
a
a+f

IN
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and
Epap [(r = X1)1ix,<ny]
= (r — x)pA(p, x)dx
(z — p)?
\/MaJrﬁ r CUeXp( 2ha? )
1 (x—r)2
< _
> 27rAOé+,3 7” xexp( AL )dm
_ \/Z 202
CV2ra+
Thus, for p —r < on—3/4 = 9A3/4
3
Ep,a,ﬁ [Lg )]
(p=r2(1 1\ a  p—r({1 1\ VA 22
< - + - =
= 9A B2 o) a+p A af  a2) Vara+p
SRR B L
= A BQ a? a_l_ﬁ \/Z aﬁ a2 /27T05+B
1 2

1 o 1 1 2a
=2VA + 2A1/4 < - ) —
( > + 5 af  a? 2ra+
Which is bounded. Further

Epa,p |:Ll(cg)]

2A 02 } I{Xk§T<Xk—1§ﬂ}]

= <p2A) <52 B a2> Ppoas(Xp <7 < X1 <p)

p—r (1 1
+ A <ozﬁ - 042) E) a8 [(r - Xk‘)]-{XkST'<Xk—1SP}:|

{1 <Xk —r Xy —T’>2 (X = Xp)?

where

]P)p,oz,ﬁ (Xk: <r<Xg1 < p)
o
/ / PA@, Y)P(_1ya(ps @) dyda

Va2rA o+ f / / o ( T > RN

3

| N
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/ / exp ly—a) Ay, _1ya (p; 2)dx
a+p oo 27rAa 2002 (k=1)AR
i

= \/27TA(04+,8) VE—-1

and

Eﬂaﬁ r—= Xk)l{Xk<7"<Xk 1<P}}

/ / r—y pA T y)p(k DA (p, )dydm
B 27rA a+ /3 / / roy)ex < (yQAoﬂ) > dypl_1ya (P, )dx
\/ﬂ& + 6 /'r /—oo(r N y) exp <_ Q;;CKQ) > dypfkfl)A(p, l’)dl‘
1

21 (a+B)2Vk—1

For p—r < 2n~3/% = 2A3/% and summing over k, we get the same bound as
the for the second term

S8 [11Y]
k=2
n
<3 [(p —
k=2

< B 1> p—r 2« 1
B2 o) VorA(a+B)? VEi—1

p—r (1 1\ p—r 4a? 1
_|_ -
A (a,B a2) 21 (a+ )2 \/ﬁ]
<23Ai<1_1>2a+4<1_1>4a2
T V2 \B?2 a?) (a+B)?2 w\aB a?) (a+pB)?

2.4. Proof of 32 EL,(:Q < 0o and )y EL,(E) < 0o. The terms L,(:l) and

L,(f’) can be taken care of as L,(f) and L,(CS).

2.5. Proof of Zk]E(L,(f) + L,(cg)) < 00. In case Xj_1, X <r we have

Xp—Xp_1)2 — Xp—2p+Xp_1)2
1 exp (_( kQAcf2 1) ) + ngg exp (_( k 2,0;;219 1) )
08 (Xp—Xp—1)? a—p  (Xe=2r+X,_1)?
exp |\ — 2A a2 + a+ €xp T 2Aaz
Xp—Xp_1)? — (Xp—2p+Xp_1)?
exXp <_( Ra? ! ) + ng,B eXp( = 2IOAJ;2Ic : )
= Xp—Xp_1)2 _ Xp—2r+Xp_1)2
exp (_( SRa? E ) + 3+B eXp( o= R E )
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Xp—2r4 Xp_1)>2 o2t Xe )2
B Xp—Xp_1)? X o x5
o (7] e ()
and thus
(6)
Epap [L ]
2 ) 2
= oxp (- 35) —ew (FUSET)
a a+/8/ /oo z)? 4 o=b B (y—2r+z)? pA(%y)p(k,l)A(,O,fU)dydx
GXp 2Aa2 o+ CXP | ~"35Aaz

__a_ﬁ/ / o —2r+x) —ex —w
R T A0 P 2Aa2
1’ a _ )2
1 exp( ik )+ ew (H0ET)
\/706 exp( y—a)? >+ a— ﬁexp( w) (k—1)A

2A 2 a+p 2A 2

(p, v)dydz

With

— 7)2 _ _ 2
f(r) = exp ( (ZA;) > + 24— g exp ((y 22:; =) >

we use the following expansion

for some r <7 < p, where

S o= By —2r+ux _(y—2?—i—a:)2
S = 2a+/3 Aa? exp( 2Aa? '

Therfore,

Epos [L(G)}

a—p y—2r+mx) y—2p+x)
a—l—ﬁ/ / {exp( 2A0? ) P ( 2Aq? >}

1L [+ (p—n)f'{F)

X x)dyd
__04—5/ / o (=2 2N _(y—2,o+fﬂ)2
a4+ p Y.V R P 2A 02
1
o
X QFAap(k_l)A(p’$)dydw
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/ /oo 2 A )f(_r)f(r) (p =)' (P)Pfe_1)a (P, ) dyde

L(6 1) + L(6 2)
We bound
(6.1) o I3 1 — Aﬂ; _ﬁ ,
b a+p o —2eorer P < 2 de(k—l)A(pvm)diU
A

a—p 2 p—r [T (20 —r—2)%\ , p
Tat8Vanvaa )P\ 2aar ) nale )

_La=B p—r [T _@p—r—2)?\ ,
(2.2) = 2a+6\/ma /_Ooexp< TN p(kil)A(p,x)da:.

Observe that this term is negative, it will be used to compensate another
term. As concerns L,(f'm, note first that because of x,y < r we have

0<(r—y)(r—m=)

(y —x)? (y —2r + )
<—— €exp <— 2Aa2 2 exXp —W .

flr) = 22 (—W>

oa—l—ﬂep 2A0?

Therefore,

L6 _ / [ >i{'<~> s s ()i
< m@“;a s f'm?exp(( LA ) >pfk_1)A<p,x>dydx

(- —27"—1—:(: 2(y — 21 + x)?
=2 ann 27rAa2 a+/3/ / ( )eXp<_ 2Aa? )

y—2r+zx 2
X exp <(2Aa2)> pfk_l)A(p, x)dydx.

Furthermore, since

(y—2r4+2z)? =2y —2F+2)* = —(y+x — 47 + 2r)* + 8(7 — r)?

we have, using (7 — )2 < (p — )2,

_ )2 _ 2 N2
e 2 T e ()
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y—2r+z 2r+a: (y—l—as—4?+2r)2 o
exp | — TN Plr—1)a (P>

Now we consider the inner integral.

/ y—2r+x ox _(y+x—4?—|—2r)2
Vor Aa? P 2A0?

y—2p+uz (y+z—2r)
T Aaz ) P 2Aa?

)
)

V2TA
" Aa? {

Finally,

oo

dp—3r —x

+7
21 A

< 2(PA—O;)2 (0;;/;)2 exp <4 (PA— 72’)2> /r {(4

4 3r—x
+P

exp

7zl

sl <“;az”—2z;;“>2exp<—@zz;f”>dy
r—x . x —7)?

() e (Um) P () |

L£6.2)§2(PA—Q7;)2 (0;1?2 exp <4(PA—O;)2) /_7" {<4(p;;)2+a>(b<_7\"/—gz>

(x —1)?
p <_ IAG2 Pl-1)a

x)dydzx.

M—i—oz)e p(

(p; x)d

s

1 2

_ o= (a—p)? (p—
=4 Aot (a+ B)? P (4 Aa? >

For p—r < 2n3/4 = 2A3/* and summing up we get

2 +—+2

(- z;;;>} e
{23

AN (o — B)? A3
<
_4Aa4 (a+ )2 P 4Aa2 2 AT
A2 (a—B)? 4A% 1 a?
< 4
<2 oF (a+B)? exp [ 2 -z 2 5

d
F—DAa+B

p_r o
V2rA 2w

i
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which is bounded. And for X 1 <7 < p < Xj we have

2
exp <_ 21A (Xkﬁ_p o Xk_al_p) >

2
exp (_21A (X%—r o Xk;l—T> )

_ _(QPA—QQ <; _ ;) {a@2Xy —p—1)+B(p+71—2Xk-1)}

log

and thus

9
Ep,a,8 [Ll(c )}
p—r a=8 [ (z — p)?
= VarRaatd weXp<_2Aa2 Ple_1ya(p, 2)da

(p—r)? (1 1\* 28 [ p—u
s (5ma) ara [ (2 () et

_ 7.1 (9.2)
=Ly + L.
Observe that L,(fz) can be treated as L,(f'z). Moreover, for some p < 7 <
2p — r we have
(9.1) (6.1)
Ly + L,
p—r a—p [T (x—p)Q )
<2 B p
T V2rAaa+B ) o eXp( 2A2 Ple-1)a (P, )dz

0B por [T o-r—a?)
_ - (@2p—r—ua)? ;
20& + B V2rAa /_Oo xp ( 2A02 p(k_1)A(P, x)dz

(p—1)* a=p [ (z — p)?
§2x/27rAAa304+5 _OO(QP_T_x)eXP  2Aq? Pfk_l)A(p,x)dx
(p—r)? a=p 2 [7 1 < (17—/’)2)
<2 2w—r—g)——— _ d
=P amandia+fath )T T oA P\ 28a2 ) #
<2

(p—7)2 a—p 2 1 P 1 (x —p)?
VarAAR? o+ Bat Bk 1) e Vorha T <_ 5Aa2 )dm
(p—r)a-p 2 1 P p—uz (z —p)*
2rAa a+PBa+pVE—-1 _OvozQeXp<_ 2Aa? )d:):
:{ (p—r)° 2(p—r)2}a—6 2 1

V2rAAa? 2rAa fa+Ba+B8VE—1

+ 2
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For p —r < 2n=3/% = 2A%/* and summing up we get

ZL91)+L(61)

<Z{ 2(p1“)2}a[3 2 1
Vor Aa2 2rAa J a+PBa+BVE—1
2BA1 +24A% a—B 2 z”:
V2rAAa? 2rAx a+ﬁa+ﬁk:2\/k_1

+
V2ma?2
which is bounded.

23A1 AN | a—pB 2
S{\/QFAAO[2+227TACM}OJ+,BQ+ﬂ2\/H
{ a+pa+p

PAT , 4 }a—ﬁ 4

2.6. Proof of >, E(L; (N 4 L( )) < 0o. First note that for X;_1, Xi > p,
we have

[ ) e it
o (T T) o (T
exp( (XKQA)(BICQ 1)2) 7@ p( (Xp— 22,;A-sr-8Xk 1)2)
e () e (R 1))
Thus
Epas L]

_ 2 _ 2
= /Oo /OO exp (-5 ) — oo (2355
< _
— _ )2 _ _ 2
p Jp exp (* (gAZ)Q > - —ngg exp <*7(y QQAT;;C) >

< pA (@, y)p(),_1)a (0, )dydx

/poo /pw{ ( 22Apﬁz = ) - <_W>}
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L e (<) - agen (<5
Mﬁexp< )> ﬂexp( W)p(k_l)

2A52 a+,8 2Ap2

A(pax

Now, with

B (y—z)?\ a-p (y —2r +z)?
g(’")‘e"p<_ AR >_a+ﬁexp(_ AR >

we use the following expansion

for some r <7 < p, where

fe —By—2r+uw (y — 27 + )2
A ey NG eXp(‘ YNE >

Therefore, we have

Epa,s [Lg)}

o [ e () ()
1 g +(p—rg® ,

X ,x)dyd

e (y —2p+a)’ (y —2r +=)°
e ) e ()
X 7@”@4)““ z)dydz
+ /p /p Lol —or) )9 (P)pf_1)a (0, 2)dydz

n\

V2rAB  g(r)
(D 4 (7
We bound
00 T+p—2r 2
(7.1) _ 04—5/ 1 //ZB < z> p
Ly =—- eXp | =5 dyp(k_l)A(p,x)d:E
a+pB/), or e 2
a—p [ 1 p—r (1:—|—p—2r)2 o
< _ _

a—p p—r b (x+p72r)2
= —2 L exp <_2A/82 p'(ok_l)A(p, .’E)dx
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Observe that this term is negative, it will be used to compensate another

(7.2)

term. As concerns L, ™/, because of z,y > p > r

0<(y—r)z—r)

—_7)2 _ 2
]

it holds that

—_9 2
o) 2 2o (LRI,
we obtain
(7.2) e 1 (p=r)d @),
t / / Varas gl Peepalpm)dyds
)

Finally, as above,

(7.2) (p—r) (B—a)? (p—r1)?
Lk §2mﬂ2 oy exp<4 AG? >

—2 —4 2 2
/ / < A;;rx) exp(_(y+$2A5,02+ r) >p€k1)A(p,:r)dydm.

As concerns the inner integral,

1 / <y—2r+:1:)2€x (_(y+a:—4p+2r)2)d
VoA J, Ap? A2 Y

_ 1 (p—r)° ><_ (m—3p+2r>> x4+ 5p — 6r <_(x_3p+27~)2)}
_Aﬂ2{<16 ag A (1 N/, S N AT ,
so that

(72) _ ,(p—1)* (B —a)? (p=1)\ [ (p—r1) x—3p+2r
st e () [ o) (-0 (E))

x+5p— 6r (z —3p+2r)?
+W €xXp <_2A52 Pfk_l)A(Pa z)dz.
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(6.2)

This term can be treated as L, ™. For X} <r < p < X;_1 we have

2
exp< 21A (Xka £ kal_p) )

2
exp <21A (X’:;T - ijé’l_r) >

- (QPA_Q;) <i - ;) (B(p+7 —2Xp) + a(2Xj_1 — p— 1)}

log

and therefore,

B0, [Ll(f)]

p—r a—p T =p
:2mﬁa+ﬁ ( 2A\"a 8 >)p€k—m(p"r)d$

-

_ D 4 6D,

L,(f‘Q) 8.1)

can be bounded with similar arguments as L,26'2) and L( 2 + L(
LY 4 O, O
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