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ABSTRACT
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1 Introduction

Since the 1996 Market Risk Amendment to the First Basel Accord, the Value at Risk
(VaR) was (and still is) the standard measure for risks of financial investments. Besides,
it has become the industry standard not only for banks but also, e.g., for insurance
companies (due to Solvency II) or asset managers. However, despite its prevalence,
conceptual simplicity and easy interpretation, the VaR has several drawbacks based on
fundamental deficiencies. On the one hand, it lacks the desirable property of a coherent
risk measure (see Artzner et al., 1999) for non-Gaussian Profit & Loss (P /L) distributions.
On the other hand, the VaR does not account for tail risks.

As a consequence, alternative risk measures are of increasing importance and interest with
a particular focus on the Expected Shortfall (ES). This is mainly due to the facts that the
ES is a coherent risk measure, accounts for tail risks and a consultation paper from the
Basel Committee (Basel Committee on Banking Supervision, 2012) opted to replace VaR
with ES. However, while calculating ES is not much more difficult in comparison to the
VaR, backtesting ES models remains a major challenge (see Yamai and Yoshiba, 2002,
2005; Kerkhof and Melenberg, 2004). While there are several formal VaR-backtests (see,
eg. Candelon et al., 2011; Berkowitz et al., 2011; Ziggel et al., 2014, for some recently
proposed tests), there are only a few studies dealing with ES-backtests (Berkowitz, 2001;
Wong, 2008, 2010; Acerbi and Szekely, 2014). Most recently, Du and Escanciano (2015)
proposed some backtests for ES forecasts which are easy to implement. We build upon
these recently proposed backtests and present a new backtest for the unconditional cov-
erage (uc) property of the ES. This property is of particular interest for regulators whose
focus is mainly on uc backtests.

Our test is based on the so called cumulative violation process. Its main advantage is
that the distribution of the test statistic is available for finite out-of-sample size which
leads to better size and power properties compared to existing tests. Moreover, it can be

easily extended to a multivariate setting. To the best of our knowledge, there is currently



no multivariate backtesting framework for the ES, although this is a highly important

task (see Wied et al. (2016) for a discussion concerning multivariate VaR tests).

2 Methodology

In this section, we introduce the notation used throughout the paper, define the desirable

properties of VaR and ES models and present our new uni- and multivariate backtests.

2.1 Notation and ES-violation Properties

Let {y;}}, be the observable part of a time series {y; }+cz, where y; represents the return
of a bank or an asset at day ¢. Moreover, let {VaRy.—1(p)};—; be VaR-forecasts at level

€ (0,1), implicitly defined by P(y; < —VaRy;—1(p)|F¢—1) = p, where F;_; denotes
the information set up to time ¢ — 1. The ex-post indicator variable h;(p) for a given

VaR-forecast VaRy;—1(p) is defined as

hi(p) = 1(y: < —VaRy—1(p)),

where 1 denotes the indicator function. In this notation, hi(p) = 1 denotes a VaR-
violation.

In this paper we focus on backtesting the ES. Following Du and Escanciano (2015) we
define the conditional distribution of 3; given the information set F,_; as Gt‘t_l(-) =

Gi(-|F;—1). The ES is defined as
ESy := —E(y|ys < —VaRy—1(p), Fi—1) /VaRﬂt 1

Du and Escanciano (2015) focus on the so called cumulative violations process to test



the correct specification of the ES. The cumulative violation process

p p
1 1
Hi(p) : = ]—j/ht(u)du = Z_?/]l(yt < —VaRy—1(u))du
0 0
p
1

= _/]1<Gt|t—1(yt) <u)du == (p— Gy—1(y)) L(y: < —VaRy—1(p))

p
0

==

takes values ranging from zero to one if a VaR violation occurs (h:(p) = 1), otherwise it
is equal to zero. If Gy;—; is continuous for all ¢, then Gy;—1(y;) is uniformly distributed

on [0, 1]. In consequence the expected value at each time ¢ is given by

E(H(p)) =5, Vi (1)

N3

This is called the uc-property for the ES. As stated in Du and Escanciano (2015), {H;}
is unobservable because the true model is unknown and has to be estimated. Therefore

some assumptions are necessary:

Assumption 1.

1. There is a parametric model Gy;—1(y|60o) which specifies the distribution Gyu—1(y)

Vt and y < G;tl_l(p).
2. Gy—1(x)0) is continuously differentiable in 6 and x € R.

3. The in-sample of size T' is used to estimate the parameter 8y € RP with the consistent

estimator Op.

These assumptions define our framework and should be fulfilled in most situations.
In the next section we present the uc backtest from Du and Escanciano (2015) and propose
our new uc-backtests. The advantage of our tests is that the distribution in finite samples

is known.



2.2 New uc-backtest

For testing the hypothesis

Hl . _‘HO (2)

Du and Escanciano (2015) suggest to use a t-test with normal approximation. Since

E(Hy(p)*) = & and Var(H,(p)) = £ — %2, Vt, the t-test statistic is given by

w

_ H(p) —p/2
Ues =V =70

with H(p) := 320, Hi(p) and Hy(p) = 3 (p — Gt (elr) Ly < Gyl (0167)).
Note that H,(p) is used instead of Hy(p) because 6, is unknown and has to be estimated

by 7. If 67 is v/T-consistent and T increases faster than n (and both tend to infinity)

such that n/T — 0, Ugg has a standard normal limit distribution.

Now, we consider the case that T tends to infinity but n is fixed and relatively small
eg. n = 200 or n = 500. We simulated this situation 500,000 times and calculated
the statistic Ugg. With a density kernel estimation we compare the estimated density
function with the standard normal density function. The result is displayed in Figure 1.
We see that the simulated distribution is right skewed. Consequently, quantiles for high

probabilities obtained from the normal approximation are too small.

Our main contribution is to tackle this problem. For this, we have to reformulate the

test hypothesis. We start with the following observation:
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Figure 1: Kernel smoothed density function of Ugg with out-of-sample-size n = 250 and
n = 500.

Whenever a hit occurs at time ¢, Gy;—1(1:) should be uniformly distributed. On the other
hand, a hit should occur with probability p if a perfect ES-model is given. Consequently,
if the risk model is appropriate, the observable series { H;(p)}}_, can be modeled as a
series of products of Bernoulli distributed with uniformly distributed random variables.

This leads to our test hypotheses:

Hy : Hy(p) = hy(p) - ug, hy(p) ~ B(p) independent from u; ~ U(0,1), Vt
VS.

H1 : _|H0

If H 0 holds, the uc property (1) is obviously fulfilled. Our reformulated hypothesis
seems to be stronger than the previous one (2). However, as the calculated expected
value and variance in the t-test statistic are based on the reasonable assumption that
E(hi(u)) = u, Yu € (0,p), it is equivalent to our test hypothesis.

Moreover, no information concerning past values of H;(p) should be helpful in forecasting
hits and their characteristics if the ES-model is correctly specified. Hence, we add the

following reasonable assumption:



Assumption 2.

hi(p), ..., ha(p),u1,...,u, are independent.

Under this assumption, with the law of total probability, the cumulative distribution

function (cdf in the following) of

H, = Zl Ht<p) B %Zl(p - tht—l(yt|90))]l(yt < Gﬂt1—1(p|90)) (3)

is given by

Fy(z)=PH,<z)=Y P (th(p) = kZuj < x) .

Here, > 7 | hi(p) is binomial distributed with parameter n and p and the distribution of
Z?Zl u; is the so called Irwin-Hall distribution (Irwin (1927), Hall (1927)) with parameter

k and cumulative distribution function

2]
Te(z) = % A (—1)/ (n> (x — j)* 'sgn(z — j).

Jj=0 J
Thus, the cdf is given by
0 Jf <0
(1—p)™ Jifrx =0
-+ 3 (WP =p)"*Tu(z) ,if 2 € (0,n]
=1
1 Jif o > n.

With increasing k, Tj is numerically unstable, because (Z) takes huge values

and/or p*(1 — p)"~* is close to zero. For implementation, it can be useful to use the

normal approximation beginning from an upper bound (e.g. k > 20 ) Ty(z) =~ ® (M>

\/k/12

To demonstrate the usefulness of our test, we simulate N = 10,000 series of { H;(p)}-,
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with length n = 250 and calculate high quantiles of the simulated {H,, ; };VZI The calcu-
lated quantiles, the theoretical quantiles from Fj, and the approximation used from Du
and Escanciano (2015) are displayed in table 1. The latter is a normal distribution with

expected value np/2 and variance n(p/3 — p*/4).

Table 1: Comparison between simulated quantiles and the theoretical quantiles.

quantile 1 — « 0.9510.96 | 0.97 | 0.98 | 0.99
simulated 1 — a- quantile 5.68 | 5.87 | 6.11 | 6.43 | 6.96
ng(l — ) 5.67 | 5.86 | 6.10 | 6.43 | 6.95
np/2++/(n(p/3 — p?/4))® (1 —«) | 5.48 | 5.63 | 5.81 | 6.06 | 6.45

In the following, we assume that there is at least one hit or rather I:[n(p) > 0, with H,
defined as in (3) with the estimated parameter Or instead of ;. We get the continuous

conditional cdf
- (n -
Fuoole) = (1= (L= ") 30 (1)1 = 0T,

k=1

The conditional cdf is used to define our test statistic

St 1= Fmoolf) = (1= (1= 3 ()40 = Tt

whose limit distribution is given in the following theorem.

Theorem 3.

Under assumption 1, if n is fired and T — oo then
SUC‘ {f.>0} S u,1).

The proof of this theorem can be found in the appendix.
Thus one would neglect Hy at level a if Sy > 1 — a. We expect that our test has better

size properties, because the t-test suffers from the approximation error.



Next, we extend the test to the multivariate framework. Instead of the following approach,
one could also simply use the univariate test in combination with a Bonferroni correction.
However, this would lead to a less powerful procedure. The price for more power is that
we need stronger assumptions, in particular, n must tend to infinity.

With m business lines we define H, := (H;1(p1), ..., Him(pm)) with Hy j the cumulative
violation from business line j at day ¢, j = 1,...,m and t = 1,...,n. For simplicity
we assume that p; = ... = p,, =: p, but all results can be easily extended for different

coverage levels. The test hypothesis is formulated as

HS” cH;, = (ht,l(p) TULLy - ht,m(p) ) ut,m)g
hei(p) ~ B(p) independent from u;; ~ U(0,1), Vi, i
Vs.

H": —H,
Similarly to assumption 2, we assume independence over time and the same cross-sectional
dependence structure at each time point:
Assumption 4.
1. Hy,..., H, are independent.
2. Cov(Hy) =...= Cov(H;) =: X.

Clearly, we need that n tends to infinity to estimate Y consistently. Therefore, it is

required that T tends to infinity relatively faster than n. Moreover, we need the following
Assumption 5.
1. VT(6r — 6p) = O,(1).

2. 3MeR|Vte {1,..,n}: sup Z2HDIF - pr
0cO



Assumption 5.1 means that 07 is v/T consistent and the limit distribution of v/T (éT —6)
is bounded in probability. For example, a maximum likelihood estimator with a fixed,
rolling or recursive forecasting scheme fulfills this condition as it is shown by Escanciano
and Olmo (2010). Assumption 5.2 is more technical and should be fulfilled in nearly any
model.

The test statistic is based on the standardized sum of the univariate test statistics. More

precisely, the test statistic is given by:

1 2
Ste = § ! (Suc.) _gfzq)_l(FHanwO(Hm))
=1

with 62 a consistent estimator for Var(>_!", @~ (Syc,)).

Theorem 6.

Under assumption 2, if T — 0o and n — oo, n/T — 0, it holds
Stcl{ Hag >0, vj} =5 N (0, 1),

with the variance estimator

52 i - (M — H)(Hy —Hy)
i=1 j=1 \/ZL(HM - Hi)\/ZZL(Ht,i — H;)
The proof of this theorem can be found in the appendix.
With this theorem, we obtain our multivariate uc-test for backtesting the ES. Condition-

ally that there is at least one hit in each business line, we reject Hj" if S{/r > u1_q, With

Uu1_o the 1 — a quantile of the normal distribution.

3 Simulation study

In our simulation study we examine the power of our proposed backtest in a controllable

but realistic scenario. Also we compare the empirical size and power with the t-Test



proposed by Du and Escanciano (2015). All simulations are computed for a significance
level of 5% and we perform 2,000 repetitions for each simulation.

Our test delivers the exact distribution in finite samples if T tends to infinity, but uses
basically the same information like the ¢-Test. Thus we enhanced the size properties, but
the size corrected power is the same as the ¢-Test. So we concentrate on the multivariate
setting in this simulation study. In order to extend the univariate AR(1)-GARCH(1,1)
model from Du and Escanciano we use a AR(1)-CCC-GARCH(1,1) model with normal-
and t-distributed innovations to generate data. The value of the parameters are the same
as in Du and Escanciano (2015), thus these are typical fiir values in empirical application
(Du and Escanciano, 2015, p.15). The m-dimensional series {Y;}i—1.. 7+n IS generated

by:

Y; = 0.05Y, 1 + vy, vy = 0v€g, 60 ~ (1, X)

o = 0.051,, + 0.1L,,v7 | + 0.851,,07 ,

We use v = oo to generate the in-sample data {Y;};—1 1 and fit the model, that leads
to normal innovations. If the out of sample is also driven by normal innovations the
VaR and ES can be consistently estimated and H{* holds. To examine the power of our
test in comparison to the Bonferroni corrected t-Test we simulate a structural break at
time 7', after that point the innovations are ¢-distributed with v € {30, 15,10, 7} degrees
of freedom. The chosen covariance matrix ¥ will be fixed with ¥;; = 0.4 if ¢ # j and
Y= 1.

In each of the simulations we estimate 6y = («,w, 5,7v) = (0.05,0.05,0.1,0.85)" sepa-
rately for each business line by QATJ- with the well known conditional maximum likelihood

estimation with in-sample size T' € {500, 2500}. Thus we get for each business line j and

10



each day t the estimated cdf

Gt\t—l,j(Yi,jWT,j) - (I)(ét,j)
with

~

€tj =

Yij— &Y,
~ b)
Ot,5

and

Grj = Wj + Bi(Gr-16-15)* + 074 .

With this cdf we can calculate the estimated cumulative violation for each day ¢ and each

business line j:

H,;(p) = (p - Gt\tfl,jm,j\ém))) (G, (Yeslbr,) < p).

SRR

The simulation results are shown in Tables 2 and 3 below.

As shown, our test clearly outperforms the standard ¢-test which has extremely bad size
properties. Moreover, the size adjusted power of our test is significantly better in all
cases. The in-sample size of length T" = 500 seems to be not sufficient for our test. If

we increase the in-sample size, the problems concerning the size vanish at a length of

T = 2500.

11



Table 2: Simulation results for m = 10 and m = 50 Business Lines and out of sample

size T' = 2500
m =10 m = 50
n = 250 n = 500 n = 250 n = 500
v | UCig-Test t-Test UCig-Test t-Test | UCio-Test t-Test UCio-Test t-Test
00 0.05 0.14 0.06 0.12 0.05 0.24 0.06 0.21
30 0.33 0.21 0.53 0.35 0.44 0.28 0.64 0.42
15 0.76 0.51 0.94 0.76 0.85 0.66 0.98 0.87
10 0.93 0.77 1.00 0.96 0.98 0.90 1.00 0.99
7 0.99 0.96 1.00 1.00 1.00 0.98 1.00 1.00

Table 3: Simulation results for m = 10 and m = 50 Business Lines and out of sample
size T' = 500

m = 10 m = 50
n = 250 n = 500 n = 250 n = 500
v | UCig-Test t-Test UCig-Test t-Test | UCip-Test t-Test UCip-Test t-Test
00 0.12 0.30 0.14 0.36 0.13 0.54 0.15 0.62
30 0.26 0.16 0.43 0.22 0.39 0.19 0.43 0.27
15 0.62 0.38 0.86 0.58 0.80 0.46 0.86 0.65
10 0.89 0.66 0.98 0.86 0.97 0.76 0.98 0.92
7 0.99 0.89 1.00 0.98 1.00 0.96 1.00 1.00

4 Conclusion

We present a new backtest for the unconditional coverage property of the ES. The distri-
bution of the test statistic is available for finite out-of-sample size which leads to better
size and power properties compared to existing tests. Moreover, it can be easily extended
to a multivariate test. Our test is easy to implement and should be used whenever the
in-sample size is large compared to the out-of sample size. To the best of our knowledge

this is the first proposed ES backtest for the multivariate setting.

12



A  Proofs

Proof of Theorem 1
First we prove that for each ¢t = 1,...,n it holds that ﬁt(p) 2, Hi(p):

From Assumption 1 we get 07 — 6, and therefore Gt|t,1(-|éT) converges uniformly to

Gie—1(-100) and of course G

t|t—1('|éT> converges uniformly to G, ', (+|07) since Gt\t_1('|éT)

tle—1

is continuous and strictly increasing.

On the one hand we get Vo € R

—_

]19(19 - Gt|t71($|éT)) — —(p— Gujp—1(2]60)).

S

Moreover with p € (0,1) and y continuously distributed and 0 < e < 1

P (ILy < Gl (pldn) = 1y < Gl (pléo))| > )
:P(y € [min{Gatl_l(me), Gat1_1(p’00)}’ maX{GJt1_1<p|éT>7 G;t1_1(p|90)}])

T—x _
—>P(y = Gt|t1_1(p|00)) =0

so we get 1(y < Gatl_l(me)) iy < Gﬂt1_1(p|90))- Now we use the following Lemma

that extends the well known Slutsky-Theorem.
Lemma 7. If X, == X and Y,, 25 Y then X,)Y,, = XY.

Proof

P(|X,Y, — XY| > €) = P(|X,Y, — X, + X,,Y — XY| > ¢)

< P(X,(Y, = Y)|+Y(X,—-X)|>e

< P Xo(Yo = Y)| > €¢/2) + P(|Y(Xo — X)| > ¢/2) =50

NG| 250

13



Using this lemma we get

~

Hy(p) = ~(p = G- (l67)) - 1(y < Gyl (p16r))

= =(p = Gy (@]60)) - Ly < Gy, (pl6o)) = Hi(p)

h=R N T

Since n is fixed we immediately obtain

~

H, 5 H,,

if T' tends to infinity. In the second step we show that

Fu. (i Ht(p)’ H, > 0) ’ {iﬁt(p) > 0} 4 U(0,1)

Therefore we use another lemma:;:

Lemma 8.
Let Xy, X1, X, ... be continuous random variables on (R,F,P) and X, LN Xy and

g : R — R absolute continuous and strictly increasing. Then

g(X,)|{X, € B} -5 g(X)|{X € B}

Proof
Since g is absolutely continuous and strictly increasing, g=' : R — R exists. Because
X is absolutely continuous it follows by definition of the convergence in distribution and

Portmanteau Lemma (see eg. van der Vaart (1998), p.6) for every B € F

P(X, € B)=% P(X € B).

14



Let AC Rand g '(A4) ;== {z € Rlg(z) € A} € F, B € F with P(X; € B) > 0 Vi.

P(g(X,) € A, X, € B)
P(X, € B)
_P(X,eg9'(A4),X, € B)
P(X, € B)
P(X, € {g~1(4) N BY)
P(X, € B)
noo P(Xo € {g7'(A) N B})
T P(X, € B)

P(g(X,) € A|X, € B) =

=P(g(Xo) € AlXo € B)

So we get g(X,){X, € B} N g(X){X € B} and Lemma 8 is proved.

With this lemma the proof of Theorem 1 is clear. Per definition it holds

Fu, (Hn

H, > 0) ‘ {H, >0} ~u,1)
and with Lemma 8 it follows easily

H, > 0) ‘ {Hn > 0} 4 u(0,1).

15



Proof of Theorem 2

To prove this theorem, we use a copula theorem from Lindner and Szimayer (2005):

Theorem 9.

Let (Xp)nen and X be m-dimensional random vectors, where X, = (Xn1,..., Xnm) and
X =(Xy,..., X))

Then X,, converges weakly to X asn — oo, if and only if the margins X,, ; converge weakly
to X; asn — oo for j =1,...,m, and if the copulas C,, of X, converge pointwisely to
the copula C' of X on RanFi X ... x RankF,, asn — 0o, where F; denotes the distribution

function of X;.

Thus the proof will be done in two steps: First we show that if T — oo, n — oo and

n/T — 0 all margins

A

O (Frt 1m0 (Hng))|[{ g > 0, Wi}, G =1, om,

have standard normal limit distribution. In the second step we show that the copula
of (O (Frjmas0(Hn1)), s @ (Fary,50(Hpm))) converge pointwisely to a Gaussian
copula.

If n tends to infinity, we observe sup |[Fu,m,>0(x) — Fu,(z)] — 0 and
P(H,; > 0,¥j) — 1. Thus the condiﬁfns {H,; > 0, ¥j} have no effect on the

asymptotic behavior and we continue the proof without them. But note that in finite

samples this condition is needed to estimate the dependence structure.

H,, ; is under Assumption 3 a sum of independent random variables, therefore the central

limit theorem holds:

lim sup |Fy () — ® /2 ) =
n5o ek 0 (x/n(p/3—p2/4) ‘ ’

16



Moreover for ¢ € R fixed and € € (0,0.5) it holds:

. r+c-n—np/2
lim sup |Fy,(x +c-n) — ) =0
el [l =)
: r —np/2 c
& limsup |Fy,(xr +c-n) — + ‘ =0
issogek | ( ) <\/n(p/3 —p/4) T (p/3 - 192/4),>
=0
— 2
< lim sup FHn(Jc+c-n€)—<I>( L np/ )‘ = 0.
n—o0LeR n(p/3 — p?/4)
So if ¢, = op(y/n) we observe
lim sup |Fy, () — Fu,(z 4+ ¢,)| =0 (a.s.)

n—)OOxER
We now consider d,, ;== H,, — H,,. Du and Escanciano (2015) mentioned that

1

i = % > BU(P) ~ Hp)IF-) + or 1),

which follows directly from previous results from Escanciano and Olmo (2010). With

similar arguments and the mean value theorem we get:

n

dy = Z(ﬁt(]ﬂ) — Hy(p))

t=1

- Vil - > B(Lp) — Hi(p)Fis) + or ()

0=0 * OP(\/E)

_ 5 OF(Hy(p)|F; 1)
= ;(QT —bp) - 2

+op(vn),

—_———— 0=0
Op(1) ~-

Bn

. n 1~ 0E(H,(p)|F,_1)
:[ﬁwT_eO)'ﬁ'ﬁ; a0

with @ a fixed value between 07 and 6.

If n/vT = o(\/n) < n/T — 0, we get d, = op(y/n) and

17



~

Fu, (H,,) % Fy, (H,,) ~U0,1), j=1...,m,

J

and the first step of the proof is completed with the continuous mapping theorem:
O (Fy, () — 7 (Fu, (H,,)) ~ N(0,1), j=1...,m.

To complete the proof we determine the dependence structure. Under H{* and Assump-

tion 3 we get with the central limit theorem for H := (Hy,..., H,,)":
H, = vn (H-p) -5 N(0,%),

with o = £ - 1,, and a positive definite matrix ¥ € R™*"™.
With Theorem 9 the copula C), of ﬁn converges pointwisely to a Gaussian copula with

a correlation matrix R that corresponds to .

We define g, : R™ — R™, g,((21,...,2m)") = (g1.0(21), . ., gmn(xs))’, with

Gin(xi) = 7 (F . >0(vVnx; + np/2)), i =1,...,m.

It is easy to see that g;, is strictly increasing for all = 1,...,m and n > 0 and therefore
the distribution of g, (ﬁn) is also determined by the marginal distributions and the same
Copula C,, as before (see eg. Schweizer and Wolff, 1981). Thus we get directly that
the copula of ((Ifl(FHn‘HpO(I:In,l)), ceey <I>*1(FH”|HH>0([:In7m)))’ is also given by C), and

converges to the Gaussian Copula C. Applying Theorem 9 one more time it holds

gn(H,) =25 N (0, R)

18



and

Z H(Fa, (Hyg)) =5 N (0,1, R1,,).

As mentioned before, using the conditional cdf and the condition {H,; > 0, Vj} does

not change the asymptotic behavior. Returning to the conditional case and using the

consistent estimator
52 zm: i Z?:i(Hm:E)(Hm —Aﬁj) _
S S (Hy — Hoy S (s~ H)

Y

for 1/ R1,,, we derive the limit distribution of the test statistic:

> @7 (Fny a0 o)) g > 0, ¥} =5 N(0,1),

1
g 4
=1
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