Empirical processes of
Markov chains and dynamical
systems indexed by classes of
functions

o
%
O
-
»
Ly
O
-
=
Q)
=
@
-

Herold Dehling, Olivier Durieu, Marco Tusche

Nr. 3/2012

SFB
823
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ABSTRACT. We study weak convergence of empirical processes of dependent data, indexed
by classes of functions. We obtain results that are especially suitable for data arising from
dynamical systems and Markov chains, where the Central Limit Theorem for partial sums
is commonly derived via the spectral gap technique. Our results apply, e.g. to the empirical
process of ergodic torus automorphisms.
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1. INTRODUCTION AND MAIN RESULTS

Empirical process central limit theorems for dependent data have been studied by many
authors. One of the earliest results is Billingsley (1968), where functions of mixing processes
are being studied. Philipp (1982) studied the multivariate empirical process in the case of
mixing process. Doukhan, Massart and Rio (1995) study empirical processes for absolutely
regular data. Andrews and Pollard (1994) study strongly mixing processes. Borovkova,
Burton and Dehling (2001) investigate the emprical process and the empirical U-process for
functionals of absolutely regular processes. For many further results, see the survey article
of Dehling and Philipp (2002), the book by Dedecker, Doukhan, Lang, Leén, Louhichi and
Prieur (2007) as well as the paper by Dedecker and Prieur (2007).

Recently, Dehling, Durieu and Volny (2009) have investigated empirical processes of
Markov chains and dynamical systems for which the partial sum central limit theorem is
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usually established by the spectral gap method. In this case, one faces the challenge that the
CLT as well as moment bounds for partial sums are not available for the class of functions
that one wants to consider in the empirical process CLT, but only for a different class of
functions such as Lipschitz or Holder functions. Dehling et al. (2009) developed techniques
to handle this problem. Dehling and Durieu (2011) have extended these techniques to the
case of multidimensional random variables that satisfy a multiple mixing condition. As
an example, they could prove the empirical process central limit theorem for ergodic torus
automorphisms and random iterative Lipschitz models. Generalizations of these results con-
cerning the dependence structure of the underlying processes can be found in the paper of
Durieu and Tusche (2011). It is the goal of the present paper to extend the techniques
developed by Dehling et al (2009) to empirical processes indexed by classes of functions. For
the theory of empirical processes of i.i.d. data, indexed by classes of functions, see the book
by van der Vaart and Wellner (1996).

Let (X;)i>1 be an X-valued stationary random process, where (X,.A) is a measurable
space. Let p be the common distribution of the X;. Let F be a uniformly bounded class of
measurable functions from X to R. If ) is a signed measure on (X, .A), we use the notation
Qf = | fdQ. We consider the map F,, from F to R induced by the empirical measure of
order n given by

= %Zf(xi), feF.

The F-indexed empirical process of order n is given by

Unlf) = VA(EL(f) = nf) = fz “uf). feF

We regard the empirical process (U, (f))ser as random element of {*°(F); this holds as F
is supposed to be uniformly bounded. ¢*°(F) is equipped with the supremum norm and
the Borel o-field which is generated by the open sets. It is well known that, in general,
(Un(f))fer is not measurable and thus the usual theory of weak convergence of random
variables does not apply. We use here the theory which is based on convergence of outer
expectations; see van der Vaart and Wellner (1996). Given a Borel probability measure L
on (>°(F), we say that (U,),>1 converges in distribution to L if

U,) — / o(2)dL(z)

for all ¢ : £*°(F) — R that are bounded and continuous. Here E* denotes the outer integral.
Note that F*(X) = E(X*), where X* denotes the measurable cover function of X; see
Lemma 1.2.1 in van der Vaart and Wellner (1996).

In what follows, we will frequently require two assumptions concerning the processes
(f(X;))i>1, where f : X — R belongs to some Banach space (B, ]| - ||z) of measurable
functions from X to R. The precise choice of this Banach space will depend on the specific
example. Common examples are spaces of Lipschitz- or Hélder-continuous functions.

We assume that for some subset G C B the following two properties hold.

(1) Central Limit Theorem: For all f € G,

—Z — uf)ZN(0,0%), (1.1)
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where N(0,0?) denotes a normal law with mean zero and variance

o =E(f(Xo) = uf)* +2)_ Cov(f(Xo), f(Xi));

i=1
(2) Bound on the 2p-th moments: For any p > 1, there exist a constant C' > 0, such that
forall feg

K (Z(f(&)—#f)) <Oy 2l flilog®  (If 5 + 1), (1.2)

=1 =1

where || f|l1 == [, |f] dp is the L'(y)-norm of f.
In most applications, we will take G to be the intersection of B with the ball of a fixed radius
M > 0in °(X), i.e.
G={feB:|flle< M}

The Central Limit Theorem has been established for many stationary processes, see
e.g. Bradley (2007) for mixing processes, Dedecker et al. (2007) for weakly dependent pro-
cesses and Hennion and Hervé for many examples of Markov chains and dynamical systems.
Moment bounds have also been obtained for many stochastic processes, see e.g. Bradley
(2007), Dedecker et al (2007). Durieu (2009) proved moment bounds for B-geometrically er-
godic Markov chains. Dehling and Durieu (2011) give moment bounds for dynamical systems
that satisfy a multiple mixing condition.

Empirical process central limit theorems require bounds on the size of the class of functions
F, usually measured by the number of e-balls required to cover F. Here we will introduce a
covering number adapted to the fact that and hold only for f € G, and that both
the B-norm as well as the L'(u)-norm occur on the right-hand side of the bound (L.2)).

Definition. (i) Let [,u : X — R be two functions satisfying I(z) < u(x) for all z € X. We
define the bracket

Lul={f: X =>R:l(z) < f(x) <u(z), for all z € X'}.
Given €, A > 0, G C B and a probability law u, we call [I,u] an (e, A, G, L*(u))-bracket if
l,u € G and
lu—1li<e
Julls < A, |lllls < A,
where || - ||; denotes the L'(x)-norm.

(ii) For a class of measurable functions F and a subset G C B, we define the bracketing
number N (g, A, F,G, L'(11)) as the smallest number of (g, A,G, L' (u))-brackets needed to
cover F.

We can now state the main theorem of the present paper. The proof will be given in
Section

Theorem 1.1. Assume and and that there exist constants r > 1, v > 1 and
C > 0 such that

[ ool sarmecs o

holds. Then the empirical process (U,(f))er converges in distribution in (*(F) to a tight
gaussian process (W (f))rer-
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Remark 1.2. The proof of Theorem shows (cf. page @ that the statement also holds, if
condition (|1.2)) is only satisfied for some p > 1 such that

2r7y
y—1
Remark 1.3. A sufficient condition for (|1.3) is
N(e,exp(Ce %), F, G, LM () = O(e™®), ase —0

p >

for some s < 7.

Examples of classes of functions satisfying condition such as indicators of multi-
dimensional rectangles and ellipsoids or centered balls of arbitrary norm will be given in
Section

We can apply Theorem to the empirical process of ergodic torus automorphisms. Let
T? = R?/Z¢ be the torus of dimension d > 1. If M is a square matrix of dimension d with
integer coefficients and determiant 41, then the transformation T : T¢ — T¢ defined by

Te=Mx mod1

is an automorphism of T¢ and preserves the Lebesgue measure A\. Thus (T% B(T¢),\,T)
is a dynamical system. It is ergodic if and only if the matrix M has no eigenvalue which
is a root of the unity. A result of Kronecker shows that in this case, M always has at
least one eignevalue which has modulus different than 1. The hyperbolic automorphisms
(i.e. mno eigenvalue of modulus 1) are particular cases of Anosov diffeomorphisms. Their
property are better understood than in the general case. However, the general case of ergodic
automorphism is an example of a partially hyperbolic system for which strong result can be
proved. The central limit theorem for regular observables has been proved by Leonov (1960),
see also Le Borgne (1999) for refinements. Other limit theorems can be found in Dolgopyat
(2004). The one-dimensional empirical process, for R-valued regular observables, has been
studied by Durieu and Jouan (2008). Dehling and Durieu (2011) proved weak convergence
of the classical empirical process (indexed by indicators of left infinite rectangles). We can
now generalize this result to empirical process indexed by different classes of functions. In
particular, we can deal with the class of indicators of balls and we can get the following
proposition, as a corollary of the preceding theorem.

Theorem 1.4. Let T be an ergodic d-torus automorphism and F be the class of indicator
functions of balls of T?. Then the empirical process

aMZ%ZUﬂLm,Mf

converges in distribution in (*(F) to a tight Gaussian process (W (f))er-

The proof of the theorem will be given in section [4.3]

2. PRELIMINARY RESULT

In the proof of Theorem [1.1] we need a generalization of Theorem 4.2 of Billingsley (1968).
Billingsley considers random variables X, X,sm), X0 X m,n > 1, with values in the
separable metric space (.5, p) satisfying (a) XM Pyxm) a5 p — oo, for all m > 1, (b)
X 25X asm — 0o and (c) limsup,,_,.. P(p(XY™, X,) > 6) = 0 asn — co. Theorem 4.2

of Billingsley (1968) states that then Xni>X . Dehling, Durieu and Volny (2009) proved
that this result holds without condition (b), provided that S is a complete separable metric
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space. More precisely, they could show that in this situation (a) and (c) together imply the

existence of a random variable X satisfying (b), and thus by Billingsley’s theorem X, X.
Here we will generalize this theorem to possibly non-measurable random elements with values
in non-separable spaces. Regarding convergence in distribution of non-measurable random
elements, we use the notation of van der Vaart and Wellner (1996). In accordance with the
terms van der Vaart and Wellner use, we will call a not necessarily measurable function with
values in a measurable space a random element, while a random variable shall still be as a
measurable random element.

Theorem 2.1. Let X,,, XT(Lm), X m,n > 1 be random elements with values in the complete
metric space (S, p), and suppose that X is measurable and separable, i.e. there is a
separable set SU™ C S such that P(X™ € St = 1. If the conditions

X,(Lm) 2, XM asn — oo, for allm > 1, (2.1)
limsup P*(p(X,,, X{™) >6) — 0, as m — oo, for all § > 0 (2.2)

n—o0
are satisfied, then there exists an S-valued, separable random variable X (i.e. X is measur-
able) such that X™ 2, X, asm — oo, and

X, 25 X, asn — oo. (2.3)

Proof. (i) We will first show that X (™ converges in distribution to some random variable
X. We denote by L™ the distribution of X™): this is defined since X is measurable.
Moreover, L™ is a separable Borel probability measure on S. By Theorem 1.12.4. of Van
der Vaart and Wellner (1996), weak convergence of separable Borel measures on a metric
space S can be metrized by the bounded Lipschitz metric, defined by

dBLl (Ll,LQ = sup

for any Borel measures Ly, L, on S. Here BLy :={f : S — R : || f||gr, < 1}, where
flz) = fly
1y o= e {supl 7o), sup 10T
zes wryes (@, Y)

In addition, the theorem states that the space of all separable Borel measures on a complete
space is complete with respect to the bounded Lipschitz metric. Thus it suffices to show
that L™ is a dpr,-Cauchy sequence. We obtain

dpr, (L™, LO) = sup [Ef(X™) —Ef(XD)|
fGBLl

(2.4)

< sup {|ES(X™) — B*F(X[™)] + [B*f(X{™) ~ B f(X,)|

feBLy
+ B F(Xa) — B F(XD)] + B F(XD) — EF(XD)| |

for all n € N. For a Borel measurable, separable random elements X (™ weak convergence
X 2y XM agn — 0o is equivalent to sup e g, [Ef(X™) — E* f(X{™)| — 0; see van
der Vaart and Wellner (1996, p.73). Hence by ([2.1] - we obtain

dpr, (XM, XO) <liminf sup [BE*f(X[™) — E*f(X,)| + |E* f(X,) — E*f(X)]

n—oo fEBLl

Using Lemma 1.2.2 in van der Vaart and Wellner (1996), we obtain
B (X)) = B (X)] < B(IF(Xa) = FXM)])



6 H. DEHLING, O. DURIEU, AND M. TUSCHE

and therefore

sup [E*f(X™) —E*f(X,)| < E(p(Xn, XI™)" A 2)
feBLy

_ /OO P*((p(xn,x,gm)) A2) > t) dt.  (2.5)

Now, let ¢ > 0 be given. By (2.2)), there exists my € N such that for every m > my there is
some ng € N such that for every n > ng we have P*(p(X,, Xflm)) > ¢/3) < £/3. Therefore

L, ift<s$
* (m) € foe
P(p(Xn,Xn )/\22t>§ s fe<t<2
0, if2<t.

Applying this inequality to (2.5]), we obtain

2
liminf sup |E*f(X(™) - E*f (Xn)|§/ §+1{t<§} dt =¢
0

n—o0 fEBLy

for all m > mg. Hence for I,m > mg we have dpp, (L™, LW) < 2¢; ie. (LU),en is a
dpr,-Cauchy sequence in a complete metric space.

(ii) The remaining part of the proof follows closely the proof of Theorem 4.2 in Billingsley
(1968), replacing the probability measure P by the outer measure P* where necessary and
making use of the Portmanteau theorem; see van der Vaart and Wellner (1996), Theorem
1.3.4, and the subadditivity of outer measures. From part (i), we already know that there

is some measurable X such that X(™ 25 X. Let F C S be closed. Given ¢ > 0, we define
the e-neighborhood F. := {s € S :inf,cpp(s,x) < e}, and observe that F. is also closed.

Since {X, € F} C (xi™ e .Y u{p(x{™, X,) > e}, we obtain
P*(X, € F) <P*(X\™ € F.) + P*(p(X"™, X,)) > ¢),
for all m € N. By we may choose mg so large that for all m > my
lim sup P*(p(X\™, X,,) > ¢) < /2.

n—oo
As X(m) 2 X, by the Portmanteau theorem we may choose m; so large that for all m > m;

P(X™ e F)<P(X €F.)+ 5/2.

We now fix m > max(mg, mi). By (2.1) we have X 2y XM ag n — co. Thus an
application of the Portmanteau theorem yields

limsup P*(X(™ € F.) < P(X™ ¢ F.),

n—oo

limsupP*(X,, € F) <P(X € F.) +¢

n—oo

Since this holds for any € > 0 and lim.,o P(X € F,) = P(X € F), we get
limsupP*(X,, € F) <P(X € F),

n—oo

for all closed sets FF C S. By a final application of the Portmanteau theorem we infer
X, 25 X, 0
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3. PROOF OF THEOREM [I.]]
For all ¢ > 1, there exist two sets of N, := N (279, exp(CQ%),]-", G, L'(p)) functions
{g(Ll""?g(LNq} C G and {g;,lﬁ"'ug;,Nq} - g? such that ng,i - g;,i”l < 2_q> ”gq,i” <
exp(C27), ||d..]| < exp(C27) and for all f € F, there exists i such that 9ai < [ < g

Further, by (1.3)),
D 27N, < oo (3.1)

g>1

For all ¢ > 1, we can build a partition F = vaqu Fqi of the class F into N, subsets such
that for all f € Fui, 940 < f < gy To see this define Fyy = [g41,9;,] and Fy; =

(94> 96,1\ (U521 7).
In the sequel, we will use the notation 7, f = g,; and m f = g, ; if f € Fy,.
For each ¢ > 1, we introduce the process

FO(f) = Fu(mef) = quf ), feF

which is constant on each F, ;. Further, if f € F,;, we have

FO(f) < Fu(f) < Falmyf)
We introduce

Uéq)(f) = Up(myf) = \/ﬁ(FT(Lq)(f) —u(mof)); feF.

Proposition 3.1. For all ¢ > 1, the sequence (Ung)(f))fe]-' converges in distribution in
(=(F) to a piecewise constant Gaussian process (UD(f))ser as n — oo.

Proof. Since m,f € G and G is a subset of B, by assumption 1' the CLT holds and Uflq)( f)
converges to a Gaussian law for all f € F. We can apply the Cramér-Wold device to get the

finite dimensional convergence : for all k > 1, for all f1,..., fi € F, (Uéq)(fl), ey Uéq)(fk))

converges in distribution to a Gaussian vector in R¥. Since Uéq) is constant on each element
J,.i of the partition, the finite dimensional convergence implies the weak convergence of the
process. 0

Proposition 3.2. For all € > 0, n > 0 there exists qy such that for all ¢ > qq
lim sup P* (SuplU (f) =T () >e) <n.
fer

n—00

Proof. For a random variable Y let Y denote its centering Y :=Y — EY.
If for arbitrary random variables Y7, Y)Y, we have Y; <Y <Y, then

Y Y| <[V, - Y|+ E]Y, -]
Using F\"7(f) < Fo(f) < Fu(n, ) and E|F, (), o f) — FES(F)] < 2-@+9 for all
n = n +K q+K n —=
f € F, we obtain

Un(f) — U(f Hi U = U |4 0) - U )|

< {Z‘Ué‘”’“)(f) — U ()| +

(T q+Kf) (q+K (f )‘} + \/52—(G+K)'
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In order to assure $ < 27 (@+K)\ /n < 5, for fixed n and ¢, choose K = K, 4, where

4
Ky = Llog( 2 log(2) .
For each i € {1,..., N,}, we obtain

Kn,q
sup [Un(f) = UP(f)] < Y sup [UTR(f) = ULHD(f)]
fe]:q,i k=1 fe}—q,i
+ sup [Un(, . f) — USHERD(f)] 4 =
fe]:q,i 4 2

By taking ex = g7y, , 21 €k = 7 and we get for each i € {1,..., Ny},

Kn,q
P* (sup U(f) = US(f)] 26) < )P (sup USH(f) = USH*D(f)] > sk>

fe}—q,'i fej:q,'i

P <sup V(T s, f) = U0 (£)] )

JeFq

Notice that the suprema in the r.h.s. are in fact maxima over finite numbers of functions,
since the functionals 7, and 7, (and thus U?) are constant on the F,i- Therefore the outer
probabilities can be replaced by usual probabilities. For each k, choose (by the axiom of
choice) a set F}, composed by at most Ny_; Ny, functions of F in such a way that Fj contains
one function in each non empty Fi_1; N Fpj, ¢ =1,...,Ni_1, 7 =1,..., Ni. Then, for each
ie{l,...,N,}, we have

Kn,q

P*(sup U (f) = U (f) |>e> S ) PUEP() = U] > k)

feFqi k=1 feFy:iNFyix
Y P (U, f) — USR] 2 5).
fef(l,’imFQ‘i’Kn,q

Now using Markov’s inequality at the order 2p (p will be chosen later) and assumption (1.2]),
we infer

P ( sup |Un(f) = U@ (f)] > e)
feFqi

K q p

1 g o
<> Y D I Pmgnf — mgnaa f13 108 (Imgsn f — worn—1flls + 1)

k=1 feFqNFy1p “k j=1

4 2p P 47 ) »
b (2) It = T SOt~ Ty, Sl 4 D)

fef‘l»iqu+Kn,q -7:1

Note that by construction, for each k > 1,

Imginf = Tgrn1fln < Mmgrnf = Flls + 17gr—af — flln <3-270H
1 Tgsrf — Ty flln < 270600

I7gsrf — moaroiflls < 2exp(2 g )
Imosnf =7 flls < 2exp(2).
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Thus,

fE]'—q’i

P’ ( sup |Un(f) = USP(f)] 2 6)

p Knyg

SO Y H(Fpi N Fyp)————

7=1 k=1

(k(k+ )) nd—Po—ila+k) 10g2p ](Qexp(Q 'y )_|_ 1)

and if ¢ is large enough, there exists a new positive constant C' such that

P (sup U (1) - U201 <)

fer

< iP* ( sup |U(f) = UP(f)] 2 s)

fG]‘-q’i

p Kn
<c a < r (k(/‘f + )) i —P9—i(a+k) o(2p—5) T
222 AT N ) = i
i=1 j=1 k=1
By construction, 304 #(Fqi N Fyyr) < N2y, thus we have

—p an

P (suplUn(f) - U0 2 ) < cz LS ko

fer

. an
(p—i) (y+1) o dpop(1—y) Lk
S 5 ke
Kn.q

8

(p —5)(%G-1) o

CZ w+1 Z q+kk4p2p(1 7)EE

‘ 2p+ p—J)
Jj=1

2p Z q+kk4p2p 4 V)

where the value of the constant C' (which depends on p) may vary from line to line. As
pl_T7 — —oo when p tends to infinity, there exists p > 1, such that p%l < —2r and thus

IN

IA

3 NEEP2HIT < oo
k=1

by (3.1) Then the first summand goes to zero as n goes to infinity and the second summand
goes to zero as g goes to infinity. 0
4. EXAMPLES OF CLASSES OF FUNCTIONS

In the sequel, we fix o € (0,1] and we choose B = H,, the space of bounded a-hélder
continuous functions, equipped with the norm

1flla = sup |f(2)] + sup LD ZSWI

z€RL r#£yeR4 ||ZE - y”a
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We denote by wr the modulus of continuity of a function F'.

4.1. Example 1: Indicators of Rectangles. In its classical form, the empirical process
is defined by the class of indicator function of left infinite rectangles, i.e. by considering the
class {1(—ooy : t € R}, where (—o0, ] denotes the set of points = such thatH x < t. Under
similar assumptions than in the present paper, this case was treated by Dehling and Durieu
(2011). We will see that Theorem covers the results of that paper.

The following proposition gives an upper bound to the bracketing number associated with
the more general class of indicator functions of rectangles. A rectangle is here defined by
two points. If s, € [—00, +00]? with s < ¢, the rectangle (s,t] is composed by points x such
that s < x and x < t, that is the Cartesian product of the intervals (s;,t;].

Proposition 4.1. Let i be a probability distribution on R whose distribution function F
satisfies

wr(z) = O(]log(x)|™7) for some v > 1. (4.1)
If F is the class of indicator functions of rectangles in R, i.e.
F={1(sq: 5t € [—00,+00]%, s <t}
and G is the class of functions of H, bounded by 1, then there exists C' > 0 such that
N(e,exp(Ce™7), F, G, L} (1)) = O (e
as € — 0.

Proof. Let € € (0,1) and m = [6de™! +1]. For all i € {1,...,d} and j € {0,...,m}, we

define the quantiles
tij = Fz'_l (i)
m

where F, (t) := sup{s € R : Fj(s) < t} is the pseudo-inverse of the marginal distribution
function?| F;. Now, if j = (ji,...,Jja) € {0,...,m}¢, we write

t] — (t17j1’ o .. 7td7]‘d).

In the following definitions, for convenience, we will also denote by ¢; _; or ¢; _» the points
tio and by t;,,41 the points ¢;,,. We introduce the brackets [l ,ux ], & € {0,...,m}%
j€1{0,...,m}? k < j, given by the a-Hélder functions

1 if v € [tk+1, tj,Q]

lkjj(iC) = 0 if x € R? \ [tkntj—l]
affine interpolation if x € [tg, t;_1] \ [th+1, tj—2)
1 ifx e [tk—la tj]

ukd(x) = 0 ifx e Rd\ [tk_g, t]’+1]

affine interpolation if x € [ty_o,t;41] \ [te—1, ;]

where we have used the convention that [s,¢] =0 if s £ ¢.

1On R?, we use the partial order : = < ¢ if and only if 2; <t; foralli =1,...,d.
2F(t) = p(R x -+ x R x (—00,t] x R x --- x R)
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For each k£ < 7, we have

Wley —ueglli < p([treos tja] \ [tosr, ti—2))

d
< Y NF(tikir) = Filtin—2)| + |Fi(tijirn) = Fi(tiji-o)]

i=1
< 23—d <e.

m
Using (4.1]), we also have
1 1
Ilkjlla < 14d max max{ , }

i1, (i, = timta | [tijim1 — Liji—2]®

v

< 1+d[inf{s>0:3ie{1,...,d},3t,Fi(t+s)—Fi(t)

il

< 1+d {inf{s > 0:Cllog(s)|™” > i}}

m
< 1+dexp (a(Cm)#) .

and the same bound for ||uy ;||o. Thus, there exists a new constant C' > 0 such that for all
k<je{0,...,m}% [lx;,ux,] is an (s,exp(C’a_%), G, L'(u))-brackets.

It is clear that for each function f € F there exist a bracket of the form [l ;, u ;] which
contain f. Further, we have less than (m + 1)?? such brackets. Thus the proposition is
proved. 0

Notice that, under assumptions of the proposition, condition (|1.3)) is satisfied and therefore
Theorem applies to empirical processes indexed by the class of indicators of rectangles,
regarding the class of bounded Holder functions.

Corollary 4.2. Let (X;)i<o be a R-valued stationary process. Let F be the class of indicator
functions of rectangles in R% and G be the class of a-Hélder functions bounded by 1. Assume
that , hold, and that the distribution function of the X; satisfies . Then the
empirical process (U, (f)) rer converges in distribution in £°°(F) to a tight Gaussian process.

Remark 4.3. By regarding the class of indicator functions of left infinite rectangles as a
sub-class of F, we obtain Theorem 1 of Dehling and Durieu (2011) as a particular case of
the preceding corollary.

4.2. Example 2: Indicators of Multidimensional Balls in the Unit Cube. Here, we
consider the class F of indicator functions of balls on X = [0, 1]%, i.e.

Fi={lpun:x€[0,1]%r >0}

where B(x,7) = {y € X : |[x—y|| < r} and ||- || denotes the Euclidian norm on R¢. Let G be
the class of a-Hélder functions on [0, 1]¢ which take values in [0, 1]. We have the following
upper bound.

Proposition 4.4. Let p be a probability distribution on X with bounded density. Then there
exists C' > 0 such that

N(e,Ce™, F,G, L (1)) = O (e~ ).

Remark 4.5. The reader can check in the proof, that Proposition (.4 still holds if we
consider balls of the torus T¢ = R?/Z?. We will use this result to prove Theorem :
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Proof of Proposition[{4. Let ¢ > 0 be fixed and m = [2]. For all i = (i1,...,i4) €
{0,...,m}, we denote by ¢; the center of the rectangle [1=1 4] x ... x [4=
we define, for i € {1,...,m}? and j € {0,...,m},

1 if z € B (c %2\/8)

Lij(z) =4 0 ifreX\B (Cz‘; ]%1\/@
affine interpolation if z € B (Ci, %\/&) \ B (Ci> 3%2\/3)
1 ifreB (c %WE)

uij(z) =4 0 ifreX\B <Cz’7 3/

affine interpolation if xz € B (Ci, 9%3\/E> \ B <Ci7 J%%/&)

where we use the convention that a ball with negative radius is the empty set. These functions
are a-Holder (for any a € (0,1]) and satisfy

m ¢
li' a = ||U; 4 azl—l— —— .
[liglla = lluisl (\/;)

Further, since p has a bounded density with respect to Lebesgue measure, we have
)+ 3 — 2
i —uiglli < n (B (Cn 1 \/3) \ B (Cia ’ \/g))
m m
L3 d o d
oz (524))
m m
1
of).
m

Further we have (m + 1)m? of these couple of functions.

Now, if f belongs to F, f = 1p(,) for some z € X, and 0 < r < V/d. Thus there exist
i = (i1,...,1q) € {0,...,m}? and j € {0,...,m} such that

and

We then have [; ; < f < u, ;.
Thus the (m+ 1)m? brackets [l; j,u;;], i € {1,...,m}% and j € {0,...,m}, cover the class
F. Therefore, there exist C' > 0, such that N(e,Ce™*, F,G, L' (n)) = O(=h)- O

4.3. Proof of Theorem Let F be the class of indicators of balls on T and G be the
class of a-Holder functions bounded by 1 for some a > 1/2. We consider the T?-valued
stationary process X; = idoT". Since, the distribution of Xj is the Lebesgue measure on T¢,
Proposition shows that Condition holds. For all f € G, the central limit theorem
holds; see Leonov (1960) and Le Borgne (1999). Dehling and Durieu (2011), Proposi-
tion 3, show that ergodic automorphisms of the torus satisfy a multiple mixing property.
By Theorem 4 of Dehling and Durieu (2011), this implies the 2p-th moment bound for
Holder functions. Thus Theorem can be applied. U
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4.4. Example 3: Indicators of Uniformly Bounded Multidimensional Ellipsoids,
Centered in the Unit Cube. Set X = [0,1]? (we can also work with any other bounded
subspace of R?) and let || - || denotes the euclidean norm on R?. Here, we consider the
class of ellipsoids which are aligned with coordinate axes, have their center in X’ and their
parameters bounded by some constant D € N. For all = (z1,...,24) € X and all
r=(ry,...,rq) € [0, D)4, we set

d 2

E(x,r):={yeRe: Z@Z;—fz) <1}

We denote by F the class of indicator functions of these ellipsoids, i.e.
Fi={lgun 2 € X,re(0,D]}.

Let G be the class of a-Hélder functions on [0, 1] which take values in [0, 1]. We have the
following upper bound.

Proposition 4.6. Let u be a probability distribution on R® with bounded density. Then there
exists C' > 0 (which depends on d and D) such that

N(e,Ce ™™, F,G, L' (n)) = O (S’Zd) :
Proof. Let € > 0 be fixed and m = L%J For all i = (iy,...,iq) € {0,...,m}%, we denote by
I; the rectangle [, 8] x ... x [2=1 4] Then, for i € {1,...,m}% and j = (j1,...,ja) €

m

{0,...,Dm — 1}, we define the sets

: d 2
J d . (Y — 1)
J— 2 = : - <
Uij=1|J¢& <$, m) {y eR min E 72 1}

z€el; k=1
and
j d L (g — )’
L”—ﬂé’(x,—>: y € R* : max 5 <1
wel, zeC} - ke
We set
1 if v € Li,j—l
li,j (.CC) = 0 if x € Rd \ Li,j
affine interpolation if z € L;; \ L; j_4
1 ifx € Ui7j+1
Us, (:1:) = 0 if v € R4 \ Ui7j+2

affine interpolation if z € U; j10 \ U; j11

where we use the convention that an ellipsoid with a negative parameter is the empty set.
Since the distance between U;; and R? \ Ui j+1 is % and the distance between L;; and
R\ L; j41 is =, these functions are a-Hélder (for any «a € (0,1]) with

Higlla = lluiglla =1+ m®.
Recall that, if j = (j1,...,Ja) € R% and z € R? the Lebesgue measure of the ellipsoid
E(z,7) is given by

d
)\(5(3:7]) = C’d H]lm
k=1

/

where Cy is the constant W;rl) (

I' is the gamma function).
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By construction, U; ; is an ellipsoid (of parameters j/m) that is cut along its hyperplanes
of symmetry and stretched orthogonally to them of a thickness 1/m. Then its volume can
be computed by the formula

)\(Ui7j) _ CdH]k Ca- 121—[]1

k=1 £k

Cd_ ]l
+ =k > II ol T

(k1 ooy} C{Lod} 1 (R ook}

d .
Cy Jk 1
T 2 T

We also have

dj C d .
MLij) = GJ[Z= =" ][5 - -

Cd, jl
S mpp > 11 R

{k1, SkpyCA{1,..,d} Ig{k,...kp}

md— 1ij__

Since p has a bounded density with respect to Lebesgue measure (say bounded by some
constant K'), we have

g —wigllh < p(Uijz\ Lij-1)
< KAUijy2) — KX(Lij-1)

oft)

Now, if f belongs to F, f = lg() for some z € X, and r € [0, D]%. Thus there exist
i=(i1,...,4q) € {0,...,m}? and j € {0,..., Dm — 1}? such that

{il—l 2'1) lid_l id>
xe , — X oo X , —
m m m m

and for each k =1,...,d,

We then have [; ; < f < u, ;.
Thus the D%m?* brackets [l”,ui7j], ic{l,...,m}¥and j € {0,...,Dm — 1}%, cover the
class F. Since we have m?- (Dm)? of these couples of functions, there exist C' > 0, such that

N(e,Ce™, F,G, L (1)) = O(za). O

4.5. Example 4: Indicators of Uniformly Bounded, Multidimensional Ellipsoids.
In we only considered indicators of ellipsoids centered in a compact subset of R?
(the unit square). The following lemma will allow us to extend such results to statements
for indicators of sets in the whole R? on the cost of a moderate additional assumption and
a (marginal) increase of the bracketing numbers.
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Lemma 4.7. Let X = R equipped with the Euclidian norm and a measure p which is
absolutely continuous with respect to the Lebesque measure. Let G be the class of a-Holder
functions on R which take values in [0,1] and F := {15 : S € S}, where S is a class of
measurable sets of diameter not larger than D.

Assume that there are universal constants p,q € N and C',C" > 0, such that for any
K >0 we have

N(e,0(e), Fi,G, L' (1)) < C"KPe™" (4.2)

where Fie :={1s:S €8, SC[-K, K|} and ¢(c) < exp(C'e™Y7) for all sufficiently small
e > 0. If furthermore

wr(x) = O(|log(x)|™7) (4.3)
and
H(t) = p({z € R : | > t}) = O(t™7) (4.4)
for some norm | - | on RY, then there exists a C > C' such that

N(g,exp(C&t—%),]—“,g,Ll(M)) _ O(g’(ﬁp“)).

Proof. Note that, if there is an gy > 0 such that p(e) < (e) for all sufficiently small
e € (0,¢e), for these ¢ every (g,p(¢),G, L' (u))-bracket is also an (g,(g), G, L' (u))-bracket
and thus

N(e,(e),G, L' (1)) < N(g,0(¢),G, L' (1)) for all € € (0, &p). (4.5)

Set () = exp(C’e™/7) and choose gy > 0 such that condition (4.2)) holds for all £ €
(0,g0). Then (4.5 implies that for all these €

N{e,exp(C'e ™), Fic 0., L (1)) < C"(K.ps + DY,

Fix € € (0,¢&¢) for the time and set K. = sup{K > 0 : u([- K, K]¢) < 1—¢}. We will denote
the function (0,&¢) — R, ¢ — K. by K,. Now introduce the bracket [Ue, L], given by L =0

]., if x ¢ [_Ka/Q,Ka/Q]d
U.:=<0, if z € [—-K,, K.
affine interpolation, if z € [—K_ 9, K.po|"\[— K., K.]".

Obviously we have ||U. — Lj; < e.
To get a boundary for the a-norm of U, consider the distribution function

G(t) = p({z € R : |2]max < 1})

on R. Observe that the pseudoinverse G™! of G, given by G~1(s) := sup{t € R: G(t) < s},
is linked to K, by the equality

K.=G'(1-e).

With geometrical arguments we infer

Git)y= Y o(F(),

je{flrl}d
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where o(j) == [1%, ji € {~1,1}. Therefore

we(s) =sup{G(t +5) = Gt)} =sup Y a(j)(F((t+s5)j) - F(tj))

teER teR jE{—lal}d

< Z sup|F((t + s)j) — F(tj)] < Z wr(Vds)
jef-1,1p4 <K je{-1,1}4

< 2%wp(Vds).

By assumption this implies that
wa(s) = O(|log(vVds)| 7).

Now with the same arguments in the proof of Proposition [4.1] we obtain

1
G711 =35) -G (1 =g

<1+ inf{s>0:3t € R such that G(t +s) — G(t) >

}fa

HUEHQ S 1 +

}fa

DO ™

<1+inf{s >0:3t € R such that wg(s) >

DO | ™

1
<l+— exp(C”'af%)

T Vd
= exp(C’"’s_%),
where the constant C”” may change from line to line.
Thus [U;, L] is a (¢, exp(C"e™'/7), G, L' ())-bracket. Since it contains any f € F\Fx, ,+p
we obtain the bound

N(e,exp(Ce™), F, G, L' (1)) < C(Kojp + D)Pe™0 + 1

where C' = max{C’, C""}.

Let us finally consider the growing rate of K., as ¢ — oo. Since every norm in R? is
equivalent there is a constant a > 0 such that |z|/a > |Z|max for every z € RY. Furthermore,
by assumption there is a b > 0 such that H(¢) < bt~/#. Therefore

,u({x eR?: |7 max < a_l(Zb)ﬁe_B}) =1 ,u({m e R?: || max > a_1(2b)66_ﬁ}>
>1- u({x eRY: 2| > (2b)ﬁe—ﬁ}>

=1-H((2b)°")

c

5

By the definition of K, we therefore obtain that K./, < a™'(2b)’c™# = O(e7”) and thus

v

1—

N(e,exp(Ce7), F,G, L' () = O(~+9).
O
In the situation of [Example 3| change X to [~ K, K]¢. Since we have a bounded density,
condition (4.3)) is alway satisfied. Following the proof of Proposition we can easily see

that condition (4.2)) holds for p = d and ¢ = 2d.
Thus Proposition [4.6| can be extended to
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Corollary 4.8. Let F denote the class of indicators of ellipsoids of uniformly bounded di-
ameter in the whole space RY.

If (4.4) holds there exists a constant C' > 0 such that
N(e,Ce™, F,G, L' (1)) = O (e~ 721).

Remark 4.9. Under the assumption that (4.4 holds, for the class of indicators of balls in
R? with uniformly bounded diameter, we can obtain the slightly sharper bound

N(e,Ce™, F.G, L' () = O(e~ 0™
for some C' > 0 by applying Lemma [4.7] directly to the situation in and using the

same arguments as in the previous example.

4.6. Example 5: Indicators of Zero-Centered Balls of an Arbitrary Norm. In
X = R? a zero centered ball of the norm || - ||. is given by

B(t) :={z e R : ||z||, < t}.

Let G be the class of a-Holder functions on R? with values in [0, 1]. We have the following
bound on the bracketing numbers of the class F := {1p) : t > 0}:

Proposition 4.10. If for the probability measure p on R the modulus of continuity wg of
the function

satisfies
wa(s) = O(|log s|™7), (4.6)
then there is a constant C' > 0 such that
N(e,exp(Ce™7), F,G, L*(n)) = O(e ™).

Remark 4.11. Note that in the case that X = R? du(t) = p(t)dt and || - ||. denotes the
usual Euclidian norm, a equivalent condition to (4.6 is

sup /Mst/%r p(te™?) dp dt = O(|log s|™7).

r2>0 Jr 0

Proof of Proposition[f.10 Let G~' denote the pseudoinverse of G given by
G (s) :=sup{t e R: G(t) < s}

and set for i € {1,...,m}

1
r = Gil(-), B; := B(r;).
m
For convenience set B_;, By := () and B,,; = R%. Define
]., if x € Bi_g
li = O, if © c (Bifl)c
affine interpolation, if z € B;_1\B;_s
and
]_’ ifx e Bz
U; ‘= 0, if x € (Bi_H)C

affine interpolation, if z € B;11\B;.
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The system {[l;,u;] : i € {1,...,m}} is a covering for F. Obviously
lui = lills = O(m™).

By the equivalence of all norms on R? there must be some constant ¢ > 0 (depending only
on the choice of the norm || - ||, and the norm || - || in the definition of the c-norm) such that

. <14 -
Hqua s+ C’Ti+1 _ ri’a

Since by condition (|4.6))

1
Tit1 — T > inf{s > (0: 3t € R such that G(t + s) — G(t) > E}

}

> inf{s > 0 : 3t € R such that wg(s) >

3=

exp(—C’m%)

v

for some constant C’ > 0, there is a constant C' > 0 such that

luilla <14 <1l+c¢t exp(ocC”m%) < eXp(Cm%)

C|’I"Z‘+1 - ’I“Z‘|a
Analogously we can show that ||/;]|, < exp(aC’m%). This implies that all [[;, u;] are (e, eXp(Ca?*%), F,G, L,
brackets and thus X

N(m™, exp(Cm7), F,G, L' (n)) = O(m).
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