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Model identification for dose response signal detection

Abstract

We consider the problem of detecting a dose response signal if several competing
regression models are available to describe the dose response relationship. In particular,
we re-analyze the MCP-Mod approach from Bretz et al. (2005), which has become a
very popular tool for this problem in recent years. We propose an improvement based
on likelihood ratio tests and prove that in linear models this approach is always at least
as powerful as the MCP-Mod method. This result remains valid in nonlinear regression
models with identifiable parameters. However, for many commonly used nonlinear dose
response models the regression parameters are not identifiable and standard likelihood
ratio test theory is not applicable. We thus derive the asymptotic distribution of
likelihood ratio tests in regression models with a lack of identifiability and use this
result to simulate the quantiles based on Gaussian processes. The new method is
illustrated with a real data example and compared to the MCP-Mod procedure using
theoretical investigations as well as simulations.

Keywords and Phrases: dose response studies; nonlinear regression; model identification;
likelihood ratio test; contrast tests



1 Introduction

An important problem in the development of any new chemical or biological entity consists
of characterizing well its dose response relationship (Ruberg, 1995a,b; Bretz et al., 2008).
Statistical analysis methods of dose response studies can be roughly divided into (i) test pro-
cedures to detect a dose response signal (Stewart and Ruberg, 2000) or identify statistically
significant dose levels (Tamhane et al., 1997, 2001) and (ii) regression methods to estimate
the dose response curve. A common regression approach is to use a parametric dose response
model that assumes a functional relationship between dose, treated as a continuous variable,
and response (Morgan, 1992; Pinheiro et al., 2006b). If the parametric model is correctly
specified, maximum likelihood or least squares estimation is an efficient method. However,
misspecifying the parametric model can lead to substantial bias in estimating the dose re-
sponse curve. This creates a dilemma in practice, because it is often required to pre-specify
the parametric model, when the form of the dose response model in unknown. This is par-
ticularly true for the regulated environment in which drug development takes place, where
the analysis methods (including the choice of the dose response model) have to be defined
at the study design stage (ICH, 1994).

Many authors have investigated semi-parametric or non-parametric approaches to alleviate
the model dependency problem and enhance the robustness of the dose response estimation;
see Miiller and Schmitt (1988); Kelly and Rice (1990); Mukhopadhyay (2000); Dette et al.
(2005); Bornkamp and Ickstadt (2009); Dette and Scheder (2010); Yuan and Yin (2011)
among many others. These methods allow model-independent descriptions of a dose response
relationship. However, their applicability in dose response studies is limited because they
require observations on a rather dense set of different dose levels, which are rarely available
in practice. Due to logistic and ethical reasons, the number of different dose levels is typically
in the order of 5 (Bornkamp et al., 2007) and therefore nonparametric methods do not yield
reliable results.

Extending initial ideas proposed by Tukey et al. (1985) to address model uncertainty, Bretz
et al. (2005) suggested a different strategy by choosing an appropriate model from a set
of pre-specified candidate parametric dose response models; see Table 1 for a typical set
of competing models used in practice. Their method, abbreviated as MCP-Mod, combines
multiple comparison procedures with modeling techniques and consists of two steps. To begin
with, it aims at detecting a dose response signal using multiple contrast tests. Conditional on
a statistically significant outcome, it then selects a suitable dose response model to produce
inference on adequate doses, employing a model-based approach. The MCP-Mod approach
has become a very popular tool in recent years and has been subject to several extensions.
Pinheiro et al. (2006a) discussed practical considerations regarding the implementation of



this methodology. Neal (2006) and Wakana et al. (2007) extended the original approach to
Bayesian methods estimating or selecting the dose response curve from a sparse dose design.
Klingenberg (2009) applied the MCP-Mod approach to proof-of-concept studies with binary
responses. Benda (2010) proposed a time-dependent dose finding approach with repeated
binary data. Akacha and Benda (2010) investigated the impact of dropouts on the analysis
with recurrent event data. Several authors investigated extensions of the original MCP-Mod
approach to response-adaptive designs; see Miller (2010); Bornkamp et al. (2011); Tanaka
and Sampson (2012).

In this paper we re-analyze the MCP-Mod procedure and suggest an improvement. Our
proposed approach is based on likelihood ratio tests and has at least two advantages. On
the one hand, it makes better use of the available information than the original MCP-
Mod procedure, because it uses the complete structure of the regression models. On the
other hand, it does not require knowledge of the parameters of the competing models which
are needed for the MCP-Mod procedure to construct the contrast tests for dose response
signal detection. A particular challenge when using the likelihood ratio approach is that for
commonly used regression models, such as those specified in Table 1, the resulting contrast
tests correspond to the problem of testing for a constant regression. This leads to the
problem of non-identifiability of some model parameters under the null hypothesis of no
dose response. Consequently, standard asymptotic theory for likelihood ratio tests is not
applicable here. In the context of independent and identically distributed observations such
theory has been developed by Lindsay (1995) and Liu and Shao (2003). However, to the
best knowledge of the authors, the asymptotic properties of the likelihood ratio test in the
case of a lack of identifiability and independent but not identically distributed observations
(in particular for regression models with fixed design) have not been investigated so far.
The remaining part of the paper is organized as follows. In Section 2 we revisit the original
MCP-Mod approach and introduce the corresponding likelihood ratio tests. In Section 3 we
compare both methods in the case of linear regression models. We show that if the number
of different dose levels coincides with the number of parameters in the regression model,
the MCP-Mod procedure is in fact a likelihood ratio test. More generally, we prove that in
linear models the likelihood ratio test is always at least as powerful as the original MCP-Mod
method and that the amount of improvement can be substantial. These results hold also
(at least asymptotically) in nonlinear models where all parameters are identifiable under
the null hypothesis of no dose response. However, the results of Song et al. (2009) indicate
that this is not necessarily the case under non-identifiability of the parameters. Therefore,
we develop in Section 4 a method to simulate the asymptotic distribution of the likelihood
ratio test under lack of identifiability of the parameters for independent non-identically
distributed data. In Section 5 we present some simulation results to illustrate the differences



model n(x, 0) (I) (1I1) (I11)
linear P1,1 + V1,2 (0.2,0.6) (0.1,0.3) (0.2,0.6)
9 x
Emax d2,1 + ﬁ (0.2,0.7,0.2) (0.1,0.3,0.01) (0.2,0.612,0.021)
exponential 93,1 + 93,2 exp (1/793,3) (0.183,0.017,0.28) (0.085,0.006,0.333) (0.005,0.195,0.712)
log-linear V4,1 + V4,2 log (x4 V4,3) (0.74,0.33,0.2) (0.392,0.098,0.05) (0.795,0.175,0.033)

Table 1: ~ Common parametric dose response models, with different parameter specifications

(I) - (I1I).

between the two methods. In particular, we demonstrate that in the considered examples the
procedure based on likelihood ratio tests is never less powerful than the original MCP-Mod
approach. In Section 6 we illustrate the new methodology with a real data set and provide
some concluding remarks in Section 7. Finally, Section 8 contains some technical details
justifying the results from Section 3 and 4.

2 Preliminaries

We consider the common nonlinear regression model

N
Yij=n(2:,0) +ey, i=1,....N, j=1..n, » nj=n, (2.1)

i=1
where 7 denotes the regression function, x1, ..., xy are different experimental conditions and
n; observations are taken at x;,7 = 1,..., N. In (2.1) the quantities ¢;; denote independently

normally distributed random variables with mean 0 and variance o2 > 0. We assume M € N
candidate models

m(x,01),...,0nm(z, 0n) (2.2)

to describe the regression, where 6, € ©, C R% denotes a dj-dimensional parameter in
the kth model, k = 1,..., M. Throughout this paper the number of different experimental
conditions is fixed, such that

Mo ¢ o), i=1,...,N, (2.3)
n
where n = Zf\il n; — oo denotes the total sample size and &1, ..., &y positive weights with

sum 1. The described situation is motivated by our interest in dose response studies, where
patients are randomized to N dose levels and N is typically in the order of 4 or 5 due to
logistic reasons. The assumption (2.3) is introduced for the asymptotic analysis of likelihood
ratio tests in Section 4. We finally define ¢ as the probability measure, which puts mass &;
at the point z;,i =1,..., N.



2.1 The MCP-Mod procedure revisited

As stated in the Introduction, Bretz et al. (2005) proposed the MCP-Mod approach to ana-
lyze dose response data under model uncertainty. First, the MCP-Mod approach investigates
whether a given compound has a dose dependent effect. Second, it selects an appropriate
model from the candidate model set (2.2) that most likely describes the underlying dose
response curve.

Bretz et al. (2005) defined for each dose response model under consideration the vector

Hi = (Mk,l) s 7,uk,N)Ta (24)

where for k=1,...,M and ¢=1,..., N the quantity pu; = ni(z;, 0x) denotes the expecta-
tion of Y;; in model (2.1) if 7, is the “correct” model. That is, the vector uy describes the
average effect of the compound at the experimental conditions x1, ..., xy, if the model 7, is
the true one.

Bretz et al. (2005) proposed to test for each model the hypothesis

Hop:cfpp =0 against Hiy:cfpg >0 (2.5)
for a given contrast vector ¢, = (cx1, ... ,ck,N)T € RY using the test statistic
-
Y
K, b k=1,...,M. (2.6)

k= )
R N
\/‘72 D i sz/nz

Here, N (Y1,...,Y y) denotes the vector of means Y; = Z?:l Yi;/ni at the dose levels

2 (i=1,...,N)and 62 = .=~ SN > i (Vi — Y4)? is an estimator of the variance. Note

that under the null hypothesis Hy : c{uk = 0 the statistic K, has a central ¢-distribution

with n — N degrees of freedom, while under the alternative it has a non-central ¢ distribution
with non-centrality parameter

_ C;‘f/ik
= )
\/02 >im1 sz/nz

Bretz et al. (2005) determined for each candidate dose response model an optimal contrast

k() (2.7)

¢; maximizing 77(c) in the class of all contrasts. These contrasts are then used in the test
statistics (2.6). Note that the optimal contrasts depend on the particular model under con-
sideration (in particular on the unknown model parameters) and the experimental conditions
T1y...,TN-



In order to conclude in favor of a statistically significant dose response signal, the M individ-
ual contrast test statistics K, are combined into a single decision rule. Bretz et al. (2005)
suggested using the maximum statistic

Kn,max - I}j\éx Kn,ka (28)

where critical values are obtained from a multivariate ¢-distribution (Genz and Bretz, 2009).
If statistical significance is achieved at this step, the MCP-Mod approach proceeds with
selecting a suitable dose response model and fitting it to the data before estimating the
target dose(s) of interest based on the fitted model. In this paper we mainly investigate the
first step of the MCP-Mod procedure and propose a more powerful test to detect a dose
response signal.

2.2 Likelihood ratio tests

A natural alternative to the contrast tests used by Bretz et al. (2005) is an approach based
on likelihood ratio (LR) tests. In the following discussion let || - ||2 denote the Euclidean
norm. The LR test statistics for the hypotheses in (2.5) are given by

k

_ Tn,HO o
LR, = —2log =M =1 M, (2.9)
Tn,Hl

where

1 1
Tin, = sw{=exp(—5 [V =m()3)

o >0; 0 € R%; ¢y = O},

20
1 1
Tff’Hl = Sup{; exp(—zf‘2 Y — nk(Hk)Hg)‘ o>0; 0, € Rd’“; c;‘:,uk > 0}.

Here, Y = (Yw)f;l;”, € R™ and n,(6k) = (n(xw,ék)f;l}f, € R" denote the vectors of
observations and expected responses at the different dose levels in the kth model, respectively.
The LR test rejects the null hypothesis (2.5) of no dose response for large values of the
statistic LR,, ;. The analogue of the statistic (2.8) is given by

LRy max = max LR, , (2.10)

where critical values have to be found by asymptotic theory in most cases of practical interest.
In classical likelihood theory the statistic LR, ; usually converges weakly to a chi-squared
type distribution, provided that the parameters characterizing the null distribution are
unique [Wilks (1938) or Chernoff (1954)]. On the other hand, it is well known that classical



likelihood ratio theory does not apply to problems with a loss of identifiability [see Prakasa-
Rao (1992), Lindsay (1995), Liu and Shao (2003) or Song et al. (2009) among others]. In
the examples of Table 1 the problem of non-identifiability under the null hypothesis occurs
naturally when testing the null hypothesis Hy, : U2 = 0 in the kth model.

In the following sections we will compare the contrast test used in the original MCP-Mod
method with the LR test proposed here. We begin the discussion with linear models for
which the situation is most transparent. In this case the parameters are identifiable. The
LR approach is always at least as good as the contrast test and the amount of improvement
can be substantial. These results hold also in case of nonlinear regression models with
identifiable parameters. For regression models with lack of identifiability the asymptotic
distribution of the LR test has not been considered so far in the literature and will be
presented in Section 4.

3 LR tests and MCP-Mod in linear regression models

For the sake of simplicity, we consider the test problem (2.5) for a single linear regression
model
Y;j:fT(l'i>9+€ij, jzl,...,ni,izl,...,N, (31)

with parameter vector § € R?, where f is a given vector of regression functions. The results
derived in this section can then be applied to each of the £ test problems discussed in Section
2.

Because we consider only a single model, we use for now the notation u? = (p1, ..., uy) and
e = (cy,...,cyn) instead of j; and ci. Let
XT = (f($1)> . ,7f($1)>- . ,7f(xN)7- . 7f(xN)) € Ran (32)

denote the corresponding design matrix, where each vector f(x;) appears exactly n; times
in the matrix X7 and n = Zf\il n;. We also assume that X7 has rank d, which means that
there exist d linearly independent vectors f(z;,),..., f(z;,) among f(x1),..., f(zn). It is
easy to see that the vector p in (2.4) can be represented in the form p = AX6, where

1 1 1

AT = diag(—1,,, —1n,,...,—1,,) € RV, 3.3

85 sy ooy o) (3:3)
1 € R* denotes the vector with all entries given by 1 and all other entries in the matrix A%
are 0. In linear models with normally distributed homoscedastic errors the LR test statistic



(2.9) for the hypotheses in (2.5) specializes to 1), g, and T,, g, are defined by

1 1
Tom, = sup{—exp(—— |y — X@H%) ‘ o>0; 0 eR: = 0}, (3.4)
’ on 202
1 1
Too = sup{—exp(—— ||Y—X9||§> ’ o>0; R CTMZO}.
’ on 202

It now follows by straightforward calculation using Lagrangian multipliers that

(5T<XTX)71XTy)2

-1 —2/n . N 2

where Y = (Y1, ..., Vi, oo, Yan, o, Yy )T is the vector of all observations, ¢ = X7 AT¢

and § = (XTX)"1XTY is the usual least squares estimate. Similarly, we have
ne_l ' (Tn,H1)_2/n = HY - XéHl”%? (35)

where éHl denotes the maximum likelihood estimate under the assumption ¢y = ¢ > 0;
see the derivation in Section 8.1 of the Appendix. We thus have

i 0 = (XTX)'XTy if &0=cTAX0>0
B by, = (XTX)TIXTY — MXTX)'XTATe if &0 =cTAXO<0

where éHO denotes the maximum likelihood estimate under the null hypothesis ¢!’y = 0 and

FXTX)'XTY  TAX(XTX)TXTY

A= T(XTX) e TAX(XTX) IXTATC (3.6)
This gives for the LR test in (2.9), up to a monotone transformation,
0 if <0
L, — (T(XTX)1XTy)? < 0. (3.7)

(XTX)1e|y — X012

Consequently, the LR test rejects the null hypothesis (2.4) in the linear model (3.1) for large

values of the statistic .
0 = 0 (3.9)
TY = X0 (e (XTX) )2 '

THEOREM 3.1 For the linear regression model (3.1) with N = d different experimental
conditions, the LR test statistic (3.8) and the contrast test statistic (2.6) coincide up to a
constant factor.



Note that the assumption d = N is crucial for Theorem 3.1. If the number of different
experimental conditions is larger than the number of parameters in the linear model, the
LR test can be more powerful than the contrast test. In many cases the improvement is
substantial, as illustrated in the following example.

ExXAMPLE 3.1 Consider the model n(z,0) = ax and the case N = 2, where observations
are taken at two different experimental conditions, say x1,xs, where x5 > x1. In this case,
contrast coefficients are uniquely determined (up to the sign) and we have ¢ = (—1,1)7/v/2.
The test statistic in (2.6) becomes

Y,—-Y,
6-2(L + L)

ni ng

K, =

and follows a t-distribution with n — 2 degrees of freedom if a = 0. We reject the null
hypothesis in (2.5) whenever K,, > t,_51_,, where t,_5,_, denotes the (1 — a)-quantile
of the t-distribution with n — 2 degrees of freedom. Moreover, let & denote the standard
normal distribution function. Since ¢’ = a(xy — x1)/v/2, the power of this contrast test is
approximately given by

a nine
PcT,u>0(Kn > tn72,17a> ~ (I)<;($2 - -1'1) n, + Ny - U1,a>, (39)

where u;_,, denotes the (1 — a)-quantile of the standard normal distribution.

Consider now the LR test and note that d = 1, which implies ¢ € R. Therefore, the LR test
(3.8) rejects the null hypothesis in (2.5) whenever
n1x171 + n2x2?2

L = —= > t —1.1—
" (na? 4 nga2)l/2 e

where the estimator of the variance is now given by

2 3—i,.i—137 2—i,.iy,
o nixy 'wy Y1 4+ nexy 'whY 9\ 2
o = Y;j — .

na? + noxs

i=1 j=1

The power of this test is approximately given by

2 2)1/2
Pch,>O(Ln 1) A @(a(nﬂm; noT3) _ ul—a)- (3.10)
Since (xy — x1), /n’ifiz < /n1x? + nga3 for all xy > xq, it follows that the LR test is always

more powerful than the contrast test. The power difference can be rather substantial. For

example, if x1 = 1, x5 = 2, and ny; = ng, the power in (3.9) becomes @(%‘/TZ — U1_q), while

the corresponding term in (3.10) is ®(%v 10‘/72 — Uj_q). Thus, in this example the LR test
gives approximately the same power as the contrast test using only 10% of the sample size.



We now discuss a more general result showing the general superiority of the LR test in case
of linear models. For a precise statement we assume that the variance o2 is known. A cor-
responding statement in cases where the variance has to be estimated holds asymptotically,
as indicated in the previous example.

If the variance is known, the LR test rejects the null hypothesis in (2.5) if

&ro
(@ (XTX) 1)1/

lo(0?) = > Ui g, (3.11)

where ¢ = X7 ATc and the matrices X7 and AT are defined in (3.2) and (3.3), respectively.
The corresponding contrast test rejects whenever

o
h(0?) = — X (3.12)

N 9
oA\ 2imn €/

Our next results shows that in linear regression models with known variance the LR test is

at least as powerful as the contrast test, regardless of the choice of the contrast vector. For
an unknown variance these results hold at least if the sample size is sufficiently large (see
Example 3.2 below).

THEOREM 3.2 Consider the linear regression model (3.1) with known variance. Whenever
'y >0 we have

P(ln(0) > u1_a) > P(kn(0?) > ui_a). (3.13)
Moreover, the inequality is strict if and only if ATc & range(X), where the matriz AT is

defined in (3.3).

ExAMPLE 3.2 Consider the linear regression model 7n(z,0) = ¥y + U1z with equal sample
sizes n1 = ... =mny = m. Up to the sign, the optimal contrast is given by

=

<(ij:1(:::;— 3)2)1/2>

where T = Z;vzl z; (Bretz et al., 2005). Thus,

(3.14)

;
=1

N

AT = (Y- (10 (21~ 7). 1L 2y — D)7

j=1
¢ range(X) = {al, +b (112, ..., 10 2,,)" | a,b € R}.

Consequently, by Theorem 3.2 the LR test and the optimal contrast test have the same
power. Note that this result holds also if the number of different experimental conditions

10



exceeds the dimension of the parameter. However, if a different contrast vector is used, the
range inclusion is not necessarily satisfied and the LR rest is usually more powerful.

In the following we report the results of a small simulation study to illustrate these facts.
We assume the models n(x) = 0.2 and n(x) = 0.2 + 0.6z under the null and the alternative
hypothesis, respectively. Further, we generated data with standard deviation o = 1.478,
while the sample size is n = 200 with n; = ... = ny. All results are based on 5000 simulation
runs. The simulated level and power of the LR and contrast tests (with estimated standard
deviation) are shown in Table 2. The observed differences between the two methods are
within the simulation error, as predicted by Theorem 3.1.

Design LR test contrast test

T T level power level power
0 0.2 0.0436 0.1436 0.0446 0.1426
0 0.5 0.0522 0.4214 0.0494 0.4096
0 1 0.0568 0.8852 0.0470 0.8810

Table 2: Level and power of the LR and contrast tests for N = 2.

Next, we consider N = 4 different experimental conditions and the three different contrasts
¢, ca=(-1,-1,1,)", and ¢, =(-1,0,0,1)7, (3.15)

where ¢* denotes the optimal contrast defined in (3.14). Table 3 displays the simulation
results. Note that for all three contrasts under consideration the hypotheses (2.5) are equiv-
alent to Hy : Y7 = 0 and H; : 97 > 0 and therefore only one LR test is displayed in Table
3. In fact, one can show after tedious calculations that all vectors yield the same LR test
statistic in (3.7). The LR test is more powerful than the contrast tests based on ¢; and cg,
as they do not satisfy the range inclusion in Theorem 3.2. For the optimal contrast test
based on ¢*, however, we observe no power difference compared with the LR test. Note that
this accordance is a specific coincidence of the linear regression model ¥y 4+ Y12 used in this
example.

Design LR test contrast test
T x2 T3 x4 level power level power
*
c cq co

0 0.05 0.1 0.2 0.0522 0.1100 0.0536 0.1078 0.0988 0.1080
0 0.1 0.4 0.5 0.0540 0.3288 0.0506 0.3206 0.2994 0.2666
0 0.25 0.75 1 0.0494 0.7342 0.0482 0.7414 0.6902 0.6464

Table 3: Level and power of the LR and contrast tests for N = 4.

In the case of nonlinear regression models the superiority of the LR test holds at least
asymptotically, provided that all parameters of the model are identifiable. This follows by

11



the usual linearization arguments [see Seber and Wild (1989)]. In the case of a lack of
identifiability, however, the results of Song et al. (2009) indicate that the superiority of the
LR test is not granted. We will investigate this in more detail in Section 4. We complete
this section with a nonlinear regression example satisfying the identifiability condition.

ExAMPLE 3.3 Consider the model
n($,9) =1y — 6_19136; Yo €ER, ¥ € Ra_

with N = 2 different experimental conditions. In this case the contrast vector c¢ is propor-
tional to (—1, 1) and we obtain for z; < xy ¢l p = ¢7"1%1 — e=¥122_ Therefore the hypothesis
(2.5) is equivalent to Hy : vy = 0 versus H; : ¥J; > 0. Table 4 displays the simulated level
and power of the LR and contrast tests, again for a sample size of n = 200, n;y = ns and
o = 1.478. We observe that both tests have very similar power properties. Next we consider

Design LR test contrast test
x1 To level power level power
0 1 0.0502 0.2306 0.0472 0.2206
0 2 0.0502 0.4780 0.0484 0.4666
0 5 0.0482 0.9106 0.0484 0.9148

Table 4: Level and power of the LR and contrast tests for N = 2.

the case of N = 4 with the contrasts ¢; and ¢, given in (3.15) and the optimal contrast c*.
Table 5 displays the simulation results. We observe substantial power advantages for the LR
for the two contrasts c1, co and a similar behaviour for the optimal contrast c*.

Design LR test contrast test
xq T T3 T4 level power level power
c* c1 co
0 0.25 0.75 1 0.0496 0.1720 0.0456 0.1638 0.1592 0.1398
0 0.5 1 2 0.0566 0.3154 0.0504 0.2974 0.2542 0.2876
0 1 3 5 0.0514 0.7540 0.0504 0.7524 0.6968 0.6900

Table 5: Level and power of the LR and contrast tests for N = 4.

4 LR tests under lack of identifiability

In this section we investigate the asymptotic distribution of the LR test for the hypotheses
in (2.5) under more general dose response models, such as those presented in Table 1. To
begin with, we demonstrate that under the null hypothesis of no dose response certain model
parameters are not identifiable and standard LR test theory is not applicable. Nevertheless,
we show in Section 8.2 of the Appendix that the quantiles of the limiting distribution can be

12



obtained using non-standard asymptotic theory for LR tests in regression models with a lack
of identifiability. These results are used in Section 4.2 where we explain how the quantiles
of the limiting process can be obtained by simulation.

4.1 The problem of identifiability

All models from Table 1 can be written as a nonlinear regression model of the form
77(% 8) - 190 + 79177(1:7 8(2))7 (41)

where 6 = (190,191,0(7;)) € R? and O2) = (9a,...,041)" € R92. Assume without loss of

generality that we are interested in an increasing trend ¥; > 0, ie. 7(z1,0) < ... <

N(zy,0@) for x1 < 29 < ... < zy. Using the Lagranges multiplier device and letting

= % Zfil n;p;, one can show by similar arguments as in (Bornkamp, 2006, p. 88) that the

solution of _
He — [
N
Zz 1 z:ul

maximizes the non-centrality parameter 72(c) in (2.7) and is thus optimal. Note that 72(c)
)?

ne

¢=1,...,N, (4.2)

c, =Mny

is invariant with respect to scalings of the vector c and that c* satisfies Ze 1 = 1. Since

e = (g, 0), we have

« x ,6 ./L'[,Q )
. :Wm@(ﬁ )* _ gyn, 1t Lt 2) =1
Zi:l Ci i 22':1 Cj i

where 77 = %Zé\; nen(xe, 0) and 77 = %Z?f:l n47)(T¢, 0(2)). From the normalizing condition
it finally follows that

% 791 (ﬁ($b ) )
(2 na(ii(ws, 0)) — 7)2)
Since we assumed 17 > 0, we obtain
*T Y * ~ > ~ ~\2 1/2
M= 0 G, O) = V1 - <Z ne(1(@e, 02)) — 1) ) :
=1 i=1

Using the optimal contrast for the hypotheses in (2.5) under model (4.1) is thus equivalent
to testing the hypotheses

H, =0 Versus H;:9; >0. (43)

Therefore, the parameter 0(2) is not identifiable under the null hypothesis Hy : ¥; = 0
whenever d > 2. Nevertheless, the quantiles for the corresponding likelihood ratio test can

13



be obtained by non-standard asymptotic theory. Because these arguments are complicated,
we defer the detailed discussion to Section 8.2 in the Appendix and explain in the following
section how the quantiles of the asymptotic distribution of the likelihood ratio test can be
calculated numerically by simulating non-standard Gaussian processes.

4.2 Simulating quantiles

We assume that the vector 09) varies in some set, say ¥, and define Z;,...,Zy,Y1,..., Yy
as independent identically distributed standard normal random variables. It is shown in
Section 8.2 that the asymptotic distribution of the likelihood ratio test for the hypothesis
(4.3) can be described by a functional of the stochastic process

{Ws =W(Bo, B1,0,6%) | 55 + B + 0> =1, 1 >0, 0 >0, 6% € ¥},
where S = (B, B1,0,0?)) and

SN VE((Bo + Buiiwi, 0))) Zi + \/§UYi)'

Ws =W ) ) 79(2) =
S (50 51 o ) (Zf\;l £i(ﬂo+ﬁ1ﬁ($i;9(2))2 +202))1/2

(4.4)

To be precise, define

My = {(50751,079(2))611%‘”1
M = {(50’0’079(2))€Rd+1‘58+02=1}.

B4 B0 =1, 8120, 0 €V},

It is shown in the Appendix that under the null hypothesis (4.3) the LR statistic converges
weakly to the random variable

L= sup (WsV0)*— sup (WsV0)>. (4.5)
SeMs SeM;y
The quantiles of this limiting distribution can now be obtained by simulation.
So far, we focused on the specific case of testing a single model. In general, if M competing
models are considered and the test statistic (2.10) is used, the corresponding quantile can be
simulated in a similar way as described above. At each simulation step and for each model
N under consideration a random variable L defined in (4.5) is simulated on the basis of the

same data Z1,...,Zn,Y1,.... YN s N (0, 1), resulting in the simulated random variable

Lmax =1m 1XLk (46)

The quantiles of the limiting distribution of the statistic (2.10) are then calculated by re-
peating this simulation step 10.000 times, say. Note that the resulting quantiles depend on
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statistic
designs Kn, max Lmax
total sample size

T x2 x3 Ty x5 n = 50 n = 125 n = 250
A 0 0.05 0.2 0.6 1 1.91719 1.90372 1.88322 3.84865
B 0 0.05 0.1 0.2 0.5 1.87306 1.83116 1.81475 3.93500
C 0.5 0.7 0.9 0.95 1 1.79709 1.78592 1.77634 3.16702

Table 6: Simulated 95%-quantiles of the statistic K, max defined in (2.8) and simulated 95%-
quantiles of the random variable Ly, defined in (4.6)

the models and the design under consideration. Exemplarily we display in Table 6 these
quantiles for the models from Table 1 and three uniform designs A, B, C with five different
experimental conditions each. Table 6 also contains the quantiles of the statistic (2.8) for
different values of n, based on the multivariate t-distribution with n — 5 degrees of freedom.

5 Simulation study

In this section we compare via a simulation study the original MCP-Mod from Bretz et al.
(2005) using contrast tests with a modified version using the LR tests developed in this
paper. We focus on the first step of the MCP-Mod approach, where the statistics (2.8) and
(2.10) are used to test the null hypothesis in (2.5). We investigate the three designs A, B
and C from Table 6. We use the four models in Table 1 as the candidate models for both
procedures. These four models plus the constant model serve also as the data-generating
“true” models in the simulations. The residual errors in (2.1) are normal distributed with
standard deviation o = 1.478. All results are based on 5.000 simulation runs.

In Table 7 we display the power for both tests and various sample sizes for each of the five
data-generating regression models. The data were generated under the scenario (I) from
Table 1. Note that the statistic (2.8) requires the specification of the optimal contrasts cj
and we used the “true” parameter values for their calculation. The LR test does not require
this knowledge.

For all designs the nominal level is well approximated by the (asymptotic) LR test. For the
contrast test, the significance level is maintained by construction also for finite sample sizes.
In terms of power, we do not observe substantial differences between both procedures. Only
if the true model is the Emax one, the LR test has slightly more power than the contrast
test. Note that the power to detect the Emax model for design C is generally very small
because of the choice of an inefficient design: observations are only taken at points larger
than 0.5. In this region the derivative varies between 0.1 and 0.25 and the function is almost
not distinguishable from the constant function.

Because the contrast test requires the knowledge of the model parameters for the calculation
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true regression function
design test n constant Emax log-linear linear exponential
50 0.0536 0.2444 0.2742 0.2772 0.2684
contrast 125 0.0440 0.4718 0.4958 0.5034 0.4784
A 250 0.0566 0.7280 0.7706 0.7692 0.7636
50 0.0546 0.2710 0.3084 0.2802 0.2666
LR 125 0.0548 0.4936 0.5186 0.5104 0.4820
250 0.0586 0.7468 0.7672 0.7622 0.7396
50 0.0532 0.1840 0.1586 0.1294 0.0606
contrast 125 0.0570 0.3450 0.2834 0.1862 0.0840
B 250 0.0580 0.5508 0.4522 0.2994 0.0988
50 0.0520 0.1944 0.1628 0.1262 0.0670
LR 125 0.0488 0.3346 0.2662 0.1794 0.0780
250 0.0534 0.5454 0.4224 0.2750 0.0872
50 0.0498 0.0650 0.0952 0.1336 0.2212
contrast 125 0.0454 0.0744 0.1204 0.2028 0.4002
C 250 0.0470 0.0828 0.1756 0.3206 0.6428
50 0.0602 0.0688 0.1038 0.1362 0.2472
LR 125 0.0474 0.0856 0.1304 0.2180 0.4146
250 0.0546 0.0940 0.1714 0.3274 0.6422

Table 7: Power of the MCP-Mod procedure based on the LR test (2.10) and the contrast
test (2.8) at level 5%. Data was generated according to the constant model and the four
regression models from scenario (1) in Table 1. The “true” parameters have been used for
the calculation of the optimal contrasts in MCP-Mod.

true regression function
design n constant Emax log-linear linear exponential
50 0.0524 0.2462 0.2396 0.2450 0.2236
A 125 0.0482 0.4598 0.4744 0.4652 0.4286
250 0.0478 0.7122 0.7520 0.7444 0.7136
50 0.0464 0.1786 0.1470 0.1116 0.0588
B 125 0.0552 0.3234 0.2584 0.1770 0.0674
250 0.0500 0.5348 0.4208 0.2594 0.0856
50 0.0520 0.0702 0.0918 0.1196 0.2156
C 125 0.0526 0.0818 0.1236 0.2034 0.4110
250 0.0468 0.0934 0.1840 0.3404 0.6534

Table 8: Power of the MCP-Mod procedure based on the contrast test (2.8) at level 5%.
data were generated according to the constant model and four “true” regression models from
scenario (1) of Table 1. The parameters from scenario (II) have been used for the calculation
of the optimal contrasts in MCP-Mod.
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of the optimal contrasts, we also investigate the properties of both tests if the contrasts are
misspecified due to wrong assumptions about the model parameters. In our first example
we generated data according to the same models as in Table 7, but with the contrasts being
slightly misspecified based on the parameters from scenario (II) in Table 1. Table 8 displays
the power results for the contrast test. The results for the LR test reported in Table 7 remain
the same because the data were generated according to the same models in both tables. In
almost all cases we observe a slight decrease in power for the contrast test as compared to
the LR test.

Finally, we study a further case of misspecification, where we generated data according to
scenario (III) in Table 1, while the optimal contrasts were calculated for the parameter
constellations given in scenario (I). Table 9 displays these results. We observe no power
differences between both procedures under design C. On the other hand, for designs A and
B the LR test approach is more powerful in most cases under consideration, in particular
for the Emax model.

true regression function
design test n constant Emax log-linear linear exponential
50 0.0488 0.1958 0.2480 0.2688 0.2698
contrast 125 0.0504 0.3674 0.4686 0.4954 0.5000
A 250 0.0534 0.5990 0.7328 0.7758 0.7553
50 0.0574 0.2548 0.2788 0.2928 0.2846
LR 125 0.0614 0.4914 0.4932 0.4984 0.5070
250 0.0590 0.7516 0.7414 0.7540 0.7552
50 0.0472 0.1762 0.1692 0.1202 0.0886
contrast 125 0.0510 0.3448 0.3092 0.1962 0.1376
B 250 0.0534 0.5630 0.5192 0.3062 0.1842
50 0.0496 0.2356 0.1932 0.1192 0.0864
LR 125 0.0516 0.4488 0.3264 0.1792 0.1188
250 0.0544 0.6998 0.5176 0.2728 0.1706
50 0.0562 0.0512 0.0754 0.1272 0.1812
contrast 125 0.0482 0.0506 0.0908 0.2094 0.2976
C 250 0.0498 0.0546 0.1188 0.3202 0.4802
50 0.0572 0.0600 0.0900 0.1572 0.1860
LR 125 0.0554 0.0567 0.0944 0.2188 0.3088
250 0.0478 0.0572 0.1159 0.3256 0.4882

Table 9: Power of the MCP-Mod procedure based on the LR test (2.10) and the contrast test
(2.8) at level 5%. Data were generated according to the constant model and the 4 regression
models from scenario (III) in Table 1. The parameters from scenario (I) have been used for
the calculation of the optimal contrasts in MCP-Mod.

6 A real dose finding trial example

In this section we illustrate the proposed LR test with a real dose finding trial example.
Biesheuvel and Hothorn (2002) investigated a dose ranging trial on a compound for the
treatment of the irritable bowel syndrome. Patients were randomized to either placebo or one
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of four active dose levels, corresponding to doses 0, 1,2,3, and 4. Note that the original dose
levels have been blinded for confidentiality. The primary endpoint was a baseline adjusted
abdominal pain score with larger values corresponding to a better treatment effect. In total
369 patients completed the study, with nearly balanced allocation across the doses. For
the purpose of the calculations below, we ignore the gender information and investigated
dose response for the complete data set. The data are available, for example, with the
DoseFinding package from Bornkamp et al. (2010).

We consider three competing regression models of the form (4.1): linear, Emax, and expone-
tial. Note that for the Emax and exponential models the parameter 1), is non-identifiable.
When simulating the quantiles as described in Section 4.2, we apply a polar coordinate
transformation to the vector of identifiable parameters (g, 4, 0) for numerical efficiency.
For similar reasons, we restrict the search for the non-identifiable parameter )5 to the inter-
val [0, 6], because larger intervals lead to essentially the same results. The quantiles of the
limiting distribution of the statistic (2.10) are then obtained by simulating 10.000 random
variables of the form (4.6).

Frequency
1000 1500 2000 2500 3000
1 1 1
]

500
|

X

Figure 1: Histogram of 10.000 simulated random variables (4.6). Vertical line: observed
mazimum LR test statistic

Figure 1 displays the resulting histogram from which we immediately obtain the simulated
quantiles. For this example, we obtain the simulated 90% (95%, 99%) quantiles as 2.78 (3.98,
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6.86). The observed maximum LR test statistic (2.10) for the given data is 10.3844, which
is displayed as a vertical line in Figure 1. Thus, we can safely reject the null hypothesis and
conclude in favor of a significant dose response signal. We obtain the same test decision by
computing the associated p-value, which is 0.0015 in this example

7 Conclusions

A common problem in modeling dose response relationships is the identification of an appro-
priate model to detect a dose response signal. In many cases there exist several competing
parametric regression models to describe the dose response relationship. As indicated in the
Introduction, the MCP-Mod approach has been advocated by several authors in the liter-
ature. This procedure combines multiple comparison procedures with modeling techniques
but ignores the specific structure of the regression models.

In this paper we investigate an alternative procedure which is based on the likelihood ratio
concept and uses all information from the models under investigation. We modify the first
step of MCP-Mod for detecting a dose response signal by replacing the contrast tests through
suitable LR tests. Unlike the original MCP-Mod procedure, which requires knowledge about
the unknown parameters of the candidate regression models in order to specify the contrast
coefficients, the new method does not require such knowledge. It is demonstrated that in
linear models the LR test is always at least as powerful as the originally proposed contrast
tests. These results can be transferred to nonlinear regression models, where all parameters
are identifiable.

However, the commonly used nonlinear regression models for describing dose response re-
lationships suffer from a lack of identifiability of the parameters, and as a consequence,
standard asymptotic theory is not applicable for calculating quantiles of the likelihood ratio
test. In order to solve this problem we derive the asymptotic distribution of the likelihood
ratio test in regression models with independent but not identically distributed observations
under lack of identifiability of the parameters. It turns out that the quantiles of the lim-
iting distribution can be obtained by numerical simulation. The results are illustrated by
means of a simulation study. In particular, we demonstrated that the likelihood ratio test
is always comparable to the contrast tests although it does not require knowledge of any
model parameters. Moreover, in many cases we also observe an improvement compared to
the original contrast tests with respect to the power which can be substantial.
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8 Appendix: technical details

8.1 Proof of the results in Section 3

Proof of (3.5) Let HAHl,&?h denote the solution of the optimization problem defined in
(3.4). By the Karush-Kuhn-Tucker conditions [see Nocedal and Wright (2006)] there exist a
constant A > 0, such that 0y,,6%, are a solution of the system

n 1 1 9

5 52 51 1Y —X0I7 =0,
where ¢ = XTATc. If "AXO = 70 > 0, A = 0 and we obtain 0y, = 6, where § =
(XTX)™'XTY is the common least squares estimate. Otherwise we have A > 0 and the
solution is given by 0y, = 0y, where 0y, = (XTX)7!XTY — N(XTX)"!XTATc and N is
defined by (3.6).

Proof of Theorem 3.1. Recall the representation of the matrix X7 in (3.2). We will show
at the end of this proof that in the case d = N the range of the matrix X is of the form

XT(Y — X0)

o2

+AE=0,

range(X) = {()\1]_T /\QlT cey )‘N]'ZN)T | Ah )\27 ey )\N S R} C R™. (81)

ni? ng?

Consequently, the matrix corresponding to the projection of R"™ onto range(X) is block
diagonal, i.e.

nit-ni? Y nN ny

1 1
Py = X(XTX) X7 = diag(—l 17, 1,17 ) e R,
sl nn

Recalling the definition of the matrix A in (3.3), this implies for the numerator in (3.8)
o = TAX(XTX)'XTY = TAPxY
= CTA(?l, e ,?1, Ce ,?N, Ce ,?N)T = CTY
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and for the denominator

N
1 1 2
SN e = TAXXTX) X A e = g (- )e= 30O
n1 nn =
Similarly, we have for the remaining term
N n;
||Y_X9H32YT(In—PX)Y: Z(Yij—?i)z

i=1 j=1

and the assertion of Theorem 3.1 follows.
The proof can be completed by showing (8.1). Let ® denote the Kronecker product. From
the definition of the matrix X in (3.2) we have

range(X) = {(121 ® f(x1),..., 1£N ® f(xN))TH | 6 € Rd}
= {(121fT($1)0> S E fT(IN)Q)T CAS Rd}

)TN

and the inclusion “C” in (8.1) is obvious. For the converse inclusion observe that in the case
d=N{(fT(z)0,..., [M(zy)0)" | 0 € R} = R? by the linear independence of the vectors
fla),. flan).

Proof of Theorem 3.2. The power functions of the LR test (3.11) and the contrast test
(3.12) are given by

T
and <I>< c _ul—a>7

N 2
o\ D iy G/

respectively. Let Px = X(X7X)~! X7 denote the projection matrix onto range(X) and note

(I)<a(é(XTCXl;—15)1/2 N “1—“)

that all eigenvalues of Py are given by 0 and 1. This yields
N2
(XTX) e = ||PxATc|)3 < ||[ATc|3 = " AATc = E =
n;
i=1

and the inequality in (3.13) is now obvious. Moreover, the inequality is strict if and only if
ATc ¢ range(X), which proves the second assertion of Theorem 3.2.

8.2 Likelihood ratio tests under loss of identifiability.

In this section we present some arguments why the likelihood ratio test statistic converges
weakly to the distribution of the random variable defined in (4.1), which justify the use of
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its quantiles in the corresponding test. Our approach follows closely the paper of Liu and
Shao (2003), but in contrast to these authors we consider regression models corresponding
to the case of independent but not identically distributed data. Because most arguments are
very similar to the reasoning given by these authors, we will only give a brief sketch of the
derivation of the asymptotic properties of the likelihood ratio test. We use a slightly more
general terminology which covers the nonlinear regression model considered in the previous
sections as a special case.

Let Y7, ...,Y, denote independent random variables depending on fixed covariates x1, ..., z,,
respectively, with densities f(y;|z;,v), where v denotes a (d + 1)-dimensional vector of pa-
rameters. We assume that the measure %Z?:l 0., converges weakly to a non-degenerate
measure § and are interested in the hypothesis Hy : v € Zy versus Hy : v € Z5\Z;, where
=, C 25 C R denote parameter spaces. We allow that under the null hypothesis some
parameters of the model are not identifiable. More precisely, if the null hypothesis is satisfied
and fo(y|x) denotes the “true” density of the random variable Y (at experimental condition
x), then there exist parameters v # 7 in =y, such that

folylz) = fylz,v) = f(ylz, 7).

Fori = 1,2 let 20 = {v € Z; | f(y|lx,v) = fo(y|x)} denote the parameters in the set =;
corresponding to the “true” density fo(y|x). We assume that for any x € X the likelihood
ratio £, (y|x) = Jj&';g;) is square integrable with respect to fo(y|z). Following Liu and Shao

(2003) we now define the quantities

Sul(ylr) = %, (8.2)
where
D) = /X (1 (yl2) — 1) folyla)dydé (). (8.3)

For ¢ > 0 consider the sets Z,. = {v € £, | 0 < D(v) < ¢} and define (for i = 1,2)
Fie ={S, | v € Eic}, where the function S, is defined in (8.2). Assume that for some € > 0
the following conditions hold

(A1) The functions v — D(v) and v — [, [(1/l,(y|x) —1)*fo(y|z)dydé(z) are bounded and

continuous on =s.

(A2) max sup |S,(Yiz;)| = OP(nl/z)-

1Sisn ez,

A3 s [ 23S0 - [ [ relnSielade)] Lo

SE]’zs
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ay fz Wile) = [ [ S, o)) 5(G)ser

where —~ denotes weak convergence in the sense of Pollard (1984) and G denotes a
separable, centered Gaussian process with covariance kernel

Cov(Gs.. Gs,) / / S1(y|2)Sa(ylx) fo yl) dyde ().

Under these regularity conditions, it follows that with probability converging to 1 the max-
imum likelihood estimate satisfies 7, € Z;. UZ; (i = 1,2) and, as a consequence, the the
likelihood ratio test statistics

sup{ I/ (Vi) | v € 55} sup{ [T f(¥lzev) | v € ..}
L, = 2log =1 , Ly =2log =1 (8.4)

n

Sup{i];[1 fYilzi,v) | v e El} Sup{ﬁ fYilzi,v) | v e Elg}

=1

have the same asymptotic properties. For ¢+ = 1,2 define the set of functions
2 (m) . 2 — . . —
Fi = {5 € [2:3{pM} €5 lim DX(u™) =0, lim |IS,0m — S]] 0}, (8.5)

where for a function g(y|x)

1/2
lalle = ([ [ i) foyle)aude () (8.6)
X
denotes the “norm” with respect to the design £. Assume additionally that

(A5) The classes of functions F; (i = 1,2) satisfy the conditions in Definition 2.4 of Liu and
Shao (2003).

It then follows by similar arguments as given in the proof of Theorem 3.3 of Liu and Shao
(2003) that for n — oo the likelihood ratio statistic L,. in (8.4) converges weakly to the
random variable

L = sup(Gs v 0)* — sup (Gs V 0)*, (8.7)
SeFs SeF

where Gs denotes the centered Gaussian from assumption (A4). Roughly speaking, the
asymptotic distribution in (8.7) is derived by considering the two testing problems

Hoi : f(ylz,v) = folylx) versus  Hy; @ v E€Z,

(1 = 1,2). We would also like to point out that in general the sets F; and F, defined in
(8.5), and with them the limiting distribution in (8.7), may depend on the unknown data-
generating density fo which enters in the distance D and the norm || - ||¢ defined in (8.3) and
(8.6), respectively. However, there exist many cases where this dependence does not appear
in the limiting distribution (8.7).
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REMARK 8.1 Consider the situation described in model (2.1), where there exists a fixed
finite number of different design conditions x1, ..., zy. In this case the observations Y7, ..., Y,
can be regrouped in a finite collection of groups of i.i.d. data. Assumptions (Al) - (A4)
can be further simplified. In particular, in this case (A4) implies (A3) by Lemma 2.10.4 in
van der Vaart and Wellner (1996). The weak convergence in (A4) follows if the classes of
functions {y — S, (y|z;)|v € Za:}, i = 1, ..., N are Donsker with separable limiting processes
(see e.g. van der Vaart and Wellner (1996)). Moreover, condition (A2) follows if for each
experimental condition z; the random variable sup, .=, |S,(Y;|z;)| is square integrable.

REMARK 8.2 For location scale regression models of the form (4.1) the situation simplifies
further. More precisely, observe that in those models the parameter can be decomposed as
v = (11,0(2)) with vy = (¥, 91, 0)". In particular, the null hypothesis is equivalent to ¢; = 0,
and in this case the value of 05y has no impact on the likelihood. In order to describe the
limits in (8.5), let ¥, o* denote the “true” parameters and define v = (95,0, 0*)” (note that
(0*)? is the “true” variance). By similar arguments as on page 826 in Liu and Shao (2003)
it suffices to consider limits (yfn), 0(2)) — (v7,0(2)). Because the errors in (2.1) are centered
normal distributed we obtain

o, = (20l 21, 0, 2 ole) — 1) (88)

8V1 v=(v{,0(2)) o

where z(y|z) = £ (Y]z) ~ N(0,1), and
the distribution of %]V:(yw@)) does not depend on the parameter ;. Therefore we obtain

by a Taylor expansion ¢, —1 = (v, — Vlk)Tg_iZ ) +o(|vy —vf]). It now follows by similar
arguments as in Liu and Shao (2003) that the sets F; and F, in (8.7) are given by
T 9ty
vy =01, 0(2))
Fi={t | BEB;, 6 € Wi} (8.9)
157 50 Nv=0r 02 lle

(i = 1,2), where the sets B; and By are defined by B; = {(BO,O,U)T ER3| B +0% = 1}

and Bg{(ﬁo, Br,o)T eR3 | B2+ Bi+a2=1; 51 > 0}, respectively. Combining these results
with (8.8) and (8.9) yields (note that the unknown parameter o* is canceling)

F o=

{502(3/!%) +o(?(ylr) — 1) ’ 82 1 o2 = }
160z + 0 (2% = 1) ot ’
o {502@195) + Biz(yl2)i(z, ) + o (22 (ylz) — 1)

2 = 2
1Boz + Brzi + o (22 = )¢
where we note the fact (recall the definition of (8.6)) ||foz +0(2* —1)[7 = 55 4+ 20* = 1+ 0?
and ||Boz + B127 + o(2% — 1)||§ fX(BO + 51ﬁ(x,9(2)))2d§(x) + 20%. Note that F; C F,, and

Bt =1, B 20, 0 € T,

27



thus it suffices to consider one Gaussian process {Gs}scz, indexed by the functions if F.
Its covariance kernel is given by

fx H?:1(6(()i) + 5§i)7~]($, 0(2)))dE(x) + 20N g2

; GRE ; —— if S,.%¢€R
[T (o (80" + By (2, 02)))?dE () + 2(0@)2)V/

COV(ggl ) gSz)

where (ﬁéi), Bfi), o@) denote the parameters corresponding to the function S. It is now easy
to see that this process has the same distributional properties as the stochastic process
{W3}3€M2 defined in (4.5).
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