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Abstract

In this paper, we prove a kind of Abelian theorem for a class of stochastic volatility models
(X,V), where both the state process X and the volatility process V' may have jumps. Our
results relate the asymptotic behavior of the characteristic function of XA for some A > 0
in a stationary regime to the Blumenthal-Getoor indexes of the Lévy processes driving the
jumps in X and V. The results obtained are used to construct consistent estimators for the
above Blumenthal-Getoor indexes based on low-frequency observations of the state process
X. We derive the convergence rates for the corresponding estimator and show that these
rates can not be improved in general.

Keywords: affine stochastic volatility model, Abelian theorem, Blumenthal-Getoor index

1 Introduction

Consider a class of affine stochastic volatility (ASV) models with jumps both in the state process
and in the volatility of the form:

(1) dXy = (ax +bxVio)dt+ /Vie dW1 + dZyy,
(2) dV; = (CLV — bv‘/%_)dt 4+ ayor/ Vi dWQ’t + det,

where (W7 ¢, Wa ) is a two-dimensional Wiener process such that corr(W1 , Wa ;) = p, (Z14, Z2)
is a two-dimensional pure jump Lévy process with an increasing or constant Zs ¢, ax,bx, by are
real numbers and o, ay are nonnegative real numbers. ASV models have got much attention in
the past decade (see Keller-Ressel, 2008 for an overview). Such well-known stochastic volatility
models as Heston, 1993, Bates, 1996 and Barndorff-Nielsen and Shephard, 2001 models are in the
class of ASV models, and this fact allows to treat all of them within one theoretical framework.
The main reason for the popularity of ASV models is their analytic tractability: the conditional
characteristic function of the vector (X, V;) given (Xo, Vo) has, for any ¢ > 0, an exponentially
affine structure in (Xy, Vy) and can be efficiently computed via solving a system of ordinary
differential equations. Various analytical properties of ASV models such as ergodicity or the
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existence of moments have been extensively studied in the literature (see, e.g., Glasserman and
Kim, 2010 and Keller-Ressel, 2011 for the most recent results). In this respect, one contribution
of the current paper is the derivation of the so-called Abelian theorem relating the asymptotic
behavior of the characteristic function of X; for any ¢ > 0 to the asymptotic behavior of the Lévy
measure of the two-dimensional Lévy process (Z1, Z2) at the point (0,0). The latter behavior is
closely connected to the notion of a Blumenthal-Getoor index which is the main object of our
study. For a one-dimensional Lévy process Z = (Z;);>0 with a Lévy measure v, the Blumenthal-
Getoor index of Z is defined as

BG(Z) = inf {7‘ >0: /| - |z|"v(dx) < oo} .

The Blumenthal-Getoor (BG) index is a fundamental characteristic of the Lévy process Z that
determines the activity of jumps in Z. If v([—¢,€]) < oo, then the process Z has finite activity
of jumps and BG(Z) = 0. If the Lévy measure v((—oo, —¢]U[e, 00)) diverges near € = 0 at a rate
e~ for some a > 0, then the BG index of Z is equal to a. From a practical point of view, the
importance of the Blumenthal-Getoor index lies in the fact that it determines the smoothness
properties of the marginal density of Z and has significant impact on the convergence of different
approximation algorithms for Z (see, e.g., Dereich, 2011). One of the main results of our study
states that the c.f. ¢a(u) of the increments X;y A — X; for some A > 0 in a stationary regime
has a representation

(3) log |pa(u)| = —miu — u®(1 +r(uw)), |r(u)] <mu™”, wu>1

with some constants 7 > 0, 2 > 0, 73 > 0, ¢ > 0 and o > 0 depending on the parameters
of the model (1)-(2). The representation (3) reveals the essential difference, in the asymptotic
behavior of ¢a(u), between the Heston-like ASV models (ay > 0) and the Barndorff-Nielsen-
Shephard-like ASV models (ay = 0). While in the first case the leading term in the asymptotic
of log|oa(u)| is given by —7u, in the second case log|¢a (u)| behaves like —mou® as u tends to
infinity, where « is proportional to the maximum of BG indexes of the Lévy processes Z; and
Zs.

The representation (3) is not only of theoretical interest, it can be used to construct statistical
procedures for estimating the Blumenthal-Getoor indexes of the Lévy processes Z; and Zs.
Recently, the problem of estimation of the BG index from the discrete observations of the Lévy
process Z or some other processes based on Z has drawn much attention in the literature. Ait-
Sahalia and Jacod, 2009, studied the problem of estimating the so called jump activity index
that is defined for any It6 semimartingale X via

JAL(X) =inf{r>0: Y |AX | <oy,
0<s<T

where AX; = X, — X, is the size of the jump at time s and T is a fixed time horizon. Note
that JAI(X) is a random quantity, which is to be determined pathwise. In the case of a Lévy
process X, JAI(X) coincides with the Blumenthal-Getoor index. Obviously, one can compute
JAI(X) if the whole path of the process X up to time T is observed. In a more realistic situation
when the process X is observed on the discrete grid {0,A,...,An} with An =T and A — 0
as n — 0o (high-frequency data), Ait-Sahalia and Jacod proposed a method which is able to



consistently estimate JAI(X) and is based on the statistics that counts the “big” increments
of the process X. Turning to the case of low-frequency data, i.e., the case of fixed A > 0 and
T — oo, one may wonder if any kind of statistical inference is possible in this situation at all.
Indeed, one challenge is that the transition density of X in ASV models is hardly ever known
in closed form making the maximum-likelihood estimation difficult. Furthermore, the volatility
process V is not directly observable leading to a kind of filtering problem which requires the
elimination of V. The latter filtering problem is well understood in the case of high-frequency
data and poses significant problems if A does not tend to 0. The first results showing that a
consistent estimation of the BG index based on low-frequency data is possible, were obtained
in Belomestny, 2010 for the case of Lévy processes. The inference in Belomestny, 2010 relied
on the kind of Abelian theorem that characterizes the decay of the c.f. of a Lévy process Z.
Such Abelian theorems are well known in the literature: Bismut, 1983 showed that the tail
integral V((—oo7 —z) U (z, —|—oo)) behaves asymptotically like c;z™7 as £ — +oo if and only if
the characteristic exponent of a Lévy process Z with the Lévy measure v behaves like —ca|ul”
as |u| — oo (here c;, co, and 7 are positive numbers). It turns out that the ideas similar to ones
in Belomestny, 2010 can be used to construct estimates for the BG indexes in the model (1)-(2)
and the representation (3) plays a crucial role in this construction.

The paper is organized as follows. In Section 2, we establish and discuss the representation
(3). The estimation algorithm for the BG of Zs is formulated and analyzed in Section 3. In
particular, we derive the convergence rates for the proposed estimate and discuss their optimality.
Section 4 contains the proofs. Some important properties of the ASV model are collected in
Appendix A.

2 Abelian theorems

Denote by v and v the Lévy measures of the Lévy processes Z1 and Zs, respectively. Assume
that the following asymptotic relations hold

(AN1)

e%/ n(dz) = Box+PaeV(1+0(), - +0,
|z|>e

(AN2)

672/ v(dy) = Po2+ B12¥*(1+0(e)), &— 40
y>e

with some 0 < 1,72 <1, Bo,1 > 0,502 > 0, x1 > 0 and x2 > 0. The assumptions (AN1) and
(AN2) imply that the Blumenthal-Getoor indexes of the Lévy processes Z; and Z, are equal to
~1 and 7y, respectively. Moreover, suppose that

(AE)

by >0, ayo? <2,



(AM)
/| 1 |20y (dx) < oo
x|>

for some § > 0.

The conditions (AE) and (AM) ensure the existence and uniqueness of the solution of (2)
together with the positive recurrence on (0,00) (see Masuda, 2007). As a result, V' admits a
unique invariant distribution 7 and V; > 0 almost surely, for all ¢ > 0. If additionally Vj is taken
to have the distribution 7, then V; is strictly stationary with the stationary distribution 7. Then
the strict stationarity of V' implies the strict stationarity of the process (Xiya — X¢)i>0 for any
A > 0. Denote by ¢a the characteristic function of X;4 A — X; in a stationary regime. The
following theorem describes the asymptotic behavior of ¢ (u) as |u] — co.

Theorem 2.1. Assume that the assumptions (AN1), (AN2), (AE) and (AM) are fulfilled. Then
(1) log éa ()] = —71 — (L +r(w)),  r(w)] < T %, w1,

where 71 >0, 79 > 0, 73 > 0, « > 0 and » > 0 are some numbers depending on the parameters
of the model (1)-(2) and A. In particular,

e if ay > 0, then 1 is positive, « = max{~y,V2}, and

(v2—=m) A X1, if v <o,
=19 (1 —7)AXx2 if 11>,
X1 A X2, if 1= y2;

e ifay =0, then 11 =0, = max{vy, 27}, and

(2’)/2 — ’71) A2x2 A1, if’)/l < 2’72,
x = q(m—2v)Ax, if y1. > 272,
X1 A 2x2 AL, if 1= 272

Discussion It is easily seen that 71 > 0 as long as ay > 0 and 71 = 0 if ay = 0, meaning
that the asymptotic behavior of ¢a(u) changes markedly if we move from the Heston-like ASV
models (ay > 0) to the Barndorf-Nielsen-Shephard-like ASV models (ay = 0). Furthermore, if
Y2 > 71 then the value of « is always proportional to the BG index of Z5. Hence, in the latter
case the problem of statistical inference on o which determines the jump activity of volatility,
can be reformulated as the problem of estimating « in (4), which is considered in the next
section.

3 Estimation of the Blumenthal-Getoor index

Suppose that the discrete observations Xg, Xa, ..., X, of the state process X are available for
some fixed A > 0. First, estimate ¢a(u) by its empirical counterpart ¢, (u) defined as

n

1 .
—— iu(Xar—Xa(n—1))
9 bul) =13 .

k=1



Note that under the assumptions (AE) and (AM),
n
%Z uXar—Xau1) &35 4 () n S o
k=1

by the Birkhoff’s ergodic theorem (see, e.g., Athreya and Lahiri, 2010). Fix some 6 > 2 such
that 20 € N and consider a random function

V) = 1og {10 [|6n(w)*'/ I6(0) ] }.

Furthermore, introduce a weighting function w%»(u) = U, w!(u/U,), where U, is a sequence
of positive numbers tending to infinity, the function w' is supported on [e, 1], for some ¢ > 0,
and satisfies

(6) /:wl(u)du:O, /Elwl(u)logudu:l.

Next, define an estimate of the parameter « in (4) by

(7) oy, = /000 wY (1) Yy (u) du.

The estimate (7) can be alternatively defined as oy, = [,,;1 with
Un
(ln,0,ln) == argmin/ wdn (w) (Y () — 11 log(u) — lo)? du,
(l(),l1) 0

where wg™(u) is a suitable weighting function supported on [eUy, U,]. In order to see that o, is
a reasonable estimate of «, we introduce a deterministic quantity

ap = /OO w¥ (u)Y(u) du
0
with
Y(u) = log { ~log [|6(w)*/ |6(6u) | } = log(2rgu” R(u)),

where by Theorem 2.1 we have 7y = 72(6 — 0%) and R(u) — 1 as u — +o00. Using Theorem 2.1
one can also show (see Lemma 6.4 below) that for n large enough,

Cr3

— A —
(8) |Oé Oén| — Uﬁ(l . 004—1)7

with some constant C not depending on the parameters of the underlying ASV model. Hence,
ayn converges to a, provided U,, — 0o as n — oo; the next theorem shows that a,, is close to «,,
in probability.

Theorem 3.1. Consider a class of ASV models of the form (1)-(2) such that the assumptions
(AN1), (AN2), (AM) and (AE) are fulfilled. If ay > 0 (11 > 0) and the sequence Uy, fulfills

_logn

E1,n = \/ﬁ

e20(r1+7at72ms)Un 0, U,—o00, n— o0,



then

) p {|ozn g > Gy A } < Cyn10
TQUS‘

for some constants Co > 0, C3 > 0 and § > 0 not depending on «, 11, 7o and 73. In the case
ay =0 (11 =0) we get

_ €2 11—
P{\an—an|>02 ’na}§03n 10
ToUZ

provided

log n 629(T2+7'273)U3

E2.n = \/ﬁ

Denote by Apg a class of ASV models (1) such that ay is strictly positive, assumptions
(AN1), (AN2), (AM) and (AE) are fulfilled, and additionally

-0, U,—>o00, n— o

(10) min{r, 7} >7>0, <T<oo, O0<a<a 0<x»x<x

in the representation (4). As we will see in the proof of Theorem 2.1, all conditions in (10) can
be reformulated in terms of the parameters of the underlying ASV model (1)-(2). Combining
(8) with (9) and choosing U, in an optimal way, we arrive at

(11) sup  Px v (Ja — an| > Cylog™*n) < Csn~ 179,
(X, V)eAy

where constants C4 and C5 depend on 7, 7 and & only. Since

- o0
3" Pl —anl > Cilogn} £ G5 Y™ < oc,
n=1 —

for any (X, V) € Ap, it follows by Borel-Cantelli lemma that the upper bound of the sequence
of events {|a — ay,| > Cylog™* n}, n € N, is of probability 0, i.e.,

Pxv {|lo = an| > C4log™* n for infinitely many n} =0,

or, equivalently,
Pxv {n@ (log;’n lav — an]> > 04} =0.

In the case ay =0, i.e., 71 =0 in (4), one can define a class Apyg with

(12) >7T>0, <T<o O<a<a 0<x<zx

to get

(13) sup  Px v (]a — | > Cylog™#/@ n) < COsn~170,
(X,V)eApns



Discussion As can be seen, the rates of convergence of «,, are logarithmic and depend on
the upper bound & for the BG index a. The latter feature can also be observed in the high-
frequency setup of Att-Sahalia and Jacod, 2009. Comparing the first part of Theorem 3.1 with
the situation where the Lévy process Zs is observed directly (see Belomestny, 2010, Theorem 6.7),
we immediately realize that the convergence rates in both cases are of the same order, indicating
that the problem of estimating the BG index of Z5 from the low-frequency observations of the
process X has the same complexity as the similar problem based on direct observations of the
Lévy process Zs. Moreover, under the presence of a nonzero Gaussian part the latter estimation
problem becomes even more complex than the former one, as far as the rates of convergence are
concerned. The results of Belomestny, 2010 (Theorem 6.5) also indicate that the convergence
rates in (11) and (13) are optimal and can not be improved in general.

4 Conclusion

In this article we study the problem of estimating the jump activity of an unobservable volatility
process V' in affine stochastic volatility models (X, V') based on the low-frequency observations
of the state process X. The estimation procedure we propose relies on the so-called Abelian
theorem connecting the large-argument asymptotic behavior of the marginal c.f. of X to the
Blumenthal-Getoor indexes of the Lévy processes driving the jumps in X and V. The Abelian
theorem derived in the paper indicates that the Heston stochastic volatility model and the
Barndorf-Nielsen-Shephard stochastic volatility model lead to qualitatively different behavior of
the c. f. of X. Interestingly enough, this implies that the problem of statistical inference on the
jump activity index of volatility is more difficult in the Barndorf-Nielsen-Shephard SV model,
at least as far as the convergence rates are concerned.

5 Proofs

5.1 Proof of Theorem 2.1

It follows from the general results on affine processes (see, e.g., Duffie, Filipovi¢ and Schacher-
mayer, 2003) that for any s <t

¢(U, w,t — Slx, 1)) —F [eiuXHrint’XS _ ‘/S _ v]

14
(14) = exp {¢o(u, w,t — s) +izu + v (u,w, t —s)}, (u,v) € R x R>q,

where 1g(u,w,t) and 11 (u,w,t) are some complex-valued functions satisfying the system of
nonlinear differential equations

(15) W = c?aiyi(u,w,t) + (2-iayvopu — bv) Yy (u,w, t) — (u2 —ibxu),
% = iaxu+ayr(u,w,t) + ffooo fooo (emx+w1(U,w,t)y — 1) v(dz, dy)

with the initial conditions
1 (u,w,0) = iw, Yo(u, w,0) = 0.

The following lemma easily follows from the standard results on ODEs.



Lemma 5.1. The solution of the equation

o(w, s)

(16) s

= ¢ (w,s)), P(w,0)=iw
with
®(z) = Az* 4+ Bz - C,
where A, B and C are complex numbers is explicitly given by the formula

 2C(exp(As) — 1) — (A(exp(As) + 1) + B(exp(As) —1))(i - w)
Alexp(As) + 1) — B(exp(As) — 1) — 2A(exp(As) — 1)(i-w) ’

P(w,s) =
where A\ = VB? + 4AC.

Lemma 5.1 implies that

_ 2C(exp(As) — 1) — (A(exp(As) +1) + B(exp(As) —1))(i- w)
A(exp(As) + 1) — B(exp(As) — 1) — 2A(exp(As) — 1)(i- w)

(17)  Yi(u,w,s) =

with
A:UZ(I%/, B=2-iayopu—by, C=u®>—ibxu, \=+/B2+4AC,
and
t
o (u,w,t) = iaXut—i-av/ 1 (u, w, s) ds
(18) "

+ /Ot [/Z /000 (exp{iu:c + wl(u,w,s)y} — 1>V(dw,dy)] ds.

Under assumptions (AE) and (AM), the process (V;)i>0 and, consequently, (Xi1a — Xi)i>0 is
ergodic. Due to (14), the c.f. of the increments X; ;A — X; in a stationary regime is given by

éa(u) = Bx [eiuo{t%—xt)} _ (w0 {evtwl(u,o,m} = exp {¥o(u, 0, A) + (¥ (u, 0, A))},

where 7 is the invariant distribution of the volatility process V' and [ is the Laplace exponent of
m, i.e.,

l(w) = log [/0 e Tr(dy)} = tlggo o (0, —iw, t).

As a result,

oo o0 o A
(19) l(w) = av/ ¥1(0, —iw, s)ds +/ [/ (ewl(o’_‘w’s)y - 1) Vg(dy)} ds.
0 0 0
Our objective is now to infer on the asymptotic behavior of the function

(20) log ‘¢A (u)| = Re {%(Ua 0, A)} + Re {l(% (uv 0, A))}

as u — 400, where 1 is given by (17), 1o - by (18), and [ is in the form (19). Consider now
two cases.



Case ay = 0. We have A =0, B = —by, A = by, and formula (17) boils down to

C .
1 (u,w,s) = E(exp(—bvs) — 1)+ (i-w)exp(—bys).
Hence
P1(0,w,s) = ie bV,

Y1(u,0,8) = B,C = Bs(u® —ibxu)
with By = by, (exp(—bys) — 1). Moreover,

ttw) = | N [ / (e 1) u2<dy>] ds,

A 9 )
Yo(u,0,A) = iaxul + / { / / <6i“z+BA<“2*ibX“)fbvsy — 1) v(dz, dy)] ds.
0 —o0 J0

Formula (20) yields

log |6 (u)]| = Re{ /O * [ /_ Z /O - (emrtmat -ty _q) y(dx,dy)] ds}
+Re {/OOO UOOO (ee‘bvsBA(UQ—ibX“)y - 1) u2(dy)] ds}

= W1 + WQ.

and

In what follows we derive asymptotic expansions (as u — 400) for the terms W and Ws. Set
cy=T1—-7),d, =T(1—7)sin((1 —v)r/2), and ey = '(1 —~) cos ((1 —y)m/2) for any v € R.
For estimating the term W we apply Lemma 6.3 with p = —Bae ?V5u? and ¢ = —Babxe V*u
to get

Wi =— /0A [50,2072072 [1+Ri(o,0)] + R(U)]ds +0(1), u— +o0,
where R1(0,¢) = Ao *2B12/Bo2 + ¢/0, R(u) = —un (5071d71 + 51,1d71_Xlu_X1) and A is some
constant not depending on the parameters of the model (1)-(2) and A. This gives the expansion
Wy = —55711)1[“ - 6;11)1[”*)‘1 — 55712)11272 — 55712)21272*2)‘2 — 5§712)u27271 +0(1), u— +o0
with the coeflicients
591) = fo1dy A,
5511) = Bir1dy A,

A A
oy = u / Bo,2¢1207%ds = Bo,2¢4,(=Ba)” / e R ds
0 0

= Bo2¢y,(—Ba)” s
A _ o~ bvA(r2—x2)
_ - 1 v
5§12) = “_Q(VQ_XQ)/ C1aABL20™ X2 ds = ey APy (~Ba) 2 =
0 by (2 — x2)

8 = ol



Turn now to Ws. Making use of Lemma 6.1 with ¢ = —e ®V$Babxu and p = —e Vs Bau?, we
arrive at the asymptotic formula

@) W = = [0 [oaen (14 (6/0) + Pracumwe 2 ]ds + 0, 1w+
0

or, equivalently,

(22) Wa = —6i3u? = 355uP2 7 — 5Pt £ O(1),
where
oo
5%22) _ u_QWBO,QCW / o"2ds = M (=Ba)?,
’ 0 Yoby
s _ w2 He /Oo 02 X2 s = B12C1—x» (—=Bp) X2
2,2 »4Y2 X2 0 (72 _ XQ)bV
o
b
5§22) _ u_mﬂoa%bx/ s = Bo,2¢y,bx (_Ba)™.
’ 0 Yoby

Case ay > 0. In this case,

u(l + o1/u))

(23) vi(u,w,s) = — —,  u — +00,
cay(y/1—p? —ip)
. wefbvs
(24) P1(0, —iw, s) = 1+ wAB,

with By = by, (exp(—bys) — 1). By (24), the function I(w) remains bounded for all w such that
Rew > 0. Therefore, we have [(¢(u,0,A)) = O(1) as u — +o00. The asymptotic relation (23)
implies

Re{to(u,0,A)} = —ay [uslay' /1= p2A] +
A
T e
0 —o0 J0

as u — +o0o. Furthermore, Lemma 6.3 with o = ua‘la;lﬂ and ¢ = ua‘la‘_/lp gives
Re{vo(u,0,A)} = —ay [ua_la‘jlﬂA} +
+ /OA [~B0.2 732 (0) 07 [1+ Ra(0, )] + R(w)|ds +O(1), 1w +o0,
where a = p/\/1— p?, Ra(0,¢) = (BB12/Bo2)0 X2, B =14,y (a) /71, (a),

R(u) = —uM <ﬁ0,1d71 + 51,1d71—X1U_X1>

and
0 o=y .
Ty, (@) = / W(cos(ay) + asin(ay)) dy.
0

10



Denote ¢ = gay /4/1 — p?. Then the following relations hold
ay [uaila‘_,lv 1— p? A} = ays 'Au,
A w72
[ tharatoso) vas = o) (%)
0

<

A Y2—X2
/0 R(e)Po2 Tyo (¢/0) 07*ds = o2 T,(a) 361’2 <u> A,

Boz2 \ s

A
/ Rz(u)ds = —qyM (50716171 + 51,1d717X1U_X1>A + 0(1), U — +00.
0

Combining the last formulas, we arrive at the representation

(25) log\qb(u)\ = —T1u — )\1,1u71 — )\2712[“_’(1 — )\172u72 — )\Q’Q’LL’W_X2 + 0(1), u — 00,
with
mn o= ays ',
M1 = Boidy,,
A21 = Br1dy—x1s
M2 = Boary(a)s 772
Ao = Bop 7"72(“)3@ SIS
0,2

This completes the proof of Theorem 2.1.

5.2 Proof of Theorem 3.1
We begin the proof with the following lemma.

Lemma 5.2. Suppose that

—20
(26) e [ nt, lol] B —o(1), n oo,

Then there exist positive constants D1, Do, and & such that for any n > 1

Un
(27) P {|an — ap| > D&y, /0 ‘wU" (u)} ‘log_1 (g(u))‘ du} < Don 179,

where G(u) = [¢(u)[*’/ |$(ud) .

Proof. We divide the proof into several steps.
1. Denote Gp(u) = | (w)|2?/ |fn(ub)]? . Tt holds

_ ()P’ — o) [o(w)* |$(ub)[* — |¢n(ub)]?

o) Gn(u) = G(u) on @D (WP |dn(ud)?
. §1,n(u) + &2.n(u) _
=G | =7 = ) | G(u)An(u)

11



with

_ 19u() ~ o)
Sl = e

2. Lemma 6.5 shows that the event

[p(ub)[* — |6n (ub)|”
|p(ud)[? '

and Eon(u) =

W, = sup  [&pn(u)] < Bié,, k=1,2
u€[0,Up]

has a probability that tends to 1 as n tends to infinity. More precisely, it holds

(29) POW,) =P < sup  [&pn(u)| > Blgn) < Dyn™ 170 k=12
w€[0,Un]

for some positive constants By, Dy, and 4.
3. For any u € [eUp,, U,], the Taylor expansion for the function f(z) = log(—log(z)) in the
vicinity of the point x = G(u) yields

(30) V() = Y(u) = x1(u)(Gn(u) = G(u)) + x2(w) (Gn(u) — G(u))

with

(1) xi(w)=0"(wlog ' (G) and  |xa(w)] <27 max[

1+ | log(z)’]
z€I,(u)

221og?(2)
where by I,,(u) we denote the interval between G(u) and G,,(u). Due to (4),

_ o) o(_ ”
G(u) = ]¢(9u)\2 = exp{2nu® (=0 (1 +r(u))+ 0% (1 +r(0u)))}

< exp {Aluo‘ + Aguo‘_”} ,

where A1 = 21 (0% —0) < 0 and Ay = 21713 (0“7* +6). Hence, G(u) — 0 as u — +o0.
Moreover, the length of the interval |I,,(u)| = G(u)|Ay(u)| tends to 0 on the event W, uniformly
in u € [eUp, Uy]. Thus, I,(u) C (0,1) on W, for n large enough and the maximum on the right
hand side of the inequality in (31) is attained at one of the endpoints of the interval I,,(u).

4. Denote Q(u) = x2(u)(Gn(u) — G(u))?. Lemma 6.6 shows that there exist a positive
constant Bz such that for any u € [eU,, U,| and for n large enough

(32) Wa € {IQ(w)] < B3(&F ,,(u) + &3,,(w)) [log™" (G(w))|} -

5. The Taylor expansion (30) and previous discussion yield that on the set W,

o — | =

Un
/0 w9 (1) (Vo) — V() dua

gy (1900 =G
< [l (T g (G + Qa1 ) d
et oet (G- (1920) — G
< [Tt hog (@) (T I Byt + ) )

12



By (28), expression in the brackets is equal to

_ Ga(u) — G(u)
G|

’é‘l,n(u) + f?,n(u)‘
11— &on(u)

and P can be upper bounded on the set W, as follows (all supremums are taken over [0, Uy]):

P

+ Bs (gf,n (u) + g%,n(u)) = + Bs (gf,n(u) + gg,n (u))7

sup [€1,n(w)| + sup [€5,n(w))|

P B 2 2
< e+ B ((sup e (1)) + (sup o ())?)
2Bi¢, ~
S ﬁ + 2333%521 < Di&p.
This completes the proof. ]

Now we proceed with the proof of Theorem (3.1). First, we get a lower bound for the infimum
of the function |¢(u)| over [0, U,]. Consider two cases (see Theorem 2.1):

1. ay >0 (71 > 0) In this case,

uei[g{{]n] p(u)| = uei[{{{]n] [p(u)| = ueiﬁl,fUn} exp {—7iu — 12u® (1 +7(u))}
> inf exp {—Tlu — u® — TQTguO‘_”}

’U’E[lvUn}
> exp{— (11 + 12+ mm)U,}.

2. ay =0 (71 = 0) Following the same lines, we arrive at
. f — . f — : f _ (S a—x
uelpin P00 = o 00 = o e (o = e
> exp{— (e +mm)US}.

Thus, we conclude that &, < €1, in the first case and &,, < €3, in the second one, and therefore
the assumption of Lemma 5.2 is fulfilled in both cases. Next,

1

log™ ()| = 5k

with 79 = 72(6 — %) and

:1 .
R(u) + 0_ oo
Hence
- 1w C;
e e _ / < O
] hes @] = ot [ s

for some C5 > 0 and the statement of the theorem follows.

13



6 Auxiliary results

Lemma 6.1. Consider a Lévy measure v on Ry that satisfies

(33) ) i= [ vldy) = (G0 + H¥A 0@, £ 40,
€

with 0 <y <1, x >0 and By > 0. Denote

O(p, ) = /000 (e cos(¢pz) — 1) v(dz),

then the following asymptotic relations hold.

(i) As ¢,0— oo,

—0" [Bocy (1 + ¢/0) + Brey—yo X+ O (e7?) 0/ — +o0,

Pl {—w oy + B (0/6) + Br(dyy + )6 (0/0)] + 0 (e0) . df0 = +oc,
where ¢y =T'(1 —7), dy =T'(1 — ) sin((1 —v)7/2), and ey = T'(1 — ) cos((1 — v)7/2).

(ii) As ¢,0 — o0 and ¢/p = a for some constant a > 0,
D(0,¢) = —0" [Bor+(a) + Priry—x(a)o™] + O (e79)
with

ry(a) = /000 eyj(cos(ay) + asin(ay)) dy.

Proof. (i) Here we present the proof only for the case ¢/o — +00. The case p/¢ — +oo can be
treated in a similar way.

il. Integrating by parts, we get

/oo (e_gz cos(¢pz) — 1) v(dz) = /00 (€_y cos(¢y/p) — 1) v(d(y/o))
0 0
= — (e7cos(py/p) — 1) (y/o)|;

- / N (y/o)e™ (COS(¢y/ 0) + ¢/o sin(¢y/ @)) dy.
0

Hence

/00 (e7%cos(¢z) — 1) v(dz) = —o" /Oo(y/g)wl_[(y/g)e_7 cos(¢y/o)dy
0 0 Y

g / m(y/gﬁﬂ(y/meyf sin(éy/0)dy

= —0'I — ¢ ' L.

14



i2. Take H = P with 0 < p < 1, and represent I; as a sum of two integrals:

= [ (o o) — dy = " M e’ d
= /0 (/27 T/ ) costen/ o)y = /O (v/ 07T/ 2) = cos(ou/e)dy
T / Iy 0)e" cos(dy/o)dy

H

The function o~ "II(y/e) is uniformly bounded for y > H as ¢ — +oo. Indeed,
o " 1l(y/e) < o "I(H/o)
= o™ (ﬂo + BV (1+ O(Qp‘l)))

= Boo ' + Blgf(XJr(%x)p) (1+ prlo(l))
and x + (7 — x)p > 0. This boundeness of p~II(y/p) implies
+oo
/H o~ TI(y/0)e " cos(dy/o)dy = O~ ).

As a result,
H -y
B [ /0 m/o) S costén/o)dy -+ O,

i3. If p —» oo and y < H, the assumption (33) implies

-y

H —y H
L = B /0 © costou/e)dy + o™ /O 7 cos(ey/o)dy

yW—X

[T e H
+0 (Q—x— /0 yv—x—ldy> +O0(e™ ).
Note now that

H e Y 0 oY o 7Y
/0 Wcos(gby/g)dy = /0 mcos(qSy/Q)dy/H ijOS(ﬁby/Q)d?/

- /ooo yvy cos(¢y/o)dy + O(e” " H™).

Analogously,

T e < e —H prx—
| i costowiaay = [ S costauloy + O ),

and we conclude that

S efy oo -y
— _ -X
o= Ao [ Seos(oufody+ o [T coslou/o)dy + T,
where
L H " H
o= ( o 0 gﬂ x—1 >+O(6_ H™) +0 (o™X " H™) + O(e”

= 0.

15



i4. Since

0 o=y L
/ ——cos(hy)dy < exh""", h — 400
oy

with e, = T'(1 — ) cos((1 — v)7/2), we get
011 = 6" [Boes (0/0) + Bresr67X(0/0)] + O™, 0.6 o0

Similarly, using the fact that

© o=y
/ c- sin(hy)dy < d k7", h — o0
o Y

with ey =I'(1 — ) sin((1 — v)7/2), we arrive at
00" Iy = ¢ [fody + Brdy— 0]+ O(eH), 0,0 = 0.

(ii) The first three steps are the same as i1, i2 and i3.

ii4. Introduce

° e7Y cos(ay
N

y’Y
then
o' =¢" {ﬁovw(a) + 51Uv—x(a)9_x} +0 (7).
Analogously,
$0" ', = ag"Ir = ao’ [ﬁowv(a) + 51wyfx(a)9_x} +0 (e )
with

> e Ysin(ay)
O

It remains to note that
ry(a) = vy(a) 4 aw,(a).

Lemma 6.2. Consider a Lévy measure v on R\ {0} that fulfilles
(34) 6(e) = [ vldn) =+ A1+ 0E), 2 40
z|>e
with 0 < v <1, x >0 and By > 0. Denote
Viu) = /R(cos(ux) —1)dv(z).
Then as u — 400,

V() = —u(Body + Brdy—yu™) +O(1).

Proof. For the sake of simplicity we consider only the case of even measure v.

16



1. First, we apply the integration by parts to get
“+o0o
Viu) = —/ (cos(uz) — 1)dG(x)
0

+oo
= — (cos(uz) — 1)G(z) :)roo - u/o sin(ux)G(z)dz

+oo
= —/ sin(z)G(x/u)dz.
0

2. Take H = u? with 0 < p < 1, and represent the last integral as a sum of tho integrals:

H

+o00 H +o00
/0 sin(z)G(z/u)dx = /0 sin(z)G(z/u)dx —I—/ sin(z)G(z/u)dx
= L+ .

The integral I3 is bounded, because G(x/u) is uniformly bounded for z > H by G(H /u).
3. Next, we apply (34) to Ij:
H
I = / sin(a) (o /u) ™ (B0 -+ By (/) (140 (w/u))
0

= Bgtﬂ/ Sln(x)dx+61u7x/ Sm(x)dﬂ:—kﬁlu'y"l/ sin(z) dz.
0 o < 0

xY
Note that the integral fOH sin(z)z~Ydx can be represented in the following way:

/OHSin(m)dx = /Ooosmmdx—/oosmgm)dx:dfy+0(H_7).

x7 x7 H T

Analogously,

H .
sin(z) (e
/0 = dyy +O(H (=),
Finally, we arrive at

I1 = ,Bod,yu'y + 51d’y_xu’yix + Tl,

where

T, = O™ + 0@ PO=X) 4 O@u=PO=x"1) = O@1-P)),

O]

Lemma 6.3. Let v be a two-dimensional Lévy measure on R x Ry with marginals v1 and vs,

and assumptions (AN1) and (AN2) are fulfilled. Denote

Q0.0 = [~ [ (ewfiue - @+iow} ~1)vianay

17



for any real numbers u, o and ¢. Then

Re{Q(u. 0.0)} = ®(p.6) + R(u) + O(1),  u, 0,6 — +oo

with
D(p,¢) = / (e7% cos(¢y) — 1) va(dy)
0
and
R(u) = —u" (50,161% + Bl,ld'ylf)(lu_Xl) .
Moreover, the following asymptotic relations hold as o, ¢ — 400
RG{Q(U, o, ¢)} = _50,2072972 [1 + Rl(@a ¢)] + R(U) + 0(1)7 Q/¢ — —|—OO,
RG{Q(U, 0, Cb)} = _BO,2T72 (a)Q,Yz [1 + R2(Q7 ¢)] + R(U) + 0(1)7 ¢/Q =a,
where
— P12 —X2 ¢ — (B —X2
Ri(o.¢) = A0 + s Ra(e,¢) = (BB12/bo2)e

Bo,2

and A, B are two absolute constants.

Proof. We have
Re[Q(u,0,0)] = /OOO (exp(—oy) cos(py) — 1) va(dy)
+/_00 /DOO (cos(uz) — 1) - exp(—oy) cos(dy)v(dz, dy)

—i—/oo /000 sin(ux) sin(py) exp(—oy)v(dz, dy)
= (I)(Q7 ¢) + Il(u, 0, ¢) + IQ(U, o, ¢)

Consider for simplicity the case of the Lévy measure v with independent components. In this
case (see Cont, Tankov, 2004),

Ii(u,0,0) = /00 (1 — cos(ux)) v1(dx), Ir(u, 0,0) = /00 sin(uz)vy (dx).

—00 —0o0

The asymptotical behavior of these integrals is given by Lemma 6.2. Other statements directly
follow from Lemma 6.1. The constants A and B are equal to

A= cyyxy /s B =14,y (a) /7y, (a).
This completes the proof. O

Lemma 6.4. For any n large enough, it holds

Ct3

o< =
(35) ‘Oé a”‘ — Ufl{(l _ 9@—1)

with some constant C' not depending on the parameters of the underlying ASV model.
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Proof. Denote

then
Un Un
a—dn| = |a— / WV (1) (1) / WU (u) log(2ryu® R(u))du| =
0 0
Un Un
= |la— log(QTg)/ u)du — « wY (u) log u du —/ w¥ (u) log R(u)du
0 0 0
Un Or(u) — 0%r(Ou)
U
= w-"(u)log( 1+ du
) e os(1+ F )
1 Or(sU,) — 0%r(0sU,,)
= wh(s)log(1+ - - ds‘.
|t oos =)

Since the function w!

e. It follows from

is supported on [g, 1], the lower bound of the integral can be changed to

Ir(uw)| < mu™”, u>1
that

Or(sUp) — 0%r(0sUy,)

< O13(sU,) "% + 0%73(0sUy,) ™ B 6+ 6>
6 — g

- 0 — 0~

for n large enough (more precisely, for n s.t. U, > 1). Hence for n large enough

Or(sUp) — 0%r(0sUy,) < 1
0 — 6~ -2
and
9+9a »
_ < z
(36) oo — | < U, . / w?

as |log(1 + z)| < 2|z| for any |z| < 1/2. The observation that the integral on the right hand
side of (36) is finite completes the proof. O]

Lemma 6.5. Let the assumptions (AM) and (AE) be fulfilled. Denote
|fn(w)[* — | () * [D(ud)? — |¢n(ud)]?

(37) E1n(u) = Son(u) =

| ()| ’ ¢ (ub)[? ’

and

—20 logn
38 En = | inf .
(39) = | nt o] <
There exist some positive constants By, Bs, and § such that
(39) P{ osup [§a(u)| > Bigy p < Bon ', k=1,2.

w€[0,Un]
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Proof. Denote

. 6n (@) — |6(u)[2*]
= Lel[%i%n]"ﬁ(“)'] A O TE
T 0 gu(ub)? — |6
= [ue%f%n]’q““)'] i AR VY E R

Substituting (37) and (38) into (39), we obtain an equivalent formulation of the statement of
the lemma:

w0) PILHy > B} < Byn'7,
Pl Yo, >~ B\ < Byn 19

logn

Denote w*(u) = log~"/?(e + |u|). The quantity H; can be upper bounded as follows:

. 20 sup,,eio,0,) |16n(w)]*® = o(u)|*|
i = Le}é{&] 'ﬁf’(“)'} inf e 0,0, [ 9w
< 20 sup |pn(u) — d(u)l
u€[0,Uy]
260 w*(u) n -
= uGS[IOJEn] |:lnf86[0 Un] W ( ) |¢ (U) ¢(U)|
< 20\/log(e + Up) sup [w*(u) |¢n(u) — d(u)]]
w€[0,Un]
< C1/logn ilg%][w*(U)|¢n(U)—¢(U)!]
ue n
< \/@ sgp[ *(u) [Pn(u) — o(u)l],

for some constant Cy. The quantity Hs can be upper bounded in a similar way:

20 supy,eio,.0,01 | 10n(w)|* — |o(u)]?]
infy,ep0,0,0 19(w)]?

20—2
< [ inf \(ﬁ(u)@ sup |[én(u)]* = [p(u)]?|

mo< | e o]

ue[O,Un]

u€[0,Un0] u€[0,Un0)
< 2 sup |on(u) — o(u)
uE[O,UnH]
< O9\/logn Sup [w*(u) [¢n(u) — d(u)]] -
ue

Note that under the assumptions (AE) and (AM) the sequence Xya — Xp_1)a, b = 2,...,n,
is strongly mixing and ergodic with exponentially decreasing mixing coefficients (see Masuda,

2007). By the Proposition 7.3, there exist positive constants BEO), By and § such that

o sl s} < o
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Combining this result with the upper bounds for H; and Hs, we arrive at

p {\/ﬁ Hy > clB§°>} < P{ D sup [w* (w) [on(u) — ¢(u)]] > B§°>} < Bon~ 170

logn B logn yuer
and
P {*/ﬁ Hy > 0235‘”} < P{ D sup [w* (u) | (u) — ¢(u)]] > B§°>} < Byn 19,
logn logn yer
Formulae (40) follow with By = B%O) -max {C, Ca}. O

Lemma 6.6. Denote Q(u) = x2(u)(Gn(u) — G(u))? and let &, = o(1). Then

Wh = { sp &k (V)] < Bi&n, k= 1,2} - {IQ(U)! < B3(€1(u) + &3, (u)) |log ™! (Q(U))l}
vel0,Uy,

for some positive constant Bs, n large enough, and all u € [eU,, Uy].

Proof. Denote
|log (G(u))|
€ n(u) + &5, (u)

By formula (28) and a trivial inequality (a + b)? < 2 (a® + b?), we get

& (u) + &, (w)
(1= &op(u)®

S(u) = 1Q(u)]

(Gn(u) = G(w)* = G2(w) A7 (w) < 2G°(u)

Hence

G(u) | log (G(w))|
(1~ &2n(w)”

b

[€1n(w) + &n(W)] _ sup [€1,n(u)] + sup [€o.n(u)]
1—&on(u)]  — 1 —sup |§2,n(u)]
2B1€y, 1

_omn
- 1-DBg, T 2

S(u) <2 |xa2(u)]

Let us now show that for n large enough

W< {s Il <

N

In fact, we have on W, for n large enough:

[An(u)| =

because &, = o(1). By (31), we get

B 1+ |log(2G(u))|
belu)l < 27 8% | G ) log2 (G (u)) )
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where I;(u) is an interval between 1 and 1+ A, (u). On the set W,,, we have I;(u) C [1/2,3/2].
Therefore

. L+ |log(G(u)|
o] G o (G| < 27 _max | S Hlog (G(w)

y-1 (L [log(3G(w))]) [log (G(u))|
log(2G(u))[?

<

Since supye(ep,,v,]19(w)| — 0 as n — oo, the function |x2(u)| G%(u) | log (G(u))| is bounded on
[eUn, Uy,] by a constant C. So, we have proved that on W,,

2C
(1= &on(w)®

for u large enough. Moreover, it holds on W,

S(u) <

S(u) < #< sup ¢ < ¢

(1= G2~ w0 (=&l (1 qup, o0 o))

C
- (1—B1€n)2 =3

for some B3, C' = 2C and n large enough. This completes the proof.

7 Appendix

7.1 Exponential inequalities for dependent sequences and for empirical char-
acteristic functions

The following theorem can be found in Merlevéde, Peligrad, and Rio, 2009.

Theorem 7.1. Let (Zy, k > 1) be a strongly mizing sequence of centered real-valued random
variables on the probability space (Q, F,P) with the mizing coefficients satisfying

(41) a(n) <aexp(—cn), n>1, a>0, c>0.

Assume that supgs>y |Zx| < M a.s., then there is a positive constant C' depending on ¢ and &

such that
n CCQ
P Z; > < -
{; - C} - eXp[ mv? + M2 + M(log?(n)

for all ¢ >0 and n > 4, where

v? = sup E[Zi)* + 2 Z Cov(Z;, Z;)

Jj=i
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Corollary 7.2. Denote
p;=E [Zf log2(1+) (ijyQ)] L i=1,2,...,
with arbitrary small € > 0 and suppose that all p; are finite. Then

Z Cov(Z;, Z;) < Cmax pj
> !

for some constant C > 0, provided (41) holds. Consequently the following inequality holds

v? < supE[Z;]* + C' max p;.
i J
Proof. Due to the Rio inequality
a(lj—il)
’COV(ZZ', Zj)| S 2/ QZZ- (U)sz (u)du
0
where for any random variable X we denote by @Qx the quantile function of X. Define

px = E [ X210 (X)) .

The Markov inequality implies for small enough u > 0

1/2 -1
Px < 21 2(14¢) 2 Px
' ('X' - u1/2“0g(u),<1+e>> < B[xet? (] L S

—2(1+ PX
x log (1+e) <u10g2(1+6)<u)>

_ ulog—2(1+s) (PX 10g—2(1+5)(u)> <u

and therefore

1/2
ox<
Hence i) S N |
|Cov(Z;, Zj)| < 2/0 Wd“ < 2y/pipslog™ " F (a(lj — i)
and

1
> Cov(Zi, Zj) < C\/pip; =i

Jj=i J>i
with some constant C' > 0 depending on a.

Let Z;, 7 =1,...,n, be a sequence of random variables. Define

On(u) = %Zexp(iqu).
j=1
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Proposition 7.3. Suppose that the following assumptions hold:

(AZ1) The sequence Zj, j =1,...,n, is strictly stationary and is a-mizing with mizing coeffi-
cients (az(k))ren satisfying

az(k) < agexp(—aqk), keN
for some &g > 0 and &; > 0.
(AZ2) The r.v. Z; possess finite absolute moments of order p > 2.
Let w be a positive monotone decreasing Lipschitz function on Ry such that
(42) 0<w(z) <log™%(e+|z]), zeR.

Then there is 8’ > 0 and & > 0, such that the inequality

1
(13) P 60— bl > € < B

holds for any & > &y and some positive constant B depending on &.

Proof. Denote W, (u) = ¢y, (u) —E[p,(u)]. Consider the sequence Ay, = e, k € N and cover each
interval [—Ay, Ag] by My = (|24;/v] + 1) disjoint small intervals Ay 1,. .., Ag ar, of the length

7. Let ug1,...,ug nm, be the centers of these intervals. We have for any natural K > 0
max sup Wh(u)] < max max (W (upkm)|
k=1,.. ’KAk 1<|ul< Ay k=1,...K |ug, m|>Ak_1

Wh W :
T 2 P PV =P

Hence

K
(44) P (k max sup  (Wh(uw)| > A) < Z (]W (Whm)| > A/2)+

1., K Ap_ 1<"U,‘<Ak

sup — Wy (u)| > /\/2> :

lu— v\<7

/\>

It holds for any u,v € R
(Wa(v) = Wau)l < 2fw(|v]) — w(lul)]

F2 3 fexplinZ;) — exp(iuZ;)] +19(v) — o(u)

J=1

1 n
(45) < (w—v) Lot o> 121+ EIZ| ]
7j=1
where L, is the Lipschitz constant of w. The Markov inequality implies

p
n n

1 p
P => [1Z|-ElZ]>c| <c"n"E|) [1Z;] —E|Z]]
j=1 j=1
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for any ¢ > 0. Using now Dedecker and Rio inequalities and taking into account the assumptions
(AZ1)-(AZ2), we get

p
Z 1Z;| —E|Z|]| < Cp(a)n?’?,

where Cp(a) is some constant depending on & = (&g, @) and p from assumptions (AZ1) and
(AZ2) respectively. Hence,

1o _ -
(46) P(=>1Z1>2-E|Z] | < Cyl@mn "/ (E|z))
j=1

Setting v = A/(24 max{E|Z|, L,,}) and combining (45) with the inequality (46), we obtain
(47) P < sup  [(Wh(v) — Wy (u)] > >\/2> < Byn7P/?
|lu—v|<~y

with some constant B; not depending on A and n. Let us turn now to the first term on the
right-hand side of (44). If |up | > Ak—1, then it follows from Theorem 7.1 and Corollary 7.2

P (| Re Wa(ug,m)l | > A/4)

B3\?
< Baexp | ——— 2(1+¢) 2 )
4w?(Ag-1) log (w(Ak-1)) + Alog”(n)w(Ak-1)

P (| T WV (uk.m)] | > A/4)

B3\?
< Baexp | = 2(1+¢) 2
4w?(Ay-1) log (w(Ag-1)) + Alog”(n)w(Ak-1)

with some constants Bs, B3 and B4 depending only on the characteristics of the process Z.
Taking \ = (n~1/2 logl/2 n with ¢ > 0, we get

Y. P(Waluem)l > A/2) < ([24k/9) +1)

{luk,m|>Ak—1}

B3)\?
X exp | —
< 4w? (A1) 1og? ) (w(Ag_1)) + A 10g2(”)w(Ak—1)>

2
< AgNYZexp | — B¢ log(n) log™ M 2(n), n— oo
w?(A-1)1og” ) (w(Ay 1))

with = 2(1 4 ¢) and some constant B > 0. Fix ¢ > 0 such that Bf > d and compute

Z P(|Wn(Uk m)’ > )\/2) 5 €lc—HB(k—l)nl/Q log(r—l)/Z (n)e—B(k—l)(C2 logn—6)
{Huk,m“>Ak71}
< ek(l—GB) log(r—1)/2(n)e—3(k—1)(g“2 log n—@)—&-log(n).
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alf (2 logn > 0 we get asymptotically
K
S > P(Waluem) > A/2) S logl D2 (n)em (B leam),
k=2 {||lug,mll>Ar—1}

Taking large enough ¢ > 0, we get (43). O
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