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The paper has two main contributions. First, weak convergence results are derived from
sampling moments of processes that contains a unit root at an arbitrary frequency, where,
in contrast to the previous literature, the proofs are mainly based on algebraic manipula-
tions and well known weak convergence results for martingale difference sequences. These
convergence results are used to derive the limiting distribution of the ordinary least squares
estimator for unit root autoregressions. As as second contribution, a Phillips-Perron type
test for a unit root at an arbitrary frequency is introduced and its limiting distributions are
derived. This test is further extended to a joint test for multiple unit roots and seasonal
integration. The limiting distributions of these test statistics are asymptotically equivalent

to various statistics presented earlier in the seasonal unit root literature.
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1. Introduction

Consider the n-dimensional stochastic process {x;}sen in discrete time generated according to

the difference equation

Tt = ASCt_l + e, te Nu (1)
A=e "],

for some frequency w € (—m, w|, where we assume that the the starting value zo is Op(1) and

where {n: }1ez is a weakly stationary with mean zero. The process {x:}ien, is called integrated

2

at frequency w or, since €™ is the root of the equation 1 — e~z = 0, it is also called unit root

process.



The limiting distributions of the sample covariance matrices % Zle xiry and % Zle Te_1M;
are important building blocks in the derivation of an asymptotic theory for unit root test
statistics as well as for inference in cointegrating systems. If the process {n;}iez fulfills a
functional central limit theorem the limiting distribution of the former can be easily derived
by an application of the continuous mapping theorem. The limiting distribution of the latter
is more complicated. In case of w = 0 Phillips (1988b) showed under very general conditions

on the process {n }ez that

T 1

1

T E Te_ 1M = / B(r)dB(r) + Ao,
t=1 0

as T'— oo, where B(r) is a vector Brownian motion with covariance matrix given by the long-
run variance matrix of {n};ez. The additive bias term Ag defined as the sum of all E(nyn),)

over h € N and is therefore also called one sided long-run covariance matrix.

Phillips” proof, however, is quite long and one needs a very deep understanding of certain
concepts from probability theory to be able to follow it. Therefore, Phillips (1988a) presented
a much simpler proof under marginally more restrictive assumptions. In particular, he requires

{n}+ez to be a linear process of the form

oo
=Y v,

j==o0

with {e;}+cz being an i.i.d. sequence with zero mean and finite variance and where the coefficient

matrices satisfy

oo oo o

D[ 2o | Do < oo 2)
=1 |[k=5 k=j

Gregoir (2010) relaxed the i.i.d. assumption on {e;}+cz and extended Phillips’ approach by

deriving the limiting distribution for arbitrary values of w.

The drawback of the proofs of Phillips (1988a) and Gregoir (2010) is that they are based on
the martingale approximation theory of Hall and Heyde (1980), with which many researchers
are not familiar with. Thus, one of the aims of this paper is to derive the same results, but
without making use of this theory. Instead, we use a decomposition of {z:}en, which is based
on the so-called Beveridge-Nelson decompisition, and derive a functional central limit theorem
following the approach of Phillips and Solo (1992). Furthermore, this decomposition allows us
to decompose the sample covariance matrix in such a way that we can derive its asymptotic
distribution with simple algebraic transformations and apply well known convergence results
for martingale difference sequences. As the only additional assumption we demand that the

process {n }ez is a causal with respect to {e;}1ez.



We derive the asymptotic distribution of the OLS estimator for A in the regression model (1)
as a direct application. With this result in place we generalize the approach of Phillips (1987)
and Phillips and Perron (1988) and modify the OLS estimator so that the limiting distribution
is free of nuisance parameters. We then use this modified estimator to construct a test for
unit roots at any given frequency w. As an extension of this test we present a joint test for
multiple unit roots and for seasonal integration, similar to the tests of Hylleberg et al. (1990)
and Ghysels et al. (1994).

The remainder of this paper is organized as follows: In Section 2 we state the precise assump-
tions and present the decomposition mentioned above. In Section 3 we derive the functional
central limit theorem and the limiting distributions of the sample covariance matrices. Section 4
contains the tests for unit roots and seasonal integration. Section 5 concludes. Appendix A
contains some auxiliary algebraic results. The proofs of the main mathematical results are

relegated to Appendix B.

Throughout the paper we use the following notation: Weak convergence is denoted by =
and convergence in probability is signified by & For convergence in probability to zero we
use the small O notation op(1) whereas we use Op(1) to indicate stochastic boundedness.
The integer part of a real number z is given by [z] and the modulus of a complex number
x = Re(z) + iIm(z) is denoted by |z|. We use the notation ||z| to signify the Frobenius
norm. For a (possibly complex valued) matrix A we denote its transpose, complex conjugate
and Hermitian transpose by A’, A and A*, respectively. With L and A, we denote the lag
operator and the seasonal first difference operator, respectively and we use the somewhat sloppy
iw

notations Lx; = x;—1 and Ayx; = ¢ — e 1.

2. Setup, Assumptions and Decomposition of Unit Root Processes

As mentioned in the introduction, we consider processes generated according to (1) with xg

being Op(1) and {n;}+cz satisfying the following assumption.

Assumption 1. The process {7; }+ez is a linear process of the form
oo
me=U(L)e =Y viej, (3)
j=0

where det(¥(e™)) # 0 and where the coefficient matrices 1; € C"*" satisfy the summability

condition

> dllwsl < oo (4)
j=0



The innovation process {e; }+cz is a martingale difference sequence with respect to its canonical
filtration F; = o{e;—j,7 € No} satisfying E(e;}|Fi—1) = I, and sup, E(||e;|*+°|F—1) < oo
with probability one for some ¢ > 0.

Remark 1. The summability condition (4) is common in the unit root literature, as it is, for

instance, fulfilled by all causal, stationary and invertible ARMA processes. In particular, since

o o

SO S vkl D vkl g = DDkl < DO Ikl <>l
k=j k=j k=j j=1 k=j

j=1 j=1 j=0
it implies the previously mentioned summability condition (2).

Remark 2. The assumptions stated on the sequence {e;}cz are quite general and are widely
applied in the literature. However, the restriction on the (conditional) covariance matrix
is imposed only for notational simplicity and can of course be relaxed by assuming that

E(eie}|Fi—1) = 3 where 3. is positive definite.

Under Assumption 1 the process {7}z has a continuous spectral density, f(w) say, and we
define

o0

Q, =2rf(w)= > e “PEmony) = Y e hY ypr,, (5)

h=—00 h=—00 j=0

Note that Q, = ¥(e™)¥(e™)*. Furthermore, it holds that Q, = ¥ + A, + A}, where

o0
S =E(mong) = Y_ v} (6)
=0
and - - -
Ay = Z e "“ME(non;) = Z et Z Vit gh- (7)
h=1 h=1 j=0

If w= 0 it is well known that the process {z:}en, can be decomposed into a pure random
walk, a stationary component and an initial value component. The following result generalizes

this decomposition to the arbitrary frequency case.

Proposition 1. Let {z:}en, be a stochastic process in discrete time generated according to the

difference equation (1) with Assumption 1 in place. Then, it holds that

t
zy = e (w0 + o) + W (e™)e ! Zei‘”jsj -, t=1,2...,
j=1



where {M }rez is a weakly stationary process with moving average representation

o0 (e.)
ie=U(L)ey =Y iy, j=e D ek
j=0 k=j+1
Remark 3. The proof of Proposition 1 is essentially an application of the so-called Beveridge-
Nelson decomposition at frequency w. It states that a matrix polynomial A(z) with matrix

coefficients A; satisfying > 22 j[|A;|| < oo can be decomposed into
A(z) = A(e®) = (1 = e7¥2)B(2),

where B(z) is a matrix polynomial with absolutely summable matrix coefficients (cf. Phillips

and Solo, 1992). We present a simple algebraic proof of this decomposition in Appendix A.

3. Convergence of Sample Covariance Matrices

In this section we present a functional central limit theorem as well as several results on the
limiting distributions of sample covariance matrices of integrated processes at some arbitrary
frequency. As our main contribution we extend the result of Phillips (1988a) for processes that
are integrated at some arbitrary frequency. The following lemma is the central building block

for the subsequent results.

Lemma 1. Let {e;}tcz be a martingale difference sequence that satisfies Assumption 1. Then,
as T — oo, it holds that

[rT] [rT] t—1

1 i L —iwt jwj . ( Q/T *>

— > e, =y e e“eier | = (W), 75 [ W(s)dW(s)" ).

7T 2T 2 g e (.75 | W(s)dW(s)

where
1 if we {0,m},
o if we{0,7} @®)

%, if we (—m,0)U (0, )

and W (r) is an n-dimensional standard Brownian motion if w € {0,7} and an n-dimensional
standard complex Brownian motion if w € (—m,0) U (0,7), i.e. W(r) = Wi(r) +iWa(r) with

independent n-dimensional (real valued) standard Brownian motions Wi (r) and Wa(r).

Our first main result is a functional central limit theorem for processes that are integrated at

an arbitrary frequency.



Theorem 1. Let {x:}ien, be a stochastic process in discrete time generated according to the

difference equation (1) with Assumption 1 in place. Then, as T — oo, it holds that
tw([rT]
VT

where B(r) = V()W (r) with 7, and W (r) defined in Lemma 1.

LT = TwB(T)a re (07 1]7

Theorem 1 can be extended to the following joint convergence result without any additional
effort. Let {@;1}teny, £ =1,..., K, be n-dimensional processes generated according to x;j =

e‘iwkazt_lyk + ¢ with wy, # w; for all k # j. Then, as T — oo,

el [rT] WK [rT]

Wﬂ;[rﬂ,l, ce W‘T[TT}’K = [T, B1(1), ..., Tw B (1)],

where By(r) = ¥(e™r)Wy(r) for k = 1,..., K and Wi(r),..., Wk(r) are independent Brow-
nian motions, complex valued if the corresponding frequency wy is different from zero or .
Furthermore, Theorem 1 can be generalized for the weak convergence of the cumulative sum of

e™tx;. In particular, it holds that

[rT]
1 ot /T
—= Y e“'r =1, | B(s)ds,

as T — oo, which is a direct consequence of the continuous mapping theorem. This result can

be extended to multiple cumulative summation.

Corollary 1. Let {x¢}ien, be a stochastic process in discrete time generated according to the

difference equation (1) with Assumption 1 in place. Then, as T — oo, it holds that

[rT] tm—1

1 wim A st
szze f]}'tm:>7'w\/0‘\/0 /0 B(Sm)dsmdsm_l...dSl,

t1=1t2=1 tm=1

for any m € N, where the process limiting process B(r) is defined in Theorem 1.

The subsequent proposition states the limiting distribution of the sample covariance matrix
between two processes that are integrated at the same frequency as well as the asymptotic
orthogonality of two processes that are integrated at different frequencies. The former statement
follows again from Theorem 1 and the continuous mapping theorem whereas the latter is an
algebraic consequence of the fact that Ethl e is bounded if and only if 6 is different from

zero (cf. Lemma A.1 in the appendix).



Proposition 2. Let {z:1}en, and {zi2}en, be two n-dimensional stochastic process, gener-

ated according to the difference equations

—iw
T =€ “lri11 +

—iw
Teo =€ PTi_12+ 1

for t € N, where {n:}1ez is a stationary process that satisfies Assumption 1 and the starting
values xo1 and xo2 are Op(1).
If wi = wy then, as T — oo it holds that
1 & s (!
T2 Z:ct,lxzz = T4 /0 B(r)B(r)" dr,
t=1
with B(r) = W(e“1)W (r) being the limiting process from Theorem 1.

If wy # wy then, as T — oo, it holds that

T
1 P
T2 Z Te12fo — 0. 9)
t=1

Remark 4. Proposition 2 can easily be generalized to covariance matrices of more than two
integrated processes as follows. For k = 1,..., K let {x;}+en, be n-dimensional processes
where for every k the process {zy}ten, is generated according to x;y = ek Ty—1 ) + 1 with
xo, being Op(1) and where wy, # w; for all k£ # j. Define

11 r12 ... TLK
X =
rra1 12 -.. ITK
Then, as T — o0, it holds that
7'31 folBl(r)Bl (r)*dr 0
1
1, 0 72, Jo B2(r)Ba(r)*dr ...
ﬁ(X X) = : - : - : ’
0 0 oo T2y Br(r)Br(r)* dr

where By (r) = U(e*)Wy(r) for k= 1,..., K and Wi(r),..., Wk(r) are independent Brown-

ian motions, complex valued if the corresponding frequency wy, is different from zero or .



Remark 5. The statement of Proposition 2 holds also for processes {1 }ten, and {2 }ien,
that are generated according to the difference equation (1) but with distinct processes {71 }ez

and {2 }tez, ie.

—iw
Tl =€ w11+

—iw
Ty =€ Pri12 + M2,

for t € N with starting values 1 and xg2 being Op(1). If the stacked process {[n; 1,7} 2] }tez
is stationary and fulfills Assumption 1 then it holds that

b
VT

B1 (7")
BQ(’I“)

eiM[TT]a:[rT],l Cre (O, 1]’

pliw2 [rT) Thr)2

and, consequently, if w; = wo we obtain as T — oo,

T 1
1 . \
72 E xt,1$t72:>/ Bi(r)Ba(r)" dr.
t=1 0

whereas if wy # wy it holds that
T
1 P
ﬁ Z xt’ll';z — 0.
t=1
The statement in Remark 4 can be extended in a similar way.
By the same arguments as in the proof of Proposition 2 we can derive the limiting distribution

of the sample covariance matrix between a process integrated at some frequency w and a

deterministic sequence.

Corollary 2. Let {z;}ien, be generated as in Theorem 1 and let {d:}ien, be a p-dimensional
deterministic sequence with such that G]_Jlew[”T]D[rT} = D(r), asT — oo, for some§ € (—m, 7],

where Gp € RP*P 4s a scaling matriz and D(r) is a cadlag function.

If 0 = w then, as T — oo, it holds that

T 1
1
WGBI Z dizy = 7y / D(r)B(r)* dr.
t=1 0

If 0 # w then, as T — oo, it holds that

1

T
1 x« P
WGD E dtl’t — 0.
t=1



An important example for a deterministic sequence that satisfy the Assumptions in the Corol-

lary is {d;}ten,, where d; = e~ f;, with
fr=[1,t,¢%,...,t9.

Then, with Gp = diag(1,T,T?,...,T9) it holds that

Hence, by setting § = 0, it follows that the sequence of monomials d; = [1,¢,%, ...t is

GBl ei@['rT]d[rT] _

asymptotically orthogonal to any process {x: }+cn, that is integrated at some frequency w # 0.

Next, we discuss the limiting distribution of the sample covariance between x;_1 and 7 in
model (1), which is the main contribution of this section. If {x;}ien, is scalar Phillips (1987)

showed that the limiting distribution can be easily calculated using the identity
xt2 = (xt—l + 77t)2 = $,52_1 + 77t2 + 22111

In particular, it holds that

T

T
1 1 1
2 2 2 _ 2 2y L 2
- Z Tt—1Mt = Z( —T_) — T Zm = ﬁ(ﬂfT p) oT Zﬁt-
t 1 t=1 t=1
The weak law of large numbers implies that the latter term converges to /2 and it holds
that 3/T? converges to zero in probability as the starting value zo is Op(1). Theorem 1, the

continuous mapping theorem and It6’s Lemma yield

2T$T = 2B(l) 5 W) = 5 (W(l) -1) + —QO W ) dW (r 5 -
From Q¢ = ¥ + 2Ay we conclude that
Qo !
— th e = Qo W YdW (r) + = =X = | B(r)dB(r) + Ao. (10)
0

Similarly, we can derive the limiting distribution for {z;}ien, being scalar and generated ac-
cording to (1) with w = w. In this case it holds that

2 2
Ty = Tj_q — 2xp_1m + N



and, using exactly the same arguments as above, we deduce that
1 1 « !
S €1 S B9 By L UICEE Syt
We cannot apply this approach when w € (—m,0) U (0, 7) since in this case it holds that
T T, + €T

Ty = (e Wre1 + Ut)(eiwft—l + 1) = Xp—1T—1 + 7y + €

Hence, as T — o0,

T T
1 1
; Yx_amy, + ¢’ “NTi—1) ; LTy — Ty 1Ty1) — T ; ey

T
1 _
= fl'TxT - 960900 - ant
= B(1)B(1) — X.

Without any effort, for multivariate {z;}1en, we obtain analogously

T
1 » 4 .
T > (e ™mpan + e“maf ) = B(1)B(1)* — X, (12)
t=1
By an application of the multivariate integration-by-parts formula for Brownian motions* and
noting that W(e™)W¥(e™)* — ¥ = A, + A}, we can rewrite (12)
B(1)B / B(r)dB(r / dB(r )+ AL+ AL

Whilst the above considerations lead one to expect that

T 1
1 .
T E e "Yrin] :>/ B(r)dB(r)* + Ay,
0

t=1

r) = Vi(r) +iVa(r) and

The integration-by-parts formula also applies for complex Brownian motions. Let V(r)
Z(r) = Z1(r)+1iZ2(r) be two complex Brownian motions. Then, by the definition of the complex Ito-Integral
it holds that

/V2 )dZa(r —l—z/V2 )dZ1(r —Z/V1 )dZa(r

/Vl )dZ1(r

/ V(r)dZ(r
The complex integration-by-parts formula follows from an application of the multivariate real integration-

by-parts formula for each of the integrals and rearranging the resulting terms

10



as T'— oo, this claim cannot be deduced from (12). This is similar to the case where {74 }en,

is multivariate with w € {0, 7}. In particular, if w = 0 it holds that
wewy = (2p-1 4 0e) (@1 + M) = Teo1@h_y + e, + T + M
and, instead of a multivariate version of (10), we now obtain

1

T
72(

> (wioam} +mal_,) = B(1)B(1) - . (14)
t=1

If w= 7 it holds that .z} = x4y_12)_ — 2411 — nex—1 + n; and, hence,
T

> (weoam; + mat_,) = B(1)B(1) - . (15)
t=1

1
T
Phillips (1988a,b) has proven (13) for w = 0. The general result for arbitrary frequencies is the

main result of this section.

Theorem 2. Let {z+}en, be a stochastic process in discrete time generated according to the

difference equation (1) with Assumption 1 in place. Then, as T — oo, it holds that

T 1

1 .

L i = e ( /0 B(r) dB(r)" + Aw) , (16)
t=1

where 1, and A, are introduced in (8) and (7), respectively and B(r) is defined in Theorem 1.

Remark 6. As mentioned in the introduction this result has also been established by Gregoir
(2010). However, his proof is a generalization of the proof of Phillips (1988a) and therefore
it crucially relies on the martingale approximation of Hall and Heyde (1980). Our proof of
Theorem 2 is much simpler as we only require weak convergence results for martingale difference

sequences, presented in Lemma 1, and the decomposition stated in Proposition 1.

By the same arguments as in the proof of Theorem 2 we can also derive the limiting distribution

of the sample covariance matrix between {n; };cz and a deterministic sequence.

Corollary 3. Let {n:}icz be a stochastic process that fulfills Assumption 1 and let {d;}ien, be
a deterministic sequence that satisfies the assumptions stated in Corollary 2. Then, as T — oo,

it holds that

T 1

1 — * *

WGFlzdmt :Tw/o D(r)dB(r)*.
t=1

Note that there is no additive bias appearing in the limiting distribution which is due to the

obvious independence between deterministic sequences and stochastic processes.

11



At the end of this section we present the limiting distribution of the ordinary least squares
estimator (OLS) for A in (1), given by

A T T -1
A= (Z xtx:1> <Z xt—lxz1> ; (17)
=1 =1

which is an important building block for the asymptotic theory of seasonal unit root tests

discussed in the next section.

Theorem 3. Let {z:}en, be a stochastic process in discrete time generated according to the

difference equation (1) with Assumption 1 in place. Then, as T — oo, it holds that

-1

T(A— A) = e (ﬁ / 4B B+ A:;) <Tj /0 BB d7«> , (18)

0

where A, and 1, are introduced in (7) and (8), respectively and B(r) is defined in Theorem 1.

We can extend this result for unit root processes that contain a deterministic component. In

particular, consider the n-dimensional stochastic process {y: }1en, generated according to
yr = Bagdy + 1y, t€EN, (19)

where the process {z }1en, is generated according to (1) and {d¢ }+en, is a deterministic sequence
satisfying the assumptions stated in Corollary 2 and Corollary 3. Clearly, (19) is equivalent
to

Yyt = Bady + Byxe—1 + 1, t €N, (20)

where B, = e"™“I,. Setting z; = [d},x} )’ the OLS estimator for B = [By, B,] is given by

) T T -1
B = (Z ytz;‘> (Z ztzf> .
t=1 t=1

The limiting distribution of the scaled and centered OLS estimator follows now from several
results presented previously in this section. Note that from the different convergence rates
required in Proposition 2 and Corollary 2 as well as in Theorem 2 and Corollary 3 we deduce
that the coefficient estimates must also converge at different rates. We therefore define the
scaling matrix

Gy 0

0 TV?I,

Y

where G is defined in Corollary 2.

12



Corollary 4. Let {y:}ien, be defined as in (20) where {x:}en, is generated according to (1)
and {d¢ }ten, is a deterministic sequence satisfying the assumptions stated in Corollary 2. Then,
as T — oo, it holds that

-1

VT(B - B)G = ™™ (Tf, /ldB(r) J(r)* + [Onxp,AfJ]> <Tf, /OIJ(T)J(T)* dr> ,

0

where J(r) = [r;teD(r)", B(r)') with D(r) and B(r) defined in Theorem 1 and Corollary 2,

respectively.

4. Testing for Unit Roots

As an application of the results in Section 3 we generalize the tests of Phillips (1987) and
Phillips and Perron (1988) to test for unit roots at an arbitrary frequency. Additionally, we
extend our approach to test for seasonal integration by jointly testing for unit roots at multiple

seasonal frequencies in the spirit of Hylleberg et al. (1990) and Ghysels et al. (1994).

4.1. A Phillips-Perron Type Test for a Unit Root

Let {x¢ }1en, be a scalar process be generated according to (1) for some w € (—m, 7] and {n; }1ez

2

being a stationary process that satisfies Assumption 1. Subtracting e™"“z;_1 on both sides of

(1) yields to the equivalent representation
Apry = (A — e ™)y +m (21)

with A — e~ = (. Hence, a test for a unit root at frequency w can be carried out by testing

the null hypothesis Hy : v = 0 in the linear regression model
ApTy = Yxs—1 + Nt (22)

The OLS estimator for « is given by

T
Etzl Ti—10,T¢

T
Doi |Tea]?

4=

Note that A,z; = 7 under the null hypothesis. Hence, using the identity A, = A_, we

immediately deduce from Theorem 3 that, as T — oo,

e~ W (7‘3 folg(r) dB(r) + A,w)

Ty = e 5
73 Jo |1 B(r)|? dr

)

13



where B(r) = U(e™)W (r) with W(r) = Wy(r) +iWa(r) as in Lemma 1.

The Phillips-Perron type modification of the OLS estimator hinges upon the consistent estima-

tion of the additive bias term A_,,. Consider the kernel estimator for A, of the form

T-1

1 7zwh
Aw = T Zl k (MT) Z ntnt—l—hv (23)

where 7); are the OLS residuals from (22), My is the so-called bandwidth parameter and k is
the kernel weighting function. We impose the following assumption, which is due to Jansson
(2002), on the kernel function and the bandwidth parameter:

Assumption 2. The kernel function £ : R — R is even, bounded and continuous. Furthermore,
the function k : R — R, defined by k(z) = Supy> |, [k(y)| is integrable on R. The bandwidth
parameter M satisfies Mfl — 0 and MT/Tl/2 —0asT — oo.

Under Assumption 2 the convergence results of Jansson (2002) for the frequency w = 0 can be

easily extended to the arbitrary frequency case, i.e.

Ay B A, (24)

as T — oo. With this consistency result we can modify the estimator 4 in order to obtain an
asymptotically nuisance parameter free limiting distribution. In particular, a Phillips-Perron

type modification of 4 is given by

(Z?:l Ti10Ayx — Te_iw[&,w)
o = . 25
h e %)

The following proposition states the limiting distribution of 4.

Proposition 3. Let {x¢}ien, be a scalar stochastic process generated according to the difference
equation (21) with Assumption 1 in place. Let A, be defined as in (23) with bandwidth parameter
My and kernel function k(r) satisfying Assumption 2. Then, as T — oo, it holds that

e~ [SW(r) dW (r)

Jo W ()2 dr

T"A}q_ =

with Brownian motion W (r), defined in Lemma 1.

14



Remark 7. If W (r) is a complex Brownian motion, i.e. W(r) = Wi(r) 4+ iWa(r), it holds for
the real and imaginary parts of the stochastic integral and for the denominator that appears

in the limiting distribution that

Re{/W dW (r } /W1 ) AWy (r /WQ ) dWa(r),
Im{/W ) dW (r } /W1 ) dWa(r /WQ ) AW (r)

/Olvv(r)? dr = /01W12(7‘) dr + /01W22(r) dr

The limiting distribution in Proposition 3 is a complex valued distribution if w € (—m,0)U(0, 7)

and

and, hence, the null hypothesis can be equivalently stated as
Hp : Re{vy} =0 and Im{~} = 0.

To test this hypothesis we consider the following F-type statistic:

|’Y+‘2Z’ Ti 1‘2 (26)

where Qw =S+ Aw + A_w with Aw defined in (23) and )y denoting the consistent sample

covariance estimator, i.e.
T
o= >
=m T
T t
t=1

Since ¥ 5 3 and A, = A, it holds that €, is a consistent estimator for €, = | W (ef)|2.

Proposition 3 and the continuous mapping theorem immediately imply that
2
Re { [y W (r) dw (r )} +1m { [y W) aw(r) }
" .
(fo |W (r)|? dr)

Furthermore, from Proposition 2 we deduce that

2 1 1
Zm 2o Te / B(r) dr = 12 / W (r)|2 dr.
w 0 0

w =1

T[54 =

TQQ

The continuous mapping theorem and the identities stated in Remark 7 yield the limiting

distribution of the test statistic Fj, under the null hypothesis.
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Theorem 4. Under the assumptions of Proposition 3 it holds for T — oo that

| (Bwomv)

fO W?2(r)dr

with standard Brownian motion W (r) if w € {0,7} and

2
1 (IO W1 dW1 —I— fO W2 dW2( )) (fO W1 dW2 fO W2 dWl( ))
2 JyWR(r)dr + [y W2 (r) dr 2 JIWR(r)dr + [y W2(r) dr

F, =

where W1 (r) and Wa(r) are independent standard Brownian motions if w € (—m,0) U (0, 7).

In practice time series models of the form (1) or (21) with w € (—m,0) U (0, ) are found rather
rarely, as these models are complex valued by design. Instead, one often assumes that the

observed time series is a realization of a process, {y }en, say, of the form

Yt = 2cos(w)yi—1 + Yi—2 + Mt (27)

with {n:}ez satisfying assumptions such as Assumption 1. The process {y: }en, is integrated

at both frequencies w and —w since (27) can be rewritten equivalently as
AyA_Ly = (1— e_iwL)(l - eiwL)yt = .

Define {y:1}en, and {ye2}ien, via ye1 = A,y and yp2 = Ay, respectively. Then, it holds
that yr1 =79, 9 and yr = p1yr1 + poyr2 with

e—zw

e—iw _ eiw

1 =

and po = ;. Note that 4 = 0 if and only if 7 = 0 and, consequently, testing for a unit root
at frequency w is equivalent to testing for a unit root at frequency —w. In particular, we can

either test Hp : y1 = 0 in the regression model
AuYt1 = MYi-1,1 +

using the test statistic F,, defined in (26) or we can test Hy : 72 = 0 in the regression model
A_Lyt2 =212 + M0t

using the test statistic F__,. Clearly, since Ayyr1 = A_wyr2 and yi—12 = ¥,y ; it holds that

v2 =7%; and F,, = F_,,, which once again implies the equivalence of both test approaches.
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4.2. Testing Multiple Unit Roots and Seasonal Integration

Let now {x¢}sen, be a real valued scalar process, observed in S equidistant periods per season,
e.g a series which is observed quarterly (S = 4) or monthly (S = 12) within a year or daily
(S = 7) within a week. If the process is non-stationary and generated according to the difference
equation

T =ari_g+mn, teN, (28)

with o = 1, where {n; }4¢7z is a stationary process satisfying Assumption 1 and the initial values
Z0,...,T_g41 are assumed to be Op(1) then we say that {x:}ien, is seasonally integrated. If
{M}+ez is a martingale difference sequence, i.e. n; = og; for 0 € R and {e;}1ez satisfying
Assumption 1 then {z;}en, is said to be a saisonal random walk. For the remainder of this

section we focus on quarterly seasonally integrated process, i.e. S = 4.
Define the processes {x j}en,, 7 =1,...,4 via

Tl =Tt + Te—1 + Te—2 + T3,

T2 = Ty — Ty—1 + Ty—2 — T3,

Tp3 = Tp +1Ti—1 — Ty—2 — 1T4—3,

Tp4 = Ty — 1041 — Ty—2 + 1T4_3.

By simple algebra we deduce that x;1 = @411 + 1, Teo = —T4—12 + M, T3 = —1x4_13 + 1

and x; 4 = w414 + 1 01, equivalently,

Aozt = Apwro = Ap ot 3 = A_r /9T = 1t

Hence, {x¢;}ieny, J = 1,...,4, satisfy (21) with wy = 0, wp = 7, w3 = § and wy = —7F,
respectively. Obviously, it holds that ;3 = ;4 and one easily verifies that
1
= — (240 + 22 + T3 + Tpa) . (29)

4

We can therefore test the null hypothesis of seasonal integration by testing separately, using
the test statistic I, presented in (26), whether {z1}sen, is integrated at frequency w = 0,
s

{xt2}1en, is integrated at frequency w = m and {z;3}sen, is integrated at frequency w = 7 or,

equivalently, whether {z4}¢cn, is integrated at frequency w = —7.

We can also test the seasonal integration hypothesis in the spirit of Hylleberg et al. (1990)
Ghysels et al. (1994) by carrying out multiple tests for different unit roots jointly. In particular,

consider the test regression

Yt = Te—1171 + Te—1272 F Te-1373 + Tp—1a4va + 1, t=1,...,7T, (30)
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where y; = xy—x4—4. Setting T' = [y1, 72, 73, 74]" we can rewrite this equation in matrix notation

as
y=XI+n,
where
n To,1 o,2 zo,3 0,4 m
Yy = s X = : , n=
yr rr-1,1 Tr-1,2 ITT-1,3 TT-14 nr

A multivariate extension of the estimator 4, is given by
Ly = (X X)Xy - TO), (31)
where
6 = [Ao, ~Aw, ~ih sz, ihryo]
Using the asymptotic orthogonality of the processes {x¢ j}en,, J = 1,...,4, stated in Proposi-

tion 2 and Remark 4, we can easily derive the asymptotic distribution of f+.

Proposition 4. Let {xt}ien, be a scalar stochastic process generated according to the difference
equation
Tt = Tt—q4 + N, te N7

with xg,x_1,x_9,x_3 being Op(1) and {n}icz satisfying Assumption 1. Let A, be defined as
in (23) with bandwidth parameter Mp and kernel function k(r) satisfying Assumption 2. Then,
as T — oo, it holds that

JoWa(r) dWa(r)  JWa(r) dWa(r) fo fo W]
fOVV1 rydr fOW2 rydr fo |W |2dr ! fO|W |2dr

TF+ = )

with We(r) = Ws(r) +iWy(r) and where Wi(r), ..., Wy(r) are independent standard Brownian

motions.

Remark 8. Note that since z;; and x; 2 are real valued and x; 4 = 7; 3 it holds that 44 = 53.
Hence, one might wonder whether it is necessary to keep both x;_1 3 and x;_1 4 as independent
variables in the regression model (30), especially since both regressors are asymptotically or-
thogonal due to Proposition 2. However, omitting one of these regressors causes 41 and s to
be complex valued. Since the asymptotic distributions are real valued, which implies that the

imaginary parts are op(1), one should work with real valued estimators.

We can now perform a joint test of the hypothesis

Hy:T=0
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for investigating whether {x;};cn, contains unit roots at all of the four considered frequencies.
To this end we define X = X&~! with

0 0 00

= .
0o 0 O/ 0

Then, an extended version of the statistic F}, is given by
F=T%(X*X)Ty.

Using the asymptotic orthogonality from Remartk 4 we obtain the following limiting distribu-
tion of the test statistic F' under the null hypothesis.

Theorem 5. Under the assumptions of Proposition 4 it holds for T — oo that

:(fowl r) dWi (r ))2 <f0W2 ) AW (r ))2

fo W2(r)dr fo Wi (r)dr
2 2
(Jo W) dWi(r) + Jy Wa(r) dWa(r)) . (o Ws(r) dWa(r) = fy Wa(r) aws(r))
JoWE () dr + [ W2(r)dr JoW3(r)ydr + [yWE(r)dr ’
where Wi(r), ..., Wy(r) are independent standard Brownian motions.

Remark 9. Consider the following test statistic which results from adding the F|, statistics

calculated at the four frequencies separately, i.e.
F:FO+FW+F7F/2+F—7F/27

where Fy is calculated from z;1, Fr is calculated from x;2, and so on. According to Proposi-
tion 2 the off-diagonal elements of X*X in the definition of the test statistic F' vanish asymp-
totically implying that F' = F + op(1). Hence, both test statistics F' and F have the same

asymptotic distribution.

We can easily modify the testing approach in order to test for unit roots at w = £7/2 only.

The corresponding test statistic is given by

Finjp = (Ranol'4)* (Renp X X Ry o) (Rarjol'y),
with

0010
Rim:[o 0 0 1]'
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It holds that Fly /o = F /o + F_; /5 + op(1) and it holds that

2 2
(fO W3 de —l— fO W4 dW4( )) (fO W3 dW4 fO W4 de( ))
fo W3 r)dr + fo W3(r) dr fo W3 (r) dr + fo WE(r)dr

F:I:7r/2 =

Similarly, we can easily modify the testing approach in order to test for seasonal unit roots
only, i.e. to test whether {z;}en, is integrated at w = £7/2 and w = 7. The corresponding
test statistic is given by

Fg = (RsT'y)*(RsX*X*Rls)(RsI',),

with

Rg =

o O O
oS O =
o = O
- o O

Clearly, it holds that Fg = Fs—i-o]p(l) where Fig = Fr+F, 3+ F_+ /3 and the limiting distribution
of Fg follows immediately.

Remark 10. The previously discussed tests can be extended by adding deterministic regressors
in (30) to capture deterministic cyclical patterns or time trends under the alternative hypothesis.

In particular, consider the regression model
Yy =dy0 4+ z—11m + Ti1272 + Tem1373 + Te—1ava + o, t=1,..0,T.

The deterministic term d; might contain an intercept, a linear trend, seasonal dummies or a
combination of those. Note that since {x;;}ien,, 7 € {2,3,4}, are integrated at frequencies
other than zero they are asymptotically orthogonal to constants and linear trends (cf. Corol-
lary 3). Hence, including these deterministic terms only changes the limiting distribution of
Fy. In particular, if d; = 1 then the Brownian motion that appears in the limiting distribution
of Fy is replaced by a demeaned Brownian motion and if d; = [1,¢]’ then the Brownian motion
is replaced by a detrended Brownian motion. On the other hand, if d; contains a full set of
seasonal dummies then all Brownian motions in the limiting distributions Fy, Fr, Fy/, and

F_ /2 have to be replaced by demeand ones.

Remark 11. The testing approach of Hylleberg et al. (1990) and Ghysels et al. (1994) is similar

to our test procedures. However, they consider the test real valued test regression
Yt = Ty—1171 + Tp—12T2 + Ty 5m3 + XTp_15m4 + 1, t=1,...,T, (32)
where {z;1}en, and {x¢2}ien, are defined as above and {z5}icn, is defined via

5 = AoArxy = x4 — Tp—2.
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Clearly, it holds that AgAyx¢ 5 = 1 so that {x¢ 5 }+en, has unit roots at both annual frequencies

w=m/2 and w = —7/2. From the discussion at the end of Subsection 4.1 it becomes apparent

that 4
yra| _ |1 —e' Yt
Yt,2 1 —e ™| |yi—1

Hence, testing the null hypothesis Hy : m3 = 0, 74 = 0 in the regression model (32) is equivalent
to test the null hypothesis Hy : v3 = 0,774 = 0 in the regression model (30).

Remark 12. If {n; };cz is white noise then the OLS estimators for [y1,...,74]" in the regression
model (30) is pivotal. In this case there is no need for a f‘+ type correction and textbook OLS-
based F-statistics are sufficient to test the hypotheses discussed above. Furthermore, from
Remark 11 we deduce that such OLS based F'-statistics are identical to the corresponding
OLS-based F-statistics in the regression model (32). If, however, {m;}icz is not white noise
Hylleberg et al. (1990) suggest to augment the test regression (32) by adding additional lagged
values of y; to whiten the regression errors. This procedure is identical to the well known
augmentation of the test regression in the unit root test of Dickey and Fuller (1979), which is
widely known as ADF-test. Therefore, the test of Hylleberg et al. (1990) can be interpreted
as a seasonal extension of the ADF-test whereas our test procedure is obviously a seasonal

extension of the Phillips-Perron test.

Remark 13. The test statistics presented in this section or straightforward modifications of
them have the same asymptotic distributions as the tests statistics presented in Hylleberg et al.
(1990) and Ghysels et al. (1994) (see also Engle et al., 1993, Ghysels and Osborn, 2001). In
particular, the test statistics Fy and F; are asymptotically equivalent to the squared t-statistics
for the parameters 71 and 72 in Hylleberg et al. (1990), respectively. The test statistic I/, has
exactly the same asymptotic distribution as the joint F' statistic for the parameters w3 and my4
in Hylleberg et al. (1990). The test statistics F' and Fs are asymptotically equivalent to four
times the test statistic Fla34 and three times the test statistic Fa34 in Ghysels et al. (1994),

respectively.

5. Conclusion

In this paper we have derived several limiting results processes that are integrated at an arbi-
trary frequency. In particular, we have established a functional central limit theorem and the
limiting distribution of sample covariance matrices % Zthl iy and %Zthl x¢—1m;. Where
the former follows quite easily from the functional central limit theorem and the continuous
mapping theorem, the proof of the latter is somewhat more demanding. In contrast to Phillips

(1988a) and Gregoir (2010), our proof is mainly based on algebraic manipulations and we do
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not rely on the martingale approximation theory of Hall and Heyde (1980). As a direct applica-
tion of these results, we have presented unit root tests for arbitrary frequencies, which rely on
a Phillips-Perron-like modification of the OLS estimator. These estimators are asymptotically
equivalent to the estimators of Hylleberg et al. (1990) and Ghysels et al. (1994), so we did not

need to simulate critical values.
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A. Auxiliary Resuls

In this section we provide some algebraic auxiliary results that are required for the proofs of the
main results. The first result is states that the cumulative the summation of e* fort =1,...,T
is bounded for every T' € N if and only if w # 0. This algebraic property is the reason why

processes that are integrated at different frequencies are asymptotically orthogonal.

Lemma A.1. For T € N it holds that

T
Ze“” <(C <

t=1

sup
teN

if and only if w # 0.

Proof. For w # 0 the sum formula for a geometric progression yields

T—1
ezw § :ezwt
t=0

T

§ : eiwt

t=1

e’Lw

1—ew

w

. ein)

1_€iw (1

‘ e

; 2
<’ ‘1_ele|S ‘1

_eiw‘7
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which is bounded and independent of T'. The statement for w = 0 is trivial. O

The next lemma is a generalization of the summation by parts formula (sometimes referred to

as Abel’s Lemma).

Lemma A.2. For two sequences {a;}icz, and {b; }1ez with ap, by € C"*™ it holds that
T T T t—1
Z atbf _ e—uuT Z ezwtatb;fp e Z e—zw(t—l) Z ezwgajAwb;k.
t=1 t=1 t=1 j=1

Proof. Using simple algebra we deduce that

T T t
Z ab; = Z A, { et Z e“a; 5 bf
t=1 t=1 j=1
T t t—1
— Z o iwt Z eiwjaj - efiwefiw(tfl) Z eiwjaj b:
t=1 j=1 j=1

T t T t—1
_ 2 :e—zwt § :ezw]ajbz o § :e—zwe—zw(t—l) 2 :ezw]ajbzk
t=1 7j=1 t=1 j=1
T t T-1 t
_ —iwt (1) N K —tw ,—iwt () N K
= E e E e"“a;by — E e e E e“ajby, ;. (33)
t=1 j=1 t=0 j=1
The first sum in (33) can be decomposed into
T t T T-1 t
—iwt wj * —iwT wj * —iwt Wy *
E e g e“la;b; =e E e"“abp + g e E e a;bf. (34)
t=1 j=1 j=1 t=1 j=1

The sum of the the second term on the right hand side of (33) and the term sum on the right
hand side of (34) is equal to

S

-1

t T-1 t
—iwt Wi (B —iW ok . —w —iwt Wi (B Wk
€ E:e aj(by —e *biy,) = —e E € E €a(biyy — €eb})
j=1 t=1 j=1

t=1

T-1 t
_ —iw —iwt Wi *
= —e g e E e ajALby,
t—1 j=1

T t—1
— e W 2 :e—zw(t—l) 2 :ewajAwb;f,
t=1 j=1

as claimed. O
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The last auxiliary result is the Beveridge-Nelson decomposition at some arbitrary frequency.
This decomposition has been excessively discussed in the literature for the case w = 0 where a
simple algebraic proof is given in Neusser (2016). However, to our knowledge the general case

has yet not been proven using only simple algebra.

Lemma A.3 (Beveridge-Nelson Decomposition). Let A(z) = > 72, ;2! be a matriz polynomial
with aj € C™*". Then, it holds that

A(z) = A(e™) — (1 — e ™2)B(2),

where B(z) = Z;io B;z7 is a matriz polynomial with coefficient matrices B; € C™*™ given by
o0
Bj — Wi Z Bkezwk7
k=j+1

with 3720 | Bjll < oo. If the coefficient matrices A; satisfy 3277, 31 As]l < oo for some l € N
then it holds that 3772 F7HIB;|| < o

Proof of Lemma A.3. It holds that
U(L) = W) =) L) = apjeT = apy (L7 — €™I1,,) .
§=0 j=0 §=0
By simple algebra we deduce that

7j—1
L=, = — (I, —e L)Y e“Uk Lk
k=0

Hence,
00 j—1
U(L) - U(e™) == ahj (Iy—e L)Y Pk
j=0 k=0
oo j—1
— (In _ e*iwL) Z eiw(jfk)Lk
§=0 k=0
— (In _ e—’iwL) Z e—iwk Z w]e’wJ]Lk‘
k=0 j=k+1

=—(In—e™L) ) dpLF,

k=0

where the last equation follow from a change of variables.
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Note that for some arbitrary [ € N it holds that

oo B o0 o o0 ] o0 oo o0
D 3T = a T e D0 e ] < Y Y el < DIl
j=0 j=0 k=j+1 j=0 k=j+1 §=0
where we used the fact that |¢?®| = 1 for all # € R. This concludes the proof. O

B. Proofs of the Main Results

Proof of Proposition 1. Solving the difference equation 1 recursively leads to
T = e—zwtxt + e—zwt Zezw]nj‘
j=1

Since 1, = ¥(L)e; we can apply the Beveridge-Nelson decomposition (cf. Lemma A.3) on the
lag polynomial ¥(L) and obtain

t
T — efzwtxo — efzwt § :ezw]nj
J=1
t
— e—zwt 2 :elw]\If(L){fj
j=1
t t
—_ \Ij(ezw)e—zwt § :euujgj _ e—zwt § :euujAw\Ij(L)Ej
Jj=1 J=1

t
= P(ew)em it Z e“Ie; —W(L)e; + e "W (L)eg
j=1

It remains to show that the process {7 }1cz defined by 7y = W(L)e; is stationary. Therefore, it
is sufficient to show that the coefficient matrices 1;3' are absolutely summable. This, however,

follows immediately from Lemma A.3 with [ = 1. O

Proof of Lemma 1. Define the sequence of continuous time processes {Wr(r);r € [0, 1]}ren,

as
rT)

[
1 .
WT(T) = ﬁ E €th€t.
t=1

26



It is well known from Chan and Wei (1988) that Wr(r) = 7,W(r). Clearly, the process
{X¢1}o<t<r, defined via X; 7 = Wr(t/T), is a martingale with respect to its canonical filtra-

tion. Hence, with
[rT]

= ZXt—l,T(Xt,T - Xear),
=1

it follows from Hansen (1992) and Kurtz and Protter (1991) (with C* ~ R?") that

(Wr(r), Ir(r)) = <TwW(7’),T3 /OTW(T') dW(r)*) .

Since
[rT] *
t t—1
- () [ (7) v ()
_ Zzewugj Z€ZWJE Zezwjg
t 1 j=1
1 . . .
ZTZZF%NMM’
t=1 j=1
the stated result follows. O

Proof of Theorem 1. From Proposition 1 we immediately deduce that

elw [rT] elw [rT] ~

rT
7 e = T(l‘o + 7o) + ¥(e™) \FZ e —7

It follows from Lemma 1 that
g M .
U(e)— e“ley = 1,U (YW (1),

where W (r) is a real valued standard Brownian motion if w € {0, 7} and W (r) = Wy (r)+iWa(r)
with independent standard Brownian motions Wi(r) and Wa(r) if w € (0,7). It remains to
show that (cf. Billingsley, 1968, Theorem 4.1)

iw[rT) )
e () 1

sup

2, el || 5 0. 35
Sl avaae 2 e )
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It holds that

cw([rT] [rT]

1 1 1.
—=apr) — V(™) Z “e|| < —= llwoll + —= II7oll + —=|
VT \f VT vT VT

which vanishes asymptotically if and only if

max e | 5o,

1
OStSTﬁ 172

since z¢ is Op(1). Let § > 0 be such that sup, E(||e¢||>T°|F;_1) < oo. Then, it holds that

o0
7]l = Z Vjne—j

[e.e]
Z 3125 11551175 w51

146 1
o 55 [ oo 745
> Il > lldilllee—s >+ 7
=0 =0
by Holder’s inequality. This implies
246
max B(|7]**°|Fe-1) Z 144 max B([le]|**|Fi-1) < co. (36)

0<t<T 0<t<

For some arbitrary a > 0 it holds that

Bji >+
P<013% \f!mH>a> ZP(Hmumf ) < TWZ e

by the Bonferroni and Markov inequalities. This expression converges to zero since (36) implies

that the expected value is uniformly bounded. This concludes the proof. ]
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Proof of Proposition 2. If w; = wsy the statement follows immediately from Theorem 1 and
the continuous mapping theorem. To prove the statement for w; # we generalize the proof of
Johansen and Schaumburg (1999). Let

_ _dwit
Tt,1 € Tt 1,
~ _ _iwat
Tt = € Tt 2,
t
Et — E ei(UJQ 7wl)t
Jj=1

Using the identity e!“2=«1)t = AgF; it holds that

T T
i ko i =, i(w27w1)t~*
T2 Tt 1L¢ 2 = T2 Tg1€ Tt 2
t=1 t=1

and we have to verify that the right hand side is op(1). It holds that

T
Ty 1%y o By — Z Aoze 1+ Te—1,1)(DoTe2 + Te—12) " Er1

IMH

T 1
Z: T 1T Dol = ?

S

T
1 ~ %
=712 g TpaTy o By — E Ty11% g 0 F1 — T2 E ANoZ Aoy o By
=1 =1 =1

T T
x 1 . =x

Z Te-1180T; 2 Et-1 — 3 > Aod iy 9 (37)

=1 =1

Rl \

The first two terms are equal to

N

1 1 1
ﬁz xtlxtzEt*fft 113315 12Et 1) \F Tl\r TQTETv

which is op(1) since T=/2%,; and T~'/2%,5 are Op(1) by Theorem 1 and Er/T — 0 by
Lemma A.1.

For the third term in (37) it holds that

T T
1 . 8
TQtZ;Aoa:t,lex;gEt_l < max Bl 7 §7j 180341 A0 |
d 1/2
< Ey| (E|A ElAodsa]?) .
022 Bl 2 Z B0z ]?)"* (Bl dozea]?). (38)
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From Proposition 1 we deduce that
t
Fra= (™)) e™Ve; — iy + yo + o,
Jj=1

and, hence,

Aofm _ \P(ezwl)ezw1t€t _ (ezwlt,f/t) - ezwl(t l)nt ”

which immediately implies that E||AoZ: 1] is bounded. By the same arguments it follows that
E||AoZ,2|| is bounded and, since |E| is uniformly bounded, we deduce that the right hand side
of (38) vanishes asymptotically.

For the fourth term in (37) we obtain, using similar arguments as above, that

S

- . 12 - 1/2
B0 B || < max (Bl Z Ele-11l?)"” (BIVTAoial?) . (39)

rlE
114
8

Since E||Z:1]|> = O(t) it follows that the right hand side of (39) is O(T~1/2). Using exactly
the same arguments it can be shown that the same asymptotic bound holds for the last term
n (37). This concludes the proof. O

Proof of Theorem 2. Using the the Beveridge-Nelson decomposition in Lemma A.3 we rewrite
the process {n;}+cz as
N = ‘Il(ei“’)st — Awﬁt-

Assumption (4) guarantees that the coefficient matrices zﬁj are absolutely sumable und that
{Nt}tez is stationary and ergodic. With this decomposition and Proposition 1 in place, we

immediately obtain

T T t—1 T
1 * iy L —iw(t— wj Tw* 1 ~ W) *
LY i = W)LY D 3 e () — L3 ()
t=1 t=1 j=1 t=1
1 T t—1 1 T
- ‘I’(ew)f Z e~ (1) Z e“ej(Auii)* + T Z Tt—1(Aw ) (40)
t=1 j=1 t=1

It can easily be verified that the last term is op(1).
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By Lemma 1 we obtain

1ieiw(t1)§ez’w’€.€/ _ einT: 1§€@-ij_ (Me >
I j=1 ™ t=1 \/szl ’ VT
= elvr? /IW(T) dW (r)
Since Q2 = U (e™) it follows for the first term in (40) that
R A = . 1
\Il(e“")f ; e w(t=1) z:l e“eie U(e™)* = eWTQ/O B(r)dB(r)*.
= j=

Since {7 }+ez is stationary and ergodic and the output of a linear filter, we have that {(7, ;) }tez

is also stationary and ergodic and, consequently,

T
Z _16p = E(fj—1¢}) ijat 1-je; | =0.

'ﬂ \

Thus, it remains to show that the two remaining terms in (40) converge to e A,,.
It follows immediately from Lemma A.2 that
iw

T
f ; —iw(t—1) g ezwgg wT/t _ 6 —iwT Z ezwjgj T Z Etnt

Clearly, the first term is op(1). For the second term, using the same arguments as above, we

obtain
— Zamt = e“E(g}) = e ZE €161 % = ey = e Z e~k
7=0 k=1
Consequently,
1 < oo
\I/(ezw)T Ze—zw(t 1) Zezwk wnt (ezw)ezw Z e zwk’w — oW Z Z eij w* vk
= k=1 §=0 k=1

(41)
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At last, it holds that

T T
1 . w1 -
T Z Mt—1(Dwii)” = Z Me—17; — T Z Nt—17¢—1
t=1 t=1
= E(f—1ilf) — e“E(7ily)
oo o 5 _ ) oo o 5 5
=3 Y UE(e1jet ) — €Y 0> pE(er el )i
J=0 k=0 =0 k=0
e ~ ~ . © ~ ~
=D Ui — €Y b
7=0 7=0
©© ~ ~ *
=> j(T/)jH*e ‘ %)
7=0

From the definition of 1%- we obtain the following expression for the terms in parentheses.

oo oo
@;j—f—l . e—iwq]}j _ e—iw(j—H) Z eiwkd)k _ o w—iw) Z ez’wk% _ —¢j+1-
k=j+2 k=j+1
Hence,
o 0o oo
> b (di1 e y) = Ze_“‘” > e
j=0 k_]+1
e .
- S S e
= )
0o 0
zw Z Z e iwj¢kw;eiwk
J=1k=j
oo k
Zze—zw]w w* zwk'
k=1 j=1
Combining (41) and (42) yields
0o J
el Zzezw]w w* —iwk R Zzezij w* —iwk _ et Z Z ezw]w 1/)* —iwk
=0 k=1 j=1 k=1 j()k:]-i-l
SR $

k=j+1

ST M) S
I=1 §=0
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which is equal to e A,,. Putting everything together, we deduce that
1 < , !
T th_lvﬁ = e (7’3/0 B(r)dB(r)* + Aw> ,
t=1
as claimed. O

Proof of Theorem 3. The limiting distribution of the OLS estimator follows from Proposition 2

and Theorem 2 since both sums converge jointly. To be more precise, it holds that

T T t—1
1 1 o 4 . .
T Z ntx:_l = elwf Z \I,(ezw)ezwtete—zw(t—l) Z e—zwjé\;,lj(ezw)* + Op(l) (43)
t=1 t=1 j=1
and
1 E 1 & o S . = 4
ﬁ Z xt—lfL’I_l — ﬁ Z \Ij(ezw)ezw(t—l) Z ezwjgje—zw(t—l) Z e—zwks;ﬁqj(ezw)* + 0]1»(1), (44)
t=1 t=1 j=1 k=1

and both (43) and (44) converge jointly according to Lemma 1. The claim follows now imme-

diately from the continuous mapping theorem.

O
Proof of Proposition 3. Under the null hypothesis it holds that A,x; = ;. Hence,
T4, — %Zz:l Te—1M¢ e_iwAfw
T+ T T T 2 1 T 5
T2 D=1 |1 T2 > it |z
It follows from Theorem 3 that
TS Tom e [y B)dB(r) | e A,
1 T 2 L B2 d T B(r)I2 d
72 D=1 [Tt Jo |1 B(r)|?dr 73 Jo IB(r)? dr
and from Proposition 2 and (24) that
efiwA_w efiwA_w
1 T 2 = o rl 2 '
T2 D1 |1 Tw fo |B(r)|*dr
Combining both limiting expressions completes the proof. O

Proof of Theorem 4. Since {n;}+cz is stationary it holds that I’y converges to E(mn;) and from
(24) we deduce that A, +A_, goes to A,+A_,,. Consequently, @ converges to E(n;n;)+A,+A%,
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which is equal to €. The claim now follows immediately from Proposition 2, Proposition 3

and the continuous mapping theorem. O

Proof of Proposition 4. First, we derive the limiting distribution of the OLS estimator
= (X*X)"'X*y.
It holds that

S lme1a? S Tee11%ie12 Y Tee11T-13 Yoo Te—1,1%0-14
Zthl Tp1,2T¢-1,1 Zthl 212 Zthl Tt—12Tt-13 ZtT=1 Tt—1,2Tt—14
S Fastian S Tr1sTio1e Yo |Te1sl? S Feo13Tt-14
Zthl T—1,4%Tt—1,1 Ethl Tt—1,4Tt—1,2 Zthl Tt—14Tt—13 Zthl |36t—1,4|2

XX =

and from the asymptotic orthogonality in Proposition 2 and Remark 4 we deduce that

) B3(r) dr 0 0 0
0 'B2(r)d 0 0
72X*X = fO 71'(71> T . L )
T 0 0 3 Jo |Bry2(r)? dr 0
1
0 0 0 5 Jo |Brja(r)[? dr

Similarly, using Theorem 2 we obtain

x S T 1Y folBo(T) dBy(r) + Ao
lX*y _ S T1ow | —ingw(r) dBr(r) — Ax (45)
T Y Be13v ~L [ Brya(r) dBrja(r) — A_pjo

T i Te13Y % Jy Bry2(r) dBrya(r) + gz

The modified OLS estimator is given by I'y = (X*X)~1(X*y — T©) where the the bias cor-
rection term © = [A(], —/AXW, —Z'JA\_Tr /Q,Z.Aﬂ— /2]’ removes the additive components that appear in
the limiting expression (45) in exactly the same way as discussed in the proof of Proposition 3.

Combining these results yields the limiting distribution of f‘+. O

Proof of Theorem 5. Follows directly from Proposition 4 in conjunction with the asymptotic

orthogonality stated in Remark 4 and the continuous mapping theorem. O
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