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Abstract

We study an intertemporal consumption and portfolio choice problem under Knightian un-
certainty in which agent’s preferences exhibit local intertemporal substitution. We also allow for
market frictions in the sense that the pricing functional is nonlinear. We prove existence and u-
niqueness of the optimal consumption plan, and we derive a set of sufficient first-order conditions
for optimality. With the help of a backward equation, we are able to determine the structure
of optimal consumption plans. We obtain explicit solutions in a stationary setting in which the
financial market has different risk premia for short and long positions.

Key words: Hindy-Huang-Kreps preferences; Knightian uncertainty; g-expectation; ambiguity
aversion; singular stochastic control
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1 Introduction

In the seminal papers [I5] 17], a fundamental critique to the standard time-additive framework for
optimal consumption problems was raised. A. Hindy, C.F. Huang and D. Kreps noticed that time-
additive utility functionals, and more generally all utility functionals directly depending on the rate
of consumption, are not robust with respect to slight shifts of consumption in time. To overcome such
an undesired feature, these authors proposed to measure utility arising from consumption through the
so-called level of satisfaction, a suitably weighted average of past consumptiorﬂ With such a preference
the agent measures her felicity by taking into account also the history of her consumption plan and
considers consumption at adjacent times as similar alternatives. As a consequence, the agent consumes
not necessarily in rates, but also in a singular manner or in gulps.

In [16] the authors consider an investment-consumption model for an agent who faces Hindy-
Huang-Kreps (HHK) preferences and invests in a financial market without transaction costs. When
the agent has an hyperbolic absolute risk aversion (HARA) instantaneous utility function and is active
in a Black-Scholes market, explicit consumption and allocation choices have been derived. The case
of general utility functions was then studied in [I], and later extended also to markets with jumps
(and possibly transaction costs) in [0} [7, [8] and [5]. While [6] [7, 8] employ a dynamic programming
approach to solve the considered optimal consumption problem, no Markovian structure is needed in
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IThis represents only one of many possible ways in which to capture effects of intertemporal substitution of preferences
and/or habit formation. We refer the reader to [12], [25], and [26] and references therein.



[5]. The approach followed in [5] (see also [4] for the deterministic case and [3] for a general convex-
analytic treatment) indeed exploits the concave structure of the consumption problem and derives
suitable necessary and sufficient Kuhn-Tucker-like first-order conditions for optimality (FOCs). Via
such an alternative method, it shown that the optimal consumption plan is such to keep the level of
satisfaction always above an endogenously determined minimal level solving a backward stochastic
equation arising from the FOCs (see [2] for the study of such a class of equations).

In [5] (and actually also in all the other aforementioned references) there is the implicit assump-
tion that, when picking the consumption plan maximizing the expected utility, the agent has complete
knowledge about the probability distribution of all those random factors that affect her choice. Such
an assumption can be clearly debatable in situations in which the agent is exposed to new phenom-
ena affecting her preferences and for which there are not sufficient data available to conjecture the
probability distribution with good confidence. Moreover, the characterization and construction of the
optimal consumption plan is made in [5] under the assumption that the underlying financial market is
frictionless. In this paper we consider the optimal consumption problem of an agent with preferences
of HHK type, that faces Knightian uncertainty about the random factors affecting her utility from
consumption, and that evaluates the costs of her consumption under a nonlinear expectation. In
particular, such a nonlinear evaluation of the consumption’s costs can be motivated by thinking that
the agent finances her consumption plan in a financial market with frictions (see Section |§| for more
details). We show that such a setting can be well encompassed by considering nonlinear expectations
for the evaluation of utility/cost in the form of g-expectations. The theory of the latter was initiated
by S. Peng in [24] and they are shown to be naturally related to backward stochastic differential
equations (BSDEs) and to variational preferences. As a matter of fact, the g-expectation £9]-] is
defined in terms of the first component of a solution to a BSDE with driver g, and can be represented
as a variational expectation when g is concave (in the second component of the BSDE’s solution).

Following the arguments already developed in [5] in the linear case, we also show that existence
of an optimal consumption plan can be obtained in our nonlinear setting by a suitable application of
Komlés’ theorem (see [20]) in the version of Y. Kabanov [I9]. Moreover, if the felicity function « is
strictly concave in the level of satisfaction, also uniqueness of the optimal consumption plan can be
established by exploiting the fact that the g-expectation satisfies the strict comparison property.

With the aim of providing a characterization of the optimal consumption plan, we then derive
a set of sufficient FOCs for optimality. These are clearly different from those obtained in [5] where
it is assumed that the underlying financial market is complete, and in fact degenerate to those if
we take g = 0. In our framework, the FOCs involve the so-called worst-case-scenarios, probability
measure P; with Girsanov kernel & (with respect to the given reference probability measure Py)
under which the lowest expected utility and the largest expected cost of consumption are realized.
The sufficient FOCs can be used as a verification tool in order to check the actual optimality of a
candidate optimal solution. In this sense our approach might then be seen a counterpart in our general
not necessarily Markovian and nonlinear setting of the verification theorem usually employed in the
study of Markovian optimal control problems addressed via the dynamic programming approach.
Inspired by [5], we then show that, for any given and fixed probability measures P; and Py under
which expected utility and consumption’s cost are evaluated, there exists a minimal level of satisfaction
LP1P2 that solves a certain kind of backward equation studied in [2]. The consumption plan that tracks
LP1P2 — denoted by oLt prescribes to consume just enough in order to keep the satisfaction’s
level above LP1:P2 at all times. However, in order to find the optimal consumption a daunting fixed
point problem has to be solved; in fact, P; and Ps should be chosen in such a way that they realize
the expected lowest utility largest expected cost of consumption.

In the generality of our framework, the complete study of such a fixed point problem would require
a separate detailed analysis. This is why in a final section of our paper we consider a specific, yet
relevant, setting in which a complete solution to the problem can be obtained by guessing, and then



verifying, through the FOCs, the worst-case scenarios for utility and cost. We assume that the utility
is of power-type, the time horizon is infinite, and that the set of multiple priors are constituted by
measures that are equivalent to the given reference measure Py and have Girsanov kernel belonging
to suitable bounded intervals. We show that such a choice of the set of priors corresponds to the
case in which the consumption plan is financed via investment in an underlying financial market in
which the risk premia for short and long positions are different. Within this setting we provide an
explicit form of the optimal consumption plan and we also determine the financing portfolio. Like
in the classical Merton’s problem, this prescribes to invest a fixed (in time) fraction of wealth in the
risky asset traded in the financial market. Moreover, we observe that an increase in the risk and risk
aversion leads the agent to invest less in the financial market. On the other hand, an increase of the
discrepancy between the agent’s beliefs about the evaluations of utility and cost from consumption
has a non definite effect on the portfolio strategy which can either increase or decrease depending on
the model’s parameters. Finally, we show that in the case in which the multiple priors for utility and
cost have a common element, then the optimal minimal level of satisfaction is deterministic and, as a
consequence, the agent will not invest in the risky asset at all.

In a series of remarks throughout the paper we also show how our results can be generalized to
the case in which the evaluations of utility and cost of consumption are not made via g-expectations
but through variational preferences induced by appropriate multiple priors and penalty functions. In
this framework, existence of an optimal consumption plan and the sufficient FOCs still hold.

The paper is organized as follows. In Section [2] we formulate the utility maximization problem
under Knightian uncertainty. We establish in Section [3] existence and uniqueness of the optimal
consumption plan, and we provide in Section [4] the sufficient FOCs for optimality. Section [f] shows
the time-consistency property of the optimal consumption plan and gives its general structure. The
explicit solution in a specific setting is obtained in Section [6] , while definition and properties of
g-expectation as well as technical results are presented in [Appendix A| and [Appendix B| respectively.

2 The Knightian intertemporal utility maximization problem

Consider a filtered probability space (€2, Fr, (Ft)ieo, 1], Po) satisfying the usual conditions of right-
continuity and completeness and in which B = {B;}c[o,r] is a d-dimensional Brownian motion.
Throughout this paper, E[-] will denote the expectation taken under the probability Py, and mea-
surability properties (like progressive measurability or adaptedness) will be always with respect to
(Ft)telo, 1), as otherwise stated.

We aim at studying the optimal consumption choice of an agent facing Knightian ambiguity and
whose preferences are of the Hindy-Huang-Kreps (HHK) type. We assume that the agent is ambiguity
adverse and also that her consumption is financed via investment in a financial market which possibly
exhibits frictions. As it will be clear in the sequel (see the setting of Section @, those agent’s and
market’s characteristics can be well modeled through the use of nonlinear expectations; namely, via
the g-expectation £9[-] initiated by S. Peng in [24]. As it is discussed in detail in [Appendix A] this is
formally defined as the first component of the solution to a backward stochastic differential equation
(BSDE) with driver g : Q x [0,7] x R? — R satisfying the following requirements:

(A1) For any z € R?, g(-,-, 2) is progressively measurable and

e| | ' 9(t.2) | < o

(A2) There exists some constant & > 0, such that for any (w,t) € Q x [0,T] and z, 2’ € RY,

|g(w,t,z) —g(W,t,z/)\ < K"Z - Z/‘;



(A3) g(w,t,-) is concave for any (w,t) € Q x [0,T];
(A4) g(w,t,0) =0 for any (w,t) € Q x [0,T].

The Knightian intertemporal optimal consumption problem under study is defined as follows.
Introduce the set

X := {C|C is the distribution function of a nonnegative optional random measure on [0, 7]},

let r = {Tt}te[o,T] be a bounded, progressively measurable process, and g and h be two functions
satisfying (A1)-(A4). An agent with initial wealth w > 0 will pick a consumption plan from the
budget feasible set

Ap(w) = {(J € X|T(C) =& [/OT %dct} < w} (2.1)

where ~y; 1= exp (— fot rods) and EM-] = —EM[—-] = EM[-] (we define h(t,z) := —h(t,—2)). It is easy
to check that Aj(w) is nonempty when h satisfies (A1)-(A4) since £7[0] = 0. Moreover, ¥(C) can be
seen as the minimal initial capital needed to finance a consumption plan C' via investing in a financial
market.

For a fixed consumption plan C' € X, the agent’s level of satisfaction is given by

t
YV,C =+ / 0;..dCs, (2.2)
0

where 7 : [0,7] — R4 and 6 : [0,7]> — R, are continuous. The quantity 6; s can be seen as
the weight assigned at time ¢ to consumption made at time s < ¢ and 7; describes the exogenous
level of satisfaction that the agent has at time ¢. In (2.2), and in the following, we interpret the
integrals with respect to the optional random measure dC on [0,7] in the Lebesgue-Stieltjes sense
as fo( )dCy = f[o,-]( -)dC%. In such a way, a possible initial jump of the process C' (i.e. an initial
consumption gulp) is taken into account in the integral.

Remark 2.1 Typical n and 0 are 1, :=ne Pt and 6, s = Be=B=9) with constants n > 0,5 > 0.

We assume that the agent’s utility is of the HHK type and depends on the current level of
satisfaction (hence on the past consumption as well) via a certain instantaneous felicity function
u:Qx[0,T] x Ry — R. In particular, we have

U(C) = ‘/OTu(t’th)dtv

where u(w,-,-) is continuous, u(w,t,-) is increasing and concave and such that, for any y € R4,
(w,t) = u(w,t,y) is progressively measurable. The goal of the ambiguity’s adverse agent is then that
of maximizing her expected utility over all budget feasible consumption plans; that is, of finding

vgr(w):= sup V(C)= sup EYU(C)]. (2.3)
CeAp(w) CeAp(w)

In order to simplify notation, in the following we shall omit the subscripts g, h in vg 5, as well as its
dependence on w.



3 Existence and uniqueness of the optimal consumption plan

In this section, we prove existence and uniqueness of a consumption plan solving problem ([2.3)). For
this purpose, we need the following assumption on the budget feasible set.

(H1) The family of budget feasible utilities {U(C),C € Ap(w)} is uniformly Po-square-integrable.

Notice that thanks to Assumption (H1) and a priori estimates for BSDEs (cf. Proposition 2.1 in
[13]), one has
v= sup V(C)< 0.
CeAp (w)

Before moving on with the existence and uniqueness result, we recall the following technical lemma
from [5].
Lemma 3.1 ([5], Lemma 2.5) (i) There ezists some constant K > 0, such that for any C € X
and t € [0,T7],
V¢ < K(1+ Cy);

(i) If {C™}52, C X converges almost surely to C € X in the weak topology of measures on [0,T],
then we have almost surely Y™ — Y,C fort =T and for every point of continuity t of C.

A sufficient condition for Assumption (H1) to hold is given by the next result, whose proof can be

found in

Lemma 3.2 Suppose that the function h satisfies (A1)-(A4). The family of budget feasible utilities
{U(C),C € Ap(w)} is uniformly Po-square-integrable if there ezists o € (0,3) and K > 0 such that
the felicity function u satisfies the power growth condition

sup |u(t,y)| < K(1+y®) for ally > 0.
t€[0,T]
Theorem 3.3 Suppose that the functions g, h satisfy (A1)-(A4). Under Assumption (H1), the utility

mazimization problem (2.3) has a solution. Moreover, if u(w,t,-) is strictly concave for everyt € [0,T]
and C — Y is injective up to Py-indistinguishability, such a solution is unique.

Proof. Let {C"}72, C Ap(w) such that supoe g¢) V(C) = limy, 00 V(C™). Denote by ¢ the convex

dual of h and bear in mind Proposition in Appendix Since the interest rate is
bounded, there exists a constant K > 0 such that for any £ € D}, we have

T T T
sup EP'[Cr] <K sup EP [/ %dOt} < K{ sup gh[/ Yed Ct] +E™ U e(s,gs)ds]} <
CeA(w) CeA(w) 0 CeA(w) 0 0

where we have employed (B.3)) in the last inequality. Then, by version of Komlés’ theorem due to Y.
Kabanov (Lemma 3.5 in [19]), there exists a subsequence, for simplicity still denoted by {C™}, such
that Pé-a.s.

~ 1

Cn P k *

| nZQ—)C’t,asn%oo
k=1

for t = T and for every point of continuity ¢ of C*. Since P¢ is equivalent to Py, the above convergence
holds Pg-a.s. We claim that {C’”} is also a maximizing sequence for problem l-b Indeed, the convex-
ity of £M[-] implies that C™ € Ay (w), for any n € N. Therefore, we have V (C™) < SUPcea, (w) V(C)-
On the other hand, it is easy to check that

C" Z Yc"



and since u(w, t,-) and £9]-] are both concave, we then obtain that

n n

S e et = - S v(Ch).

k=1 k=1

V(C™) = E9U(Cm)] >

Noting that {C™} is a maximizing sequence, it follows that liminf,_. V(C") > SUPce A, (w) V(C),
and the claim thus holds.

We then show that C* is optimal for problem . Since « is continuous, we have by Portman-
teau’s theorem

T T
lim v dC :/ wdCy, Po-a.s.,
0

n—oo 0

and by Fatou’s lemma and the convexity of £"[-] it follows that

T T n T

~ ~ ~ 1 ~

5h[/ %dc;‘] < lirginfé'h{/ %dC{L] < lirginfEE sh[/ %dct"} < w,
0 n oo 0 n o0 b1 0

which implies that C* € Ap(w). Besides, by Lemma we have U(C™) — U(C*), Pg-a.s. Invok-
ing now Assumption (H1) yields that E[|U(C™) — U(C*)|?] — 0, and by estimates for BSDEs (cf.
Proposition 2.1 in [I3]), we obtain that

V(C™) = EIU(C™)] — EI[U(CH)] = V(C*).

Recalling that {5”} is a maximizing sequence of problem , it follows that C* is optimal.

It remains to prove uniqueness. If C; and Cy are both optimal and they are not indistinguishable,
then their associated levels of satisfaction Y1 = V¢ and Y2 = Y are not indistinguishable neither.
By arguments similar to those employed in the proof of Theorem 2.3 in [5], on a set with positive
probability, Y and Y? differ on an open time interval. By the strict concavity of u(w,t,-) and the
strict comparison theorem for solutions to BSDEs (cf. Therorem 2.2 in [I3]), this gives

V(%(C’l +C?%)=¢9 UOTu(t, %(Yf + yf))dt] > &9 [/OT %(u(t,ytl) +u(t,Y72))dt

> 1(59[/0T u(t,Y;l)dt} +59[/0Tu(t,Yf)dt]> = %(V(cl)+V(C2)) = sup V(0O),

— 2 CeAp(w)
which gives the desired contradiction. m

Remark 3.4 We may check that if 0, s = 002 for some strictly positive, continuous functions 6%, 6% :
[0,T] — R*, then the mapping C + Y is injective. In particular, if § is of the form presented in
Remark the injectivity follows. Besides, Theorem holds true even if g does not satisfy (A4).

Remark 3.5 We could also consider the utility maximization problem under the general nonlinear
expectations

EX] = jnf (E°[X]+c1(P)), and E[V]:= sup (EP[Y] = ca(P)).

For this purpose, for any fixed constant p > 1, we assume that the multiple priors and penalty functions
satisfy the following assumptions:

(i) suppep, EH;—;}F] < 0o, where p > 1;



(ii) 0 <infpep, c2(P) < suppep, c2(P) < o0,

and we define the budget feasible set as

Alw) = {0 e X|§{/OT%dCt} < w}

Here, v is the discount factor associated with a bounded, progressively measurable interest rate r and
X is the collection of all distribution functions of nonnegative optional random measures as in Section
2. By Assumption (i), A(w) is non-empty for any given initial wealth w > 0. The level of satisfaction
Y© and the agent’s utility U(C) are as in Section 2. The agent aims to mazximize her expected utility
over all budget feasible consumption plans and the value function is now defined as

v:= sup E[U(C)]. (3.1)
CeA(w)

Supposing that the family of budget feasible utilities {U(C),C € ﬁ(w)} s uniformly p*-integrable

under Pgy, where p* = p/(p — 1), we can still show that the utility maximization problem (3.1) has a
solution. However, due to the lack of the strict comparison property for E[-], we loose uniqueness.

4 Sufficient first-order conditions for optimality

This section is devoted to the proof of first-order conditions for optimality. For any two functions
g, h satisfying (A1)-(A3), let f,¢ denote their respective convex duals. Now, for any budget feasible
consumption plan C' of problem (2.3)) set

Pi(C) = {P|¢ € Dy, £[U(C)] = E {U(C) - /OT f(s,fs)ds} 3

Py(C) = {Pf &€ Dy, E" UOT %dCt} — g™ UOT 7dC — /OTE(S,ﬁs)ds} }

In fact, in light of Proposition in Appendix [Appendix A} P;(C) can be regarded as the collection

of lowest-utility probabilities and P2 (C) the collection of largest-cost probabilities for the consumption
plan C. In order to obtain the first-order condition, we need the following additional assumption on
the felicity function.

(H2) The felicity function w is such that u(w, t,-) is strictly concave and differentiable for any (w,t) €
Q% [0,T].

Theorem 4.1 Suppose that the functions g, h satisfies Assumptions (A1)-(A4). Under Assumptions
(H1)-(H2), a consumption plan C* solves the utility mazimization problem (2.3) if there exist some

P, := P& € Pi(C*), i = 1,2, such that
_ T
(1) Sh{/ %dCf} = w;
0

ap, [*
(2) E |:dP;/t 8yu(s,Y:)95,tds] < M, for any t € [0,T] a.s.;

T T T
(3) E™ [/0 (/ ayu(s,y:)as,tds)dc;] _MEP2[/O %dOt*],
t



where M > 0 is a finite Lagrange multiplier and Y* =Y.

Proof. Assume that C* satisfies conditions (1)-(3) and consider another budget feasible consumption
plan C' € Aj,(w). For simplicity, set Y := Y%, Y*:= Y and let

T
I:=E™ [/ / Oyu(s, Y] )05 +,dCY ds} =EM [ / ayu(s,Ys*)Gs’tds)dC;‘],
II:ZEPI[/ /8usY)stdCt ds] EPI[ / ausY)stdS)dCt]a

where we have used Fubini theorem. Noting that Po € P2 (C*), it is easy to check that

T T T T
I = MEP U %dc,t} — MEP: [/ 1dC +/ é(s,é‘?)ds—/ Z(s,é“?)d&}
0 0 0 0

T T T
- Msh[/ %ng‘] + MEP2 U z(s,gf)ds] = Mw + MEP? U E(s,ff)ds}
0 0 0
and

P r dP1 r * P 4 P2 dP1 T *
T =EP- —( dyu(s, Y; )9S,tds)dct —EP2| [ EP2|SE | B,uls, YI),.ds|dC
0 dP2 t 0 dP2 t

T T T " T T
SMEPZ[ /O 1dCy + /0 U(s,€3)ds — /0 e(s,si)ds] Meh[ /0 fytdct] +MEP2{ /0 ﬁ(s,fi)ds]
T
ng+MEP2U E(s,ﬁf)ds}
0

where Theorem 1.33 in [I8] has been used in order to obtain the second equality above. Noting that
u(w, t,-) is strictly concave, we finally have

V(C*)—V(C)zEpl U(c) / f(s ]—EPI {U(C)%—/Tf(s,gi)ds}

=EP / (u(s, Y7) — u(s, Y))ds} > E™ [/ Oyu(s, Y)Y Ys)ds}

LJO

=EM / / ayu(sv Yt:)es,t(dct* - dct)>d5:| =1-1I2>0,
L 0

which clearly completes the proof. m

4.1 Some remarks
We conclude this section with some comments.

Remark 4.2 (i) A careful inspection of the previous proof actually reveals that if g does not satisfy
requirement (A4), Theorem still holds.

(ii) Let ¢ == EL* [ftT Oyu(s,Y)0s,ds|. Applying the continuous-time Bayes’ rule, condition (2) of
Theorem[{.1] is equivalent to
dPs

< Prl 2
d)th’ytEt |:dP1:|, te[ovT]v

where the state-price density v; Efl [%] appears on the right-hand side.



(ii) As a matter of fact, if C*, Py and Py satisfy conditions (2) and (3) of Theorem then for
any stopping time S < T, we have

T T
ER? [ / ¢td0t*} = ME%? [ / %dCZ‘}, (4.1)
S s
where
~ ey [dPy [T \
¢r = E 2| — Oyu(s, Y, )0s.ds|, t €[0,T).
dPs J, ’

This fact can be indeed proved as follows. Notice that conditions (2) and (3) yield that for any
stopping time S < T,

T T
0= EPQ[/ (¢t_M'7t)dCt*:| < EP"[[S (¢t—M’)’t)dCt*] <0,
0

which clearly implies that EP? [fST(@ - M’yt)dCt*] = 0. It is then easy to check that

T _ T
ER? [ / ¢tdct*} < MEY [ / ’ytdC’t*}.
S S

If now (4.1) does not hold, defining

T _ T
A= {Egz [/S mc:} < MEE? US %dct*} }

we have Po(A) > 0 and by the strict comparison property for BSDEs (cf. Theorem 2.2 in [15])
this leads to the contradiction

T ~
EP2 US (pr — M%)dCt*} < 0.

Remark 4.3 Consider the general utility mazimization problem introduced in Remark [3.5, Also for
this problem we can establish a set of sufficient conditions for optimality. For any budget feasible
consumption plan C € A(w), we define

PHC) = {P e P [ E[U(C) = EU(C)] + ar(P) },

P2C) = {P 6732|5~[/0T%d0t} - EPUOT%dCt} —cQ(P)},

and let Assumption (H2) hold. Suppose also that the family of budget feasible utilities {U(C),C €
A(w)} is uniformly p*-integrable under Py (where p* = p/(p—1), for any p > 1). Then, a consumption
plan C* solves the utility mazimization problem (3.1) if there exist some P; € PY(C*), i = 1,2 such
that

(1) 5[/OT%dCZ‘] =w;

(2) EP? ﬁ( Ta u(s,Y;)0 ds) < M~y for any t € [0,T] a.s.;
t dP2 g’ Y sy L s,t =~ Yt Yy ) ey

T T T
(3) E™ [/0 (/ ayu(s,y:)as,tds)dc;] _MEP2[/O %dOt*],
t



where M > 0 is a finite Lagrange multiplier and Y* =Y.

Remark 4.4 Recall that in the linear case treated in [3], the FOCs are also shown to be necessary
for optimality (cf. Theorem 3.2 in [3]). In [3] the proof of this is organized as follows. First, it is
shown that the optimal consumption plan C* solves an auziliary problem linearized around C*. Then,
a characterization of any solution to such a linearized problem is provided.

In our setting, assuming that

(A5) For each w € Q, t € [0,T] and z € R, the equation g(w,t,z) —xz = f(w,t,z) admits a unique
solution x € [—k, k|, denoted by x(w,t,z). Furthermore, z — x(w,t,2) is continuous, for any
(w,t) € 2 x[0,T],

and arguing as in the proof of Lemma B3 in [T}|], we can show that there exists some Py € P1(C*)
such that the optimal C* for (2.3)) also solves

T T
sup ET [/ ED [/ Byu(&YS*)GS’tds] dCt} , (4.2)
CeAp(w) 0 t

where Y* := Y . However, the fact that the expectation arising in the set An(w) is nonlinear
gives rise to technical difficulties when trying to characterize conditions for the above problem .
Fortunately, we shall see in the next sections that the sufficiency of the FOCs does actually suffice as
a verification tool for checking the optimality of a given candidate consumption plan.

5 Time-consistency and structure of the optimal consumption
plan

In this section, we first first study the optimal consumption problem dynamically and prove a version
of the dynamic programming principle, which indicates that if a consumption plan is optimal at time

zero, then it is also optimal at any later time. Then, we will show how to construct the optimal
consumption plan through an auxiliary backward equation.

Proposition 5.1 Suppose that the functions g, h satisfy (A1)-(A4). Let S < T be a stopping time,
C* be the optimal consumption plan for the utility maximization problem (2.3)), and set

As(C) = {C € X|Clip.5) = C7lo,5), Us(C) < s(CM)},

where
1 —~ T
Vs S
Consider then the optimal consumption problem starting at time S
vg == esssup EL[U(C)], (5.1)
CeAs(C*)

and assume that the felicity function u satisfies u(w,t,0) = 0 for any (w,t) € Q x [0,T]. Then the
value function v is an £9-supermartingale in the strong sensﬂ. Besides, C* is optimal for (5.1)).

2A process X is called an £9-supermartingale in the strong sense if X, € L?(F;) for any stopping time 7 and for
any stopping times 7 and o taking values in [0, 7] with 7 < o, we have £7[X,] < X-.
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Proof. Step 1. Let S < T be a stopping time. We first show that the family {€Z[U(C)],C € As(C*)}
is upward directed, where S is a stopping time. For any C* € Ag(C*),i = 1,2, set C = C11 4 +C?1 4,
where A := {E[U(C")] > EL[U(C?)]} is Fs-measurable. Note that

1 [ (7 1~ (7
Ug(C) = 7353 [/S %dcj]nA + 785@ [/S %dc,%}nm < Ug(C"),

which implies that C' € Ag(C*). It is also easy to check that for any s € [0,7], Y = YO 1 44+Y 1 4e.
Since u(s,0) = 0, it follows that u(s,Y) = u(s, Yscl)ﬂA + u(s, YSCZ)]IAC. Therefore, we have
E&lU(C)] =E8[U(CM 1A + U(C?)1ac] = EGU(CH)]1a + EGU(C?)] D ac
=&4[U(CH] v EU(C?)];

that is, the family {E[U(C)],C € As(C*)} is upward directed. As a consequence, there exists an
increasing sequence {E4[U(C™)]}22, such that

vg = nh_}ngo gucmy, (5.2)

where {C"}22, C Ag(C*).

Step 2. For any stopping times 7,0, with 7 < o, we have A,(C*) C A,(C*). Indeed, for any
C € A,(C*), a simple calculation yields that

1~ T 1 ~ o
v0) =& [ ac| = L&] [“raci +rova(c)

T T

<71§f[/ 7, dC* +%\1/(,(c*)} =0, (CY).

T

Now, recalling (5.2) from Step 1 above, for any 7 < S, it is easy to check that

Evg] = &2] lim ELUCM)]] = lim &L[E[U(C™)]] = lim E[U(C™)] < esssup EL[U(C)] = v,.
n—oo n—oo n—oo CGAT(C*)

Step 3. It remains to show that C* is optimal for problem (5.1]). Proceeding as in the proof of
Theorem there exists a unique consumption plan C** which is optimal for problem (5.1]). Suppose
that C° and C* are distinguishable on [S,T], so that

EGUC) > &U(C))
By invoking the strict comparison theorem for g-expectation (cf. Theorem 2.2 in [I3]) we find
E9U(CF)] = E9(EG[U(C9))) > E7[E5[U(C™)]] = E2[U(C7)),

which leads to a contradiction. m

We now move on by studying the structure of the optimal consumption plan. As a matter of fact,
Theorem indicates that the optimal consumption plan C* exists, while it does not give an explicit
form of C*. Inspired by [B] and the sufficiency of the first-order conditions for optimality, we now
construct C* through a progressively measurable process L, called the minimal level of satisfaction,
which is the solution to a backward equation (see below).

In the rest of this section we assume the following dynamics for the level of satisfaction.

11



3 e function 1 : [0,7] — R and 6 : [0, — R are of following forms:
H3) The fi ionn:[0,T Rand 6:[0,7)> - R f following fa

t t
ntzneXp(—//Bst) 9t,s=ﬂseXp(—/ﬁrdr)7 0<s<t<T,
0 s

where 3 = {Bs}se[0,] is a strictly positive, continuous function and 7 > 0.

For each fixed ¢' € Dy, €% € Dy, M > 0 and stopping time 7 < T', consider then the backward
; (5.3)

equation
T 1pl t 2
dp dpP
E- — 1 Oyult, L, — d O -dt| = M~y ——
[l (e e (= L) o] =20,

where P? is the probability measure whose Girsanov kernel (with respect to Pg) is given by &%, i = 1, 2.
By employing Theorem 3 in [2], it can be shown that for any 7 < T the above equation admits a

unique progressively measurable process L = LM-P"P* with upper right-continuous paths and such
that with Ly = 0. Starting from this we can then construct two processes by setting

LM,Pl,P2 t M.PL.p2? v
Y, :=exp| — [ Bsds||nV sup S L, " exp Bsds , te€]0,T],
0 0<v<t 0

LJ\LPI,P2 t LM,Pl,P2 t 1 LM,Pl,P2 LM, pl p2
Ct = )/a ds + /Bs d)/\s , te [Oa T]a Co_ =0.
0 0

According to Lemma 3.9 in [5], one has that

. LMPLPZ .. . ,M.PLP2 M.PL P2
i)Y is an adapted RCLL process of bounded variation with Y > LY

.. LMPLPZ . . ,M.P!pP2
(i) C is right-continuous, nondecreasing and adapted. In other words, C

€ X,
1 p2 M,plp2 1 p2
(iii) The level of satisfaction induced by oL , denoted by yer , coincides with yLer
and is minimal in the following sense:
CLM,Pl,P2 APl p2 c
| =Y/ = inf YC, tel0,T].

CeX,YC>L

Following the terminology of [5], in the sequel we shall say that the process CL constructed above
is the consumption plan that tracks the level process L.

Theorem 5.2 Recall that f,¢ denote the conver dual of the drivers g and h, respectively. Supzzaose

that the functzons g,h satisfy (A1)-(A4) and let Assumptions (H1)-(H3) hold. Let also LMP P
the solution to . If we can find some P with Girsanov kernel (with respect to Pg) £, i = 1 2

such that
T M,pl p2 1 T Pl P2 T
59“() u(t, v )dt} =E° UO u(t,Y," )dt+/0 f(r,gi)dr}

~ T M,pl p2 2 T M,pl p2 T
& [ ace | =] [aact™ - [Can ],
0 0 0

1 p2
then the consumption plan oL s optimal for the utility mazimization problem ([2.3)) with given
1, M.PL.p2 )

initial capital w = ¥(C
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Proof. As the proof follows closely the arguments developed in Theorem 3.13 of [5], we omit it in the
interest of brevity. m

Remark 5.3 Consider the general utility mazimization problem introduced in Remark[3.5 Since the
sufficiency for optimality still holds as discussed in Remark[{.3, we can then provide the construction
for the optimal consumption plan also within such a more general setting. For this purpose, we assume
that the dynamics n and 8 for the level of satisfaction satisfy (H3). For any constant M > 0 and any
PicP;,i=1,2, let LMPYP? be the solution to Equation and let CM-P'P* pe the consumption
plan which tracks LMP' P, IfPi ¢ ’Pi(CM’Pl’Pz), 1=1,2, then CMP'P? g optimal for problem
with initial wealth given by w = g[fOT ’ytdC,fw’Pl’Pz].

Remark 5.4 Ezistence of the desired minimal level of satisfaction leads to a challenging fixed point
problem that we discuss in the following and whose study is left for future research.

Fiz the Lagrange multiplier M in Equation , Choose £ € Dy, €21 € Dy, and let P! be
the probability measure whose Girsanov kernel is given by €1, i = 1,2. Then, there exists a unique
solution L' to Equation with P* = P»1, § =1,2. Let C! be the consumption plan which tracks

Land T(CY) : fo ’ydel Conszder then the BSDEs
T T
vt = +/ g(s, ZMMd —/ Z'dB,,
t ¢

T T
v = / h(s,—Z>1)d f/ Z*'4B,,
t

and let €2 and €22 be the solutions to
g(s, Z8Y) — Z51eb? = f(s,60%) and  — h(s,—Z2") — Z21€2% = —{(s,£27),

respectively. Then, by Girsanov theorem it is easy to check that

e = e + [ Tf(s7£§’2)d8} and (e =" e - | T@(s,gs’%ds}

where P¥2 is the probability measure with Girsanov kernel €92, i = 1,2, with respect to Py.
Defining the mapping T : Dy x Dy, — Dy x Dy, as

T, e = (612,627,

we see that if T has a fixed point (fl? £2), then csh€ tracking LEH€ s optimal for (2.3)), where L$H€
is the solution to (5.3) with P* = P&, i =1,2.

6 Explicit solution in a stationary homogeneous setting

6.1 Setting and main result

One can be easily convinced that the sufficient first-order conditions for optimality previously deter-
mined still hold when T' = 4o00. Their proof indeed employs the linear structure of C' — Y¢ and the
concavity of the instantaneous felicity function, which are clearly not affected by the length of the
considered time interval. In this section, we shall use the sufficient optimality conditions in order to
provide the explicit solution in an homogeneous setting.
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Consider a financial market with two assets. One of them is a risk-free bond, whose price S°
evolves according to the following equation

dsY = rSPdt, (6.1)

where 7 > 0 is the interest rate. The price for the stock is denoted by S and it satisfies the stochastic
differential equation

s, = S} [udt + adBt], (6.2)

where p represents the stock appreciation rates, ¢ > 0 is the volatility and B, is a one-dimensional
(Ft)+-Brownian motion. Clearly, there exists a constant ¢ € R such that

w—r=od.

The constant 1 is usually referred to as the risk premium.

Imagine now that our agent invests in the financial market and thus selects a portfolio 7; at time
t, where m; is the proportion of her wealth V; invested in the stock and 7 = 1 — 7; is the proportion
of the wealth invested in the bond. We assume that 7 is predictable, since the agent can only make
decisions on the basis of the current amount of available information F;. The agent can also choose
a consumption plan C € X, where C; represents the total amount of consumption made up to time
t and

Xoo = {C’ | C' is the distribution function of a nonnegative optional random measure on [0, oo)}

Also, set V; := e~ "V}, and suppose that limsup, ., V; = 0 a.s.

Let a,b,a’, b’ be four constants such that a’ < a < b < I’. Assume that the risk premia for long and
short positions are different and the difference between long and short positions is ¢’ — a (see Example
1.1 in [13]). Then the wealth V associated to the portfolio 7 and consumption plan C' evolves as

dV; = rVidt + oad' 7 Vidt + o(a’ — a)w; Vidt + om Vid By — dCy, (6.3)

which is clearly equivalent to
Vi :/ olan; —a'w)V.ds —/ omsVydB, —l—/ e "dC,.
t t t

For any bounded, adapted process &, set &5 := ¢, where &7 := 2 exp (fot ¢,dB, — %fot £2ds) for

xg > 0. Consequently, we have
o0
Vo = sup EP [/ e_TSdCS} ,
PePp? 0

where
dpP¢

dPy

which can be interpreted as the set of priors for the cost induced by a consumption plan.
We assume that the felicity function is deterministic and given by

P2 = {PE | ¢ adapted with values in [, a], =5, 0<t< Oo}a (6.4)

Fi

1
u(ta y) = e_étiyaa
(%

where § > 0 and « € (0,1), and 74 = e~ "". Moreover, we take a constant interest rate r > 0 and
suppose that the level of satisfaction has dynamics:

t
V¢ =ne Pt + / Be Alt=)qc, (6.5)
0
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where 1, 5 > 0.
Considering now the set of priors for the utility

pé¢
Pl.= {PE ‘f adapted with values in [b,b'], dp = ef,O <t< oo}, (6.6)

and defining then the nonlinear expectations

the aim is to solve

where

Aw) = {C € X | € [/Ooo e‘”d(]t} <w}.

As a matter of fact, we can see from [Appendix Al that, by taking g(z) = bzT — b2~ and h(z) =
a'zt — az~, the representation of g-expectation yields

EVX]=£&91X], and &E?[X]=EM[X].

In our analysis a crucial role will be played by the backward equation

o0
E, [/ Bexp(—p(t — T))Eflayu (t, sup {LU exp(—f(t — U))})dt:| = Me‘”sﬁz, (6.8)
T T<v<t

where 7 is any finite stopping time, M > 0 is a given constant, and &% are the Girsanov kernels (with
respect to Pg) such that P; := P& € P’ i = 1,2. The solution to (6.8) (if it does exist) is denoted
by LM-P1Pz Moreover, we denote by CM:P1:P2 the consumption plan which tracks the level process
LMP1P2 and by YMP1-P2 the corresponding level of satisfaction. Similarly to Theorem [5.2, we have
the following result.

Theorem 6.1 Suppose that P; € PH(CM:P1:P2) i =12 where for any admissible consumption plan
PHO) = {P cPp! }51{/ u(t,YtC)dt} = EPU u(t,YtC)dt} }
0 0

P2(0) = {P € P*| & [/OOO e‘”dCt} =EP [/OOO e_’“tdCt] }

Then, CM:P1P2 s an optimal consumption plan for (6.7) with w = Ez[fooo e_”dC',fVI’Pl’PQ]. Conse-
quently, LM-P1P2 s the optimal minimal level of satisfaction.

We can now provide the main result of this section.

Theorem 6.2 Suppose that § > ar+ az((ti:i))? . The measures P® and P realize the worst-case scenarios

for utility and cost of consumption, respectively. Moreover, the optimal minimal level of satisfaction
LE s given by

a\ & 1 —-b 1
LK — ((5—T)ti — ) a B, — 2 12\ 9 _
; (K e - K exp ¢ —— Bt o —1) [(@® =b%) —=2(6 —r)]t ¢,
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where K is a suitable constant determined by the initial wealth w. Then, the optimal consumption
plan is such that

t
Ot* = C]EI{ = / eiﬁsdéz,
0

where X 5
— L} —ne P®
C := sup (=— Z )\/O,
0<s<t e~ P?

Cy_ =0.
Consequently, the optimal level of satisfaction is

Y =YK = e*ﬁt(n\/ sup (Lfeﬂs)).
0<s<t

2
Remark 6.3 We observe that our condition § > ar+ oé((ti:l;)) is consistent with that posed in Theorem

4.7 of [3]], where

/

6>ar+(1—a)w<1a9

—

) + ar(-0), (6.9)

with (-) being the Laplace exponent of a Lévy process X and 0’ the market price of risk. In order to
see this, notice that, under a measure P$1 € P, rewrites as

ES {/OO Bexp(—B(t —71))0yu (t, sup . {Lu exp(—B(t — U))})dt] = Me_TTil' (6.10)

Then, taking & = b and & = a, the latter is exactly of the form of Equation (17) in [3], upon setting
(now under P®)
7/)25 _ efrtJr(afb)Bff%(afb)%’ t>0.

Here, BY is a standard Brownian motion under P°. In particular, it follows that in our case §' of

is such that ' = a—0b, and simple algebra shows that the right-hand side of indeed becomes
(a—b)?

C;((i—a) :

As a further consequence, we can argue as in the proof of Theorem 4.7 of [3] and prove that the

2
condition § > ar + Oé(g:i)) is in fact also necessary to have a well-posed optimal consumption problem

ours ar +

(in the sense that, without that condition one can construct a consumption plan that has finite cost
but induces infinite utility).

6.2 On the proof of Theorem (6.2

The proof of Theorem will be organized as follows. First, for any fixed P € P* with & being a
constant, i = 1,2, under the considered parameters’ constellation we solve backward equation
explicitly. Then, we verify that P® is the largest-cost probability and P? is the lowest-utility probability
for the consumption C¥ that tracks L¥ defined in Theorem

The proof of the next result exploits the time-homogeneity of our setting. It can be found in

for the sake of completeness.

Lemma 6.4 For any fized constants M, & and probability measures P? := Pfi, i = 1,2, the solution

to Equation 18

1

€2\ a1
1.2 £

Ly =L = (Ke(‘;_r)tgl) )
€t
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where K = K(M) is the constant satisfying

00 &t
KﬁE[/ e~ (et inf {e<5+5<a1>’“>%25t }dt] M.
0 0<v<t

In order to simplify the notation, set

N P R ]

b= 2(a—1)

l—«a

and notice that 6 > 0.
For any constant &, let 2% (£) and x4 (£) be the largest solutions to the equations h*4(z) = 0 and
h&(x) = 0, respectively, where

S (x) == %a202x2 —a(A=p—-08z—(6+af), ze€R, (6.11)

and 1
h(z) = 592:102 —A=p—-0)z—(r+p), zeR. (6.12)

Let C¥ be the consumption plan which tracks L defined in Theoremand Y X be the corresponding
level of satisfaction. By the necessary characterization of the optimal consumption plan under a single
prior (cf. [5]), the plan C¥ is optimal for the linear problem

v’ = sup E° {/ u(t,YtC)dt] , (6.13)
CeA*(w) 0
where -
AN (w) = {C €X|E" {/ e”dC’t} < w}, (6.14)
0

and E® and E® are the expectations taken under P?, P®, respectively. Besides, proceeding similarly
to [5] (see Equation (38) therein and the following equation for V(CX)) | the expected utility and
expected cost associated with consumption plan C¥ can be explicitly given by

oo (e ot ® 1—z% (b 1o
¢ (n) := E U u(t,YtK)dt] B SRS Lo L TR, g > K (6.15)
0 04(5—&-(16) =% (b) K% < Kﬁ
2T ()1 ) n= )
and
x4 (a) 1
o] ) 1 1 ;r 1— J,+(a) ey
v [ eact| =g T TR e
0 .’E+(a)—1Ka71 — 7” 7’ S Ka—l'

For any n > 0, set

o¢ (n) = E[/ gflu(t,YtK)dt} and o< (n) = E[/ e "tes ch}
0 0
Lemma 6.5 Under the same assumptions of Theorem[6.9, we have

= it (), = swp  ¢E(n).

Erelb’,b],adapted £2¢€a,a’],adapted

Besides, the values are finite.
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Proof. Notice that Y, = e " {nVsupgc, <, (LX)} = e P {nVsupyc,<, K+ exp(0B,—(A—B)v)}.
Applying the Girsanov and Tonelli Theorems, it is easy to check that

s m=-[ 1 <M’”E[ v sup KT expladB, —a(h - Ao >}]

Ot 0<v<t

:/oo 16(5+°‘ﬁ)tE{{7] V sup K7 exp(ablB, —a(A—f3 v+a9/ I ds }
0« 0<v<t
Clearly, for any adapted ¢! taking values between b’ and b, we have ¢(n) < o< (n) < ¢ (n). The
assumption § > ar + ';((‘i:l&); implies that h**(1) < 0. Hence, 2% (b) > 1. Recalling Equation ,
#®(n) is finite.

Then, we calculate 1€ (). Noting that dCEX = Y/Xdt + AV = e Pd(e”Y), a simple
calculation yields that

T T
/ “rtefdek = / e HIE (e Y )
0

:le—rTngz _n / Py d(e= B (6.17)
B B
:le*TTszY ~ i+ )/ el yAdt - L efrt§2552YKdBt.
ﬂ T+T B B t B t-t ~t
Set now w5 [fo -t '5 YKdt] Proceeding similarly to the evaluation of (bfl(n), for any

adapted process 52 taking Values in [a,a’] we have

& () = /0 e rHAE {n V sup Ko7 exp(6B, — (A — B)v + 9/0 ggds)]dt

0<v<t

and therefore ¥ () < ¢¢2(n) < ¥%(n). Calculations analogous to those performed in the proof of
Proposition 5.8 in [14] imply that, for 2 € {a,a’},

1’7;52( ) _ 1 p (52) K oc 1 771 £C+(f ) + n, n > Kﬁ;
=3 e .
+r Ing)ilK(kl, n< Ka-1,

The assumption § > ar + O;((‘i:i))z yields that h%(1) < 0 and h® (1) < 0. Therefore, we have 2 (a) > 1

and 2 (a’) > 1. Hence, the quantity ¢S (1) is positive and finite for any adapted £2 € [a,a’]. Since
by following the steps of the proof of Lemma 4.9 in [5] we can show that

lim e TS VA =0,
T— 00

taking expectation on both sides of (6.17), and letting T" to infinity, we obtain

W& () = (1+ %)W(n) - %

It is now straightforward to see that ¢® (n) < 1/152 (n) < 1*(n), which then completes the proof. m
The results collected so far finally allow us to prove Theorem

Proof of Theorem By Lemma and 6.5, we know that LX is the solution to with
P, =P Py = P%and P Pl(CK) Pe € P2(CK). By Theorem it remains to find an appropriate
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constant K, such that w = ¢?(n), where ¥*(n) is given by (6.16|). By simple calculations it can be
shown that the needed K is given by

(M(ﬁw—i— ))0[71 w> 1.
x4 (a) n ’ = Blz4(a)-1)’

a—

(B(zy(a) — 1)+ (@ ~1y) =  otherwise.

K =
]

6.3 On the portfolio financing the optimal consumption plan

In this section, we will find the portfolio process 7 needed in order to finance the optimal consumption
plan derived in the previous section. For this purpose, let V,*, V; be the present values of the future
consumption C¥ taken under the probability P% and the set of multiple priors P?, respectively; i.e.,

V= E¢ [/t e““)dcﬂ =E; Ut ige““)dcﬂ :

t

o] oo &
V; := esssup ES [/ eT(St)dCf} = esssup E¢ / E—zefr(sft)dC;K .
psep? t PseP? t £y

Lemma 6.6 Recall 9® as in (6.16). One has
Vvt _ V—ta _ e@Btfz\twa(efeBtJr)\tYiK).

Proof. By Equation (6.17), we have

rt e ] YK . YK
‘/;a = 7(ﬁ _;;26 Et |:/ e_rsngsts] - ? = ‘/ta — tf
t t

On the other hand, the Markov property implies that

. Tt oo 1
v :% E, [ / e e {n V sup K7 exp(6B, — (A - /””)} ds]
t t

0<v<s

:(5 ; ) E, [/ 67(”[3)5% {YtK Ve Pt sup Kot exp(6B, — (A — ,B)v)} ds]

0 t t<v<s+t
:(ﬁ;r)Et [/ e_(r'*'ﬁ)‘g% {YtK Ve sup Kot exp(0By4t — (A — ,6’)1))} ds]

0 t 0<v<s

o a
SR moxg, [ [T et S Ly sy K5 ep(0(Bos - B) - (- g fas| |
t SUSS n:YVt
:MegBt—)\tE |:/ e_(T+5)SE;l {,'7 \Vi sup Kﬁ exp(er — ()\ — ﬁ)v)} d5:| B
B 0 0<v<s n=Y/*

1
—0Bi—At (wa(eaBtJr)\t}/tK) 4 ﬂeﬁBmL)\t}/tK) :
where YK = =08y K - All the above analysis yields that V;* = efBt=Mqa(e=0Bi+Aty Ky Then,
following the arguments developed in the proof of Theorem 5.11 in [I4] we conclude that V; = V,*. =
Proposition 6.7 Under the same assumptions of Theorem[6.3, we have

_ Oz (a)

Tt =7 forallt>0. (6.18)
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Proof. It is easy to check that for any ¢ > 0, e 0B+ MY K > K&7. By Lemma and (6.16)),
applying It6’s formula, we find

dV; = 0z (a)V;dB; 4 terms of bounded variation.

Compared with (6.3), the latter gives that the portfolio is actually constant and such that m =
Oxi(a)/o forallt >0. m

Remark 6.8 By Theorem |6.4 and the analysis in Section 4 of [3], the optimal policy C¥ for the
utility mazimization problem (6.7)) is also optimal for the linear problem (6.13)). Hence, the portfolio
process is also such to finance the consumption plan appearing in (6.14) and thus is consistent
with that found in Theorem 4.14 of [3].

Recall that 4 (a) is the largest solution to the equation h®(z) = 0, where h® is defined in (6.12).
We now study the dependence of the portfolio with respect to b — a (measuring somehow the
discrepancy between the beliefs of the agents related to the utility and cost from consumption), the
volatility o, and the parameter of relative risk-aversion 1 — a.

Proposition 6.9 Recall © from (6.18]). On has that:
1. 7 is decreasing with respect to o;
2. m is decreasing with respect to 1 — a;

3. Let 6 := B+ i:rl. Then:

(i) If§ >0, then © is increasing with respect to b — a.
(i) If6 <0 and § — 206 + o1 + Ba(l—a) <0, then then 7 is decreasing with respect to b — a.

1 Ifg <0 and § —2ad + or + fa(l —a) > 0, then 7 is decreasing with respect to b— a when
(i) : 9 P
(b—a)? € (0,—2(1 — «)d) and increasing when (b—a)? € (—2(1 — a)d, (1 — a)@).

Proof. Since it readily follows that 7 is decreasing with respect to o, we move directly on by proving
the second claim of the proposition.
Setting

Fim (-2 20 -1),  I(e) = (i a)

it is easy to check that

Oz (a ‘|‘\/I2 “1‘2 7"‘1'6) (a)v

H'(a) = (1 NiED) I(a) H})>1r'(cu)>o.

From the latter, it follows that 7 is increasing in «, and this proves the second claim.
As for the third claim, recall that § = (b — a)/(1 — «) and notice that

and

9m+(a):1_(19—5+\/(1;a9—g)2+2(r+5) = F(0).

Defining G(0) := 320 — § sunple calculations imply that

VG2(O) +2( r+ﬂ)+G()

Fe)= \/G2 r+B)

G'(0),
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and G'(0) = (1 — «)/2 + 602, Since F’ > 0 if and only if G’ > 0, it follows that the monotonicity of
7 with respect to b — a is the same as the monotonicity of G with respect to . Now, the requirement

0> ar+ (12((?:(2; implies that 0 < 02 < Z(?f_ aar)). We then have the following three cases, completing
the proof.
Case (i). Suppose that 6 > 0. Then, we have G’(#) > 0 for any 6% € (0, i(?l_j;))).

Case (ii). Suppose that 6 < 0 and 6 — 2ad + or + Ba(l — @) < 0. It is easy to check that for
any 62 € (0, 22-21)) G'(9) < 0.

a(l—a

Case (iii). Suppose that 5h< 0 and 6 — 2ad + a?r + Ba(l - a) > 0. By simple calculation, we
have G'(6) < 0 when 6% € (0, 22-) and G/(#) > 0 when 62 € (20 20-ar)y g

T a—1 a—1’ a(l-«

Let us comment on the comparative statics of the optimal portfoli(o. inrst, we obtain the intuitive
result that an increase in volatility o reduces investment in the risky asset. More risk averse agents
also invest less in the risky assets than their less risk-averse counterparts. These results are well in
line with the usual comparative statics in asset pricing models.

Knightian uncertainty and market friction are well described by the difference of the parameters
b — a in our model because these parameters describe the respective worst case models for the agent’s
minimal expected utility and maximal expected cost. Interestingly, it is not always the case that
an increase of this term, i.e. a better expected return for investing in the risky asset, leads to more
exposure in the risky asset. We have to distinguish two cases here. When 5 = B+ % > 0, the
optimal level of satisfaction diverges to infinity (compare also the discussion in [4] in the frictionless
case). In this case, the optimal portfolio is indeed decreasing in market friction. In the opposite
case, we have (1 — )8 < 0 —r. When interest rates r are quite low, impatience ¢ is high, and the
depreciation rate § is low, i.e. the agent enjoys past consumption for a long time, the agent optimally
consumes a lot in early years and thus does not invest for higher future consumption as he enjoys his
past consumption for a long time and as he is relatively impatient. He is thus not interested in the
long-run prospective of higher returns and thus even decreases his investment in the risky asset if the

returns increase.

6.4 Abstention from the asset marekt

We have already seen in Remark [6.3] that the requirement on § imposed in the statement of Theorem
[6.2)is necessary in order to have a well-posed optimization problem. We now want to better understand
the role of the other assumption made within this section; namely, our requirement —x < @’ < a <
b <V < k imposed on the parameters defining the sets of priors P; and Py (cf. and )

Proposition 6.10 Suppose that there exists some probability P such that P € P'NP? and let § > oz7E|.
Then, the optimal consumption plan for the utility mazimization problem (6.7) is deterministic.

Proof. It is easy to check that LE = (Ke(‘s_T)”)ﬁ is the solution to with ¢! = €2 such that
P¢' = P€® = P and Lagrange multiplier M = % Clearly, the consumption plan that tracks such
L% is a deterministic function and hence, the utility and the cost induced by this consumption plan

are deterministic as well. Therefore, we have
inf EP{/ u(t,YtK)dt} :/ u(t, V;¥)dt = EP{/ u(t,YtK)dt},
Pep! 0 0 0

sup EP[ / e~mtdckK| = / e~ mtdck = EP[ / e—”dcf},
PepP2 0 0 0

2
3This condition arise from ours § > ar + Dé(&:l;))

PL NP2 +£ (), we can simply take a = b, thus leading to § > ar.

needed to avoid an ill-posed problem. Indeed, in the case
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which implies that P € P1(CK) N P2(CK). Hence, P is indeed the worst-case scenario for the utility
and cost associated to the deterministic plan C¥.

In the following, we complete the proof by determining the appropriate constant K such that the
induced cost equals to the initial wealth w.

Case 1. Suppose that § < 7+ (1—«)B. In this case, V;X = (e*ﬁtn)\/(Kﬁe%t) = (e Ptn)VLE.
It remains to find K such that the cost fooo e "dCE equals to w, where

a% (I—a)(B+r) a%
© o rtaok _ KT ey B ns K
dC
€ t (1—a)p+r—4 (1—2;[;?1«—5 Ki(l—nr)ﬁir—é K £1
0 TBl—ar) n , N> a—1,

Simple calculations imply that

(+pw) 17! Bu(1—a)+n(r=3) .
[(1—a>(5+r>] ) WZ T pGan
= 7(1—0:16;—7‘—5 o
[7(1ﬁ,wcffgf:15} n 5+, otherwise.

Case 2. Suppose that § > r + (1 — a)B. In this case, VX = e Pt(n Vv LE) = e Pt(nv Kﬁ).
Recalling the dynamics of level of satisfaction , it is easy to check that K = (n+ fw)®~! and the
optimal consumption C* should be such that C} = C§ = w. That is, the agent will consume all his
initial wealth at the original time. m
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Appendix A

In this appendix we introduce the g-expectation and we provide its important properties.

Consider a filtered probability space (2, Fr, (F¢)tejo,7], Po) satisfying the usual conditions of right-
continuity and completeness and on which it is defined a d-dimensional Brownian motion B =
{Bi}tepo,r)- For any terminal value X € L?(Fr), the collection of all Fp-measurable and square-
integrable random variables, consider the following BSDE

T T
YtX:X—i—/ g(s,ZSX)ds—/ zZXdB,, t<T.
t t

By the results in [23], under Assumptions (A1)-(A2) there exists a unique pair of solution (Y X, ZX).
We define the g-conditional expectation for X as

& p[X] =Y/~

For simplicity, we denote £J [X] by £9[X]. The g-expectation coincides with a variational preference
in the following sense (cf. [13]).

Proposition A.1 Suppose that g satisfies (A1)-(A3). For each w € Q, t € [0,T] and 6 € R, let

fw,t,0) := sup (g(w,t,z) — z-06)
z€Rd
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be the conver dual of g. Denote by D, be the collection of all progressively measurable processes
{&}ecio, ) such that

e | ' 5.6)Pds] < .

Let T be a stopping time satisfying 0 <t < 7 < T. For each Fr-measurable and square integrable
random variable X, we have the following representation

€0+ [X] = essinf{E]" [X] + a1, (©)},

where the probability measure P¢ is defined on (0, Fr) through

dp¢ T 1T
— = sdB, — = 2ds),
dP, exp(/o ¢ 2/0 chds)

Eff[-] is the expectation under P¢ conditioned on Fi, and the penalty function is defined as

nr©) = 1] [ 56005

One of the most important properties of the classical conditional expectation is time-consistency,
i.e. the so-called tower property. In fact, this property still holds for the g-conditional expectations.
More precisely, we have the following proposition, whose details can be found in [24] and [10].

Proposition A.2 Suppose that g satisfies (A1)-(A3). The conditional g-expectation satisfies the
following properties:

(1) Strict comparison: if X <Y, then & ;[X] < &/ p[Y]. Furthermore, if Po(X <Y) > 0, then
Elp[X] < E,[YT;

(2) Time consistency: for any 0 < s <t <T, &I L[] p[X]] = & p[X];

(8) Concavity: &/ |- is concave; i.e., for any X,Y € L*(Fr) and A € [0,1], we have ] p[AX +
(1= XY= A& [X] + (1 = NE L [Y];

(4) Fatou’s lemma: Suppose that for anyn € N, £9[X,,] exists and X,, > X (respectively, X,, < X ),
where X € L*(Fr). Then, we have

liminf £9[X,,] > &9]liminf X,,] (respectively, limsup £9[X,,] < E9[limsup X,,]).

n—0o0 n—00 n—00 n—00

If we assume, additionally, that the function ¢ satisfies (A4), it is easy to check that for any
X € L*(Fr,) C L3(Fr,), where T1 < Ty, we also have

Elr [ X] = &1, [X].

In this case, we denote £ ,,[X] by £/[X]. The advantage of using g which satisfies also condition (A4)
lies in the fact that it preserves almost all properties as the classical expectation, with the exception
of linearity.

Proposition A.3 Suppose that g satisfies (A1), (A2) and (A4). The conditional g-expectation sat-
isfies the following:

(1) Translation invariance: if Z € L*(F;), then for all X € L*(Fr), E[X + Z) = E[ X+ Z;
(2) Local property: for an event A € Fy, we have E/[ X1 a4+ Y1ae] =E[X]1a + E YL ac;
(3) Constant preserving: if X € L*(F;), we have EJ[X] = X.
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Appendix B
In this appendix we provide the proof of some technical result needed in the paper.

Lemma B.1 For any bounded progressively measurable processes € and o, and for any constant p > 0,
the random variable exp (p(fOT &yds + fOT 05dBy)) is Po-integrable.

Proof. 1t is easy to check that

T T
E |:€Xp (p(/ O'tdBt +/ ftdt)>:|
0 0
T T T T
=E {exp (/ podBy — / pzafdt) exp (/ pAoldt —|—/ pftdt>}
0 0 0 0
T T 1/2 T T 1/2
< (E [exp (/ 2podB; — %/ (2pat)2dt)}) <E [exp (/ 2p2odt + / 2p§tdt)]>
0 0 0 0

T T 1/2
= (E [exp (/ 2p*odt + / 2p£tdt)} ) < const.,
0 0

where we use the fact that {exp (fot 2posdB, — %fot (2pas)2ds) }eeqo,r) is a martingale by Novikov’s
condition. The proof is then complete.

Proof of Lemma
By the power growth condition and Lemma [31] it is easy to check that

U(0) < U(C) < K/T(l FYE)dt < K(1+C3).
0

Therefore, it suffices to show that the family {C%,C' € Aj(w)} is uniformly Pg-square-integrable. To

accomplish that recall Proposition in [Appendix Al (in particular see the definition of the set D),
and for any p > 2 with ap < 1, by the Holder inequality, we have

e

dPETP [ /dPE Tan | teP
E[CS"] <E|Cro| E|(5e
enzelorg] E(m) ]

where £ € Dy, and [¢] < k. By Lemma E {(ggi) . } < const., and letting ¢ be the convex dual
of h, by Proposition for some K > 0 we have

E[CTjEH = EP*[Cy] < KEP* MT%dot] < K(Eh[/:%dq] +E [/OT é(s,gs)ds]) (B.2)

where, in order to obtain the first inequality, we have used that the interest rate is bounded.
Also, noticing that & € Dy, by Lemma [B:1] it follows that

| [t -off [ e < ({5)) e [ ) <
(B.3)

Feeding the latter back into (B.2) and using (B.1) we conclude that the family {C%,C € Ap(w)} is
p-integrable under Py, thus leading to the desired result.

(B.1)
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Proof of Lemma

By the strong Markov property and a change of variable, we have

0 1 t
E. [/ €§ Oyu (t, s<u12t {LU exp ( — / Bsds) }) Htﬁdt}

0o 2
=ET[ / € =0t ge—P(t=7) ing {Ke(é—r)ve—ﬁ(a—l)(t—v)gigj}dt}

T<v<t 551

0<v<t v+T £l

oo ¢!
:Kﬁe_TTET |:/ 6_(6+a5)t inf {e(5+ﬁ(a—l)—r)v€§2 Citr }dt:|
’ 51}—}-7‘

PR L
T1=E€7 ,X2=E€7

e’} T ,{1
:K,Be”E{ / e~ (Tradt ipf {e“w(al“)”e?f“tl }dt}
0

0<v<t 651751

0<v<t

oo ¢!
=Kpe™"E {/ e~ (0FaBt inf {G(H'B(O‘l)””sf % }dt} 552.
0 =2

Hence, the result follows.

References

1]

2]

Alvarez, O. (1994). A singular stochastic control problem in an unbounded domain. Comm. Partial
Differ. Egs., 19(11-12), 2075-2089.

Bank, P. and El Karoui, N. (2004). A stochastic representation theorem with applications to
optimization and obstacle problems. Ann. Probab., 32, 1030-1067.

Bank, P. and Kauppila, H. (2017). Convez duality for stochastic singular control problems. Ann.
Appl. Probab., 27(1), 485-516.

Bank, P. and Riedel, F. (2000). Non-time additive utility optimization-the case of certainty. J.
Math. Econom., 33, 271-290.

Bank, P. and Riedel, F. (2001). Optimal consumption choice with intertemporal substitution. Ann.
Appl. Probab., 11(3), 750-788.

Benth, F.E., Karlsen, K.H. and Reikvam, K. (2001). Optimal portfolio selection with consump-
tion and nonlinear integro-differential equations with gradient constraint: a viscosity solution
approach. Fin. Stoch., 3, 275-303.

Benth, F.E., Karlsen, K.H. and Reikvam, K. (2001). Optimal portfolio management rules in a
non-Gaussian market with durability and intertemporal substitution. Fin. Stoch., 4, 447-467.

Benth, F.E., Karlsen, K.H. and Reikvam, K. (2001). Portfolio optimization in a Lévy market with
intertemporal substitution and transaction costs. Stochastics, 74(3-4), 517-569.

Chen, Z. and Epstein, L. (2002). Ambiguity, risk and asset returns in continuous time. Econo-
metrica, 70, 1403-1443.

Coquet, F., Hu, Y., Mémin, J. and Peng, S. (2002). Filtration-consistent nonlinear expectations
and related g-expectations. Probab. Theory Relat. Fields, 123, 1-27.

25



[11]

[12]

[13]

[14]

[15]

[16]

17]

[18]

[19]

[20]

[21]

22]

23]

24]

[25]

[26]

Cvitanic, J. and Karatzas, 1. (1993). Hedging contigent claims with constrained portofolios. Ann.
Appl. Probab., 3(3), 652-681.

Englezos, N. and Karatzas, 1. (2009). Utility mazimization with habit formation: dynamic pro-
gramming and stochastic PDEs. SIAM J. Control Optim., 48(2), 481-520.

El Karoui, N., Peng, S. and Quenez, M. (1997). Backward stochastic differential equations in
finance. Math. Financ., 7(1), 1-71.

Ferrari, G., Li, H. and Riedel, F. (2020). A Knightian irreversible investment problem. Preprint.
ArXiv:2003.14359.

Hindy, A., and Huang, C. (1992). Intertemporal preferences for uncertain consumption: a con-
tinuous time approach. Econometrica, 60(4), 781-801.

Hindy, A., Huang, C.-F. (1993). Optimal consumption and portfolio rules with durability and local
substitution. Econometrica, 61, 85-122..

Hindy, A., Huang, C.-F. and Kreps, D. (1992). On intertemporal preference in continuous time:
the case of certainty. J. Math. Econom., 21, 401-440.

Jacod, J. (1979). Calcul Stochastique et Problemes de Martingales. Lecture Notes in Math. 714,
Springer, Berlin.

Kabanov, Y. (1999). Hedging and liquidation under transaction costs in currency markets. Fin.
Stoch., 2, 237-248.

Komlés, J. (1967). A generalization of a problem of Steinhaus. Acta Math. Acad. Sci. Hung., 18,
217-229.

Merton, R.C. (1969). Lifetime portfolio selection under uncertainty: the continuous case. Rev.
Econom. Statist., 51, 247-257.

Merton, R.C. (1971). Optimum consumption and portfolio rules in a continuous-time model. J.
Econom. Theory, 3, 373-413.

Pardoux, E. and Peng, S. (1990). Adapted solution of a backward stochastic differential equation.
Systems Control Lett., 14, 55-61.

Peng, S. (1997). BSDE and related g-expectations, in Pitman Research Notes in Mathematics
Series, No. 364, “Backward Stochastic Differential Equations”, Ed. by N. El Karoui & L. Mazliak,
141-159.

Riedel, F. (2009). Optimal consumption choice with intolerance for declining standard of living.
J. Math. Econom., 45, 449-464.

Watson, J.G. and Scott, J.S. (2014). Ratchet consumption over finite and infinite planning hori-
zons. J. Math. Econom., 54, 84-96.

26



	beispiel
	Ferrari-Li-Riedel(2020)-HHK-11-07
	Introduction
	The Knightian intertemporal utility maximization problem
	Existence and uniqueness of the optimal consumption plan
	Sufficient first-order conditions for optimality
	Some remarks

	Time-consistency and structure of the optimal consumption plan
	Explicit solution in a stationary homogeneous setting
	Setting and main result
	On the proof of Theorem 6.2
	On the portfolio financing the optimal consumption plan
	Abstention from the asset marekt

	 
	 


