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NONLINEAR FILTERING OF PARTIALLY OBSERVED SYSTEMS ARISING IN
SINGULAR STOCHASTIC OPTIMAL CONTROL

ALESSANDRO CALVIA AND GIORGIO FERRARI

ABsTrACT. This paper deals with a nonlinear filtering problem in which a multi-dimensional signal process
is additively affected by a process v whose components have paths of bounded variation. The presence of
the process v prevents from directly applying classical results and novel estimates need to be derived. By
making use of the so-called reference probability measure approach, we derive the Zakai equation satisfied by
the unnormalized filtering process, and then we deduce the corresponding Kushner-Stratonovich equation.
Under the condition that the jump times of the process v do not accumulate over the considered time
horizon, we show that the unnormalized filtering process is the unique solution to the Zakai equation, in
the class of measure-valued processes having a square-integrable density. Our analysis paves the way to the
study of stochastic control problems where a decision maker can exert singular controls in order to adjust
the dynamics of an unobservable Itd-process.

Keywords: Stochastic filtering; singularly controlled systems; reference probability measure; Zakai equa-
tion; Kushner-Stratonovich equation.

AMS 2020: 93E11, 60G35, 60H15, 60J25, 60J76.

1. INTRODUCTION

This paper studies a stochastic filtering problem on a finite time horizon [0,T], T > 0, in which the
dynamics of a multi-dimensional process X = (X¢):e[0,7], called signal or unobserved process, are additively
affected by a process having components of bounded variation. The aim is to estimate the hidden state
X¢, at each time ¢ € [0, 77, using the information provided by a further stochastic process Y = (Y;)icj0.1,
called observed process; said otherwise, we look for the conditional distribution of X; given the available
observation up to time ¢. This leads to derive an evolution equation for the filtering process, which is a
probability measure-valued process satisfying, for any given bounded and measurable function ¢: R™ — R,

() = /Rm o(z) m(dz) = E[p(X;) | Y], telo,T],

where (V;):eo,7) is the natural filtration generated by Y and augmented by P-null sets. The process 7
provides the best estimate (in the usual L? sense) of the signal process X, given the available information
obtained through the process Y.

Stochastic filtering is nowadays a well-established research topic. The literature on the subject is vast and
many different applications have been studied: the reader may find a fairly detailed historical account in the
book by Bain and Crisan [2]. Classic references are the books by Bensoussan [5], Kallianpur [26], Liptser and
Shiryaev [32] (cf. also Brémaud [6, Chapter 4] for stochastic filtering with point process observation); more
recent monographs are, e.g., the aforementioned book by Bain and Crisan [2], Crisan and Rozovskil [15], and
Xiong [37] (see also Cohen and Elliott [13, Chapter 22]). Recently, different cases where the signal and/or
the observation processes can have discontinuous trajectories (as in the present work) have been studied
and explicit filtering equations have been derived: see, for instance, Bandini et al. [4], Calvia [8], Ceci and
Gerardi [11, 12], Ceci and Colaneri [9, 10], Confortola and Fuhrman [14], Grigelionis and Mikulevicius [23].

The main motivation of our analysis stems from the study of singular stochastic control problems under
partial observation. Consider a continuous-time stochastic system whose position or level X; at time ¢ € [0, T
is subject to random disturbances and can be adjusted instantaneously through (cumulative) actions that, as
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functions of time, do not have to be absolutely continuous with respect to Lebesgue measure. In particular,
they may present a Cantor-like component and/or a jump component. The use of such singular control
policies is nowadays common in applications in Economics, Finance, Operations Research, as well as in
Mathematical Biology. Typical examples are, amongst others, (ir)reversible investment choices (e.g., Riedel
and Su [36]), dividends’ payout (e.g., Reppen et al. [35]), inventory management problems (e.g., Harrison
and Taksar [24]), as well as harvesting issues (e.g., Alvarez and Shepp [1]). Suppose also that the decision
maker acting on the system is not able to observe the dynamics of the controlled process X, but she/he can
only follow the evolution of a noisy process Y, whose drift is a function of the signal process. Mathematically,
we assume that the pair (X,Y") is defined on a filtered complete probability space (0, F,F := (F;)seqo,17, P)
and that its dynamics are given, for any t € [0, T], by the following system of SDEs:

{dXt = b(t, Xt) dt + O'(t,Xt) th + dl/t, Xo— ~ g € P(Rm), (1 1)

AY; = h(t, X;) dt + ~(t) dBy, Yy =y e R™

Here: € is a given probability distribution on R™; W and B are two independent F-standard Brownian
motions; coefficients b, o, h,y are suitable measurable functions; v is a cadlag, R™-valued process with
(components of) bounded variation, that is adapted to the previously introduced observation filtration
(Vt)eelo.1)-

Clearly, the decision maker might want to adjust the dynamics of X in order to optimize a given perfor-
mance criterion. Since X is unobservable, this leads to a stochastic optimal control problem under partial
observation, which can be tackled by deriving and studying the so-called separated problem, an equivalent
problem under full information (see, e.g., Bensoussan [5]), where the signal X is formally replaced by its
estimate provided by the filtering process 7. However, to effectively solve the original optimization problem
by means of the separated one, a first necessary step concerns the detailed study of the associated filtering
problem.

To the best of our knowledge, the derivation of explicit filtering equations in the setting described above
has not yet received attention in the literature. In this paper we provide a first contribution in this direction.
Indeed, the recent literature treating singular stochastic control problems under partial observation assumes
that the observed process, rather than the signal one, is additively controlled (cf. Callegaro et al. [7],
De Angelis [16], Décamps and Villeneuve [17], and Federico et al. [22]). Clearly, such a modeling feature
leads to a filtering analysis that is completely different from ours.

By making use of the so-called reference probability measure approach, we derive the Zakai stochastic
partial differential equation (SPDE) satisfied by the so-called unnormalized filtering process, which is a
measure-valued process, associated with the filtering process via a suitable change of probability measure.
Then, we deduce the corresponding evolution equation for 7, namely, the so-called Kushner-Stratonovich
equation or Fujisaki-Kallianpur-Kunita equation. Furthermore, we show that the unnormalized filtering
process is the unique solution to the Zakai equation, in the class of measure-valued processes having a
square-integrable density. The latter result is proved under the technical requirement that the jump times
of the process v affecting X in (1.1) do not accumulate over the considered time-horizon. Although such a
condition clearly poses a restriction on the generality of the model, we also acknowledge that it is typically
satisfied by optimal control processes arising in singular stochastic control problems. It is important to
notice that establishing conditions under which the unnormalized filtering process possesses a density paves
the way to recast the separated problem as a stochastic control problem in a Hilbert space, as we will briefly
explain in the next section.

The rest of the introduction is now devoted to a discussion of our approach and results at a more technical
level.

1.1. Methodology and main results. In this paper we are going to study the filtering problem described
above through the so-called reference probability approach, that we briefly summarize here. To start, let us
notice that the model introduced in (1.1) is somewhat ill-posed. In fact, the dynamics of the signal process
X depend on the (J;);c(o,r)-adapted process v while, simultaneously, the dynamics of the observed process
Y depend on X. Otherwise said, it is not clear how to define v, which has to be given a priori, and circularity
arises if one attempts to introduce the partially observed system (X,Y) as in (1.1).

A possible way out of this impasse is to define Y as a given Gaussian process independent of X (see
(2.2)). In this way, it makes sense to fix a (J;):e[o,7)-adapted process v and to define the dynamics of the
signal process X as in the first SDE of (1.1) (see also (2.8)). Finally, under suitable assumptions, there
exists a probability measure change (cf. (2.12)) that allows us to recover the dynamics of Y as in the second
SDE of (1.1) (see also (2.13)). It is important to notice that the resulting probability depends on the initial
law £ of Xo- and on v.
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To derive the associated Kushner-Stratonovich equation there are two main approaches in the literature:
The Innovations approach and the aforementioned reference probability approach. Although it might be
possible to derive the filtering dynamics in our context by using the former approach, we follow the latter
method.

Our first main results is Theorem 3.4, where we deduce the Zakai equation verified by the unnormalized
filtering process (see (3.3) for its definition). From this result, as a byproduct, we deduce in Theorem 3.6
the Kushner-Stratonovich equation satisfied by the filtering process. It is worth noticing that, given the
presence of the bounded-variation process v in the dynamics of X, Theorem 3.4 cannot be obtained by
invoking classical results, but novel estimates need to be derived (cf. Lemma A.1 and Proposition A.2). In
particular, we employ a change of variable formula for Lebesgue-Stieltjes integrals.

It is clear that in applications, for instance to optimal control problems, establishing uniqueness of the
solution to the Zakai equation or to the Kushner-Stratonovich equation is essential. In the literature there are
several approaches to tackle this problem, most notably the following four: The filtered martingale problem
approach, originally proposed by Kurtz and Ocone [31], and later extended to singular martingale problems
in [29] (see also [28]); the PDE approach, as in the book by Bensoussan [5] (see also [2, Section 4.1]); the
functional analytic approach, introduced by Lucic and Heunis [33] (see also [2, Section 4.2]); the density
approach, studied in Kurtz and Xiong [30] (see also [2, Section 7] and [37]).

The first three methods allow to prove uniqueness of the solution to the Zakai equation in a suitable
class of measure-valued processes. However, they do not guarantee that the unique measure-valued process
solution to the Zakai equation admits a density process, a fact that has an impact on the study of the
separated problem. Indeed, without requiring or establishing conditions guaranteeing existence of such a
density process, the separated problem must be formulated in an appropriate Banach space of measures
and, as a consequence, the Hamilton-Jacobi-Bellman (HJB) equation associated to the separated problem
must be formulated in such a general setting as well. As a matter of fact, only recently some techniques
have been developed to treat this case, predominantly in the theory of mean-field games (an application to
optimal control problems with partial observation is given in [3]).

A more common approach in the literature considers, instead, the density process as the state variable for
the separated problem. If it is possible to show that such a density process is the unique solution of a suitable
SPDE in L?(R™), the so-called Duncan-Mortensen-Zakai equation, then this L2(R™)-valued process can
be equivalently used as state variable in the separated problem. This is particularly convenient, since for
optimal control problems in Hilbert spaces a well-developed theory is available, at least in the regular case
(see, e.g., the monograph by Fabbri et al. [21]). Therefore, in view of possible future applications to singular
optimal control problems under partial observation, we adopted the density approach to prove that, under
suitable assumptions, the unnormalized filtering process is the unique solution to the Zakai equation in the
class of measure-valued processes admitting a density with respect to Lebesgue measure.

We show this result, first, in the case where v is a continuous process (cf. Theorem 4.6) and, then, in the
case where the jump times of v do not accumulate in the time interval [0, 7] (see Theorem 4.7). As we already
observed, although this assumption prevents to achieve full generality, it has a clear interpretation and it is
usually satisfied by the examples considered in the literature. From a technical side, it seems that a direct
approach using the method proposed by [30] is not feasible to treat the case of accumulating jumps, due to
difficulties in estimating crucial quantities in the arguments used, that are related to the jump component
of filtering process. A possible workaround might consists in approximating the process v by cutting away
jumps of size smaller than some § > 0 and then, provided that a suitable tightness property holds, pass to
the limit, as § — 0, in the relevant equations. However, this is a delicate and lengthy reasoning, which is
left for future research.

The rest of this paper is organized as follows. Section 1.2 provides notation used throughout this work.
Section 2 introduces the filtering problem. The Zakai and Kushner-Stratonovich equations are then derived
in Section 3, while the uniqueness of the solution to the Zakai equation is proved in Section 4. Finally,
Appendix A collects the proof of technical results.

1.2. Notation. In this section we collect the main notation used in this work. Throughout the paper the
set N denotes the set of natural integers N ={1,2,...}, Ng = {0,1,...}, and R is the set of real numbers.

For any m x n matrix A = (a;;), the symbol A* denotes its transpose and ||A| is its Frobenius norm;
ie, Al = (X7, X5 af;)'/?. For any ,y € R%, ||z|| denotes the Euclidean norm of z and z -y = z*y
indicates the inner product of z and y. For a fixed Hilbert space H, we denote its inner product by (,-)
and by ||-||f its norm.

The symbol 1+ denotes the indicator function of a set C', while 1 is the constant function equal to 1. The
symbol f; denotes f[a’b] for any —oo < a <b < +o0.
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For any d € N and T" > 0, we denote by Cé’Q([O,T] x R?) the set of real-valued bounded measurable
functions on [0, 7] x RY, that are continuously differentiable once with respect to the first variable and
twice with respect to the second, with bounded derivatives. For any such function, the symbol 9; denotes
the derivative with respect to the first variable, while D, = (y,...,04) and D2 = (ij)ﬁjﬂ denote,
respectively, the gradient and the Hessian matrix with respect to the second variable. Furthermore, we simply
write CZ(RY), when we are considering a real-valued bounded function on R? that is twice continuously
differentiable with bounded derivatives.

For any d € N we indicate by L?(R?) the set of all square-integrable functions with respect to Lebesgue
measure and for all k € N we denote by W2 (R) the Sobolev space of all functions f € L*(R?) such that the
partial derivatives O® exist in the weak sense and are in L2(R?), whenever the multi-index o = (g, ..., aq)
is such that a1 +---+ag < k.

For a fixed metric space E, endowed with the Borel o-algebra, we denote by P(E), M4 (FE), and M(E)
the sets of probability, finite positive, and finite signed measures on E, respectively. If u € M(FE), then
lu| € M4 (F) is the total variation of pu.

For any given cadlag stochastic process Z = (Z;);>o defined on a probability space (2, F,P), we denote
by (Z;-)i>0 the left-continuous version of Z (i.e., Z;- = lim, ;- Zs, P-a.s., for any ¢t > 0), and by AZ; =
Zy — Z,y~ the jump of Z at time ¢ > 0. If Z has finite variation over [0,¢], for all ¢ > 0, | Z| (resp. ZT, Z7) is
the wvariation process (resp. the positive part process, the negative part process) of Z, i.e., the process such
that, for each t € [0,7] and w € Q, |Z|;(w) (resp. Z; (w), Z; (w)) is the total variation (resp. the positive
part, the negative part) of the function s — Zs(w) on [0,¢]. It is useful to remember that Z = Z+ — Z—,
|Z| = Z* + Z~, and that ZT, Z~ are non-decreasing processes.

Finally, with the word measurable we refer to Borel-measurable, unless otherwise specified.

2. MODEL FORMULATION

Let T' > 0 be a given fixed time horizon and (2, F,F := (F;).c[0,17, P) be a complete filtered probability
space, with I satisfying the usual assumptions.

Define on (Q, F,F,P) two independent F-adapted standard Brownian motions W and B, taking values
in R? and R", respectively, with d,n € N. Let then ~: [0,T] — R™*" be a measurable function such that,
for each t € [0, 71, v(t) is symmetric, with v;;(t) € L?([0,T]), for all i,j = 1,...,n, and uniformly positive
definite; that is, there exists 6 > 0 such that for all ¢ € [0,T] and all z € R™

Ytz @ > 0|z, (2.1)

These requirements guarantee in particular that the observed process ¥ = (Yt)te[O’T], defined as

t
Yi=y+ [ (0B, tep.Tyern (22)
0
is an R™-valued F-adapted martingale, of which we take a continuous version. Clearly, it holds
dY; = ~(t)dB;, te€]0,T], Yo =y eR". (2.3)

Remark 2.1. It is not restrictive to require that v is symmetric (and uniformly positive definite). Indeed,
suppose that B is an R¥-valued F-adapted standard Brownian motion and that v: [0,7] — R™** is such
that yy*(t) := ~(¢t)y*(¢) is uniformly positive definite. Then, we can obtain an equivalent model defining
the R™-valued F-adapted standard Brownian motion B = (B;).e[o,) through:
~ . =12 _
dB, = (vy" (1)) *4(H)dB.. te0,T).

In fact, in this case (2.3) becomes:
A, = (v (@®)"?dB,, te[0,T], Yo=yeR",
and clearly (77*(25))1/ % is symmetric (and uniformly positive definite).

We indicate with the symbol Y the completed natural filtration generated by Y, i.e., Y == (¥;)icjo.1),
with ) == {Y;: 0 < s <t} VN, where N is the collection of all P-null sets.

Remark 2.2. Notice that since v is invertible, Y coincides with the completed natural filtration generated
by B and is, therefore, right-continuous. These facts will be useful in the sequel.

Next, we consider a probability distribution £ on R™; measurable functions b: [0,7] x R™ — R™ and
0:[0,T] x R™ — R™*4 with m € N; a Y-adapted, cadlag, R™-valued process v whose components have
paths of finite variation. We introduce the following requirements, that will be in force throughout the paper.
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Assumption 2.1.
(i) There exist constants Cp and Ly such that for all ¢ € [0, T]

|b(t,z) — b(t,z")|| < Lp|jlz — 2’| and ||b(t,0)|| < Cp, Vaz,2’ € R™. (2.4)
(ii) There exist constants C, and L, such that for all ¢ € [0, T
lo(t,z) —o(t,a')|| < Ly||lxz — 2’| and |o(t,0)|] <C,, Vz,2’ € R™. (2.5)
(iii) The probability law & € P(R™) satisfies
/RmeHQf(dx) < +o00. (2.6)

(iv) The R™-valued process v is Y-adapted, cadlag, with vy- = 0. Its components have paths of finite
variation, which in particular satisfy
V'r < K, Vi=1,...,m, (2.7)
for some constant K > 0.
Under Assumption 2.1, for any such v, the following SDE for the signal process X = (X;);c[o,7) admits
a unique strong solution:
dX: =b(t, X¢)dt + o(t, X)) dWi + dvy, ¢t € 0,71, Xo- ~ £ €PR™). (2.8)

It is important to bear in mind, especially in applications to optimal control problems, that the solution
to (2.8) and all the quantities that are related to it depend on the the probability distribution £ and on v.
However, for the ease of exposition, we will not stress this dependence in the sequel.

Remark 2.3. Conditions (2.4) and (2.5) ensure that SDE (2.8) admits a unique strong solution for any v. If
we assume, in addition, that (2.6) and (2.7) hold, then we have that, for some constant x depending on T,
b, o, and v,

E[ sup [ X;%] < w(1+E[|Xo-[’]) < +o0, (2.9)
t€[0,T]

since K[| Xo- ] = [pm[l#]* £(dz). Proofs of these statements are standard and can be found, for instance,
in [13, 34].
We finally arrive to the model we intend to analyze via a change of measure. Let h: [0,7] x R™ — R"
be a measurable function satisfying the following condition, that will stand from now on.
Assumption 2.2. There exists a constant C}, such that for all ¢ € [0, T
Ih(t, z)|| < Ch(1+|z]]), YzreR™ (2.10)

For all ¢ € [0,77] define then:

wm o] [ ont. X0 0B~ § [t ont xR as). (211)

By Proposition A.2; 7 is a (P, F)-martingale, under Assumptions 2.1 and 2.2. Therefore, we can introduce
the probability measure P on (Q, Fr) satisfying

dP
—| = (2.12)
dP |z,
By Girsanov’s Theorem, the process B = (By)sejo,1) given by B, := By — fot v~ 1(s)h(s, Xs)ds, t € [0,T], is
a (P, F)-Brownian motion, and under P the dynamics of the observed process are provided by the SDE:
dY; = h(t, Xy)dt +~(t)dB;, te€][0,T], Yo =y e R™ (2.13)
We see that equations (2.8) and (2.13) are formally equivalent to model (1.1). Observe, however, that
the Brownian motion driving (2.13) is not a source of noise given a priori, but it is obtained through a
probability measure change; moreover, our construction implies that it depends on the initial law £ and on
process v. This formulation is typical in optimal control problems under partial observation (see, e.g., [5,
Chapter 8]) and has the advantage of avoiding the circularity problem discussed in the Introduction.

Remark 2.4. If the partially observed system defined by (2.8) and (2.13) describes the state variables
of a singular optimal control problem, where v is the control process, then condition (2.7) implies that
the singular control is of finite fuel type (see El Karoui and Karatzas [19], Karatzas et al. [27] for early
contributions).
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Remark 2.5. Tt is worth noticing that all the results in this paper remain valid if we allow b to depend also
on w, as long as the map (w,t) — b(w,t,x) is Y-adapted and cadlag, for each z € R™, and condition (2.4)
holds uniformly with respect to w (i.e., L, and Cj do not depend on w). To extend our subsequent results
to this case, it suffices to apply the so-called freezing lemma whenever necessary.

This modeling flexibility is important when it comes to treating controlled dynamics where b is a de-
terministic function, depending on an additional parameter representing the action of a regular control
a = (at)¢efo,1)- Clearly, this control must be cadlag and Y-adapted, i.e., based on the available information.
The measurability requirement above ensures that the map (w,t) — b(t, z, ay(w)) is Y-adapted.

3. THE ZAKAI AND KUSHNER-STRATONOVICH EQUATIONS

In this section we will deduce the Zakai equation satisfied by the unnormalized filtering process, defined
in (3.3). As a byproduct, we will deduce the Kushner-Stratonovich equation satisfied by the filtering process
(see (3.1) for its definition). As anticipated in the Introduction, we will use the reference probability approach
to achieve these results. The reference probability will be precisely PP, under which the observed process is
Gaussian and satisfies (2.2). However, the probability measure that matters from a modelization point of
view is ]T”, which defined in (2.12). Indeed, we will define the filtering process under this measure. It is
important to bear in mind that P and P are equivalent probability measures. Hence, any result holding
P-a.s., holds also P-a.s., and we will write only the first of these two wordings.

The following technical lemma is needed. Its proof is a consequence of the facts highlighted in Remark 2.2
and it is omitted (the reader may refer, for instance, to [2, Prop. 3.15]). In what follows we will denote
Y= Yr.

Lemma 3.1. Let Z be an F;-measurable, P-integrable random variable, t € [0,T]. Then
E[Z [ V] =E[Z | Y].

As previously anticipated, the filtering process m = (m¢).c(o,r] is @ P(R™)-valued process providing the
conditional law of the signal X at each time ¢ € [0,7], given the available observation up to time ¢. It is
defined for any bounded and measurable ¢: [0,7] x R™ — R as:

m(er) = Efp(t, Xy) | V], te[0,T], (3.1)
where ¢, (z) == p(t,x), for any (¢,x) € [0,T] x R™. Since R™ is a complete and separable metric space, 7 is
a well-defined, P(R™)-valued and Y-adapted process.! Moreover, 7 admits a cadlag modification, since X
is cadlag (see, e.g. [2, Cor. 2.26]). Hence, in the sequel we shall consider 7 as a Y-progressively measurable
process.

We recall the useful Kallianpur-Striebel formula, which holds thanks to Proposition A.2 for any bounded
and measurable ¢: [0,7] x R™ — R and for any fixed ¢ € [0, 7] (for a proof see, e.g., [2, Prop. 3.16])

. E[ntSO(t»Xt) | y]
7Tt(g0t) - 5
E[n: | V]
This formula allows us to define the measure-valued process p = (p¢)icjo,7], called unnormalized con-

ditional distribution of X, or wunnormalized filtering process, defined, for any bounded and measurable
©: [0,T] x R™ = R, as:

P-a.s. (3.2)

pi(pe) = Elme(t, X;) | V], te0,T]. (3.3)
Given the properties of m and of 7 it is possible to show (see, e.g., [2, Lemma 3.18]) that p is cadlag and
Y-adapted, hence Y-progressively measurable. Moreover, the Kallianpur-Striebel formula implies that for
any bounded and measurable ¢: [0,7] x R™ — R and for any fixed ¢t € [0,T7:

pe(et)
Wt((pt) = s P—a.s., (34)
pe(1)
where 1: R™ — R is the constant function equal to 1.
To describe the local dynamics of the signal process X, let us introduce the operator A, defined for any

@ € C2([0,T] x R™) as:

1
Ap(t,z) = Dyp(t,z) - b(t,z) + B tr(D2p(t,z) oo™ (t,2)), (t,z) €[0,T] x R™. (3.5)
We can also define the family of operators Ay, ¢t € [0, 7], given by:

Aro(z) = Dyp(x) - b(t, ) + %tr(Digp(w) co*(t,z)), x€R™, e CHR™).

IWithout any particular assumptions on Y, the filtering process is adapted with respect to the right-continuous enlargement
of Y. However, as previously observed, in our model Y is already right-continuous.
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To obtain the Zakai equation we need, first, to write the semimartingale decomposition of the process
(go(t, Xt))te[O )" For any ¢ € C;Q([O,T] x R™) we have, applying Itd’s formula:

t t
o(t, X1) :go(O,XO-)Jr/ [8S+A}@(8,Xs)ds+/ D,o(s, X,-) dvs
0 0
+ 3 [(5,X0) = (s, Xoo) = Daipls, Xom) - Aw]| + MF, t€[0,7]. (3.6)
0<s<t

Here, M} = f(f D.p(t, Xi) o(t, X¢) dWy, t € (0,77, is a square-integrable (P, F)-martingale, thanks to con-
ditions (2.4) and (2.5) (see also Remark 2.3).

We need the following two technical Lemmata. Up to minor modifications, their proofs follow that of [2,
Lemma 3.21].

Lemma 3.2. Let ¥ = (V4);cp0,77 be a real-valued (P, F)-progressively measurable process such that

T
E[/ wids] < +oo.
0

t . t .
]E{/ U, dB) y} :/ E[W, | V]dB., telo,T].
0 0

Then, for any j =1,...,k we have

Lemma 3.3. Let ¥ = (V4);c(0,17 be a real-valued (P, F)-progressively measurable process satisfying®

T
IEJ/ \Ilid(M“’)s} < +o0.
LJO

t
IE[/ U, dME
0

We are now ready to state the main result of this section, namely, to provide the Zakai equation.

Then,

y} -0, telo,T]

Theorem 3.4. Suppose that Assumptions 2.1 and 2.2 are satisfied and, moreover, that
[l ) < 4. (3.7
Rm

Then, for any ¢ € Cz’2([0, T| xR™), the unnormalized conditional distribution p satisfies the Zakai equation:

t

Pt(@t) = 5(900) + /0 Ps([as + As}@s) ds + /0 Ps— (was) dv, + /0 ’Yﬁl(S)PS(@shS) dEs

+ Z [psf (s (- + Avy) — 5 —Dwgas-AVs)}, P-a.s., t€]0,T], (3.8)

0<s<t

where £(po) = [zm ©(0,2)&(dx) and, for all t € [0,T7], hy(-) = h(t,-),
s— (Dzs dvg == s— ai s dV§7
/O pa- (Datps) 2 /O pa- (9ip5)

/0 Y7 (5)ps(shs) dBg = ZZ/O 757 ()ps(0shl) dB.

i=1 j=1
Proof. Fix t € [0,T] and ¢ € Ci’Q([O,T] x R™). Let us introduce the constants
Cyp = suplep(t, z)], G = sup|Dap(t, 2)]), Cg = sup[Dip(t, 2)]l

where the suprema are taken over [0,7] x R™. The proof is organized in several steps.
Step 1. (Approximation) For any fixed £ > 0, define the bounded process n° = (17 ):c[o,17:
e._
nt : 1 i Ent’
where 7 is defined in (2.11). Both n and 7° have continuous trajectories and this fact will be used in what
follows without further mention.

teo,7], (3.9)

2If M is any (P, F)-square integrable martingale, (M) denotes its (P, F)-predictable quadratic variation.
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Applying It6’s formula we obtain

1 ¢ 6772 t n —
€ s —1 2 s -1
= — s)h(s, X ds+/ —_ s)h(s, Xs)dBs.
U 14¢ A (1 +5ns)3 ||7 ( ) ( S)” 0 (1 +5773)27 ( ) ( 9)
Denoting by [, ] the optional quadratic covariation operator, thanks to the integration by parts rule and

recalling (3.6) we get

@(OvXO*)
So(t, X)) = ~2 207/
nie(t, Xt) T+ e

O,X _ t t
= LO) _|_/ n- [85 + .A}(p(s,Xs) ds —|—/ nS-Dyp(s, X, ) dvs
0 0

t t t
+/ M- dw(s,Xs)+/ ¢(87Xs—)dn§+/ d[n®,e(, X)),
0 0 0

14¢

t
0 o [l X) =l X ) = Dals, X, A+ [
0

0<s<t

‘ 577330(57)(5*) -1 2 t nsp(s, Xe-) 1 _

Step 2. (Projection onto Y) Notice that X; = X;— + Ay, P-a.s., ¢t € [0,T], and that, since Yy- = Yo =
{0,9Q}, we have

B0, X0) | %] = [ ¢(0.0)€(de) = (o).

Therefore, taking conditional expectation with respect to ), we have (rearranging some terms)

€(0) y}
d

1+e¢
y] HEUO WV_l(S)h(S7XS)dBS

Elnfo(t, Xe) | V] =

¢
+E {/ n5- [65 + A] (s, Xs)ds
0

t
+E / n5-Dep(s, Xs-) dv
0

E| 3 0ol Ko+ A0) = ol X,) ~ Do, X)) | 9]

0<s<t
Penfo(s, Xo-) 4 2
y] _E{/o WHW (s)h(s, X,)||"ds

We analyze now each of the terms appearing in (3.11). For any bounded Y-measurable Z, thanks to condi-
tions (2.4) and (2.5), there exists a constant C, depending on Z, ¢, ¢, b, and o such that

|Zn5 [0 + Alo(t, Xi)| < C1(1+ (| X4]?), t€0,T],

t
+E / o dMg
LJo

y]. (3.11)

which implies, using the estimate given in (2.9),
t t
IE[/ Znz[0s + Al p(s, Xs) ds] < CE U (1+ 1 Xs]1?) ds] < C\T[1 + k(14 E[|| Xo- 1)) < +oc.
0 0
Therefore, applying the tower rule and Fubini-Tonelli’s theorem,

]E{ZIE{/Otng[ﬁerA]ga(s,Xs)ds yH E{Z/OtE[nj[ﬁerA}go(s,Xs)y]ds ,

whence

E{/O % [0s + Al o(s, X,) ds y] :/0 E[n: [0s + Al (s, Xs) | V] ds. (3.12)

Similarly, for any bounded Y-measurable Z we have that

Zn;D X <% dP ® dt-
1 Zn; Daip(t, Xi-)[| < - < too, ® dt-a.e.

This fact will allow to use Fubini-Tonelli’s theorem in formula (3.13) below. We need to introduce the
changes of time associated to the processes v+ and v>~, i = 1,...,m, defined as

Cht=inf{s > 0: it >}, Cr =inf{s>0: 00" >t}, t>0, i=1,...,m,

where 5% (resp. v>~) denotes the positive part (resp. negative part) process of the i-th component of
process v (see the list of notation in Section 1.2 for a more detailed definition).
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For eacht > 0and ¢ = 1,...,m, C’ZH' and C’Z’_ are Y-stopping times (see, e.g., [18, Chapter VI, Def.
56] or [25, Proposition 1.1.28]). Hence, applying the change of time formula (see, e.g., [18, Chapter VI,
Equation (55.1)] or [25, Equation (1), p. 29]) and Fubini-Tonelli’s theorem, we get

“+o0
l: |: 190(5 Xs- )st y:|:| =E |:/ 1s§tZ77§Dw90(57Xs*) st:|
0
= Z { Lo<: Zn50;0(s, Xy- ) dv ﬂ ZE[/ lsthUiaiQO(S,Xs)dy;’}
= Z { Cz,+§thsci,+6i<p(C;7+7 X(C‘§*+)*)lc;i’+<+oo ds:|

[/ cg’*th”Ec;'v* i‘P(C;’_’X(cgv*)f)lc§**<+oo ds]

+oo
= E
/0 :

m +00
>
m +o0 , m +o00 ]
Y E U 1<t ZE[1E Qip(s, Xo-) | V) dyé’*] > E U 1<t ZE[1 0ip(s, Xo-) | V) dz/;’_]
i=1 0 i=1 0

—+o00 t
= 1sthE[n§Dms&(s,Xs)Iy]dvs] =E[z / E[nti(s,X‘g)wwus], (3.13)
0 0

whence

uMs

c;*thE[TlEc;ﬁ z‘@(Ci’JraX(c;'*)—) | y}10§’+<+oo} ds]
=1

E [102"921[3[7760;** Z"’O(C’é’i’X(C.i’*)—) | y]lc.i”<+oo} ds}

t
E[ [ et xa
0

Next, using (A.4) we obtain

[ [ (2t X ot Xt 5] < S w] [ tmte, x17as] < 4o

hence, by Lemma 3.2 we have:

‘e, X ) 10k v\ qB
]EUO (I +ens)? | (s)h(s, Xs) dBs

y} — [ B Dl Xy | V. (3.14)

(1+ens)

Recalling that |v| < K, P-a.s., and hence |Av| < K, for all t € [0,T] and all i = 1,...,m, P-a.s., for
any bounded Y-measurable Z we have that

} _ /OtE[Wy—l(s)h(s,Xs) ‘ y} dB,. (3.15)

5 B|208 ol X+ &) - (s, X) = Drplo X ) A <

0<s<t

“” > E[llAv)?]

0<s<t
ZC// Z //m //
B s ] EG e o] G
0<s<t i=1

Therefore, using once more Fubini-Tonelli’s theorem

[ZE[ > 0 (s Xae + Avg) = (5, X,-) = Dagpls, X, ) - vy ’y”

0<s<t
{Z 3 E[ns[ (s, X, + Avy) — (S,Xsf)—ngo(s,Xy%AVs} }yH
0<s<t

and hence

]E|: Z ns|: (S X +AV5)—QO(S,XS—)—DIQO(S,XS—)'AZ/S} ‘ y:|
0<s<t
E
<t

[0 [, X 4+ A0) = (s, Xy ) = Dasg(s, X, ) - A | | V], (3.16)

0<s
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Finally, being 7® bounded, Lemma 3.3 entails E[fg ns dME | y} = 0, and, using the same rationale of

the previous evaluations,
tsns (5, Xo- ) 1 2 _ ‘ engp(s, Xo- ), 1 2
| [ SEEE ) gns xPas | Y] = [ E[EEEE K a0

Taking into account (3.12), (3.14), (3.15), (3.16), and (3.17), Equation (3.11) becomes

y] ds.  (3.17)

Blrfo(t. X0 | 9= S22 1 [ Bl [o. + Ali(s, X.) | Vs
y] ds

- / EFW(SX)H “L(s)h(s, X.)|1
o tE{TMS’XS)”yl(S)h(S,Xs) ]z | Bl Dapls Xo) | V] dvs

(1 +eny)?
(1+ens)?
+ Z E[ns{ 8, Xo— + Avg) — (s, X;-) — Da(s, X;-) - Aus} ’ y}. (3.18)
0<s<t

Step 3. (Taking limits) It remains to show that all the terms appearing in (3.18) converge appropriately
to give (3.8). As e — 0, we have that nf — n;, E[nfe(t, X¢) | Y] — pi(e), for all t € [0,T], and

E[T]ts [815 + .A] (P(t, Xt) ‘ y] — Pt ( [8t + At] (Pt), dP ® dt-a.e.
Using boundedness of ¢ and (2.4), (2.5), we get that
E[; [0 + Al o(t, Xe) | VI < CoE[me (1 + | X)) | V], t € [0, T,
for some constant Co, depending on ¢, b, and o. The r.h.s. of this inequality is dP®dt integrable on € x [0, ¢],
since (apply again the tower rule and Fubini-Tonelli’s theorem)

E [/0 Colna(1+ [ X.]2) | V] ds] < CT{1+ 5(1 + B[ Xo- )} < +o0,

where we used (2.9) (which holds also under P because the dynamics of X does not change under this

measure), and the fact that E[||Xo-|2] = E[||Xo- 2] < 4oo.
Using the conditional form of the dominated convergence theorem, we have that, for all ¢ € [0, T7,

E[/Otﬁ[ni[aswLA]w(&Xs)Iy}ds v HE{/OtPs([as-l-As]%)dS

as € — 0, whence, noticing that the integrals are }-measurable random variables,

y], P-a.s.,

t t
/ E[nZ [0s + Al (s, X) | Y] ds — / ps([0s + As]ps) ds, P-as., Vte[0,T].
0 0
We consider, now, the term on the second line of (3.18). We have that, for all ¢ € [0,T7,

eny ot Xe) 4 2
[ 22 1 i, )

] o

as ¢ — 0, and that

enip(t, Xe) 4 2
S 2 1 e, x|

The r.h.s. of the last inequality is dP ® dt¢ integrable on Q x [0, ¢], since

y} < CEf Ot X)) | V).

E [/0 CoElnslv™ (s)h(s, X)[I* | V] dS} < nCpCrCyT(L + w(1 + E[|| Xo- [*])] < +oo,

where we used (A.4), that holds also under P (again, because the dynamics of X does not change under this

measure), and the fact that E[[| Xo-|2] = E[|| Xo-||2] < +oc.
Hence, reasoning as above, after applying the conditional form of the dominated convergence theorem
we obtain that, for all ¢t € [0,7T], as € — 0,

o [endels, X) 1

/]E[S| “H(s)h(s, Xs)| ‘y}ds—>0 P-a.s.
0 (1+ens)?

Looking at the third line of (3.18), the next step is to show that

dB, — )ps(pshs) dBs, P-as.
s B, — [t olpih B P
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The proof of this fact is standard (see, e.g., [2, Theorem 3.24 and Exercise 3.25.i] or [5, Theorem 4.1.1]). It
is important to notice that condition (3.7) intervenes here.
Next, we examine the other integral in the third line of (3.18). We have that

E[n; Dee(t, X-) | V] — p- (Dmsot% P-a.s.,
as € — 0, for all ¢t € [0,T]. Notice that, for any t € [0, T,
IE[n; Dap(t, Xi-) | VI < CLE[m: | V).

Since 7 is non-negative, a Y-optional version of {E[1;<7n; | Y¢]}, is given by the Y-optional projection of
{Lictni} s (see, e.g., [13, Corollary 7.6.8]). Therefore, applying [18, Chapter VI, Theorem 57| and using
Lemma 3.1 we get that for all ¢ € [0,7], and all i = 1,...,m,

[ [ o Vi) = e[ [ e | vt = ] [ nawi] <+,
0 0 0
where finiteness of IEIUOT n: d|v¥|¢] can be established with a reasoning analogous to the proof of (A.10).

Therefore, we can apply the conditional form of the dominated convergence theorem, to obtain that, for all
te€[0,T],as e — 0,

t
y} — ]E{/ Ps— (Dl.gos) dug y], P-a.s.
0

Since the integrals are )-measurable random variables, this implies that, for all ¢ € [0,T], as € — 0,

t
E[ | Bl D, X, | Y
0

t t
/ E[n: Dao(s, Xe-) | V] dvs —)/ Ps— (ngos) dvs, P-as.
0 0
Finally, looking at the fourth line of (3.18), we have that, for all ¢ € [0,T], as € — 0,
A = E[nf [gp(t, Xi- + Avy) — o(t, Xy-) — Dpp(t, Xy-) - Ayt} ‘ y}
— pi- (- + Avy) — o — Dopr - Ary),  P-as.

Observe that, for any ¢ € [0,7], Af is bounded by $CJE[n||Avy||* | V], which is positive and integrable
with respect to the product of measure P and the jump measure associated to v, since:

L L L
E[ > 20;E[ns||Aus||2|y1] 500 2 ElmsllAvl’] = 5CIE | 37 vy - Av,

0<s<t 0<s<t 0<s<t

1 1 < K 3 3 1 1 - k 3
<3¢ ;]E UO 175|Au;|d|ul|5} §C¢K;E i ned|vis| < +o0.
By the conditional form of the dominated convergence theorem, we have that, for all ¢ € [0,T], as € — 0,

E[ Z As y} —>E[ Z ps-(ps(- + Avg) — 5 — Dagps - Avy) )y}, P-a.s.

0<s<t 0<s<t

IN

and since the sums are Y-measurable random variables, this implies that, for all ¢ € [0,T], as € — 0,

ST AT — > pe (s + Av) — go — Dago - Avy),  Paas. 0

0<s<t 0<s<t

Remark 3.1. If the jump times of the process v do not accumulate over [0, 7], then the Zakai equation can
be split into successive linear SPDEs between the jumps of v (i.e., of X). Set Ty = 0, denote by (T}, )nen the
sequence of jump times of v and indicate by v¢ the continuous part of . Then, for any ¢ € 0117’2([07 T] xR™)
and any n € Ny we have P-a.s.

dpi(pr) = pe ([0r+Atlpr)dt + p—(Daspr)dvf + 4 (t)pe(prhe)dBy, tE€[T AT, Try1 AT),
po- (o) = &(wo), (3.19)
pr, (©) = pr, - (@Tn(' + AVTn))'

We are now ready to deduce, from the Zakai equation, the Kushner-Stratonovich equation, i.e., the
equation satisfied by the filtering process m, defined in (3.1). The proof of the following two results follows
essentially the same steps of [2, Lemma 3.29 and Theorem 3.30], up to necessary modifications due to the
present setting (see, also, [5, Lemma 4.3.1 and Theorem 4.3.1]).
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Lemma 3.5. Under the same assumptions of Theorem 8.4, the process (pt(l)) satisfies for all t €

[0, 7]

t€[0,T]

pe(1) = exp {/Ot v (s)ms(hs) dB,s — ;/Otllvl(S)ws(hs)IFdS} , P-as.

Theorem 3.6. Under the same assumptions of Theorem 3.4, the process (ﬂt(go)) satisfies for all

t €[0,T] and all p € C*([0,T) x R™) the Kushner-Stratonovich equation

m(pt) = mo- (o) + /0 WS([as + A5]<,05) ds +/0 Ts— (Dz@s) dvs

te[0,T)

+ /Ot 7_1(5){7(5 (@shs) - Ws(SOS)T"S(hS)} [dES o 7_1(8)7T5(hs) ds]

+ Z [71'37 ((ps(~ + Avg) — ps — Dys - Ays)}, P-a.s. (3.20)

0<s<t
Remark 3.2. It is not difficult to show (see, e.g., [2, Proposition 2.30] or [5, Theorem 4.3.4]), that
I =By —y H(t)m(he), te[0,T],

isa (ﬁ, Y)-Brownian motion, the so-called innovation process. This allows to rewrite the Kushner-Stratonovich
equation in the (perhaps more familiar) form
t

7 (1) = &(po) +/0 778([65 + As}%) ds +/o M= (Dw%) dv,

+/t’yl(8){ﬂ_s(¢shs) _WS(%)Ws(hs)}dIs

0
+ {st (<p5(~ + Avg) — s — Dy - AI/S)}, P-as.,, te€]0,T].
0<s<t
Notice, however, that in this setting the innovation process is not a Brownian motion given a priori, because
it depends (through the density process 7, and hence through X), on the initial law £ of the signal process
and on process v.

Remark 3.3. Similarly to what stated in Remark 3.1, if the jump times of the process v do not accumulate
over [0, T, then the Kushner-Stratonovich equation can be split into successive nonlinear SPDEs between the
jumps of v (i.e., of X). Using the same notation of the aforementioned Remark, for any ¢ € Cé’Q([O, T]xR™)
and any n € Ny we have P-a.s.

dmy(¢) = 7 ([0 + At]e) dt + 74— (Daipr) dvf
n yfl(t){m (orhy) — m(@t)m(ht)} [dB, — v (t)m(he)dt], t € [TuAT, Ty AT),

mo- (o) = &(¢o),
mr, (¢) = 77, - (¢r, (- + Avr,)).

(3.21)

4. UNIQUENESS OF THE SOLUTION TO THE ZAKAI EQUATION

In this section we will address the issue of uniqueness of the solution to the Zakai equation (3.8), under
the requirement that the jump times of the process v do not accumulate over [0, T]. Proving uniqueness is
essential to characterize completely the unnormalized filtering process p, defined in (3.3), and is crucial in
applications, e.g., in optimal control. Indeed, having ensured that (3.8) (or, equivalently, (3.20)) uniquely
characterizes the conditional distribution of the signal given the observation, the filtering process can be
employed as a state variable to solve the related separated optimal control problem (cf. [5]).

We follow the approach in [30] (see, also, [2, Chapter 7] and [37, Chapter 6]). The idea is to recast the
measure-valued Zakai equation into an SPDE in the Hilbert space H := L?(R™) and, therefore, to look for
a density of p in this space. To accomplish that, we will smooth solutions to (3.8) using the heat kernel,
and we will then use estimates in L?(R™) in order to deduce the desired result. An important role in the
subsequent analysis is played by the following lemma, whose proof can be found, e.g., in [2, Solution to
Exercise 7.2].

Lemma 4.1. Let {ogtren be an orthonormal basis of H such that o € Cp(R™) for any k € N, and let
w € M(R™) be a finite measure. If

D uler)]? < +oo,

keN
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then p is absolutely continuous with respect to Lebesgue measure on R™ and its density is square-integrable.

Let 1. be the heat kernel, i.e., the function defined for each € > 0 as
1 ll])?

Ye(x) = We_ 2=, xeR™,

and for any Borel-measurable and bounded f and € > 0 define the operator
/ Ye(z —y) fy) dy, x € R™.
We also define the operator T, : M(R™) — M(R™) given by
Top(f) = (T f) = / / vele = udr)dy = [ 1) Tnly) do

=Tep(y)

The equalities above imply that for any u € M(R™) the measure T.p always possesses a density with
respect to Lebesgue measure, that we will still denote by 7. u.

Remark 4.1. It is important to notice that, by [2, Exercise 7.3, point ii.|, T.p € WZ(R™), for any p € M(R™),
€>0,and k € N.

Further properties of these operators that will be used in the sequel are listed in the following Lemma
(for its proof see, e.g., [2, Solution to Exercise 7.3] and [37, Lemma 6.7, Lemma 6.8]).

Lemma 4.2. For any p € M(R™), h € H, and £ > 0 we have that:
i ||Toclplllg < || T:|pll| g, where |u| denotes the total variation measure of u;
i | Tehll < |\hllm;
iti. (Tep, h) = p(Toh);
w. If, in addition, O;h € H, i = 1,...,m, then 0;T-h = T.0;h (with the partial derivative understood
in the weak sense).
v. If o € CLHR™), then 0;Tep = T-(0;p).

In this section we will work under the following hypotheses, in addition to Assumptions 2.1 and 2.2,
concerning coefficients b, o and h appearing in SDEs (2.8) and (2.13). In what follows we will use the
shorter notation

1
a(t,x) = 500*(7?,3:), te[0,T], x € R™. (4.1)
Assumption 4.1. There exist constants K, K,, Ky, such that, forall ¢, =1,...,m,all £ =1,...,n, all
t €10,7], and all x € R™,
|b1(t,$)‘ < Kbv |aij(t7$)‘ < KU? |hl(t7x)| < Kh'

In the next section, we obtain the uniqueness result for the solution to the Zakai equation when the
process v has continuous paths. This will be then exploited in Section 4.2 in order to obtain the uniqueness
claim when v has jump times that do not accumulate over [0, T7.

4.1. The case in which v has continuous paths. We start our analysis with the following Lemma,
which will play a fundamental role in the sequel. Its proof can be found in Appendix A.

Lemma 4.3. Suppose that Assumption 4.1 holds. Let ( = ((t)iepo,) be a Y-adapted, cadlag, M (R™)-
valued solution of (3.8), with {y- =& € P(R™). If v is continuous, then for any e > 0

E[ sup [|T:¢-|1%] < +oo.
t€[0,T]

The next result is a useful estimate.

Proposition 4.4. Suppose that Assumption 4.1 holds. Let ( = ((t)efo,r) be a Y-adapted, cadlag, M(R™)-
valued solution of (3.8), with (o- = £ € P(R™). Define the process

Ay —t+Z|y i, tel0,T). (4.2)

If v is continuous and if, for any € > 0, E[supte[O,T]HTsmf %] < +o0, then there exists a constant M > 0
such that, for each e > 0 and all F-stopping times 7 < t, t € [0 T,

ETCo- 5] < 1 T=Co- 11 + M/ E[||T¢[¢]s- %] dA (4.3)
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Proof. To ease notations, for any £ > 0 denote by Z¢ the process Z; := T.(;, t > 0. Fix ¢ > 0 and consider
an orthonormal basis {4y }ren of H such that ¢, € C3(R™), for any k € N. Writing the Zakai equation for

the function T,y (recall that v is continuous by assumption) we get:
t

C(Tepr) = E(Ter) + / Co(ATopr) ds + / (- (DaTogr) dvs + / $)Cu(Toprhs) By, (4.4)

0
for all ¢ € [0,T]. Notice that, for any ¢ € CZ(R™) and any ¢ € [0,7], we can write:

m

App(x Zb (t,z)0ip(x Z a;;(t, z)0i0(x), xe€R™,
3,j=1
where a is the function defined in (4.1). For any i,7 = 1,...,m, £ =1,...,n, and t € [0,7T], we define the
random measures on R"":

biGi(da) = bi(t, 2)¢(dx),  a G (dw) = ay(t,2)Ci(dw),  YhiG(dz) pr hp(t, )G (dx).

These measures are P-almost surely finite, for any ¢ € [0, 7], thanks to Assumptlon 4.1 and to (A.3) (see
also (A.19) for the last measure).
Applying Lemma 4.2 and the integration by parts formula we get:

G (ATor) Z / (L) Tp () () + 3 [ ast0)05 7o) Gldo)

i,j=1

/ t x T@igak Ct diU Z / azy t x Tazj<pk( )Ct(dm)

7,7=1
= Z by G (T k) + Z af’ G(T:0ij0n)
i=1 i,j=1
=Y (T3, Ospr) + D (Tela’ ), Bijon) = > {0k 0 Te(a’ G)) — > {or, OT=(biC1)).-
i=1 i,j=1 i,j=1 i=1

In a similar way, we obtain (; (64T5¢k) = —{(pk, 0;T-(;), and
Z%J E(pkht) = <¢k7T€(7hiCt)>7 =10

Putting together all these facts, we can rewrite (4.4) as

<§DkaZt> ‘kaza Z/ SokvawT Cs ds—Z/ (kaaT bgs»

3,j=1

- Z/ <@k»6iT€Cs—>dV§ +Z/ <§0k7TE(’7hi<s)> dﬁ; ]P’—a.s., te [OvT]
i=1"0 i=1"0

Applying It6’s formula we get that, for all ¢ € [0, T], P-a.s.,

<(Pk7Z > (PImZE + Z / (le @k,aij( Cs)> ds

i,j=1

_Z/ (p]“ gpk,aT (b Cs) dS+Z/ ok, T '7h Cs)>
—Z/ (or, Z5-) oy O TC ) dv +Z/ (@rs Z5) (prs T (vhiC,)) A B,

Using Assumption 4.1 and (A.3), it is possible to show that the stochastic integral with respect to
Brownian motion B is a P-martingale. By the optional sampling theorem, this stochastic integral has zero
expectation even when evaluated at any bounded stopping time. Therefore, picking an F-stopping time
7 < t, for arbitrary ¢ € [0, 7], summing over k up to N € N, and taking the expectation, by Fatou’s lemma

we have that
N

N
E (125 1] = jim m > (o 92| < it B[S o 2502 <1251

k=1
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m r— N
. ij
+1}\Irli>1§lof{zz ]E[/ ZQ iy Z5) (@, 05T (a Cs)>d3]

g=1 0 k=1
éE[/OTéQQOk, Yo, ;T (b1¢)) d ] é {/{:iw;ﬂ, (Yhics))2d
zm:E{/OTiQSOk, ){on, 0iTe(s-) d ]}’ (4.5)
i=1 k=1

N
where we used the fact that, since Z5_ € H, hm > (en, Z5-)? = || Z5_ ||3;- More generally, since Zf € H,

N—oo k=1

for all ¢ € [0,T], P-a.s. (cf. Remark 4.1), we have that

N 00
S o 2002 < S low 26 = 12513, te (0,7 (4.6)
k=1 k=1

We want now to estimate the quantities appearing inside the limit inferior, in order to exchange the limit
and the integrals in (4.5). First of all, let us notice that, thanks to Assumption 4.1, the following estimates
hold P-a.s., forall 4,5 =1,...,m,all £=1,... ,n,and all t € [0,T7]:

1055 T=(a” )1 < K| TelCel s 18: T (3¢ 17 < Kol Te[Ce 7

ITe (VR < KslITelCe | Z 10 T=Cell7r < Kal| T2 IC el
where K1 = K;(g,m,0), Ko = Ka(e,m,b), K3 = K3(n, h,7), Ky = K4(e,m). They can be proved following
a reasoning analogous to that of [2, Lemma 7.5] (see also [37, Chapter 6]).

Recalling that 2|ab| < a? + b2, for all a,b € R, using the estimates provided above, Lemma 4.2, and (4.6),
we get that, for all N e Ny alli,5=1,...,m, and all s € [0,T],

N N
s<‘rz:2 @k? QDk,a”T Z Qolm 2+Z ‘pkaang )>2
k=1 k=1
< IIZEIIH 1103 T= (0 G < (L + K Tey21¢s 13-
With analogous computations, we get, for all i = 1,...,m, all N € N, and all s € [0, T],
N .
Locr 3 2000, Z2) (o0, OTL(B6)) < (1+ K2) |1 lco I,
k=1
N
1er Z 2<50k» Z§—><50k7 aiTsCs—> < (1 + K4)”Te/2|<|5”%{7
k=1
and, for all N € N and all s € [0,77,
n N

le<TZ @vaE('yhéCS»Q < nK?)HTEKlsH?{
k=1

The terms appearing on the r.h.s. of these estimates are dt ® dP- and d|v*|; ® dP-integrable on [0,7] x €,
for all : = 1,...,m, since, for any € > 0,

T
E / 1Tl ds

T
E / 1715017 dWs] < KE[ sup ||T:[¢s]l7] < +oo.
0 s€1[0,T

< TE[ sup ||TE|<|6||%{] < +o0,
s€[0,T)

Therefore, by the dominated convergence theorem, we can pass to the limit in (4.5), as N — oo,

B(12:-15) <1231+ 30 8| [ 2z 0unaenas| - ZE[/ 22, DT (b)) ds

ij=1

+ZE[ [ imenicaas] -3 g [ T<Z§,aiT€<s>du;j] (17)

i=1
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We finally get the claim, bounding the terms on the r.h.s. of (4.7) by using the following results: for the
second one, apply [37, Lemma 6.11]; for the third and the last one, apply [37, Lemma 6.10]; for the fourth
one, use the fact that the constant K3 above does not depend on . g

Proposition 4.4 allows to deduce that any M, (R™)-valued solution of the Zakai equation (3.8) admits a
density with respect to Lebesgue measure.

Proposition 4.5. Suppose that Assumption 4.1 holds. Let = (C¢)iejo,1) be a Y-adapted, cadlag, M (R™)-
valued solution of (3.8), with (o- = & € P(R™). If v is continuous and if £ admits a square-integrable density
with respect to Lebesque measure on R™, then there exists an H-valued process Z = (Z)iejo,r) such that,

for all t € [0,T],
¢i(da) = Zy(x)dz, P-a.s.
Moreover, Z is Y-adapted, continuous, and satisfies E[||Z||%] < +oo, for all t € [0,T).

Proof. As a consequence of Lemma 4.3, the assumptions of Proposition 4.4 hold and we have that for each
€ > 0 and all F-stopping times 7 < ¢, t € [0, 7],

BTG 3] < ITo- I + 01 [ BTG a4

Therefore, we can apply Lemma A.1 and get that, for all ¢ € [0, 7],
EI TG 15 = BIITeCo %) < 1T-Co- [[7e™ T+, (4.8)

where we used the fact that ¢ is continuous, since v is, and that 4; < Ap < T + mK, for all ¢t € [0,T].
Notice that, denoting by Z,- the density of £ with respect to Lebesgue measure on R™,

T-Co-(y) = - Ye(z —y)&(dz) = - Ve(x —y) Zo- (x)dx = T-Zy-(y), y€R™.

By point ii. of Lemma 4.2 and since the constants appearing in (4.8) do not depend on ¢, we get

SUp B[ ToGillf] < 1 Z0- e+, t e [0,7],
£

Taking, as in the Proof of Proposition 4.4, an orthonormal basis {¢y }xen of H such that ¢, € CZ(R™), for
any k € N, the dominated convergence theorem entails that, for all £ € N,

tin(T.Gop) =t [ { [ o= aanf an = [ ool = e

—0

Applying Fatou’s Lemma we get that, for all ¢ € [0, T,

E|D Glen)?| = > (T, on) ]
k=1 k=1

= S‘;gEHITectH%I] < ||ZO, ||HeM<T+mK> < +o0, (4.9)
1>

Z hm TG on)?| < hmme

and hence, from Lemma 4.1 we deduce that, P-a.s., (; is absolutely continuous with respect to Lebesgue
measure on R™, for all ¢ € [0,T]. Moreover, its density process Z = (Z;)¢cjo,r] takes values in H and, by
standard results, is Y- adapted and continuous (because v is).

Finally, since (:(or) = [pm wr(2)Zi(x) dz = (pr, Zy), for all k € N, and all ¢ € [0,T], we get

Z or, Z1)?| =E lz Celpn)?
k=1 k=1

We are now ready to state our first uniqueness result for the solution to the Zakai equation, in the case
where v is continuous.

E[||Z:||%] = < 400, te€][0,T]. O

Theorem 4.6. Suppose that Assumptions 2.1, 2.2, 4.1, and (3.7) hold. If v is continuous and if £ € P(R™)
admits a square-integrable density with respect to Lebesgue measure on R™, then the unnormalized filtering
process p, defined in (3.3), is the unique Y-adapted, continuous, M (R™)-valued solution to the Zakai
equation (3.8).

Moreover, there exists a Y-adapted, continuous, H-valued process p = (pi)icjo,r) satisfying, for all t €
[0, T, E[||p:||%] < +o0 and pi(dz) = pi(z)dz, P-a.s.
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Proof. Clearly, the unnormalized filtering process p, defined in (3.3), is a Y-adapted, continuous (since v
is), My (R™)-valued solution to (3.8). Therefore, the second part of the statement follows directly from
Proposition 4.5.

Uniqueness can be established as follows. Let ¢(V), ¢ be two Y-adapted, cadlag, M (R™)-valued solu-
tions to (3.8). Define ¢ := ¢ — ¢ € M(R™) and let Z := Z() — Z(2) ¢ H be its density process, where
ZMW and Z® are the density processes of ((!) and ¢(?), respectively, which exist thanks to Proposition 4.5.

Standard facts from measure theory show that, for all non-negative, bounded, measurable functions
w: R™ — R and all ¢ € [0,77], |¢|:(¢) < Ct(l)(cp) + Ct(z)(go). From this fact, applying Lemma 4.3 we deduce
that

E[ sup |[T-|Cl-|13] < 25 sup |T¢;23] + 2B sup IT.G2[F] < +oo.
te[0,T] tel0, T te[0,T]

Therefore, from Proposition 4.4 we get that for all € > 0 and all F-stopping times 7 < ¢, t € [0,T],

BTG5 <M [ BTG50

where A is defined in (4.2). An application of the dominated convergence theorem shows that || T.((|;- |3 —
| Z:||%, as e — 0, for all ¢ € [0, T], and hence, by Fatou’s lemma

E[|Z:]17] = E{lim || Te¢-~ [|7] < lim inf B[|| ¢, [|7]

T

<liminf M [ E[|TLcl,- 5] dA, = M / E[|Z,- %] dA
€ 0

Finally, Proposition 4.5 ensures that
B[l Z- 3] < 2E[1 2213 + 2E(1 2213 < +oo, for all ¢ € [0, T,

This allows us to use Lemma A.1 to get that, for all ¢t € [0,T], E[|Z;- |%] = E[||Z:]|%] = 0, whence we
obtain || Z;]|%; = 0, P-a.s., and therefore uniqueness of the solution to the Zakai equation. O

4.2. The case in which the jump times of v do not accumulate. Exploiting the recursive structure
of (3.19), we can prove uniqueness of the solution to the Zakai equation (3.8), also in the case where the
jump times of v do not accumulate.

Theorem 4.7. Suppose that Assumptions 2.1, 2.2, 4.1, and (3.7) hold. If the jump times of v do not
accumulate over [0, T] and if £ € P(R™) admits a square-integrable density with respect to Lebesgue measure
on R™, then the unnormalized filtering process p, defined in (3.3), is the unique Y-adapted, cadlag, M (R™)-
valued solution to the Zakai equation (3.8).

Moreover, there exists a Y-adapted, cadlag, H-valued process p = (pt)iepo,1) satisfying, for all t € [0,T7,
E[|lp]|%] < +o0 and pi(dx) = p(x)dz, P-a.s.

Proof. Let us denote by p the unnormalized filtering process associated with the initial law £ and process v,
and by po- the density of £ with respect to Lebesgue measure on R™. Let Ty = 0 and define the sequence
of jump times of v

T, =inf{t > Tp_1: Ay #0}, neN,

with the usual convention inf ) = +oo. Recall that also Ty can be a jump time of v. Moreover, since the jump
times of v do not accumulate over [0,T], we have that T,, < T, 41, P-a.s., and T,, < 400 = T), < T11,
for all n € Ny.

We start noticing that the formula pr,, (¢) = pr, - (o1, (- + Avr,)), n € Ny, appearing in (3.19) holds for
all ¢ € Cp(R™). Indeed, continuity of the observation filtration Y implies that

IE[SD(XT,;) | Yr,] = IE[SD(XT,;) | yT;] = M- (¢)-
Using continuity of process 7, Kallianpur-Striebel formula (3.2), and the freezing lemma, we get
pr. () = Blp(X1,) | Y1) Elur, | V] = Elp(Xp + Avr,) | V5, E[ng- | V)
= Tp- (p(-+ AVTn))E[nT; | y] = PT;( -+ AVT,L));

for all p € Cp(R™) and all n € Ny. This, in turn, entails that if pr- admits a density p,— with respect to
Lebesgue measure, then

/ () pr, (dz) = pp—(p(- + Avr,)) = /

(@ + Avp, )y () dz = / (@) (& — Avr,) dr.

m m
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Therefore, since C,(R™) is a separating set (see, e.g., [20, Chapter 3, Section 4]), we have the equivalence
of measures pr, (dz) and pp-(z — Avy, ) dz, implying that pr, admits density with respect to Lebesgue
measure on R™, given by p;— (- — Avr,).

We can now use the recursive structure of (3.19) to get the claim. Define the process

Z/t(l) = Vt1t<T1 + v, 1t2T1a t e [O,T],

and the random measure ¢ (dz) = po- (z — Avp)dx, on R™. Consider, for all p € CZ(R™), the Zakai
equation

P () = £0(p) + /0 oV ([0, + Al)p) ds

t t
+/ pV (D) du§1>+/ v L(8)pM (phy) dB,s, P-as., te0,T]. (4.10)
0 0

Since v(1) satisfies point (iv) of Assumption 2.1, we have that (4.10) is the Zakai equation for the filtering
problem of the partially observed system (2.8)—(2.13), with initial law £() and process (1), which is contin-
uous on [0, T'|. Therefore, by Theorem 4.6, p) is its unique solution and admits a density p*) with respect

to Lebesgue measure on R™, with E[Hpgl)H%{] < 400, for each t € [0,T]. It is clear that, since v, = z/t(l) on

{t < T1}, we have that p;, = pgl) on the same set, and hence p; admits density pgl) on {t < T1}.

Next, let us define the process

2
1/,5( ) = viyr Licr,—m + v, lism—m, t€[0,T],

and the random measure ¢ (dz) = pr-(z — Avry)dz, on R™. Consider, for all ¢ € C3(R™), the Zakai
equation

t
P () = P (p) + /O P2 ([0s + Asir, | p) ds

t t
+ [ o2 0) 4 [ + 1o (phusr) By, Pas, t€ 0.7) (@11
0 0

Since v(?) satisfies point (iv) of Assumption 2.1, we have that (4.11) is the Zakai equation for the filter-
ing problem of the partially observed system (2.8)—(2.13), with initial law £®) and process v(?), which is
continuous on [0, T]. Therefore, by Theorem 4.6, p(?) is its unique solution and admits a density p(?) with
respect to Lebesgue measure on R™, with E[HpEQ)HiI] < 400, for each ¢t € [0,T]. It is clear that, since
v = yt(i)Tl on {T7 <t < Ty}, we have that p; = pEQ_)Tl on the same set, and hence p; admits density pEQ_)Tl
on {Tl <t< T2}

Continuing in this manner, we construct a sequence of solutions (p(™),cn and corresponding density
processes (p("))neN. We deduce that the unnormalized filtering process is represented by

oo
Pt = ZP&)T,JT,HSKT,H t € 10,77,

n=1

and hence is the unique Y-adapted, cadlag, M (R™)-valued solution to the Zakai equation (3.8), admitting
a Y-adapted, cadlag, H-valued density process p, given by

Pt = ZPE@T,}TH,ISKTM te[0,T].
n=1

The fact that E[||p;||%] < +oo, for all t € [0, T], follows from the analogous property for each of the processes
(n)
p\™,neN. O

APPENDIX A. TECHINCAL RESULTS

Let us recall that if A (defined on a given filtered complete probability space) is a cadlag, adapted, non-
negative process, with Ag- = 0, and H is an optional process, satisfying fJ|HS\ dAs < 400, for all t > 0,
P-a.s., then for any stopping time 7 we have that

T “+o0
/ HS dAS = H818<T dAS
0 0
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Lemma A.1. Let (Q, F,F,P) be a given filtered complete probability space, fix T > 0, and let A and H be
two cadlag, F-adapted real-valued processes. Suppose that A is non-decreasing, with Ag- = 0 and Apr < K,
P-a.s., for some constant K > 0, and that H satisfies one of the following:

a. Elsupycpo 1y [Hi-[] < +o0;
b. H is non-negative and such that E[H;-] < 400, for all t € [0,T].

Assume, moreover, that for any F-stopping time 7 < T we have

E[H-]<M+E / H,- dA; (A1)
0
for some constant M. Then E[Hp-] < MeX
Proof. The following reasoning is inspired by the proof of [25, Lemma IX.6.3]. Let us define
Ay = Adyer + Kli>7, t2>0.
A is still a cadlag, F-adapted and non-decreasing process, with Ay- = 0. Moreover, for any stopping time
7 < T, random measures 1,., dAs and 1,., dA, agree, therefore (A.1) implies
EH, ]<M+E / H, dA, (A.2)
0

Next, define Cy := inf{s > 0: A, > t}, t > 0, which (see, e.g., [18, Chapter VI, Def. 56] or L25, Proposi-
tion I1.1.28]) is an F-stopping time for all ¢ > 0, satisfying C; < T, thanks to the definition of A.
We now fix t € [0, K]. Using (A.2), we get

+oo —+o0

H, 1,.c, dfls} = M—HE[ Hioy-1o,<c, dul .

]E[H(Ct)—} <M+E |:
0

0

Since C' is a non-decreasing process, we have that {C, < C:} C {u < t}, and hence 1¢,<c, < Ly<t.
Therefore

t
]E[H(Ct)f} < M+E |:/ H(Cu)* du] .
0

If H satisfies condition b. we can directly apply Fubini-Tonelli’s theorem as below. If, instead, condition a.
holds, since C,, < T and, for each fixed w € 2, the image of the map u — C,(w) is a subset of [0,T], we
have that sup,cjo k) [H(c,)- | < sup,epo,y [Hs-1, s0

t
E {/ |H(Cu)_|du} < KE[ sup |H,-|] < +o0.
0 s€[0,T]

Therefore, we can apply Fubini-Tonelli’s theorem and get
t
E[H(Ct)f] S M+/ E[H(Cu)f]du,
0
whence we obtain, from the usual Gronwall’s lemma, E[H(¢,)-] < Met. Thanks to the definition of A, we
have that C'x = T and the claim follows letting ¢ = K in the last inequality. O
Proposition A.2. Under Assumptions 2.1 and 2.2, the process n, defined in (2.11), is a (P, F)-martingale.

Proof. Let us notice, first, a fact that will be useful in this proof. It can be easily shown that condition (2.1)
implies, for some constant C.,

Iyt <y, Ve[0T, (A.3)
Let us define, for all ¢ € [0, 7],
t
Z, ::/ v~ (s)h(s, X,) dB,.
0

Thanks to condition (2.10) and using (A.3) and (2.9), we easily get

T
/ Iy~ (8)h(s, Xo) |2 ds | < nE / Iy )Pl (s, X[ ds

T
< nCuC,E / (1+ 1X,]%) ds| < nChC,TIL + k(1 + E[| X0 |7])] < +oc. (A.4)
0
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Therefore, Z is an (F,P)-martingale, and hence 7, which is the Doléans-Dade exponential of Z, is a non-
negative local (F,P)-martingale (see, e.g., [13, Lemma 15.3.2]). Thus, to prove the claim it is enough to show
that E[n,] = 1 for all ¢t € [0,T].

We start proving, first, that E[n]|X,-||?] < C, for all ¢ € [0,T], where C is an appropriately chosen
constant. For the sake of brevity, let us write by = b(s, Xy), 05 = o(s, X;s), and hs = h(s, X;). Applying
Ito’s formula we get

t t
12 = [ Xoo | + / [2X7 b, + [|o]2] ds +2 / X" o, dWV,
0

+z/x vy + 3 1K = X | = 2X, - Avg,

0<s<t

and using the integration by parts rule we have

¢ t
nel| Xel1? = | Xo- |17 +/ [277st:, bs + 15— ||USH2} ds + 2/ Ns- X3 0 dW;
0 0

t t
4 / X Py (s)he B, +2 / ne X, dv,
0 0

+ 3 e {IXl? = 1Xe- P - 2X,- - A},

0<s<t
Therefore, for any fixed € > 0, we obtain

77::||X:5H2 _ ||X0—H2 +/t Ts—
o |

Lten| X2 1+ Xo- |2 1+ en- || X,-[7]

5 [2X7 b, + ||os|?] ds

¢ en?_
- s X0 + X Pl ()hel?] ds
| iraiee | ” I
t t
2ng- 20
n / X, dvf + / X* oy AW,
T e X TP T e %P

t 2 2 2

15— | X || { s || X ]| M- 1| Xs- || }

+/ s)hsdBs + > - : (A.5)
o M +en- X727 oSt (L ens [ XllP 1+ ene || X |2

where v° denotes the continuous part of the process v.

With standard estimates (see, e.g., [2, Solution to Exercise 3.11]) it is possible to show that the stochastic
integrals with respect to Brownian motions W and B are (F,P)-martingales. This implies, thanks to the
optional sampling theorem, that these stochastic integrals have zero expectation even when evaluated at
any bounded stopping time. Fixing a F-stopping time 7 < ¢, for arbitrary ¢ € [0, T], taking the expectation
and noticing that the third term in (A.5) is non-negative, we get

2 2
E{ me- X | ] <E[ 1 Xo- | ]
1+ en,- || X2 1L+ el Xo- 2
T [2X7bs + o] } [ T 215~ Xs-
+E[/ . ds +E/ dvs
o [Hene|Xe-[IP]? o [1+en-[I X7

s [1 X |12 ns— || X |2 H
B B , A6
{ 2 {1 +ens || Xl 1+ en || X |2 (40

0<s<T

We proceed, now, to find suitable estimates for the terms appearing in (A.6).
Notice that, thanks to conditions (2.4) and (2.5), we have that for some constant C;

12X7 bs + |los|?] < CL(1+ | X,- ), P-as., se[0,7],
Recalling that 1 is non-negative and that E[n;] < 1, for any ¢ € [0,T], we get

T 22X bs + |los||?] ] UT s (1+ (| X [1*)
E / 2 ds| < CL{E ds
{ A = b B El e xR

” T e X | ]
< OiE . ds| + C.E M2 g
= [/ G S]* ! U T+ ens | X, 2

T e X }
< C{T +C{E —  — __ds]|. A7
=G U Tt en X 2 % (A7)
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Next, we see that

T o X, } S U’ 2n,- X1 : ]
IE/ dvg|=)» E > dvg*
[ e =28 e

v X | d I e+ IX ) |
< E/ s dyl,cS < E s dyl,cS
SE| [ e 2E| L Trenxopr v

i=1
T - N L b o
<Y weawn] e 3ie| [t S ) (49
Similarly to what we did in the proof of Lemma, A.1, let us define
7=V Lyer + Klysp, t>0, i=1,...,m.
For each i = 1,...,m, ©' is a Y-adapted, cadlag, non-decreasing process, with Dé, = 0. Moreover, random

measures 1, d|v?|; and 1,., d7¢ agree, therefore

IE|:\/ Ns— d|VZ.s:| ]E|:/ Ns— dﬁ;:|, i:1,...,m,

0 0

IE[/ Mg d|Vi’C|5:| = E[/ g dD;’C}, i1=1,...,m.
0 0

Let us define the changes of time C} := inf{s > 0: #Z > ¢}, for all t > 0 and all i = 1, ..., m. Then, noticing
that {C? <t} = {#} > s} and recalling that 7 is non-negative and 7% = K, we get

T ) T ‘ T ‘
EU M- dﬁ;vC} <E / Ne- dib¢| <E / N d
0 0 0

“+o0 K K
=E [/ UCHRRRES ds} =E / ey~ ds :/ Elncc:)-]ds.
0 0 0

Since E[n;] < 1, for any t € [0,7], and C¢ < T, for all s € [0, K], we get that

E[/ Ng— d|1/i’C
0

Similarly, we obtain also

and, in particular,

“+ o0
=E {/ Nci)-Lei<r ds
0

S]:E[/ nsdﬁg’C]SK, i=1,...,m. (A.9)
0

E[/ Ng— dyi|5} :EU Ny df/g] <K, i=1,...,m. (A.10)
0 0
Therefore, putting together (A.8) and (A.9) we obtain
[T 2773* :| . _/T_ Ns— ”Xs* ”2 3
E / X;-dvg| <mK+ » E —= 2 d|v" (A.11)
L/ O [1+5ns_||Xs—||2]2 Z 0 1+Ens—||Xs—H2 ’

=1 -

We are left with estimating the last term of (A.6). We have:

| 16| X |12 M- || Xs- |I? H [ {m—(lleII2 — 1%~ 11%) H
E — <E
2 {1+€77S|Xs||2 Lten X2 S 2 L+ ene— || X |12

-0<s<T -0<s<T
7,]57(“Ays”2+2X57 'Ays) }:| |: m {779(|Al/;|+1+ |Xi7|2) . }:|
=K <E 2 AVZ4 A
{Z{ Tt en X, |2 2 2 Tre XA

where we used the fact that n is continuous. Since all quantities in the last term are non negative and
|Av:| < K, for all s € [0,T] and all i =1,...,m, P-a.s., we get that

" (A £ 14 X))
E S Avt
{ 2 Z{ Lren, X, 2 A

0<s<T =1
<(1+ K - E AL = E 77s*HAXs*||2 Ayt
<+R) Y E| Y nelavil] + 3B B (e an
i=1 Lo<s<r i=1 0<s<T Ns= 114 5=

m

<a+0)Y 5| [ neawi] +ij[ 3 {MAIIH

=1 =1 0<s<Tt
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G ns*HXs*”Z %

=1 0<s<Tt

where we used (A.10) and the fact that |Avi| = A|vY].
Therefore, feeding (A.7), (A.11), and (A.12) back into (A.6), we obtain

1 [ X7 |12 ] { VT 1~ [| X |2 ”
El—————— | <M<I{1+E — = —dA,| ;, A.13

FEoes e o Trens 1%, TP (13
where M is a suitable constant, not depending on ¢, and A is the process

t3—t+Z|V It €[0,T].

Clearly, A is a cadlag, Y- (and hence F-) adapted, non-negative process, with Ag- =0 and Ap <T +mK.

X %, for all ¢t € [0,T], P-a.s. Therefore, we can apply Lemma A.1 and obtain

MOreOVer, W S

2
E { - || X || 2} < MeM(T+mEK).
1+ ene- || Xy ||
Recalling that 7 is continuous we get, applying Fatou’s lemma,
X% X ||?
E[n:]| X, [|?] = E | lim X7 >| <liminfE X ~| < MeMITEmE), (A.14)
e=0 14 en [ X || e—0 1+ en| X |

It is important to stress that (A.14) holds for any ¢ € [0, T, since ¢ was arbitrarily chosen.
Now we can finally obtain that E[n:] = 1, for all ¢ € [0, T]. By Ito’s formula, for an arbitrarily fixed £ > 0
and all t € [0, 7],

n [T G X+ [ e (s, ) 0B
14+en 1+4¢ o (T4ens)? v e 0 (1"'5775)27 o N

Thanks to conditions (2.10) and (2.1), standard computations show that the stochastic integral is a (P, F)-
martingale. Therefore, taking the expectation we get

Uz 1 t 57]3 . ,
E = _E _ens his. X.) |2 ds) .
[1+577t] 1+e [/0 (1+5ns)3||7 (s)h(s, Xs)||* ds

Notice that (1+sn E lv~t(s)h(s, Xs)||> — 0, as ¢ — 0, dP ® dt-a.s. Moreover,

2
€N - -
(+en )3||’7 Ho)h(s, X < nslly T (s)h(s, X2, s €[0,T,

that, using conditions (2.10) and (2.1), satisfies (see also (A.4))

T
/O na(1+ ||Xs|2>ds]

T T
= n0h07 {A ]E[??S] ds +/0 E[r]SHX37 ||2] dS} < nChCVT[l + ]\4eM(T-‘rmK)]7

where we used the fact that E[n] < 1, for all ¢ € [0,7], and (A.14). Similarly, 7%
dP @ dt-a.s., and E[ fOT ns ds] < T. Therefore, by the dominated convergence theorem

Elp] = imE |—2 | = lim ! g /tsnf” “H(s)h(s, X)[Pds| =1
) = 1"’57715 7e—>0 1+<€ 0(1'1'5773)37 y “Xs — 4

E

T
/ Dl (8)h(s, X[ ds | < nCLO,E
0

— M, as € — 0,

e—0

and this concludes the proof. O

Proof of Lemma 4.8. Fix € > 0. To start, let us notice that continuity of process v implies that also ( is
continuous and, therefore, (; = (;- and T.(; = T.(;-, dt ® dP-almost everywhere.
Since 1o, is bounded by (47e)~ %, we get that for all ¢ € [0, T],

2
||Ts<tHH_/ [Rm e (r — )Ct(dx)] dy (A.15)
/ / | Vel@ = vz —y) G(da) G (dz) dy (A.16)
_/m o Voe(x — 2) G (dx) ¢ (d2) < (dme) ™2 ((1)2 (A.17)
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Taking into account (3.8) and the fact that v is continuous, the process ((1) satisfies

gt(1)=1+/0 v 1(8)¢s(hs)dB,, t€]0,T),

where h:(-) = h(t,-), t € [0,T]. Thanks to Assumption 4.1, (;(h:) < +oo, P-a.s., for all ¢ € [0, T]. Therefore,
since (; is P-a.s. a finite (non-negative) measure, for any ¢ € [0,7], we get that (1) is a non-negative
(P, Y)-local martingale, and hence a (P, Y)-supermartingale.

The next step is to prove that ¢(1) is a square-integrable® (P, Y)-martingale. We follow, first, a reasoning
analogous to that of [5, Lemma 4.3.1] (see also [2, Lemma 3.29]) to provide an explicit representation of
¢(1). By It0’s formula we obtain, for any § > 0 and all ¢ € [0, 7],

log (v/3+ G(1)?) =log (VI+9) + 0 (H@él(’wv—l(s)csms)d&

2

1 (" 6—¢(1)2 5
3 ) i 1)222 Z'y $)Cs(hd) | ds. (A.18)
Since, thanks to Assumption 4.1 and (A.3),

n n

Z(Z% g(hﬂ)) < (nC,Kn(i(1))?, P-as., Vtel0,T], (A.19)

1=1 =1

and [56+CC (1))]2 < 5%:(1)2, P-a.s., for all t € [0,T], we have

2

J G2 )
2 Z Z'V (t)Ce(hy) < (nCth)Q> < (nC’VKh) , Vtelo,T],

5+< = \= d+Gs(1

and
2

i 100 8 G(1)?
[6+¢(1)2)2 ; 2::7 s)Gs(hl) | < m(nC&,Kh)Q < (nC,Ky)?, Vtel0,T).

Both the r.h.s. of the last two inequalities are integrable on [0, 7], therefore we can pass to the limit, as
0 — 0, in (A.18), getting that, for all ¢ € [0,T7,

og(Gi) =1+ [ 7 )ckh) B~ 5 [ 2(27 )L (k) )d (4.20

where ¢} (dz) = & (dz 1)) t € [0,T], is the normalized process associated to (. From (A.20) we get the explicit

representation for C(l) i.e., for all t € [0,T],

) =ef [ sctin B/Z<Zv @h])ds}. (A1)

This entails that ¢(1) coincides with the Doléans-Dade exponential of the continuous (P, Y)-local martingale
fo v~ 1(s)¢(hs) dBg, t € [0,T). Using once more (A.19) we have that, for any k > 1,

ofooft [ S(S 00 ] <o [0S

Applying [13, Theorem 15.4.6], we get that, for any p > 1, ¢(1) is a p-integrable (in particular, square-
integrable) (P, Y)-martingale. Therefore, from (A.15) we get

E[ sup |To¢il|}] < (4me) 2 E[ sup (4(1)%] < +ox,
t€[0,T) t€[0,T]

whence, recalling the remark at the beginning of the proof, the claim. g

31F M = (M¢)iejo,) is any martingale, we say that M is a p-integrable martingale, with p > 1, if ]E[SuPte[o,T] |Mt\P}1/P <
+o0.
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