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*+, -./0/1.- 21/+1- /+13 404,5 ,67083 /+, .-, 73,9 1- :;<=>:;?= 3,, 083. :@=>
:A=B C, 9,-./,

I := {1, . . . , n} /. D, /+, 3,/ .E F..591-0/,3 .E Gn
> /+,

4.31/1H, .5/+0-/ 13 Gn
+ := {x = (x1, . . . , xn) | xi ≥ 0 , (i ∈ I)} B ei

9,-./,3
/+,

ith
7-1/ H,F/.5 .E Gn 0-9 e := (1, . . . , 1) =

∑n

i=1 e
i ∈ Gn /+, I910J.-08K

H,F/.5B
*+, -./0/1.-

CovH A
13 73,9 /. 9,-./, /+, LMNOPQ RSTT .E 0 37D3,/ A .EG

n
+

B U83.
CmpH A

13 /+, LMVWXPRPNYZOP RSTT .E 0 3,/ A ⊆ Gn
+

B
[.5

a = (a1, . . . , an) > 0 ∈ Gn
+

> 2, 9,\-, /+, ]78/148,3
ai := aie

i (i ∈ I).E /+, 7-1/ H,F/.53B *+,-
^;B;_

∆a := CovH
{
a1, . . . ,an

}

13 /+, `ZVWTPQ 5,378/1-J E5.] a
^2, 73, F041/083 1- /+13 F.-/,a/_B b81J+/8c91d,5,-/>

^;B?_
Πa := CovH

{
0,a1, . . . ,an

}
= CmpH ∆a .

13 /+, ePfSg `ZVWTPQ 033.F10/,9 /. aB
[.5

J ⊆ I
2, 251/, Gn

J := {x ∈ Gn xi = 0 (i /∈ J)} B UFF.591-J8c> 2, .D/01-/+, `ShYZVWTPQ ∆a
J : = ∆a ∩ Gn

J

.E
∆a 0-9 /+, ePfSg `ShYZVWTPQ

Πa
J = Πa ∩ Gn

J

.E
Πa

[1J75, ;B; 1-91F0/,3 /+, 9,i70 b1]48,a Πa J,-,50/,9 Dc aB

a1

a2

a3

Πa

0

[1J75, ;B;j *+, 9,i70 b1]48,a Πa k a = (a1, a2, a3)

*+, b1]48,a ∆a 13 /+, VgQZVgT lMSmngXeo pgLP .E Πa q- /+, /,5]1-.8.Jc.E r.-H,a U-08c313B s,5, 2, F088 ∆a /+, tgXPmM pgLP .E Πa
B

U uPWRMZe 13 0 vwxyz{|yw |}~ z� ���}� �w~��w��|> 45,F13,8cj
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,/K = {1, . . . , K} 0-9 8,/ {a(k)
}
k∈K

9,-./, 0 E0]18c .E4.31/1H, H,F/.53B *+, �1-�.23�1 ^.5 08J,D501F_ 37]
^;B@_

Π =
∑

k∈K

Πa(k)

13 F088,9 0 uPWRMZeB

• ˜˜˜˜˜˜ •

q- [1J75, ;B? /̂+, r,4+.19 I
9./K j � _ 2, 9,41F/ /+, �05,/. 375E0F, .E 0 37].E
4
9,i70 b1]481F,3 1-

3
91],-31.-3B 
-, .E /+, 9,i70 b1]481F,3 1-H.8H,9^D5.2-_ 13 3�,/F+,9 4.31/1.-,9 1- /+, .51J1-B *+, F.4c .- /+, �05,/. 375E0F,13 8.F0/,9 1- F,-/508 4.31/1.-B *+13 F.4c 13 /+, 37] .E /+5,, H,5/1F,3 0-9/+, D5.2- 9,i70 b1]48,aB U83.> /+,5, 044,05 � I5+.]D1K 2+1F+ 05, 37]3 .E37D31]481F,3 0-9 H,5/1F,3 .E /+, E.75 9,i70 b1]481F,3 1-H.8H,9B

*+, 5,80/1H, 4.31/1.- .E /+, �05,/. E0F,3 13 2+0/ ]0//,53 1- ].3/ 3/57F/7508E,0/75,3 .E 0 r,4+.19B �05,/. E0F,3 E.5] 0 80//1F,
V
5,45,3,-/1-J /+, 3/57F/75,.E /+, �05,/. 375E0F,B

q- .59,5 /. 9,3F51D, /+13 80//1F, 2, F.-3/57F/ 0 �����|�x���wzx 2+1F+ 13 0-1]0J,
V0 8.F0/,9 1- 0 K�E.89 ]78/148, .E /+, 7-1/ b1]48,a K∆e

B [1J75, ;B@13 0 /c41F08 ,a0]48,k 1/ 5,45,3,-/3 /+, 80//1F, 3/57F/75, .E /+, r,4+.19 I
9./KB

[1J75, ;B?j I
9./Kj 0 37] .E 4 9,i70 b1]481F,3
*+, 1-H,53, ]0441-J .E 0 5,45,3,-/0/1.- F.-3/1/7/,3 0 ����~���w���wzx .E/+, �05,/. 375E0F,

∂Π
.E 0 r,4+.19

Π
3̂,, :;<= 0-9 :;?=_ *+13 H1,24.1-/13 0445.4510/, 2+,-,H,5 2, 20-/ /. 913F733 ],0375, 0-9 1-/,J50/1.- .- /+,

�05,/. 375E0F, .E 0 r,4+.19B
[.5 ].5, 9,/018> 2, 5,F088 /+, F.-3/57F/1.- .E /+, F0-.-1F08 4050],/51�0/1.-
x(•) 2+1F+ 13 /+, 1-H,53, .E /+, F0-.-1F08 5,45,3,-/0/1.- ^:;<= ������� �>
���� ���! 

2.1
> ������� ��> 0-9 :;?=_B

[.5 3+.5/> 0-c H,5/,a u ∈ ∂Π
F0- D, 5,45,3,-/,9 7-167,8c 03 0 37] .E H,5/1F,3.E /+, b1]481F,3 1-H.8H,9> 1B,B>

^;BA_
u = ai• :=

∑

k∈K

a(k)ik .
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*+13 20c 1/ F.55,34.-93 7-167,8c /. 0 H,F/.5
^;B�_

u0 :=
∑

k∈K

a0(k)ik ∈ K∆e .

*+, 4050],/51�0/1.- ]043 D1�,F/1H,8c
^;B�_

x(•) := u0 → u .

*+, ]0441-J 13 ,a/,-9,9 /. �05,/. E0F,3 H10 /+,15 ,a/5,]083 Ĥ,5/1F,3_ 0-9>0FF.591-J8c> /. /+, F.]48,/, 80//1F, .E �05,/. E0F,3 F.-3/1/7/1-J ∂Π
B *+13

20c .-, .D/01-3 0- 13.].54+13] D,/2,,- 80//1F,3
V
.E �05,/. E0F,3 .E

∂Π0-9 /+, F.55,34.-91-J 80//1F,
V0 1- K∆e

B
��������� �	�	 
,/ Π =

∑
k∈K Πa(k) D, 0 r,4+.19B 
,/ a0,(k) = e (k ∈ K)D, 0 E0]18c .E F.41,3 .E /+, 910J.-08 H,F/.5 e 0-9 8,/

^;B�_
K∆e =

∑

k∈K

Πa0,(k)

.


,/
^;B�_

x(•) : K∆e 7→ ∂Π

D, /+, D1�,F/1.- /+0/ 45,3,5H,3 /+, 80//1F, 3/57F/75, .E �05,/. E0F,3 .E ∂Π0-9 .E /+, F.55,34.-91-J 4.8c+,950 1- K∆e
B *+,-

(K∆e,x(•)) 13 F088,9 /+,LgNMNZLgT WgXgVPmXZ�gmZMNB

• ˜˜˜˜˜˜ •
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	 [1J75, ;B@ 5,45,3,-/3 /+, 80//1F, 3/57F/75, .E /+, r,4+.19I
9./K 1- [1J75, ;B? ^0 37] .E K = 4
9,i70 b1]481F,3 1-

n = 3
91],-31.-3_

21/+1- /+, b1]48,a 4∆e
B *+, 80//1F,

V0 13 H137081�,9 9,].-3/50/1-J /+,13.].54+13] .E /+, �05,/. 375E0F,3 .E [1J75, ;B? 0-9 [1J75, ;B@B
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� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � �� � � � � �� � � � � � �� � � � � � �� � � � � � �� � � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � � � �� � � � � � � �� � � � � � � �� � � � � � � �        ! ! ! ! ! ! ! !" " " " " " " "# # # # # # #$ $ $ $ $ $$ $ $ $ $ $$ $ $ $ $ $$ $ $ $ $ $$ $ $ $ $ $$ $ $ $ $ $$ $ $ $ $ $
% % % % %% % % % %% % % % %% % % % %% % % % %% % % % %% % % % %

& & & & & && & & & & && & & & & && & & & & && & & & & && & & & & && & & & & &
' ' ' ' '' ' ' ' '' ' ' ' '' ' ' ' '' ' ' ' '' ' ' ' '' ' ' ' '( ( ( ( (( ( ( ( (( ( ( ( (( ( ( ( (( ( ( ( (( ( ( ( (( ( ( ( (

) ) ) )) ) ) )) ) ) )) ) ) )) ) ) )) ) ) )) ) ) )
* * * ** * * ** * * ** * * ** * * ** * * ** * * *
+ + + ++ + + ++ + + ++ + + ++ + + ++ + + ++ + + +, , , ,, , , ,, , , ,, , , ,, , , ,, , , ,, , , ,, , , ,

- - - -- - - -- - - -- - - -- - - -- - - -- - - -- - - -. . . .. . . .. . . .. . . .. . . .. . . .. . . .
/ / / // / / // / / // / / // / / // / / // / / /

0 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 0 0
1 1 1 11 1 1 11 1 1 11 1 1 11 1 1 11 1 1 11 1 1 11 1 1 12 2 2 2 22 2 2 2 22 2 2 2 22 2 2 2 22 2 2 2 22 2 2 2 22 2 2 2 2

3 3 3 3 33 3 3 3 33 3 3 3 33 3 3 3 33 3 3 3 33 3 3 3 33 3 3 3 34 4 4 4 44 4 4 4 44 4 4 4 44 4 4 4 44 4 4 4 44 4 4 4 44 4 4 4 44 4 4 4 44 4 4 4 4
5 5 5 5 55 5 5 5 55 5 5 5 55 5 5 5 55 5 5 5 55 5 5 5 55 5 5 5 55 5 5 5 55 5 5 5 56 6 6 66 6 6 66 6 6 66 6 6 66 6 6 66 6 6 66 6 6 6

7 7 7 77 7 7 77 7 7 77 7 7 77 7 7 77 7 7 77 7 7 78 8 8 88 8 8 88 8 8 88 8 8 88 8 8 88 8 8 88 8 8 8
9 9 9 99 9 9 99 9 9 99 9 9 99 9 9 99 9 9 99 9 9 9: : : : :: : : : :: : : : :: : : : :: : : : :: : : : :; ; ; ; ;; ; ; ; ;; ; ; ; ;; ; ; ; ;; ; ; ; ;; ; ; ; ; < < < << < < << < < << < < << < < << < < << < < << < < <

= = = == = = == = = == = = == = = == = = == = = == = = =
> > > >> > > >> > > >> > > >> > > >> > > >> > > >
? ? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ? ?? ? ? ?

@ @ @ @ @@ @ @ @ @@ @ @ @ @@ @ @ @ @@ @ @ @ @@ @ @ @ @@ @ @ @ @
A A A A AA A A A AA A A A AA A A A AA A A A AA A A A AA A A A A
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q- .75 45,3,-/ F.-/,a/ � D05J01-1-J 3.87/1.-3 0-9 /+, ,a/,-9,9 b+048,c H087,
� r,4+.193 05, 1-/,545,/,9 21/+1- /+, E50],2.5� .E F..4,50/1H, �*� J0],303 �����wxwx� ��z���~|B *+,-> I 13 1-/,545,/,9 03 /+, 3,/ .E ������| 0-9
P = {S S ⊆ I} = P(I)

9,-./,3 /+, 3,/ .E �z��w�wzx|B b,,- 03 0 D05J01-1-J45.D8,]> 0 r,4+.19
Π
088.23 480c,53 /. 913/51D7/,�5,F,1H, 7/181/c 0FF.591-J/. 0 H,F/.5 .E ∂Π 74.- 0J5,,],-/B qE -. 0J5,,],-/ F0- D, 5,0F+,9> /+,-/+,c 2188 D, 5,97F,9 /. /+, 7/181/c H,F/.5

0
B

q- /+, F.-/,a/ .E /+, �03F+8,5��,58,3 3.87/1.- 0-9 1/3 ,a/,-31.-3 /+, -./1.-.E 375E0F, ],0375,3 E.5 r,4+.193 ^0-9 3]../+ D.91,3 5,34,F/1H,8c_ 480c3 0F,-/508 5.8,B *+, .51J1-08 H,531.- .E �03F+8,5 0-9 �,58,3 F.-/01-3 37F+ 19,0>5791],-/05c ,a45,33,9 H10 /+, I34,,9K .E /+,15 I9.-�,c F059K /50H,881-J .-/+, �05,/. F75H, .E 0 /̂2. 91],-31.-08_ D05J01-1-J 45.D8,]B �.5, J,-,5088c>375E0F, ],0375,3 05, 9,\-,9 .- /+, �05,/. 375E0F, .E 0 F.-H,a D.9cB C,E.F73 .75 1-/,5,3/ .- /2. H,531.-3 .E 0 375E0F, ],0375,> /+, v�|�����	
����|
|}�� ��� ~��|}�� 0-9 /+, ���}� |}�� ��� ~��|}��B
C, 3/05/ .7/ 21/+ 0 3+.5/ 1-/5.97F/1.- /. /+, �03F+8,5��,58,3 375E0F, ],0�375,> 1/3 1-/,545,/0/1.- 0-9 04481F0D181/cB �03,9 .- /+13 F.-F,4/ 2, 2188
45,3,-/ 0 ].5, 5,\-,9 H,531.- .E 0 4050],/51�0/1.-> F088,9 I],0375, 45,�3,5H1-JKB
��������� �	�	 ;B [.5

0 < a ∈ Gn
+

/+, 09�73/],-/ E0F/.5 13

^;B
_
τΠa = τa := n

√∏

i∈J

ai.

[.5 0 E0]18c a• =
{
a(k)

}
k∈K

.E 4.31/1H, H,F/.53 0-9 /+, F.55,34.-91-J
r,4+.19

Πa•
=

∑
k∈K Πa(k) /+13 -./1.- 13 ,a/,-9,9 H10

^;B;<_
τΠa• = τ a• :=

∑

k∈K

τak ,

3,, �����! ?> �� ��� .E :;<=B
?B [.5 4.31/1H, a ∈ Gn

+

/+, �gYLRTPX�tPXTPY VPgYSXP 0331J-,9 /. ∆a13
^;B;;_

ι∆(∆
a) := τ n−1

a .

q- 405/1F7805
^;B;?_

ι∆(∆
e) = 1 .

*+73> /+, ],0375, 13 -.5]081�,9 .- /+, 7-1/ b1]48,aB
@B 
,/ Π =

∑
k∈K Πa(k) D, r,4+.19 0-9 8,/

^;B;@_
F =

∑

k∈K

∆
(k)

J(k)
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D, 0 �05,/. E0F, 21/+ 5,E,5,-F, 3c3/,]
J =

{
J (k)

}
k∈K

B *+,- /+,
��t VPgYSXP .E F 13 J1H,- Dc

^;B;A_
ι∆(F ) = cJ

n

√√√√√


 ∏

i∈J(1)

a1i



j1−1

· . . . ·


 ∏

i∈J(K)

aKi



jK−1

21/+ F,5/01- I-.5]081�1-J F.,�F1,-/3K cJ B[.5 9,/0183 0-9 ]./1H0/1.- 3,, :;<=B

• ˜˜˜˜˜˜ •

C, .D3,5H,> /+0/ /+, 5,80/1.- ^;B;;_ ,a/,-93 /. /+, E788 �05,/. 375E0F, .E 0r,4+.19B �.5, 45,F13,8c> 2, +0H,
��

	 �	�	 
,/ Π =

∑
k∈K Πa(k) D, 0 r,4+.19> /+,-

^;B;�_
τ n−1
Π = ι∆(Π)

• ˜˜˜ ◦˜˜˜ •

������ *+13 E.88.23 E5.] /+, ,a4.31/1.- F.-F,5-1-J /+, �03F+8,5��,58,3],0375, E.5 /+, �05,/. E0F,3 .E 0 r,4+.19 03 45,3,-/,9 1- �����! ?> ��
��� .E :;<=B UFF.591-J8c> /. 0-c �05,/. E0F,
^;B;�_

F =
∑

k∈K

∆
(k)

J(k)

21/+ 5,E,5,-F, 3c3/,]
J =

{
J (k)

}
k∈K

/+,5, 13 0 371/0D8, F.,�F1,-/
cJ
37F+

/+0/ /+, �03F+8,5��,58,3 375E0F, ],0375, .E 0 �05,/. E0F, 13 J1H,- Dc
^;B;�_

ι∆(F ) = cJ
n

√[
P

(1)
I

]j1−1

· . . . ·
[
P

(K)
I

]jK−1

21/+
P

(k)
I := P

a(k)

I :=
∏

i∈I

a
(k)
i (k ∈ K) .

�,-./1-J /+, F.88,F/1.- .E �05,/. E0F,3 .E Π Dc F > 2, .D/01-

ι∆(Π) =
∑

F∈F

ι∆(F )

=
∑

F∈F

cJ
n

√[
P

(1)
I

]j1−1

· . . . ·
[
P

(K)
I

]jK−1

=
∑

F∈F

cJ
n

√
τ
j1−1

a(1) · · ·τ jK−1

a(k)

= (τa(1) + . . .+ τa(k))
n−1 = τ n−1

Π

^;B;�_
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�	�	�	
*+, ~��|}�� ���|���wx� ����~���w���wzx x̂(•) 13 0 H0510-/ .E /+, F0-.-1F084050],/51�0/1.- /0�1-J 1-/. 0FF.7-/ 1- 0991/1.- /+, �03F+8,5��,58,3 ],0375,.E /+, H051.73 �05,/. E0F,3B C, 45.F,,9 31]1805 03 1- �,\-1/1.- ;B?B
*+, ]0441-J x̂(•) 13 0550-J,9 0-08.J.738c /. /+, F.-3/57F/1.- .E /+, F0-.-�1F08 H,531.- x(•) B s.2,H,5> 2, F+..3, â(k) := τa(k)e (k ∈ K)

/. D, 0 E0]18c.E ]78/148,3 .E /+, 910J.-08 H,F/.5 eB
*+,-> 03 45,H1.738c> 0-c H,5/,a u ∈ ∂Π

F0- D, 5,45,3,-/,9 7-167,8c 03 037] .E H,5/1F,3 .E /+, b1]481F,3 1-H.8H,9> 1B,B>
^;B;
_

u =
∑

k∈K

a(k)ik .

*+13 F.55,34.-93 7-167,8c /. 0 H,F/.5
^;B?<_

û :=
∑

k∈K

â
(k)ik ∈ τΠ∆

e .

�.2 /+, ^],0375, 45,3,5H1-J_ 5,45,3,-/0/1.- κ̂
]043

^;B?;_
κ̂ := u → û

0-9 /+, ^],3075, 45,3,5H1-J_ 4050],/51�0/1.- ]043 D1�,F/1H,8c
^;B??_

x̂(•) := û → u .

*+, ]0441-J3 05, ,a/,-9,9 /. �05,/. E0F,3 H10 /+,15 ,a/5,]083 Ĥ,5/1F,3_ 0-9>0FF.591-J8c> /. /+, F.]48,/, 80//1F, .E �05,/. E0F,3 F.-3/1/7/1-J ∂ΠB *+13 20c.-, .D/01-3 0- 13.].54+13] D,/2,,- 80//1F,3
V
.E �05,/. E0F,3 .E

∂Π
0-9 /+,

F.55,34.-91-J 80//1F,
V̂
1-

τΠ∆
e
B C, 5,4,0/ /+, E.5]08 9,\-1/1.-j

��������� �	�	 
,/ {a(k)
}
k∈K

D, 0 E0]18c .E .E 4.31/1H, H,F/.53 0-9 8,/
Π =

∑
k∈K Πa(k) D, /+, r,4+.19 J,-,50/,9B [.5 k ∈ K

8,/
^;B?@_

Π̂(k) = τa(k)Πe , ∆̂(k) := τa(k)∆e , (k ∈ K)

37F+ /+0/
^;B?A_

λ(∆̂(k)) = τa(k)λ(∆e)
03 2,88 03

ι∆(∆̂
(k)) = ι∆(∆

(k)) (k ∈ K) ,

+.893 /57,B 
,/

^;B?�_
∆̂ :=

K∑

k=1

∆̂(k) = τΠ∆
e , Π̂ :=

K∑

k=1

Π̂(k) = τΠΠ
e

3. /+0/
^;B?�_

λ(∆̂) = τΠλ(∆
e) , ι∆(∆̂) = ι∆(∆)
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E.88.23B 
,/
^;B?�_

x̂(•) : τΠ∆
e → ∂Π

D, /+, D1�,F/1.- /+0/ 45,3,5H,3 /+, 80//1F, 3/57F/75, .E �05,/. E0F,3 .E ∂Π 0-9.E /+, F.55,34.-91-J 4.8c+,950 1- K∆e
B *+,-

(τΠ∆
e,x(•)) 13 F088,9 /+,VPgYSXP WXPYPXOZN� WgXgVPmXZ�gmZMN .E ∂ΠB

• ˜˜˜˜˜˜ •

9
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� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �

� � � �� � � �� � � �� � � �� � � �

� � � � � � �� � � � � � �� � � � � � �� � � � � � �
� � � � �� � � � �� � � � �� � � � �

� � � � � �� � � � � �� � � � � �� � � � � �
� � � � �� � � � �� � � � �� � � � �

1

4

Π

∆c

∆a

∆b

[1J75, ;BAj *+, ],0375, 45,3,5H1-J ]0441-J3 .E 0 r,4+.19
[1J75, ;BA 37JJ,3/3 /+, 0F/1.- .E κ̂ 0-9 x̂(•) B
*+, ^J,-,5081�,9_ �03F+8,5��,58,3 3.87/1.- E.5 0 r,4+.19 Π

13 9,\-,9 H10/+, D05cF,-/,5 1̂B,> /+, I]194.1-/K_ .E τΠ∆
e
B *+13 D05cF,-/,5 13

^;B?�_
µ̂ :=

τΠ

n
e =: µ(ΠτΠe)

0-9 J,-,5088c /+, �03F+8,5��,58,3 3.87/1.- .E 0 r,4+.19 Π
5̂,J059,9 03 0D05J01-1-J 45.D8,]_ 13

^;B?
_
µ(Π) := x̂(µ̂(τΠ∆

e)) = x̂(
τΠ

n
e)

��
	�� �	�	 C, 213+ /. 0J01- 45,3,-/ /+, ,a/,-31H, 1-/,545,/0/1.- J1H,- 1-:;<= 5,J0591-J /+, ],0375, 45,3,5H1-J ]0441-J 0-9 1/3 5.8, 1- /+, 9,\-1/1.-.E /+, �03F+8,5��,58,3 3.87/1.-B
*. /+13 ,-9> 8,/ 73 \53/ F.-319,5 0 31]48, D05J01-1-J 31/70/1.- 37F+ /+0/ n480c,53 F0- 088.F0/, 0 7-1/ .E 0 F.]].91/c Î].-,cK_ Dc 0J5,,],-/ 0D.7/ /+,913/51D7/1.-B �0F+ 480c,5 i +03 0 81-,05 7/181/c E7-F/1.-> 30c ui(t) = ait (t ∈
[0, 1], ai > 0)

B *+, E,031D8, 088.F0/1.-3 .E /+, F.]].91/c 05, 5,45,3,-/,9 Dc



?
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∆e = {x̂ ∈ Gn
+

∑
i∈I x̂i = 1} B *+, �05,/. 375E0F, .E /+, 5,378/1-J D05J01-1-J45.D8,] Î1- 7/181/c 340F,K_ 13

^;B@<_ {
(u1(x̂1), . . . , u

n(x̂n)) x̂ ∈ ∆e
}
= {(a1x̂1, . . . , anx̂n) x̂ ∈ ∆e}

= CovH({a1, . . . ,an}) = ∆a .

*+0/ 13> /+, D05J01-1-J 45.D8,] 13 0F/7088c J1H,- Dc /+, 9,i70 b1]48,a Πa5,378/1-J E5.] a = (a1, . . . , an)
21/+ �05,/. 375E0F,

∆a
B

�.2 2, ,a/,-9 .75 E50],2.5� 0337]1-J /+0/ .75 n 480c,53 05, 1-H.8H,9 1-KD05J01-1-J 31/70/1.-3 .E /+13 /c4, 0H0180D8, 1- H051.73 8.F0/1.-3 ÎF.7-/51,3K_0-9 21/+ H05c1-J 1-E503/57F/75,B �80c,53 D05J01- 0D.7/ /+, 913/51D7/1.- .E.-, 7-1/ .E ].-,c 1- ,0F+ F.7-/5c k ∈ K
B C1/+1- ,H,5c F.7-/5c ,0F+ 480c,5

i
+03 0 81-,05 7/181/c E7-F/1.- u(k)i(t) = a

(k)
i t (t ∈ [0, 1])

5,E,551-J /. +13 7/181/c.E .D/01-1-J ].-,c 1- F.7-/5c k ∈ K
B

*+73>
a(k) = (a

(k)
1 , . . . , a

(k)
n )

5,45,3,-/3 /+, 7/181/c E7-F/1.-3 .E /+, 480c,535,J0591-J 0331J-],-/3 1- F.7-/5c k ∈ K
B

�.2 /+, r,4+.19
Π =

∑
k∈K Πa(k) 5,�,F/3 /+, 0337]4/1.- /+0/ 480c,53 i ∈ I099 /+,15 7/181/1,3 1- H051.73 F.7-/51,3 0FF.591-J8cB *+13 F0- D, 3,,- 03 0

H,531.- .E wx����4,53.-08 F.]40513.- .E 7/181/c 0].-J /+, 480c,53 2B5B/B 91E�E,5,-/ F.7-/51,3B �80c,5 i ∈ I
2188 033,33 +13 +.891-J3 1- 91d,5,-/ F.7-/51,3

k, l
0FF.591-J /. +13 4,53.-08 /50-3E,5 50/,3 aik/ail B*+,5, 13 083. 0 H,531.- .E wx����4,53.-08 /50-3E,5 .E 7/181/cB �aF+0-J1-J 07-1/ .E ].-,c�F.]].91/c D,/2,,- /2. 480c,53 +03 91d,5,-/ ,d,F/3 2+,-4,5E.5],9 21/+1- /+, H051.73 8.F0/1.-3�F.7-/51,3 9,4,-91-J .- /+, /50-3E,550/,3
aik/a

j
k

.E /2. 480c,53 i, j 1- F.7-/5c k BC, F+..3, /+, 340F, .E F.]].91/c�].-,c 088.F0/1.-3 E.5 /+, �.1-/ D05J01-1-J45.D8,] /. D,
K∆e

B *+, F0-.-1F08 4050],/51�0/1.- ^�,\-1/1.- ;B?_

x(•) : K∆e → ∂Π

45.H19,3 0 D1�,F/1H, ]0441-J E5.] F.]].91/c�].-,c 088.F0/1.-3 1-/. /+,7/181/c 340F,B 3̂,, 083. [1J75,3 ;B? 0-9 ;B@_B *+13 20c 2, .D/01- 0 5,45,3,-�/0/1.- .E 913/51D7/1.-3 .E /+, /./08 0].7-/ .E
K
7-1/3 .E ].-,c K 0FF.591-J/. /+, �05,/. E0F, .E

∂Π
D,1-J 5,45,3,-/,9B

�.2 2, F.-3/57F/ 0 H,531.- .E I09�73/,9 7/181/cK 37F+ /+0/ 480c,53 ,aF+0-J,7/181/c 7-1/3 .- 0 7-1H,5308 3F08, 0-9> 31]78/0-,.738c> +0H, 0 7-1H,5308 1-/504�,53.-08 /50-3E,5 50/, .H,5 088 F.7-/51,3B *+13 20c 2, 2188 .D/01- 0 F.-313/,-/],0375,],-/ .E 7/181/c .H,5 /+, H051.73 F.7-/51,3 0-9 480c,53 5,378/1-J 1- 0319, 40c],-/ 31/70/1.-B
*. /+13 ,-9> 2, 1-/5.97F, 0 Î319, 40c],-/K_ D05J01-1-J 45.D8,] Π̂ = τΠ∆

e
B

*+, 7/181/c 3,/ ∆a(k) .E ,0F+ F.7-/5c k
13 ]044,9 1-/. 0 F.4c ∆̂(k) ⊆ ∆̂

B
C1/+1- /+13 7-1H,5308 7/181/c 340F,> F.-F,331.-3 .E 480c,53 05, ],0375,9 Dc8,-J/+ ],0375,],-/3 .5> ].5, J,-,5088c Dc /+, 
,D,3J7, ],0375,B U83.>1-/504,53.-08 F.]40513.- .E 7/181/c /0�,3 480F, 0/ 0 7-1H,5308 50/,B
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*+, F.-3/57F/1.- .E /+, 09�73/,9 7/181/c 340F, 13 .D/01-,9 H10 /+, ],0375,45,3,5H1-J 4050],/51�0/1.-
x̂(•) : τΠ∆

e → ∂Π .

*+13 ]0441-J 13 D03,9 .- 0 9,F.]4.31/1.- .E /+, I09�73/,9 7/181/c 340F,K> 1B,B>/+, b1]48,a ∆̂ = τΠ∆
e
F.55,34.-91-J /. /+, �05,/. E0F,3 .E ∂ΠB *+, F0-.-�1F08 19,-/1\F0/1.- .E /+, �05,/. E0F,3 .E

Π
21/+ /+,15 1]0J,3 13 F.-3/57F/,9

H10 /+, 13.].54+13] .E /+, �
�3,/3 .E �05,/. E0F,3 0-9 /+,15 1]0J,3B
r.]D1-1-J 2, .D/01- 0 ]0441-J

û := x(•) ◦ x̂−1(•) : K∆e → τΠ∆
e

2+1F+ ]043 088.F0/1.-3 .-/. 09�73/,9 7/181/1,3B *+13 3,/�74 5,�,F/3 0 319,�40c],-/ 31/70/1.- 21/+ /./08 0].7-/ τΠ
.E 7/181/c /. D, 913/51D7/,9B

[1J75, ;B� 18873/50/,3 0 /c41F08 3+04, .E /+, 09�73/,9 7/181/c 319, 40c],-/31/70/1.-
∆̂
F.55,34.-91-J /. /+, /+5,, 480c,5 D05J01-1-J 45.D8,] J1H,- Dc/+, r,4+.19
Π
Î
9./K_ .E [1J75, ;B?B

� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �
� � � � � � � � � � � � � �� � � � � � � � � � � � � �� � � � � � � � � � � � � �� � � � � � � � � � � � � �� � � � � � � � � � � � � �� � � � � � � � � � � � � �� � � � � � � � � � � � � �� � � � � � � � � � � � � �

� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �
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* * * ** * * ** * * ** * * ** * * ** * * ** * * *
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[1J75, ;B�j *+, F0-.-1F08 5,45,3,-/0/1.- .E I
9./K

[1J75, ;B�j �,0375, �5,3,5H1-J 5,45,3,-/0/1.- .E 
9./
*+, ]0441-J û = x(•) ◦ x−1(•) ]043 F.]].91/c�].-,c 088.F0/1.-3 D1�,F�/1H,8c E5.] [1J75, ;B� .-/. F.55,34.-91-J 09�73/,9 7/181/1,3 .E [1J75, ;B�B
C, 05J7,> /+0/ 0 F.-313/,-/ 7/181/c F.]40513.- .E /+13 /c4, 13 91F/0/,9 Dc /+,50/1.-08, .E /+, �03F+8,5��,58,3 3.87/1.-B
[.5 0 D05J01-1-J 45.D8,] 1- /2. 91],-31.-3> F.-F,331.-3 .E 480c,53 975�1-J /+, D05J01-1-J 45.F,33 05, ],0375,9 1- /,5]3 .E /+, 375E0F, ],0375,B
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*+, �03F+8,5��,58,3 3.87/1.- 5,67,3/3 ,6708 F.-F,331.-3 .E 480c,53 /. D, 9,�\-,9 Dc ,6708 H.87], ^05,0_ .E 81-, 3,J],-/3 ∆a = ∆(a1,a2)
> 1B,B> Dc ,6708

�03F+8,5��,58,3 ],0375,3 √
a1a2

08.-J /+, �05,/. 375E0F,B U F.-F,331.- .E 0
480c,5 08.-J 0 81-, 3,J],-/ ∆a(1) 13 F.-319,5,9 /. D, ,6708 /. /+, F.-F,331.-
.E 0-./+,5 480c,5 08.-J ∆a(2) 1E 0-9 .-8c 1E τ 1 = τ 2

.5
ι∆(∆

a1
) = ι∆(∆

a2
)+.893 /57,B

*+, �03F+8,5��,58,3 3.87/1.- 13 /+, 4.1-/ 1- 7/181/c 340F, 0/ 2+1F+ 480c,53+0H, ]09, .H,5088 ,6708 F.-F,331.-3 08.-J /+, �05,/. 375E0F, F̂75H,_B *+1320c> /+, 31�, .E 0 3,J],-/ ^�05,/. E0F,_ ∆̂a(k) 2+,- /50-3E,55,9 /. /+, 7-1�H,5308 7/181/c 340F, 13 ι∆(∆̂(k))
B

*+, �03F+8,5��,58,3 3.87/1.- 13 0a1.]0/1F088c D03,9 .- /+, F.-F,4/ .E |}�
������w�w�w��B �7, /. /+13 0a1.]> /+, 3.87/1.- ,H0870/,3 F.-F,331.-3 .E /+,480c,53 08.-J 81-, 3,J],-/3 0FF.591-J /. /+, F.55,34.-91-J ���� .E /+, /510-�J8,3 ^9,i70 b1]481F,3_B b74,50991/1H1/c 13 /+, 7-167, 0-9 .7/3/0-91-J 0a1.]E.5 /+13 3.87/1.-B
q- /+5,, 91],-31.-3 Ê.5 /+5,, 480c,53_ /+, ],0375,],-/ .E 7/181/c 08.-JD.7-905c 81-,3 .E 0 b1]48,a ^0 F.7-/5c_ 1-97F,3 0 ],0375, E.5 �73/ /+13 b1]�48,a ∆a(K) B *+, ],0375,],-/ .E 7/181/c 3+.789 D, F.-313/,-/ � 1B,B> /+, 8,-J/+.E /+, D.7-905c 3,J],-/3 .E 0 5+.]D73 1- [1J75, ;B� 3+.789 F.-313/,-/8c D,9,/,5]1-,9 Dc /+, 8,-J/+ ],0375,],-/ 1- /+, b1]481F,3 /̂510-J8,3_B U3 05+.]D73 +03 /2. 81-,05 D.7-905c 3,J],-/3 ^9,/,5]1-,9 Dc /2. /510-J8,3_>/+13 1]481,3 /+0/ /+, 05,0 3+.789 D, F.-313/,-/8c 9,\-,9 Dc /+, 05,0 1- /+,
J,-,50/1-J b1]481F,3B
*+13 05,0> 0E/,5 3.], -.5]081�0/1.- ^0FF.591-J /. �,\-1/1.- ;BA_ 13 .D/01-,9/. D,

{√a1a2
√
a1a3

√
a2a3}

2
3 = 3

√
(a1a2a3)2 = ι∆(∆

a) .*+13 20c /+, F.-3/57F/1.- .E .75 7-1H,5308 Î09�73/,9K_ 7/18/1c 340F, 13 9,/,5�]1-,9 Dc /+, 0a1.]0/1F .E /+, �03F+8,5��,58,3 3.87/1.-> 1B,B> Dc 374,50991�/1H1/cB
[1-088c> 03 /+, ],0375, 45,3,5H1-J 5,45,3,-/0/1.- ∆̂

/̂+, 09�73/,9 7/181/c340F,_ 088.23 E.5 0 7-1H,5308 F.]40513.- .E 7/181/c> 2, +.89 /+0/ /+, D05cF,-�/,5 .5 ]194.1-/ .E /+13 7/181/c 340F, ,3/0D813+,3 /+, D05J01-1-J 3.87/1.-B r.-�313/,-/8c> 2, F+..3, /+, D05cF,-/,5�]194.1-/ µ̂ .E /+, 319, 40c],-/ 31/70/1.-
∆̂
03 1- ^;B?�_B *+13 5,378/3 1- /+, �03F+8,5��,58,3 3.87/1.- E.5 4.8c+,9508D05J01-1-J 45.D8,]3 µ = κ̂

−1
Π (µ̂) = x̂(κ̂) J1H,- Dc ^;B?
_B

◦ ˜˜˜˜˜˜ ◦

�,a/ 2, 5,F088 /+, -./1.- .E /+, 9,i70 375E0F, ],0375, .- /+, �05,/. 375E0F,.E 0 3]../+ D.9c Γ B
*. /+13 ,-9 2, F.-319,5 0 4050],/51�0/1.-

(�, (x(•)) .E ∂Γ B *+, E7-F/1.-08
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9,/,5]1-0-/3
^;B@;_

Di(t̄) = (Dix)(t̄) =

∣∣∣∣
∂xk

∂tj

∣∣∣∣
k∈I\{i},j∈I\{n}

(i ∈ I)

9,/,5]1-, /+, -.5]08 0/
∂Γ
1-

x(t)
j

^;B@?_
n̄ = n

x(t̄) = (D1(t̄), . . . , Dn(t̄)) .

*+, ePfSg VPgYSXP .- ∂Γ
13

ϑ(∂Γ) =

∫

∂Γ

n
√

dn1 · · · dnn =

∫

�

n
√

(D1 · · ·Dn) ◦ x dλ

=

∫

�

n
√

D1(x(t1 · · · , tn−1)) · · ·Dn(x(t1, · · · tn−1)) dt1 · · ·dtn−1.

^;B@@_

�.5, J,-,5088c E.5 0 ],03750D8, E7-F/1.- F
.-

∂Γ
/+, 1-/,J508 2B5B/ /+,9,i70 ],0375, 13

∫

∂Γ

Fdϑ =

∫

∂Γ

F n
√

dn1 · · · dnn

=

∫

�

F (x(
�
)) n
√

D1(x(
�
)) · · ·Dn(x(

�
))dt1 · · · dtn .

^;B@A_

*+, 9,i70 ],0375,> 2+,- 9,\-,9 0-08.J.738c .- r,4+.193> 91d,53 E5.] /+,
�03F+8,5��,58,3 ],0375,B s.2,H,5> /+, ]01- 5,378/ .E :;?= 13 /+0/ E.5 0-c\8/,5 .E r,4+.193 F.-H,5J1-J /.20593 Γ > /+, 0FF.]40-c1-J \8/,5 .E �03F+8,5��,58,3 ],0375,3 F.-H,5J,3 /.20593 /+, 9,i70 ],0375, .- ∂Γ B
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*+, 7-9,58c1-J F.-F,4/ .E i0], *+,.5c 21/+1- .75 45,3,-/ E50],2.5� 13 /+,-./1.- .E 0 F̂..4,50/1H,_ �.- *50-3E,50D8, �/181/c i0],B C, 5,F088
��������� �	�	 U F̂..4,50/1H,_ ��	 �gVP 13 0 /5148, (I,P,V )

B s,5,>
I = {1, . . . , n} 13 /+, YPm Mp WTg
PXY>P = {S|S ⊆ I} = P(I)

13 /+, Y
YmPV
Mp LMgTZmZMNY> 0-9 V : P → P(

G
n)
13 /+, LMgTZmZMNgT pSNLmZMNB V 0331J-3/. 0-c F.081/1.- S

0 -.-,]4/c> F.]40F/> F.]45,+,-31H,> 0-9 F.-H,a 3,/ .EI7/181/c H,F/.53K V (S) ⊆ Gn
S+

B
C, 0337],
^?B;_

V ({i}) = {0} (i ∈ I) .

• ˜˜˜˜˜˜ •

*+, 3/0-9059 1-/,545,/0/1.- +03 1/ /+0/
V (S)

13 /+, 3,/ .E 7/181/c H,F/.53/+0/ F0- D, ,-375,9 /. /+, ],]D,53 .E F.081/1.-
S
Dc F..4,50/1.-B *+,^7/181/c_ H,F/.5

0
5,�,F/3 /+, E088 D0F� 4.31/1.- Î3/0/73 67.K_ E.5 088 480c,533+.789 F..4,50/1.- E018 1- ,H,5c F.081/1.-B *+, 0337]4/1.- /+0/ 7/181/1,3 05,-.--,J0/1H, 0-9 /+, 3/0/73 67. 13 0 31]78/0-,.738c E.5 088 480c,53 13 -./3,H,5,B

[.5 31]481F1/c 2, 083. 5,E,5 /. V 03 /. I/+, J0],KB
*+, 01] .E .75 45,3,-/ F.-/,a/ 13 /. ,a/,-/ /+, �03F+8,5��,58,3�b+048,c
H087, 03 9,H,8.4,9 1- :;<= /. I3]../+K F03,B *+73> 2, 2188 09]1/ /+0/ V (S)13 ,1/+,5 0 r,4+.19 .5 0 3]../+ D.9cB �5,F13,8cj
��������� �	�	 U- �*� J0], V 13 uPWRMZegT�YVMMmR 1E> E.5 S ∈ P

>
;B ,1/+,5
^?B?_

V (S)
13 0 3]../+ D.9c>

?B .5 ,83,
V (S)

13 0 r,4+.19 1- Gn
S+

> 1B,B> /+,5, ,a13/3 0 ^-B9B_ E0]18c .E4.31/1H, H,F/.53
^?B@_ {

aS,(k)
}
k∈KS

⊆ Gn
S+

37F+ /+0/
^?BA_

V (S) =
∑

k∈KS

ΠaS,(k)

=:
∑

k∈KS

ΠS,(k) .

V
13 F088,9 uPWRMZegT 1E w��~ ? 13 30/13\,9 E.5 088 S ∈ P

B

• ˜˜˜˜˜˜ •
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*+, *� J0], 9,51H,9 E5.] 0- �*� J0], 1- /+, F.-/,a/ .E r,4+.1908 3/57F�/75,3 13 9,51H,9 E5.] /+, 09�73/],-/ E0F/.5B C, 5,F088 /+13 19,0 E.5 r,4+.193
Π
0-9 /+,- ,a/,-9 1/ /. 3]../+ D.91,3 Γ 1̂- /+, 3,-3, .E

[
;?
]
> b,F/1.- @_B

*+, 09�73/],-/ E0F/.5 ^�,\-1/1.- ;BA_ 13 9,\-,9 Dc 1/3 H087,3 .- 9,i70b1]481F,3j
^?B�_

τΠa := τ a := n

√∏

i∈I

ai .

*+13 F.-3/1/7/,3 0- 0991/1H, E7-F/1.- τ •

^*+,.5,] ;B?B �� ���� .E :;<=_9,\-,9 .- r,4+.193 H10 �,\-1/1.- ;BA> E.5]780 ^;B;<_B *+, F.--,F/1.- /./+, �0F+8,5 �,58,3 ],0375,
ι∆
^�,\-1/1.- ;BA_ 13 J1H,- Dc 
,]]0 ;B�> E.5

0-c r,4+.19 Π =
∑

k∈K Πa(k) 2, +0H,
^?B�_

τ n−1
Π = ι∆(Π) .

�c r.5.8805c AB;? .E :;?= 2, �-.2 /+0/ /+, �03F+8,5 �,58,3 ],0375, ι∆ F.-�H,5J,3 /.20593 /+, 9,i70 ],0375, ϑ 08.-J /+, \8/,5 .E r,4+.193 0445.0F+1-J0 3]../+ D.9cB
^?B�_

ι∆
Q −→

Q
ιΓ∆ = o(n)ϑΓ .

s,5,>
o(n)

13 0 E0F/.5 9,4,-91-J .- /+, 91],-31.- .-8c> 1/ F0- D, 3,,- 03 09,-31/c .E /+, �03F+8,5 �,58,3 ],0375, 2B5B/B /+, 9,i70 ],0375,B 
,]]0;B� 37JJ,3/3 /+0/ 2, 73, /+13 E0F/ 1- .59,5 /. ���x� /+, 09�73/],-/ E0F/.5 .-
3]../+ D.91,3B
��������� �	
	 *+, ge�SYmVPNm pgLmMX E.5 0 3]../+ D.9c Γ

13 9,\-,9
Dc
^?B�_

τ Γ = n−1
√

o(n)ϑ(∂Γ) .

• ˜˜˜˜˜˜ •

r.]D1-1-J 2, .D/01-
������	�� �	�	 ;B 
,/ Γ D, 0 3]../+ D.9cB *+,- /+,5, ,a13/3 0- 0445.a�1]0/1-J \8/,5 {ΠQ}Q∈Q

37F+ /+0/
^?B
_

ΠQ −→
Q

∂Γ .

+.893 /57, 7-1E.5]8cB s,5, /+, /.4.8.Jc ]0cD, F+.3,- /. D, /+, s0733�9.5d /.4.8.Jc .5 ,671H08,-/8c 0 7-1E.5] /.4.8.Jc 37JJ,3/,9 Dc /+,F0-.-1F08 4050],/51�0/1.- .E 0 F.-H,a F.]45,+,-31H, 3,/B
?B *+, F.55,34.-91-J 3,67,-F, .E �03F+8,5 �,58,3 ],0375,3 {ιQ∆}Q∈Q

+03
0 2,0� 81]1/

ιΓ∆
30/13Ec1-J

^?B;<_
ι∆

Q −→
Q

ιΓ∆ = o(n)ϑΓ .

+.893 /57,B q- 405/1F7805 2, +0H,
^?B;;_

ι
Q
∆(Π

Q) = ι∆
∂Γ(ΠQ) −→

Q
o(n)ϑΓ(∂Γ)
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@B *+, F.55,34.-91-J 3,67,-F, .E 09�73/],-/ E0F/.53 {τQ}Q∈Q
+03 0 2,0�

81]1/ 2+1F+ 13 /+, 09�73/],-/ E0F/.5 .E
Γ
>

^?B;?_
τQ −→

Q
τΓ =

n−1

√
o(n)ϑΓ .

• ˜˜˜ ◦˜˜˜ •

������ [.88.23 E5.] /+, 5,378/3 1- :;?= 3̂,, 
,]]0 AB@_ 0-9 :;;=B
�	�	�	

��������� �	�	 
,/ V D, 0 r,4+.1908�3]../+ �*� J0],B *+, �	 �gVP
ZNeSLPe h
 V

13 /+, F.081/1.-08 E7-F/1.-
^?B;@_

v̂ = v̂
V : P → G

^?B;A_
v̂(S) = v̂

V (S) = τV (S) (S ∈ P).

• ˜˜˜˜˜˜ •

��
	�� �	�	 C, 4073, E.5 0 ].],-/ 1- .59,5 /. 5,F088 /+, ]./1H0/1.- E.5F+..31-J /+, *��J0], 03 0D.H,B U3 2, +0H, 3,,-> /+, ,-H15.-],-/ .E /+,
�03F+8,5��,58,3 3.87/1.- 1-97F,3 480c,53 /. ,H0870/, F.-F,331.-3 0-9 J01-31- 0FF.590-F, 21/+ /+, F..591-0/, 45.97F/ .5 50/+,5 /+, 375E0F, ],0375,B q-405/1F7805> /+, �03F+8,5��,58,3 3.87/1.- 1- /2. 91],-31.-3 13 /+, ]194.1-/ .E
/+, ],0375, 45,3,5H1-J 1]0J, .E /+, �05,/. 375E0F, .E /+, D05J01-1-J 3,/B q-/2. 91],-31.-3 /+, ,H0870/1.- .E F.-F,331.-3 0-9 J01-3 /0�,3 480F, 0FF.591-J/. /+, �03F+8,5��,58,3 ],0375,

ι∆
2+1F+ 13 91F/0/,9 Dc √−dx1dx2

� 2, 05,
D0F� 0/ /+, .51J1- 21/+ /+, �03F+8,5��,58,3 9.-�,c F05/B
U3 0 F.-3,67,-F,> /+, I2.5/+K .E F.081/1.-

S
2+1F+ F.]0-93 7/181/c H,F/.530FF.591-J /.V (S)

3+.789 D, ],0375,9 0FF.591-J /. /+, /./08�03F+8,5��,58,3],0375, 3F08,9 0445.4510/,8cB *+13 13 �73/ /+, /,5] 45.H19,9 Dc ^?B�_> 1B,B>
τV (S)

B
*+73> ./+,5 /+0- /+, /5091/1.-08 0445.0F+ .E I09]1//1-J 319, 40c],-/3K 1̂-1�/10/,9 Dc ������� :;A=_ 2, 9. -./ �73/ /0�, /+, 
,D,3J7, ],0375, .E 0 7/18E.5 1/3 2.5/+ D7/ /+, F.55,34.-91-J �03F+8,5��,58,3 ],0375,B *+13 3/5.-J8c4.1-/3 /. 731-J �,\-1/1.- ?B� E.5 /+, I*� J0],K 1-97F,9 Dc 0- �*� J0],B
U J80-F, 0/ I319, 40c],-/K .5 *� J0],3 13 083. +,84E78B *. /+13 ,-9 8,/
^?B;�_

v : P → G
+ , v(∅) = 0 .

D, 0 ^-.--,J0/1H,_ �	 �gVPB r.-319,5 0 R
WPXWTgNP ��	 �gVP VF.-3/57F/,9 03 E.88.23B [.5
S ∈ P

> 8,/
aS ∈ Gn

S+

D, 0 4.31/1H, H,F/.5 0-9 8,/

V (S) = v(S)ΠaS

(S ∈ P).



?
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��

*+0/ 13>
V (S)

13 0 9,i70 b1]48,a 9,/,5]1-,9 Dc 0 +c4,5480-, 5,�,F/1-J /+,50/, .E ,aF+0-J1-J 7/181/c 1- F.081/1.- S B *+,- 2, +0H,

τV (S) = |S|

√∏

i∈S

(v(S)aSi ) = v(S) |S|

√∏

i∈S

aSi

= v(S)τΠaS = v(S)τaS .s,-F,> /+, *� J0], 1-97F,9 Dc V 13 J1H,- Dc
^?B;�_

v̂(S) = v(S)τaS (S ∈ P)C, .D3,5H, /+0/ /+, 2.5/+ .E F.081/1.- S ∈ P
13 09�73/,9 .5 5,3F08,9 7/181�1-J/+, 09�73/],-/ E0F/.5B r8,058c> v̂ 0-9 v

F.1-F19, 2+,-,H,5 aS = eS
13 /+,

5,3/51F/1.- .E /+, 7-1/ H,F/.5 e 0-9 +,-F, V 13 /+, 3/0-9059 I,]D,991-JK .E/+, 319, 40c],-/ J0], v 1-/. /+, �*� E50],2.5�B

◦ ˜˜˜˜˜˜ ◦

�.2 2, 73, /+, 5,378/3 .E
[
;?
]
1- .59,5 /. 0445.a1]0/, 3]../+ J0],3 Dcr,4+.1908 i0],3B

������
 �	�	 ��� V �� � ����zw���	|~zz�� ��~�� ���x � z� ��� S ∈ P����� ��w|�| �x ����z�w~��wx� � ���� {V Q(S)
}
Q∈QS

z� ����zw�| |}�� ����
^?B;�_

V Q(S) −→
QS

V (S) .

�z��| ��}� }xw� z�~��� ���� ��� �z�z�z�� w| ��� ��}||�z�� �z�z�z�� z� � }xw�� z�~ �z�z�z�� |}���|��� �� ��� ��xzxw��� ����~���w���wzx z� �zx��� �z~����
��x|w�� |��|�

• ˜˜˜ ◦ ˜˜˜ •

������ �c w��~ ?B
 .E r.5.8805c ?BAB C+,-,H,5 V (S)
13 r,4+.1908 1̂B,B>

.D,c3 w��~ ;_> /+,- .-, F+..3,
V Q(S) = V (S)

E.5 /+, 0445.a1]0/1.-BC+,-,H,5 V (S)
13 0 3]../+ D.9c> .-, F+..3,3 0 \8/,5 V Q(S)

Dc ],0-3.E r.5.8805c ?BAB
�	�	�	

*+, \8/,5
QS

9,4,-93 .- /+, F+.1F, .E
S
B [.5 0-c 3c3/,]

Q = {QS}S∈P30/13Ec1-J QS ∈ QS (S ∈ P)
2, .D/01- 0 J0],

^?B;�_
V Q :=

{
V QS(S)

}
S∈P37F+ /+0/

^?B;
_
V Q −→

Q
V .

+.893 /57, 1- /+, 3,-3, .E ^?B;�_B C, 9,-./, Dc
Q
/+, F.88,F/1.- .E 088 /+,3,

3c3/,]3B *+,-> 21/+ 5,E,5,-F, /. /+13 F.-H,-/1.-> 2, 3/0/,
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������	�� �	�	 
,/ V D, 0 r,4+.1908�3]../+ J0],B *+,- /+,5, ,a13/3 0\8/,5
^?B?<_

V Q :=
{
V Q

}
Q∈Q

37F+ /+0/
^?B?;_

V Q −→
Q

V .

�.5,.H,5> E.5 /+, F.55,34.-91-J \8/,5 .E *� J0],3 v̂Q 1/ E.88.23 /+0/> E.5
S ∈ P

> 2, .D/01-
^?B??_

v̂
Q(S) = v̂

V Q

(S) = τV Q(S) −→
Q

v̂
V (S) = v̂(S) ,

2+1F+ 2, 251/,
^?B?@_

v̂
Q −→

Q
v̂ .

• ˜˜˜ ◦˜˜˜ •

������ �c *+,.5,] ?B� 0-9 r.5.8805c ?BA> 3,, 1- 405/1F7805 ^?B;?_ E.5 /+,3,F.-9 405/B
�	�	�	

[.5 /+, 5,]01-1-J 3,F/1.-3 2, E.F73 .- 3]../+ J0],3 .]1//1-J /+, F87]3c5,E,5,-F, /. /+, ]1a,9 Ir,4+.1908�3]../+K H,531.- � /+, J,-,5081�0/1.-3 05,.DH1.73B
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� � � 	 "�$�
 �"$��

[.5 /+, b+048,c H087, 2, 5,E,5 /. ��������
 .51J1-08 2.5� :;A=> 3,, 083. :�=E.5 0 /,a/D..� /5,0/],-/B U 3+.5/ 37]]05c E.88.23B
i1H,- 0 *� J0], v /+, b+048,c H087, 0331J-3 0 2.5/+

Φi = Φi(v) :=
∑

S∈P

(n− |S|)!(|S| − 1)!

n!
(v(S)− v(S \ {i}))^@B;_

/. 480c,5 i ∈ I
B *+, H,F/.5

Φ = (Φ1, . . . ,Φn)
F.-3/1/7/,3 0- 0991/1H, 3,/E7-F/1.- H10

Φ(S) =
∑

i∈S

Φi (S ∈ P) .

*+, F.-F,4/ 13 F+050F/,51�,9 Dc 0- 0a1.]0/1F E.7-90/1.- 5,8c1-J .- 0-.-c]1/c>
�05,/. ,�F1,-Fc> 0991/1H1/c> 0-9 0 97]]c .5 -788�480c,5 45.4,5/cB
*+, b+048,c H087, .E 0 J0], 13 0 81-,05 F.]D1-0/1.- .E /+, b+048,c H087,3 .E/+, 7-0-1].73 J0],3 eS

B qE
^@B?_

v(•) =
∑

T∈P

cTe
T (•)

13 /+, 5,45,3,-/0/1.- .E 0 *� J0], v /+, D0313 {eS}Σ∈P
H10 /+, ^�.,D173_F.,�F1,-/3

^@B@_
cT =

∑

S⊆T

−1|T\S|v(S) (T ∈ P),

/+,- /+, b+048,c H087, .E v 251/,3
^@BA_

Φ(v) =
∑

T∈P

cTµ
T =

∑

T∈P

cTΦ(eT ) .

*+, 0991/1H, E7-F/1.- µT 13 J1H,- Dc
^@B�_

µT (S) = |S ∩ T | (S ∈ P)

0-9 1/ 13 /+, b+048,c H087, .E /+, 7-0-1].73 J0], eT
B

�a/,-91-J /+, b+048,c H087, /. �*� J0],3 9.,3 083. +0H, 0 /5091/1.- D03,9.- ��������3 F.-E,5,-F, 404,5 :;@=B *+13 0445.0F+ 03 ].3/ ./+,53 +1-J,3.- 0 \a,9 4.1-/ /+,.5,]B
q- .75 45,3,-/ F.-/,a/> /+, b+048,c H087, E.5 0 r,4+.1908 �*� J0], 13/5,0/,9 1- :;?=> ������� ���> �����! @ B C, 3+.5/8c 5,F088 /+, 9,\-1/1.-B
[153/ .E 088 2, 0904/ /+, ],0375, 45,3,5H1-J 4050],/51�0/1.- ^������� ;>
�,\-1/1.- ;B�> 5,]05� ;B�_ /. /+, E50],2.5� .E 0- �*� J0], V

B *+,
5,45,3,-/0/1.- .E /+, �05,/. 375E0F,

∂V (I)
13

^@B�_
κ̂V (I) : ∂V (I) → τV (I)∆

e = v̂
V (I)∆e ,
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0-9 /+, 1-H,53, ]0441-J 13 /+, ],0375, 45,3,5H1-J 4050],/51�0/1.-
^@B�_

x̂V (I)(•) = κ̂
−1
V (I) : vV (I)∆e → ∂V (I) .

U3
Φ(v̂)(I) = v̂(I)

> 2, \-9 /+0/
Φ(v)

13 8.F0/,9 1- /+, 50-J, .E κ̂(V (I)2+1F+ 13 /+, 9.]01- .E
xV (I)(•)

> 1B,B> 2, +0H,
^@B�_

Φ(vV ) ∈ τV (I)∆
e = v̂

V (I)∆e .

*+,5,E.5,> 2, 05, 1- /+, 4.31/1.- /. 9,\-, /+, b+048,c H087, .E /+, r,4+.1908
�*� J0], V B
��������� 
	�	 *+, �03F+8,5��,58,3�b+048,c H087, .E 0 r,4+.1908 �*�J0], V Ê.5 3+.5/ /+, ����b H087, _ 13
^@B
_

χ(V ) := κ̂
−1
V (I)(Φ(v̂

V )) = x̂V (I)(Φ(v̂
V )) .

• ˜˜˜˜˜˜ •

��
	�� 
	�	 
,/ 73 4073, E.5 0- 1-/,545,/0/1.- 08.-J /+, J719,81-,3 .E 5,�]05�3 ;B� 0-9 ?B�B *+, 1-/71/1.- D,+1-9 E.5]780 ^@B
_ E.88.23 /+, 05J7],-/345,3,-/,9 21/+1- /+.3, 5,]05�3B
UFF.591-J8c> 480c,53 F.]405, J01-3 0-9 F.-F,331.-3 H10 /+, ��� ],0375,
ι∆

Î09�73/,9 7/181/1,3K_ 0-9 /+13 8,093 /. E.F73 .- /+, 319, 40c],-/ J0],
v̂ = v̂

V B *+, E,031D8, 319, 40c],-/3 E.5 /+, J50-9 F.081/1.- 1- /,5]3 .E09�73/,9 7/181/1,3 05, 5,�,F/,9 Dc /+, ]78/148, v̂(I)∆e
B

*+, F.55,34.-91-J 319, 40c],-/ H,F/.53 E.5 /+, H051.73 F.081/1.-3 05, /+,-5,45,3,-/,9 1-
v̂(S)∆eS

B *+, b+048,c H087, F.-F,4/ 1-H.8H,3 0 81-,05 3/57F�/75,j /+, ^7-0-1].73_ J0],3 eS
F.-3/1/7/, 0 D0313 .E /+, 81-,05 340F, .E 319,

40c],-/ J0],3B 3̂,, ^@B?_> ^@BA__ *+13 81-,05 3/57F/75, 13 5,E,55,9 /. 03 IH.-
�,7]0--��.5J,-3/,5- 7/181/cK 03 1/ 1-H.8H,3 8.//,51,3 0-9 ,a4,F/0/1.-3 .E8.//,51,3B
U3 /+, b+048,c H087, ,33,-/1088c 913/51D7/,3 /+, 2,08/+ .E /+, J50-9 F.081/1.-
� 5,34,F/1-J /+, 4.2,5 .E 3]088,5 F.081/1.-3 � 2, 05, 8,9 /. F.-319,5 /+,7/181/c H,F/.53 .E v̂(I)∆ε 03 /+, 5,8,H0-/ 3,/ E.5 /+, 9,/,5]1-0/1.- I4.2,5D03,9K 7/181/c 0J5,,],-/ 0].-J /+, 480c,53B 
-, 13 F.]47/1-J /+, b+048,c
H087, 21/+1- /+, E50],2.5� .E 09�73/,9 7/181/1,3 .E /+, J50-9 F.081/1.-B
*+13 .4,50/1.- 13 4,5E.5],9 F.-313/,-/8c 1- /+, 319,40c],-/ ,-H15.-],-/ .E
v̂(I)∆ε

2+1F+ 5,�,F/3 I09�73/,9 7/181/cKB *+,- 480c,53 0J5,, 74.- /+, 3.87/1.-
H,F/.5 21/+1- ∂V (I)

91F/0/,9 Dc
Φ(v̂)

> /+0/ 13> /+, 5,378/ 13 81E/,9 D0F� /.
∂V (I) H10 x̂(•) B *+13 13 /+, ,33,-F, .E /+, �03F+8,5��,58,3�b+048,c H087,>03 ,3/0D813+,9 Dc E.5]780 ^@B
_B

◦ ˜˜˜˜˜˜ ◦
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�.2 2, /75- /. /+, /,551/.5c .E 3]../+ D.91,3B [153/ .E 088> 2, ,a/,-9 /+,-./1.- .E /+, ],0375, 45,3,5H1-J 4050],/51�0/1.- x̂(•) B *+13 45.F,975, 13.-8c 381J+/8c ].5, 1-H.8H,9 03 /+, .-, E.5 /+, b1]48,a 4050],/51�0/1.- 73,91- :;?=B *+, E.88.21-J 13 /+, 0-08.J /. ��~~� ���� 1- :;?=> /+, 09�73/],-/
D03,9 .- r.5.8805c ?BAB
��

	 
	
	 
,/ Γ D, 3]../+ 0-9 8,/ {ΠQ

}
Q⊆�

D, 0- 0445.a1]0/1-J \8/,5>
/+0/ 13>
^@B;<_

ΠQ →
Q

∂Γ

7-1E.5]8cB 
,/ /+, ],0375, 45,3,5H1-J 4050],/51�0/1.-3 D, J1H,- Dc
x̂
Q(•) (Q ∈ Q) ,

37F+ /+0/
^@B;;_

x̂
Q(•) : τΠQ∆e → ∂ΠQ (Q ∈ Q)

+.893 /57,B *+,- /+,3, 4050],/51�0/1.-3 F.-H,5J, 7-1E.5]8c /. 0 ]0441-J
^@B;?_

x̂
Γ(•) : τΓ∆

e → ∂Γ (Q ∈ Q)

2+1F+ 13 F.-/1-7.73 0-9 D1�,F/1H,> +,-F, F.-3/1/7/,3 0 4050],/51�0/1.- .E ∂Γ B
• ˜˜˜ ◦˜˜˜ •

������
*+, 45..E 13 0 381J+/8c ].91\,9 H,531.- .E /+, .-, E.5 
,]]0 ABAB 1- :;?= �0 3/0-9059 45.F,975, 2+1F+ 2, .]1/B U3 1- :;?=> D1�,F/1H1/c E.88.23 03 ∂Γ 133]../+> 1B,B 1- .75 /,5]1-.8.Jc> /+,5, 13 0 D1�,F/1.- D,/2,,- 4.1-/3 x ∈ ∂Γ0-9 -.5]083

n
x
B

�	�	�	
��������� 
	�	 *+, ]0441-J x̂

Γ(•) F.-3/1/7/,3 /+, ],0375, 45,3,5H1-J4050],/51�0/1.-
(τΓ∆

e, x̂Γ)
.E

∂Γ
B

• ˜˜˜˜˜˜ •

C, 45.F,,9 03 1- /+, r,4+.1908 F03,B 
,/ V D, 0 3]../+ �*� J0],B *+,*� J0], 9,51H,9 13 v̂ = v̂
V B q- H1,2 .E �05,/. ,�F1,-Fc /+, b+048,c H087,

Φ(v̂)
30/13\,3

^@B;@_
(Φ(v̂))(I) =

∑

i∈I

Φi(v̂) = v̂(I)

/+0/ 13
^@B;A_

Φ(v̂) ∈ ∆v̂(I)e = v̂(I)∆e .
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,]]0 @B@ 0-9 �,\-1/1.- @BA /+, ],0375, 45,3,5H1-J 4050],/51�0/1.-
^@B;�_

x̂
V (I) : τV (I)∆

e = v̂
V (I)∆e → ∂V (I) .

13 9,\-,9 37F+ /+0/
Φ(v̂) ∈ v(I)∆e 13 8.F0/,9 1- 1/3 9.]01-B *+13 4,5]1/373 /. E.5]780/, /+, E.88.21-J 9,\-1/1.-B

��������� 
	�	 
,/ V D, 0 3]../+ �*� J0], 0-9 8,/ v̂ D, /+, *� J0],9,51H,9B *+, �gYLRTPX�tPXTPY�`RgWTP
 OgTSP /̂+, ����b H087,_ .E V13
^@B;�_

χ(V ) := x̂
V (I)(Φ(v̂V ))

• ˜˜˜˜˜˜ •

U3 /+13 13 /+, 0-08.J /. �,\-1/1.- @B;> 2, 2188 D, 0D8, /. /50-3E,5 /+, 0a1.]30-9 45.4,5/1,3 .E /+, �03F+8,5��,58,3�b+048,c �*� H087, 03 ,3/0D813+,9 E.5/+, r,4+.1908 F03, /. /+, 3]../+ F03,B
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*+, �03F+8,5��,58,3�b+048,c H087, χ E.5 r,4+.1908 �*� J0],3 V 09]1/3
.E 0- 0a1.]0/1F �73/1\F0/1.-> 3,, :;?=> ������� ���B q- 2+0/ E.88.23 2,2188 ,a/,-9 /+, 0a1.]3 0-9 45.4,5/1,3 03 ,3/0D813+,9 E.5 /+, r,4+.1908 F03,/. /+, 3]../+ F03,B
������
 �	�	 ��� v	
	� ���}� zx |~zz�� ��� ��~�|
�� w| 
����z �	 �w�x�

�� w| |�~~���w�

�� ��|����| �	x� ���x|� z�~��wzx| z� }�w�w���
�� w| �zx�w�wzx���� ���w�w���

• ˜˜˜ ◦ ˜˜˜ •

������ r.-91/1.-08 0991/1H1/c /̂+, 803/ F.-F,4/_ 13 /+, .-8c 45.4,5/c /+0/F073,3 0 45.D8,] E.5 3]../+ �*� J0],3B C, 4.3/4.-, /+, 45..E /. /+, -,a/3,F/1.-B
�05,/. ,�F1,-Fc 13 .DH1.73 Dc 9,\-1/1.-B bc]],/5c Î0-.-c]1/cK_ 0-9 1-�H0510-F, 7-9,5 0�-, /50-3E.5]0/1.-3 .E 7/181/c 05, 3/501J+/E.52059 Dc F.-/1�-71/cB [.5 F.]48,/,-,33 2, /5,0/ /+, \53/ F.-F,4/B
*. E.5]780/, 3c]],/5c 2, F.-319,5 /+, 0F/1.-3 .E 0 4,5]7/0/1.- π .E I B [.5
x ∈ Gn

2, +0H,
(πx)i := xπ−1(i) (i ∈ I) .[.5 0 *� J0], v 2, +0H,

πv(S) := v ◦ π−1(S) (S ∈ P) ,

2+18, E.5 �*� J0],3> /+, 0445.4510/, 9,\-1/1.- 13
πV (S) := π ◦ V ◦ π−1(S) (S ∈ P) .

[.5 0 r,4+.1908 J0], V 2, �-.2 Dc *+,.5,] @B? ������� ��� .E :;<=
/+0/

χ
13 3c]],/51F .5 I0-.-c].73K> /+0/ 13> E.5 0-c 4,5]7/0/1.- π .E I 2,+0H,

^AB;_
χ(πV ) = π(χ(V )) .

�.2 8,/
V
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